MATH. SCAND. 103 (2008), 295-319

COMMUTING SEMIGROUPS OF HOLOMORPHIC
MAPPINGS

M. ELIN, M. LEVENSHTEIN, S. REICH and D. SHOIKHET

Abstract

Let Sy = {F};>0 and 82 = {G,},;> be two continuous semigroups of holomorphic self-mappings
of the unit disk A = {z : |z] < 1} generated by f and g, respectively. We present conditions
on the behavior of f (or g) in a neighborhood of a fixed point of S; (or ), under which the
commutativity of two elements, say, | and G| of the semigroups implies that the semigroups
commute, i.e., F; o Gy = Gy o F; for all s, > 0. As an auxiliary result, we show that the
existence of the (angular or unrestricted) n-th derivative of the generator f of a semigroup {F;},>
at a boundary null point of f implies that the corresponding derivatives of F;, t > 0, also exist,
and we obtain formulae connecting them for n = 2, 3.

1. Introduction

We denote by Hol(A, D) the set of all holomorphic functions on the unit disk
A = {z:|z| < 1} which map A into a domain D C C, and by Hol(A) the set
of all holomorphic self-mappings of A.

We say that a family § = {F;},~o C Hol(A) is a one-parameter continuous
semigroup on A (a semigroup, in short) if

(1) Fi(Fs(z)) = Fios(2) forallt,s > 0and z € A,
and
(i) lim,_ ¢+ F;(z) = zforall z € A.

If all the elements F;, t > 0, of a semigroup S are automorphisms of A, then
S can be extended to a group of automorphisms {F;},.g and property (i) holds
for all real s and 7.

It follows from a result of E. Berkson and H. Porta [4] that each semigroup
is differentiable with respect to t € RT = [0, 00). So, for each one-parameter
continuous semigroup S = {F;},( C Hol(A), the limit

lim

z—Fi(z
O _ro), zea
t—0t t
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exists and defines a holomorphic mapping f € Hol(A, C). This mapping f
is called the (infinitesimal) generator of S = {F;},, . Moreover, the function
u(t, z) := Fi(z), (t, z) € RT x A, is the unique solution of the Cauchy problem

ou(t, z)
(D ot
u0,z) =z, z€A.

+ fu(t,2)) =0,

This solution is univalent on A (see [1]).

We say that 7 € A is a fixed point of F € Hol(A) if either F(1) = T,
where t € A, or lim,_,;- F(rt) = 7, where T € dA = {z : |z] = 1}.
If F is not an automorphism of A with an interior fixed point, then by the
Schwarz-Pick Lemma and the Julia-Wolff-Carathéodory Theorem, there is a
unique fixed point T € A such that for each z € A, lim,_, o F,(z) = 7, where
the n-th iteration F,, of F isdefinedby F\ = F, F,, = FoF,,_;,n =2,3,....
Moreover, if T € A, then |F'(t)| < 1, and if T € 9A, then the so-called
angular derivative at the point t (see the definition below) F’(z) € (0, 1]. This
point is called the Denjoy-Wolff point of F. The mapping F is of

— dilation type, if T € A,
— hyperbolic type,if t € 3A and 0 < F'(7) < 1,
— parabolic type,if t € 9A and F'(r) = 1.

The mappings of parabolic type fall into two subclasses:

— automorphic type, if all orbits F, (z) are separated in the hyperbolic Poincaré
metric p of A, i.e., lim,_, p(F,(2), F,+1(z)) > 0forall z € A;

— nonautomorphic type, if no orbit F,(z) is hyperbolically separated, i.e.,
lim,,_, o p(F,(2), Fry1(z)) =0forall z € A.

Consider a semigroup S = {F;},-, generated by f € Hol(A, Q). Itis a well-
known fact that all elements F, (t > 0) of S are of the same type (dilation,
hyperbolic or parabolic) and have the same Denjoy-Wolff point T which is
a null point (interior or boundary) of f. (Recall that T € dA is a bound-
ary null point of f € Hol(A, Q) if lim,_, - f(rr) = 0.) If f generates a
semigroup of dilation type (which does not consist of automorphisms), then
Re f'(t) > 0. In the hyperbolic case the angular derivative f’(t) defined by
f'(t) :=lim,_ - (f irl?r exists and is a positive real number; in the parabolic
case f'(t) = 0 (see, for example, [23]).

We say that a function f € Hol(A, C) has an angular limit L at a point
T € dA and write L := /lim,_,; f(2),if f(z) — L as z — 7 in each Stolz
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angle with vertex at T (see [20]). If L is finite and the angular limit

M = /lim M
>t 7 —T
exists, then M is said to be the angular derivative f'(t).
It is known (see [20], p. 79) that the existence of the first angular derivative
f'(r) of a function f € Hol(A, C) is equivalent to each of the following
conditions:

(1) there exists Zlim,_,, f'(z), and then f'(t) = /lim,_,, f'(2);

(2) the function f admits the representation

f@=ata(z—1)+y(),
where y € Hol(A, ©), /lim,_,, ’Z’i—zr) = 0, and then f'(1) = ay.

In Section 2 of this paper we show that higher order angular derivatives of f can
also be defined by either one of these ways and the definitions are equivalent
(Proposition 2). Furthermore, we show that for a semigroup {F;};>( generated
by f € Hol(A, Q), the existence of the n-th (n > 1) angular derivative £ (t)
of f atits boundary null point T € d A implies that for each element F; of the
semigroup, the n-th angular derivative at t also exists, and obtain formulae
connecting F™ (t) with f"(z) forn = 2, 3 (Theorem 1).

