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NORM INEQUALITIES IN MULTIDIMENSIONAL
LORENTZ SPACES

BORIS SIMONOV and SERGEY TIKHONOV

Abstract

In this paper we obtain necessary and sufficient conditions for double trigonometric series to
belong to generalized Lorentz spaces, not symmetric in general. Estimates for the norms are given
in terms of coefficients.

1. Introduction

Let f(x, y) be ameasurable function on [0, 277 ]?. We define the rearrangement
of f(x, y) with respect to y to be f;‘(x, b)) = (f(x, y)):(x, 1), i.e., f;“(x, 1)
is a non-increasing function on #, and the functions f;f (x, 1) and | f(x, y)|
are equimeasurable as functions of one variable for almost all x. We define
the rearrangement of f;‘ (x, 1) with respect to x to be fy*x (t1, ). Therefore
Sy (t1, 2) is non-increasing on ¢; and t, and equimeasurable with | f (x, y)|.

' According to [1]-[2], if 0 < o < oo, we say that a measurable function
f(x, y), whichis 2z -periodic on each variable, belongs to the two-dimensional
weighted Lorentz space A5 (w), if

1
2 2w o
I flAg @) = </ / w(tr, ) (fr (0, 1))" dt dlz) < 00,
o Jo

where the weighted function w € W, i.e., w(t, #) is an a.e. positive locally
integrable function on [0, 27> )
Similarly, we say that f(x, y) belongs to A (w) provided that

1
o

2 2
I f A = (/0 /0 w(t, o) (f @, 1))" dn dtz) < 00.

We consider the following series

o0 o0
(1.1) ZZamn COS mX coSny,

m=0 n=0
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[o,0] o0
(1.2) Z Zamn cosmx sinny,
m=0 n=1
o o
(1.3) ZZ“’”” sin mx cosny,
m=1 n=0
o0 o
(1.4) Z Zamn sin mx sinny,
m=1 n=1
where the coefficients a,,, are real numbers and cos Ox := cosQy := % We

also suppose that the sequence {a,,, } satisfies the condition
(1.5) amn — 0 as m-+n — oo.

For integers k; and k, we define
ky ka '
Atiolmn = Y _(=1'CL Y (=1 Clamying;  (m,n>0),
i=0 =0

where C} = *4=D=0=ED for | > 1 and €} = 1 forl = 0.

We note that if {a,,, } satisfies (1.5) and Ay, ,am, > Oforintegersk;, ko > 1,
then Ay 5,amn > 0 forall0 < sy <kjyand 0 < 55 < ky.

By C, C; we denote positive constants that may be different on different
occasions. Also, F' =< G means that there exist constants C; and C, such that
Ci1F <G <(C,F.

Now we recall the definition of convergence of double series in the Pring-
sheim’s sense. The partial sums of the series Z?v:() ¢, are defined to be
Smn = D_y—0 21— Cuv- If there exists a number S such that for any & > 0
there exist integers k and / such that |S,,, — S| < e foralln > kand m > [,
then series ), , ¢,y is said to converge to S, in the sense of Pringsheim.

It is well-known (see e.g. [7]) that if a sequence {a,,,} satisfies (1.5) and
A k,amn > 0 for any integers k; and kj, then series (1.1)—(1.4) converge
in Pringsheim’s sense except, possibly, on a set of measure zero. We define
by fi(x,y), f2(x,¥), f3(x,y), and fi(x,y) the sums of series (1.1)—(1.4),
respectively.

The aim of the paper is to study necessary and sufficient conditions for the
functions fi(x, y), fa(x,y), fa(x,y), and f4(x, y) to belong to the Lorentz
spaces, not symmetric in general, in terms of coefficients {a,,,}.

This problem has a long history starting from the well-known theorem by
Hardy and Littlewood (see [8], [17, V.2, XII, §6]): A necessary and sufficient
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condition that the function

fx) ~ Z(an cosnx + b, sinnx), a,, b, |,

should belong to L?, 1 < p < oo, is that

Z(ar’l’ + bP)nP? < oo.

This result was generalized by Sagher for the Lorentz spaces (see [14] and
[15]): Assume that f(x) is either the Fourier sine or Fourier cosine series
associated with {a,}. If a, |, then for 1 < p < oo and 0 < g < 00,

IfCOMlLre < lfan}llypa

where LP and [P~ are continuous and discrete Lorentz spaces [3].