Using these facts, we investigate in Sections 3, 4, and 5 conditions under
which the commutativity of two given elements of the semigroups S = {F;},~¢
and S = {G,},>( implies that the semigroups commute for the dilation, hy-
perbolic and parabolic cases, respectively (Theorems 2, 4, and 5).

2. Higher order boundary derivatives
We begin by recalling the following known fact.

ProposiTION 1 ([20], p. 80). Let h be holomorphic in A. If Im h(z) has a
finite angular limit at T € dA, then (z — t©)h’'(2) has the angular limit 0 at T.

PrOPOSITION 2. Let f € Hol(A, C) and let T € dA. Then the following
assertions are equivalent for any integer k > 0:
(1) The function f admits the representation

k
@) f@) = Z%(z— 0+ (),

J=

(@ 0

where /lim,_, , GooF =
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(i1) The angular limit
Llim f®(z)
—>T

exists finitely and coincides with ay in representation (2).
(iii) For each 0 < n < k, the angular limit

Llim ™ (z)
7—>T

exists finitely and coincides with a,, in representation (2).

ProOOF. (i) = (ii). Let (i) hold. We show by induction that forall0 < n < k,

.. . y(n)(z)
the angular limit Zlim .. =
(n)

and y,"” is the n-th derivative of yy.
For n = 0 this relation is given. Suppose that it holds forn = m—1,m < k.
Denote

exists and equals zero, where yk(o) = Y

hey e S U €A
T e T h—mr . C5 T
Then a
. k
[limh(z) = — %
S T —— Y

and, by Proposition 1,
Llim(z — ©)h' (z) = 0.
—>T

On the other hand, differentiating (2) m — 1 times, we have

k—m
f(m—l)(z) — Z %(Z _ 1/—)j
h) = oy . zeA
and so
k—m—1
[ = ¥ =He-1
=) (2) = . ’_:()T)k_m —(k—m+Dh(z), z€A.

Hence, there exists the angular limit

k—m
m) () — > i (z — 1)/
" () e HoreTr

=0.

= /lim
= S eI T
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. " ()
Consequently, /lim,_,, (ziT

/lim,_,, )/k(k)(z) = 0. So, by (2), the angular limit /lim,_,, f®(z) exists
finitely and coincides with a.
(i1) = (iii). Suppose now that there exists the finite limit

= 0 for all 0 < n < k. In particular,

(3) ar = /lim f®(2).

Consider the equality
z
P =40+ [P zen,
0

Since the angular limit (3) exists finitely, the function f®)(z) is continuous on
eachcurve I'(t), 0 <t < B, '(e) =0, ['(B) = 7, strictly inside some Stolz
angle at . Hence, there exists the finite angular limit

ag_1 := /lim f*V(z) = F&D(0) +/ F®(s)ds.
—7T 0
Similarly, for each 0 < n < k, the limit
(4) ay = Llim £" (2)
—>T

exists finitely.
(i) = (i). Now we show by induction that for each 0 < n <k,

5) @ =Y %(z — 0 4 (@)

J=0

with £ lim,_,, & =0

(z—=7)" ’
Forn =0 eqzuality (5) follows immediately from (3). Suppose that it holds
forn=m—1(m <k),ie.,

m—1
Ai_m ; .
(6) f(k_m-‘rl)(z) — Z %(Z -7+ Yin1(2),
j=0 ’

where /lim,_, , (31;1)55_)1 =0.

It is clear that

FE™ () — agm
Z—T

1
:/ FEMID G 4 (1 —1)z) dt.
0
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Therefore, by (4),

(k—m) _ 1
Slim L@ TG i [ et (1= 02y dt = ag .

7T 7—T =71 J,

On the other hand, by (6),

FE(@) = ar
—T

1
:/ FED (T 4+ (1 —1)z) dt
0

m—1

1 .
:/ (Z "k"'{#(nﬂpt)z_,)j+ym_1(”+(l_t)z)> »
o \imgJ!
m—1 |
Ak—m+14j ;
= 12_(; (]Tl)'j(z — ‘L’)J +_/() mel(l‘f +(1 -1z dr.

Hence, m
FEM @) =3 1) 4y,
, J!
j=0
where y,,(z) = (z — 1) fol Ym—1tT + (1 —1)z) dt.

Now we verify that / lim,_, , (;’_’(rz))m = 0. Indeed,

/ lim Vm(z)
7T (Z — ‘[)m
Yy (tt + (1 = 1)2)

=/ lim dt
=7 Jo (z—1)m-!
_ U ysitt+ (1 =0z (r+A—=-tz—1)"!
=/ lim . dt
=t o (tt+ (1 —10z—1)"! (z—7)m-!

1
— / ((1 _ t)m_ll lim ym—l(t'f + (l - t)Z) ) dt = 0’
0

=ttt + (1 —10)z—1)"!

and for n = m (5) is proved. By induction, (5) holds for all 0 < n < k. This
equality with n = k yields representation (2).

REMARK 1. Similar expansions to those which appear in Proposition 2
have already been used in [25] and [26].

ReEMARK 2. The implication (i) = (ii) of Proposition 2 does not hold if
we replace the angular limit with the unrestricted one. This can be seen by
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studying the holomorphic self-mapping f(w) = i +w 4 exp(iw) of the upper
half-plane {w € C: Im w > 0}, as suggested by the referee. At the same time,
repeating the proof, one can see that the implications (ii) = (iii) = (i) hold if
we replace the angular limits by the unrestricted ones.

If {F}},>0 is a one-parameter continuous semigroup with a boundary fixed
point T € A generated by f, then the angular derivatives F;(t) for all >
0 are finite if and only if the angular derivative f'(t) =: B exists finitely.
Moreover, in this case F/(t) = e P (see [16], [22], [17] and [9]).

As far as the higher order angular derivatives are concerned, even for the
Denjoy-Wolff point one cannot assert that they do exist. Consider, for example,
the parabolic holomorphic self-mapping F of A defined by

2z + (1 — 2) Log (%)
24+ (1 —-z)Log (%)’

F(z) = zZE€N,

where Log is the principal branch of the logarithm (see ([11])). The Denjoy-
Wolff point of this mapping is T = 1. Consequently, there exists Z lim,_,; dF (Z)
a4 F (z)

However, the angular limit / lim,_, | does not exist finitely.

In Theorem 1 below we show that the existence of the angular derivatives
f"(r) and f"”' (1) of the generator f of a semigroup {F;},~, at a boundary
fixed point t implies that for each r > 0, the angular derivatives F/'(tr) :=

. . 3 . .
/lim,_,, i : ) and F/(t) := /lim,_,, 9 ;2@ also exist. Moreover, we give
formulae which connect these derivatives. In the proof we use the following

lemma (see [19], p. 303) which is also a consequence of Julia’s classical lemma.

LEMMA 1. Let F € Hol(A) and let T € dA be a boundary fixed point of F.
If F is conformal at t, then nontangential convergence of z to T implies that
F(2) converges to T nontangentially.

THEOREM 1. Let S = {F;},>¢ be a one-parameter continuous semigroup
generated by f € Hol(A, C) and let T € dA be a boundary null point of f.

() If f'(r) := Llim,_,, f'(2) exists finitely, then for eacht > 0, F/(t) =
L1lim,_, . F/(z) also exists and

) Flt)=e",

where B = f'(1).
() If f"(v) := Llim,_,, f"(z) exists finitely, then for eacht > 0, F/'(t) =
L1lim,_, . F/'(2) also exists and

—ut, B=0

®) o= 2o Fie P —1), B#0,
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where ,3 = f’(‘[), o = f”(-[).
Gi)) If f7(r) = Llim,_ . " (z) exists finitely, then for each t > O,
F/"(t) := Llim,_,, F/"(z) also exists and

%ozzt2 — yt, B =
@) F'()= . 2 2
G + )™ =357 + (5 — fp)e™™ BAO,

where p = f'(1), a = f"(1), y = f" (D).

ProOOF. Since assertion (i) has been proved in [22] (see also [9] and [16]),
we only present here proofs of assertions (ii) and (iii).

(i) We have already mentioned above that semigroup elements solve the
Cauchy problem (1). Differentiating the equality

0F(2)

(10) o7

+ f(Fi(2)) =0, zeA, t>0,

two times with respect to z € A, we get

d (0°F, . dF, a2F,
(11) —( (Z)>+f(Fz())( Z(Z)> A (Z)—o

ot 972

forallz € Aandt > 0.
Define the functions p(z, t) := f'(F;(2)),q(z, t) := — f"(F;(2)) <‘)Fr(7))

and u,(z,t) = 9 :Z’Z(Z), z € A,t > 0. Itis clear that u;(z, 0) = 0. Rewriting
(11) in the form

3142(2,1‘)

T‘FP(Z,l)uz(Z,t):CI(Z, 1), ze€A, t>0,
we find

t ¢
uz(Z, t) = e_f() p(z,s)dx . / q(Z, s)ef(; V(Z,g)dg ds.
0

Now we fix ¢ and let z tend to T nontangentially in the right-hand side
of this equality. Since Zlim,_,, f”(z) := « exists finitely, by Proposition 2,
the angular limit /lim,_,, f'(z) := B also exists finitely. Consequently, 7 is
a boundary fixed point of F; for all + > 0 (see [22] and [9]). Moreover, by
item (i), Zlim,,; F/(z) = e P £ 0 for each t+ > 0. Hence, by Lemma 1,
F;(2) converges to T nontangentially as z tends to T nontangentially for each
t > 0, and we can conclude that /lim,_,; p(z,¢) = B and Zlim,_, g(z,t) =
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—ae 28! for each ¢ > 0. Hence,

t
/ lim (e‘ft; pands / q(z, s)ef(f p(z.)ds ds)

7T 0

1
— e—fot Zlim:—»r p(z,8)ds . / / hmq(Z, S) . ef(; Zlimz_,f p(z,¢)dg dS

0 =T

t
= —ae_ﬁt/ e P ds.
0

Therefore if 8 = 0, then

9%F,
(im PEED i 0<i <o
=t 972
If B # 0, then X
0 F;
/ lim (@ _ Ze Pt (e7# —1).
=t 972 B

(iii) Differentiating equality (10) three times with respect to z € A, we get

3 (F.(2) IF,(2)\
(12) 5( o >+f (Ft(z»( = )
2 3
43R (o) ) TER) e ()2 o0 e
9z 972 073

Define the functions

F,(z) 9°F,(2)
9z 972

3
) =3f"(Fi(2)) -

oF;
rt) = — () - ( 829

and u3(z, 1) := 83aFZ’3(Z), z € A,t > 0. Itis clear that u3(z, 0) = 0. Rewriting
(12) in the form

dus(t, z

% + p(z, Dus(z, 1) =r(z, 1), t>0,
we find

t ¢
us(z,t) = e_fo p(z,5)ds / r(z, S)efo p(z,6)dg ds.
0

Now we fix ¢ and let z tend to T nontangentially in the right-hand side of
this equality.
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Once again, by the continuity of p(-, ¢) and r (-, ¢) in each closed Stolz angle
with vertex at 7,

t
/ lim (e‘fé ps)ds / q(z, s)eh Pe)ds ds)

—T 0

'
_ e—f(; Llim,. p(z,5)ds | / /Tim g(z, s) - ef(; [lim,_ p(z,¢)dc ds

! 3% F,
=—e . / (Vews +3ae ™ . /lim 2(2)) e ds.
0

=T 0Z

By Proposition 2, the limit Zlim,_, ; 323FZ’2(Z) exists and by item (ii) proved

above, it is given by equality (8).

Hence, the limit Z lim,_, , 3351’3(1) exists and in the parabolic case (8 = 0) it
equals
. 83F, (z) 30%t?
/ lim (y 3a%s)ds = — yt.
=T

In the hyperbolic case (8 # 0) this limit also exists and

3’ F ! 3a? 3,
/ lim 12) =—e /. / v+ 2 ) — 22 ) as
=T 8Z3 0 ﬂ ﬂ

2 2
_ (3 LY e g% e (3
28 28 B? 282 28

CoROLLARY 1. Let f € Hol(A, Q) be the generator of a parabolic semi-
group {F;},~¢ with the Denjoy-Wolff point T € dA. If Llim._. f"(r) =
Llim,. f"(t) =0, then F;, =1 forallt > 0.

Indeed, these conditions imply that F/(t) = 1, F,/(tr) = F/"(r) = 0 for
all > 0 and, by Corollary 2.5 in [26] (see also [8]), we get F; = 1.

REMARK 3. Asamatter of fact, repeating our proof and using Remark 2, one
can show that the angular limits in Theorem 1 can be replaced by unrestricted
limits. Namely:

Let S = {F.},>0 be the semigroup generated by f. Assume that for each
t > 0 the unrestricted limit lim,_,; ;e F;(2) exists, where T is a boundary
null point of f. The following assertions hold:

(i) If the unrestricted limit B := lim,_, . .cn f'(2) exists finitely, then

lim F/(z) =e?  foreach t>0.
7—>T

ZEA
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(ii) If the unrestricted limit o := lim,_,; ,ca f"(2) exists finitely, then

—at, B=0
13 lim F/(z) =
(13) lim @) ae P —1), p#O,
ZEA

foreacht > 0.
(iii) If the unrestricted limit y = lim,_,; .ca " (2) exists finitely, then
(14)

%ozzt2 — yt, B=0
h; ;@) 302 % 38 2 28 302 % B
o —5pt a” —2pt o — Bt

ea (3 + 35)e Spe (35 = 3p)e ™. B#0

foreacht > 0.

REMARK 4. The arguments used in the proof of Theorem 1 can be used to
derive analogous results for derivatives of any order k > 4.

3. Semigroups with an interior fixed point

In our proofs we use the two following facts established by C. C. Cowen in
[12].

PropoSITION 3. Let F, G|, G, be holomorphic self-mappings of A, not
automorphisms of A, and let G| and G, commute with F. Suppose thatt € A
is the Denjoy-Wolff point of F and that 0 < |F'(t)| < 1. Then G and G,
commute with each other.

PROPOSITION 4. Let F and G be two nonconstant commuting holomorphic
self-mappings of A, not automorphisms of A, and let T € A be their common
Denjoy-Wolff point.

(1) IfF'(r) =0, then G'(r) = 0.

() If0 < |F'(7)| < 1, then 0 < |G'(7)| < 1.

(iii) If F'(r) = 1, then G'(r) = 1.
The following fact is more or less known (see, for example, [1]).
PROPOSITION 5. Let S = {F;},~ be a semigroup in A. Assume F; is

an automorphism of A for some ty > 0; then each element F; of S is an
automorphism of A.

We now begin our investigation of commuting semigroups. Note that in all
the following theorems the condition F; o G; = G, o F) can be replaced by
the condition F, o G, = G, o F), for some p,q > 0.
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THEOREM 2. Let S| = {F},>0 and S, = {G,},>¢ be two continuous semig-
roups on A generated by f and g, respectively, and assume that F) o G| =
G| o Fy. Suppose that f has an interior null point T € A. If S| and S, are not
groups of automorphisms of A, then they commute.

ProOF. Since 7 is an interior null point of the generator f, it is the unique
interior fixed point of the semigroup S; (see [1]). The commutativity of F| and
G implies that 7 is a fixed point of G| and, consequently, 7 is a fixed point
of G, foreacht > 0.

By our assumption, S; and S, are not groups of automorphisms of A. By
the Schwarz-Pick lemma and the univalence of F, and G, on A, we have
0<|F/(t)] <land 0 < |G)(7)| < 1 forallt > 0.

Then applying Proposition 3 and the semigroup property, we get that G o
F;, = F; 0o G, forall ¢t > 0. Similarly, Gy o F; = F; o G, forall s, > 0.

Surprisingly, the case where S| contains elliptic automorphisms is more
complicated. First we prove that a semigroup commuting with a group of
elliptic automorphisms has a specific form.

PROPOSITION 6. Let Sy = {F;},>( be a nontrivial group of elliptic auto-
morphisms of A with a common fixed point at T € A, and let S, = {G,},5( be
a semigroup of self-mappings of A. Then S| and S, commute if and only if S,
is a semigroup of linear fractional transformations of the form

5) Gi(z) =me (™" - m(2))

T—2
1-77°

for some a € C, where m.(z) =

Note that the function G, defined by equality (15) is a self-mapping of A
if and only if Rea > 0.

ProOF. Let S, be of the form (15). Since both S| and S, are actually linear
semigroups up to conjugation with m, they must commute.
Conversely, suppose that F; o Gy = G, o F; for all s, t > 0. Denote

Fi(2) = €', G, =m;0G,om,.

Then {1?,},30 is a group of automorphisms of A with a fixed point at zero, and
{G:}i>0 1s a semigroup of self-mappings of A with a fixed point at zero. It is
obvious that the semi groups {F;}i>0 and {G, },>0 commute. Consequently, their
generators g(z) and f(z) = —igz are proportional (see [15]). So 2(z) = az
for some a € C. Therefore G;(z) = e “z and G,(z) = m. (e “m.(2)).

We will see below that if S is a group of elliptic automorphisms the com-
mutativity of )} and G| does not imply that the semigroups S| and S, commute.
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Nevertheless, in this case one can still obtain some additional information about
the semigroup S,. The following assertions explain our claim.

THEOREM 3. Let F be an elliptic automorphim of A and let S, = {G};>¢
be a semigroup of self-mappings of A which are not automorphisms. Then the
commutativity of F and G| implies that F o G, = G, o F forallt > 0.

PrROOF. Let t € A be the common fixed point of F and G,, t > 0. Then
the function F is of the form F(z) = m.(e'*m.(z)), ¢ € R, z € A, where
m(z) = lr:fz . N N

Denote F(z) := %z and G,(z) = m.(G,(m(z))). Then {G,};>0 is a
semigroup of self-mappings of A which are not automorphisms with its com-
mon fixed point at zero. ~ _

It is obvious that foreacht > 0, F and G, commute if and only if F and G,
commute.jlence, bxour assumption, FoG; = GoF or, wllich Js one gnd tlle
same, ¢'YG(z) = G1(e'?z). It follows that for all n € N, FoG,=G,oF,
where G, are the iterates of G, i.e., G, = G 0 G,_;.

Since G is a self-mapping of A (which is not an automorphism) with a fixed
point at the origin, there exists a unique univalent solution £ of the functional
equation

h(G1(z)) = ah(z),  with a = G'(0),

normalized by 2(0) = 0, 4'(0) = 1 (see, for example, [21]). This solution is

given by ~
G,
W) = tim 229

n—oo N

Moreover, for all real positive ¢ (see, for instance, [14]),
h(G(2) = a'h(z).
Therefore,

h(F(Gi(2)) = h(e'*G,(2)) = lim Gn(€?6i(2) _ o €¥Gn(Gi(2))

o n—o00 o
. . G,
— NG (D) = €¥a'h() = o 1im O
n—o00 ol
G, (e . ~
— o tim 27D _ yineiz) = n(G. @)
n—00 o
= (G+(F(2)))

and, by the univalence of &, we get FoG, = G,oF forallt > 0. Consequently,
F and G, commute for all > 0 as asserted.
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COROLLARY 2. Let S| = {F},>¢ be a group of elliptic automorphisms of
A, ie., Fi(z) = m (e¥9"m.(z)), ¢ € R, T € A, and let S, = {G,};>0 be a
semigroup of self-mappings of A with G| # 1. Suppose that £ is an irrational
number and F and G| commute. Then G,(z) = m; (e “m.(z)), a € C, and,
consequently, the semigroups S| and S, commute.

PrROOF. Once again, we define the functions I?, = e z and G, =m0
G om.. The commutativity of F) and G, 1mphes that F 10 G1 G1 oF | and,
by Proposition 6 and Theorem 3, FioG =G0 F, for all t > 0. Therefore
G (e’"‘ﬂz) = e”””G (z) foralln € N. Since the set {¢/"*},,cn is dense in the unit
circle, G (A2) = AG (z) for all A with |[A] = 1 and z € A, by the continuity
of G; on A.

Fix 0 # z € A and ¢t > 0, and consider the analytic function ¢ () on the
closed unit disk defined by

6,?@’ P
(16) q(A) = -
limy—o €22 = 222G, (w)|, ., A=0
This function is constant on the unit circle: tq) = G (z). Moreover,

q(») # 0 for all A € A. Therefore, g(A) = G (z) for all A € A. So for
eachz # Oand 7 > 0, G (Az) = XG (z). Consequently, this equality holds
forall z € A. Hence G, is a linear function for each ¢t > 0, i.e., G,(z) = e ¥z

for some a € C, Rea > 0, and the assertion follows.

In contrast with this corollary, if % is a rational number, the semigroups S
and S, do not necessarily commute. The following example gives a large class
of semigroups S, = {G,};>0 such that F; o G; = G, o F; forall ¢t > 0, but the
semigroups S; and S, do not commute.

ExaMPLE. Let S| = {F,},;>(, where F,(z) = ez, neN, andlet S, =
{G,},>( be the semigroup generated by g(z) = zp(z"), where Re p(z) > 0 for
allz € A. Then F 0o G, = G, o F, forall t > 0

Indeed, denote u = u(¢, z) := G,(z). Then u is the unique solution of the
Cauchy problem

u ny —
a7 { U+ up(u") =0,

u(0,z) =z, 7 €A,

and, consequently,

1(2) d
(18) / S —_t  forall zeA.
z sp(s™)
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Substituting e 7 instead of z, we get

/G’(eiz'?z) dg

e sp(s™)

Now substitute ¢ = e w:

(19)

/G/ (EizTﬂz)ef"zTﬂ dw /G, (e"zTﬂz)e*ﬂTﬂ dw
Zz z

wp(wrei?r) wpw")

—t, z€A.

Equalities (18) and (19) imply that

G (e 2)e d
(20) / () Y __0, zea.
G,(2) wp(w")

By the uniqueness of the solution to the Cauchy problem (17), the equation

“ dw
= —s, s>0, ze A
. wp(wh)

has the unique solution # = G,(z) for each s > 0. Thus, it follows from (20)
that G, (ei%z)e*i% = Go(G;(z2)) = G,(2). Hence, G; (ei%z) = eiZT”G,(z).
Therefore, F; commutes with G, for all # > 0. At the same time, if p is not
a constant function, the semigroups do not commute because their generators
are not proportional (see Theorem 4 in [15]).

REMARK 5. The following complement to this example has been inspired
by the referee. If at least one element of a semigroup S> = {G,},5¢, say G, has
the form G(z) = z¢1(z"), ¢1 € Hol(A), then all the elements have the same
form: G,(z) = z¢,(z") for some functions ¢; € Hol(A); so the semigroup
generator can be represented as g(z) = zp(z") with Re p(z) > 0.

Indeed, the representation G(z) = z¢;(z") is equivalent to the commut-
ativity of G| with Fi(z) = ez, By Theorem 3, each mapping G;, t > 0,
must commute with F;. Hence G,(z) = z¢,(z"), ¢, € Hol(A). Differentiating
G, att = 0T, we arrive at our claim.

4. Semigroups of hyperbolic type

We start this section with a result of M. H. Heins [18].

LEMMA 2. Let F be a hyperbolic automorphism of A, and let G € Hol(A)
(G # I) commute with F. Then G is also a hyperbolic automorphism of A.



310 M. ELIN, M. LEVENSHTEIN, S. REICH AND D. SHOIKHET

This result can be complemented by the following assertion which is of
independent interest.

ProPOSITION 7. Let F and G be two commuting holomorphic self-mappings
of A and assume that G is not the identity. If F is of hyperbolic type, then G
is of hyperbolic type too.

ProoF. If F is a hyperbolic automorphism of A, then by Lemma 2, G is a
hyperbolic automorphism of A.

Let F be a holomorphic self-mapping of A which is not an automorphism
of A. In this case, by a result in [2], the mappings F' and G have a common
Denjoy-Wolff point 7 € dA. We have to show that G is of hyperbolic type,
i.e., 0 < G'(tr) < 1. Suppose, to the contrary, that G is of parabolic type, i.e.,
G'(t) = 1. Then, by Proposition 4(ii), G must be a parabolic automorphism.

Denote ¢ :== Co FoC 'and ¥ := C oG o C~!, where C(z) = i—f;
Then f and g are two commuting holomorphic self-mappings of the right
half-plane H = {z € C: Rez > 0} with their common Denjoy-Wolff point at
infinity. Moreover, ¥ is a parabolic automorphism of H while ¢ is a hyperbolic
self-mapping of H. Consequently, ¢ and i are of the forms (see [21]):

r
>1 and / lim F(w) =
F'(7) w—>00 W

p(w)=cw+Tp(w) with c¢= 0,

and
Y(w)=w+ib with beR\{0} and w € H.

By a simple calculation and the commutativity of ¢ and ,,, we infer from the
above representations that

(21) o(w + nib) = p(w) + nib, w e H.
H
N wtnib)  ew) nib
- = - —, w € H.
w +nib w—+nib  w—+nib
Letting n — o0, we obtain that for each w € H, the limit lim,,_, « %

exists and equals 1.

Fix wy € H. Consider the curve £ := {wo + it : t € R, sgnt = sgnb}. We
intend to show that the limit limys,_, @ exists and equals 1.

To this end, fix an arbitrary ¢ > 0 and take N € N such that

1 <|<p(w>—w|
|b| €

|w]
+ |w| and N> —

N >
|b]

for all w € [wg, wo + ib].
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Then |22 — 1| < ¢ forall z € £ with sgnb - Im z > sgn b(Im wy + Nb).

Indeed, if sgnb - Im z > sgn b(Im wy + Nb), then z = o + ikb for some
o € [wy, wy +ib]and k > N.

Hence, k|b| > || and k >
k|b| — |oo| > let=el,

Now using (21), we obtain that

L

B (w + |a|). Consequently, |« + ikb| >

0@ || _|eetkib) | _|o@ —a|
z o+ kib o +ikb
Thus limy, o @ = 1. It now follows from Lindel6f’s theorem (see, for

example, [23]) that /lim,_, @ = 1, which contradicts our assumption.

Therefore the mapping G is indeed of hyperbolic type.

THEOREM 4. Let S| = {F},>9 and S» = {G,},>( be continuous semigroups
on A generated by f and g, respectively, and assume that G # I and F; o
G, = G o Fy. Suppose that f has a boundary null point T € dA, such that
f'(r) == Llim,, f'(z) > O, iLe., the semigroup S; is of hyperbolic type.
Then the semigroups S| and S, commute.

PrOOF. By our assumption, 7 is the Denjoy-Wolff point of the semig-
roup ;.

First we suppose that S; consists of automorphisms of A. Since f'(t) > 0,
S consists of hyperbolic automorphisms of A and its generator f is of the
form

a

L -1 -9,
T—g¢

fl)=

where a; is a positive real number and ¢ is the second common fixed point of
the semigroup S; (see [3]).

Again Lemma 2 and the commutativity of | and G imply that G, (hence,
G;, t = 0) are hyperbolic automorphisms of A. Moreover, S, has the same
fixed points t and ¢; consequently, its generator g is of the form

a
¢ —T

8(2) = (z—D(z—9),
where a, is anon-zero real number. Hence, g(z) = — Z—f f(z), and by Theorem 4
in [15], the semigroups commute.

Suppose now that the semigroup S; consists of self-mappings of A which

are not automorphisms. By aresultin [2], 7 is the common Denjoy-Wolff point
of S| and S,.
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Then by Lemma 2 and Proposition 7, S, consists also of hyperbolic map-
pings which are not automorphisms. Now our theorem is seen to be a con-
sequence of Proposition 3.

The referee has pointed out that another proof of Theorem 4 can be obtained
by using Proposition 6 in [7].

REMARK 6. Note thatif S| and S, are commuting semigroups of hyperbolic
type generated by f and g, respectively, then f(z) = kg(z), where k = %
is a real constant [15]. (This constant is positive whenever the semigroups are
not groups.)

Therefore S; and S, coincide up to rescaling. In particular, if in Theorem 4
the derivatives F(t) = ¢~/ and G| (r) = ¢7¢® are equal, then F;(z) =

G,(z) forallt > 0and z € A.

5. Semigroups of parabolic type

For eachn = 0,1, ..., we denote by C’{ (1), T € A, the class of functions
F € Hol(A, C) which admit the representation

(22) F@) =) az—0'+y@),

k=0

where y € Hol(A, C) and /lim,_, . Y@ 0; and we say that F' € C" (1)

(z=1)"
when this expansion holds as z — t unrestrictedly.

To proceed we need the following auxiliary result.

LEMMA 3. Let F,G € Hol(A) be two commuting univalent parabolic
mappings and let T = 1 be the Denjoy-Wolff point of F. If one of the following
conditions

() F,G e C*(1), F"(1) #0, G"(1) # 0;

(i) F,G € C%(1), G"(1) #0,Re F"(1) > 0;

(iii)) F,G e C3(1), F"(1) =G"(1) =0, F""(1) #0, G"(1) #0
holds, then there exists a univalent function o € Hol(A, C) such that

(23) coF=0+1
and
(24) coG=0+AX with A€ C, A #QO.

PrOOF. Denote g = Co FoC~ !,y =CoGoC™!, ¢, ¥ € Hol(H, H),
where H = {z € C : Rez > 0} and C is the Cayley transformation given
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by C(z) = }%ﬁ Then ¢ and i are commuting parabolic maps in Hol(H, H)
having oo as their common Denjoy-Wolff point.
Denote wy := 1, w? := ¢, (1),n=1,2,...,

w}’l = (pﬂ(w)v wn € Hs
and w. — w0
hn(U)) = On—n()’ w € H
Wy — Wy

Then h,, € Hol(H, C) and the sequence {A,};° , converges in the compact open
topology to a holomorphic function # € Hol(H, C) suchthathop = h+1 and
the function o := & o C solves equation (23) (see [10]). Since F is univalent
in A, the solution o of Abel’s equation (23) is also univalent in A.

Suppose that (i) holds. Then the following expansions of ¢ and v at oo are

satisfied (see [5]):

(25) pw) =w+F'()+y@),  lim y,w) =0
and
26 Y =w+G" M +yyw),  lim yyw) =0.
Hence,
I (Y (w))
_ o) —wy)  Y(pa(w) —w)
w2+1 - wg w2+1 - wg

w, + G"(1) + yy (wy) — w? w, — w’ G"(1) + yy (wy)
wo +
n+1

G"(1) +yy(wy) F"(1) + yp(wy,)

Fr(D)+yp(w)  wly, — wd

— w0 w0 — w0 w0

—_ 0
n+1 n n+1 wy

Letting n — oo, we obtain

G'() . F'(D)+yy(w,)

Frl) n—oco wl , —w

(27) h(y (w)) — h(w) =

Repeating this calculation with ¢ instead of ¥, we find that

h(pw)) = h(w) + lim )+ yewn),

—_ 0
wn+l wn
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At the same time, h o ¢ = h + 1. Hence lim,,_, o, M =1.

Wi —LUE,)
Rewrite (27) as follows:

G//(l)

h(Y(w)) — h(w) = XA, where A= ()

#0 and w e H.

Substituting 4 = 0 o C~! and ¥ = C o G o C~! in the last equality we get
(24).

If (ii) holds, then Theorem 14 in [11] implies that for each z € A, the
sequence {F,(z)};2 , converges to 1 (and, consequently, {w, } converges to c0)
nontangentially. So, in this case, one can repeat the proof of item (i), replacing
the unrestricted limits in (25) and (26) by the angular limits.

Suppose now that (iii) holds. Then the following expansions of ¢ and i at
oo hold (see [5]):

///( )

28) pw) =w- 5 o1 e, lim Tyww =0
and
G///(l) )
(29) Y(w) = 3 1 + Ty (w), wll_r)noo Fy(wyw=0
Therefore
o(wy,) — w, — w? %Zill) + Ty(wy)
hn (QD( )) - 0 = 0 0 0 0
wn+1 — Wy, Wy — Wy Wy — Wy
—3 0+ Te(wn)
= hn(w) + - 0 0 .
wn+l —w,

Letting n — oo, we obtain

=3t ()
h(p(w)) = h(w) + lim 5 .
n—00 w

—_ 0
n+l1 wn

On the other hand, & (¢(w)) = h(w) + 1. Hence,

_2 F" (1)
+T (wn)
(30) lim — ]
nmee w2+1

— w0
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Now using (29), we find

2 G/// 1
Y(w,) —wd W= 357 +Ty(wn) —w)

h, = =
vy w2+1 —wy w2+1 —wy
o)+ —2G67(1) + Ty w)(w, + 1) =329 4+ Ty (w,)
=ny w . .
—3F"() + Ty, + 1wy —w)
Letting n — oo and using (30), we get
G/// 1
h(y(w)) —h(w)=Xx, weH, where A= F”’El; #0

Consequently,c o G — 0 = A.

Following [10], we say that the function ¢ mentioned in the lemma is the
Keenigs intertwining function associated with F'.

REMARK 7. The function ¢ in Lemma 3 is completely determined by the
function F. It does not depend on G. So if the conditions of the lemma hold
for the same function F and another function G; € Hol(A), then we have the

equality oG i
oGy = 1

with the same function ¢ and a constant A; # 0.

THEOREM 5. Let S| = {F;};>9 and S = {G,},5¢ be two non-trivial
continuous semigroups on A generated by f and g, respectively, and let
FloGl :GloFl.

Suppose that T = 1 is the boundary null point of f such that f'(1) = 0. If
either one of the following conditions

(1) the semigroups S; and S, are of non-automorphic type;

(i) 81,8, C CO1), the unrestricted limits o := lim,_ f"(z) and & =
lim,_,; g”(z) exist and are different from zero;

holds, then the semigroups commute.

Proor. Since T = 1 is a boundary null point of f and f'(1) = 0, it is
the common Denjoy-Wolff point of the semigroup ;. The commutativity of
F\ and G, implies that T = 1 is the Denjoy-Wolff point of G| (see [2]) and,
consequently, it is also the common Denjoy-Wolff point of the semigroup S,.

Suppose that condition (i) holds. Consider the holomorphic function o
defined by

31) 0'(2) = —

1
%, O'(O) =0.
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It follows by the Berkson-Porta formula for generators (see [4]) that f can be
presented in the form f(z) = —(1 — 2)?p(z), where Re p(z) > 0. Thus

'@
q'(x) ~
where ¢g(z) = IZTZ is a univalent convex function. Then the function o is
close-to-convex, hence univalent in the open unit disk A (see, for example,
Theorem 2.17 in [13]).

In addition, it can be shown (see, for example, [24] and [14]) by using
the Cauchy problem (1) and (31) that the function o satisfies the following
functional equation:

Re 0,

(32) o (Fi(z)) =0(2) +1.

Define now a univalent function & in the unit disk by & = o o G;. It follows
from (32) with t = 1 and the commutativity of F| and G that

G (Fi(z)) =6(z) + 1.

Then by Theorem 3.1 in [10], there exists a constant A € Csuchthato = o +A,
i.e.,

(33) 0 (G1(2) =0(2) + A.

Note that if A = 0, the univalence of o implies that G;(z) = z. In this case

all the functions G;, t > 0, coincide with the identity mapping. Hence the

semigroups S} and S, commute. Therefore we can suppose that A 7= 0.
Consider now the holomorphic function o, defined by

(34) o(z) = 01(0) = 0.

% )
As above, o is univalent and satisfies the functional equation

01 (G(2)) = 01(2) + 1.
In particular, o is the Kcenigs intertwining function associated with G,
(35) 01(G1(2)) = 01(2) + 1.

Comparing equations (33) and (35) and using again Theorem 3.1 in [10], we
obtain that o = Lo + p for some complex number p. Differentiating the last
equality, we obtain by (31) and (34), that g(z) = Af (z). So, by aresultin [15],
the semigroups S; and S, commute.
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Suppose now that condition (ii) holds. By Remark 3 above, it follows that

foreacht > 0,
lim1 F/(z) = —at
—

and ~
lin} G/(z) = —at.
—>

We have already seen in the proof of Lemma 3 that

G//(l)
(36) 0(Gi1(x)) —0(2) = ——.
Fi'(1)
Since Re F|'(1) = 0 and Re G} (1) = 0 (see Theorem 4.4 in [5]), it follows
that g,‘,—g; € R\ {0}. Moreover, by Remark 3,
1

F/(1) = —at and G;(1) = —ar, t >0,

where @ = f(1) #0and @ = g"(1) # 0. So equality (36) has the form

(37) 0(G1(z)) —o(z) = p, where p =

R | RN

On the other hand,

F'(1) ot
- =— =t forall r>0.
F/'(1) o

(38) 0 (Fi(z)) —o(2) =

First we suppose that p > 0. From (37) and (38) we have (G (z)) =
o0(F,(z)), z € A, and by the univalence of o on A, G(z) = F),(z) for all
z€ A.Hence, Gio F, = F, 0 G, forallt > 0.

Fix r > 0 and repeat these considerations with G, F;, G, and & instead of
Fi, Gy, F; and o, respectively. Namely,

o pon s et
0(F(z)) —o(2) = G 5
e 0(G4(2)) — 0 (2) SHO s forall s >0
s\Z)) — <) = = .
GY(1)

Denote’s := % > 0.Then& (F;(z)) = 6(G5(z)), z € A. By the univalence
of & on A we have F;(z) = G5(z). Therefore Gy 0 F, = F, o G, forall s > 0.
Since ¢t > 0 is arbitrary, it follows that the semigroups §; = {F;},-, and
S = {G,}>0 commute.
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Let now p < 0. Then by (38), 0 (F_,(z)) —0(z) = —p forall z € A.
Hence, by (37),

o (F_p(G1(2))) = 0(G1(2)) = 0(2) =0 (G1(2)), €A,

and, therefore,
o(F-»(G1(2))) =0 (2), ZE€A.

By the univalence of o on A, F_,(G(z)) = z. Consequently, F_, = G;l
on G{(A). Since F_, € Hol(A), Gl_l is well defined on A and so G, as
well as F_,, are automorphisms of A. Therefore, by Proposition 5, { F;},~ is
a semigroup of automorphisms. Consequently, it can be extended to a group
Sp = {F},cg and G| = Fljl = F_, € Sp. In particular, Gy o F; = F, 0 G|
forallt > 0.

Fix ¢t > 0. In a similar way, using the commutativity of F; and G, one can
show that the semigroup {G,},-( can be extended to a group S¢ = {G,},cr
and that F, o Gy, = G40 F, forall s, t € R.
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