For non-weighted multidimensional L”-spaces, where 1 < p < oo, the
Hardy-Littlewood-type result was obtained by Moricz [12]. The cases of dif-
ferent Lebesgue and Lorentz spaces were also investigated in [4], [6], [11],
[13], [16], among others.

In section 2 we present our main results for the spaces A5 (w) and [_\g‘ (w) in
the case of @ € (0, 00). First (Theorem 2.1), we find the estimate of || f; || Az («)
from above. Next (Theorems 2.2 and 2.3), we give the necessary conditions for
fi tobelong to A5 (w), depending on the monotonicity properties of the weight
w. Sections 3 and 4 contain the preliminary results and proofs, respectively.

Finally, we remark that our results, in particular, provide criteria for fi, f>,
f3, and fy to belong to classical Lorentz space L”4,0 < p,q < 00, and to
the Lorentz-Zygmund space L”9¢(L) (here ¢ is a slowly varying function;
see [5], [11]).

2. Main Results

For convenience purposes we set
/i /i L ifn=0,
Wyn :=/ / w(x, y)dxdy, where ii:={?
7/(n+1) J/(m+1) n ifn e N.
Then our results are read as follows.

THEOREM 2.1. Let 0 < a < 0o, w € W, and let w satisfy the following
condition: for all §1, 8, € (0, 2m)

8] 52 5] 52
(2.1 / / w(ty, ) dhd < C/ / w(t, k) dty dty,
o o s )
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where C is independent of 81, 8,. Suppose the sequence {a,,,} satisfies condi-
tion (1.5) and Ay, x,amn = Oforallm, n € N and appropriate ki, k, appearing
in (A)—-(D).

(A) Ifky =2 and k, = 2, then

@
El

(2.2) [l fi(x, Mg < C (Z(fl + 1> Z(m + l)zawmn(Auamn)a)
n=0 m=0

B) Ifky =2 and ky = 1, then

1

23) /2@ Dlasw < Cz(Z(” + 1Y m+ 1)2“wmn<Amamn>“)“;

n=1 m=0

O) Ifky =1and ky = 2, then

1

24) 11/, Vllagw < Cs (Z(n + D™ m+ 1>“wmn<Amamn>a) N

n=0 m=1

D) Ifk; =1 and ky = 1, then

1
a

o
D m A+ D wp a) ;

m=1

(2.5) | faCx, WAz @) < C4<Z(n + 1)*
n=1

where Cy, Cy, C3, C4 are independent of {a,,,}-

ReMARK 2.1. For any y1, y» > 0 and for any slowly varying functions
—1 —1 -
@1(x), p2(y) on (0, 00), w(tr, 12) = 1"~ @1 (1/1)1"" 1 (1/12) satisfies (2.1).

THEOREM 2.2. Let 0 < o < oo, w(ty, ) € W, and let w(ty, t,) be non-
increasing with respect to t| for almost all t, and non-increasing with respect
to t, for almost all t|. Suppose the sequence {a,,, } satisfies condition (1.5) and
Ak mn > 0 for all m, n € N and appropriate ki, ky appearing in (A)—(D).

(A) Ifky =2 and ky = 2, then
o o

2.6) I1fi(x, Mg = Ci (Z(n + ™) (m+ 1)2“wmn<Anamn)“) ;
n=0 m=0

B) Ifky =2 and ky = 1, then

@7) 1A Nlagw = C (Z(n + 1Y 1w, (Aloamm) ;
n=1 m=0
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O)Ifky =1 and ky = 2, then

1

2.8) 113, Mllag = C3 (Z(rz + DX + 1D W (Amamn>“> E
n=0 m=1

D) Ifky = 1 and ky = 1, then

o

2.9 1fs@ Y lagw = Cy (Z(n + D% 0m 4 D) Wy am> :
n=1 m=1

where Cy, C, C3, C4 are independent of {a,,,}.
THEOREM 2.3. Let 1 < a < oo, w(ty, ;) € W, and let w(ty, o) satisfy the
following two conditions:

(1) for almost all t, € [0, 2n] w(ty, tp) is non-decreasing and satisfies A;-
condition with respect to 11, i.e., w(2t;, 1) < Cw(ty, tr);

(2) for almost all t; € [0,2n], w(t, ty) is non-decreasing and satisfies
Ay-condition with respect to ty, i.e., w(t1, 2t) < Cw(ty, fp).

Suppose the sequence {ay,,} satisfies condition (1.5) and Ay, k,amn > 0 for all
m,n € N and appropriate k, ky appearing in (A)—(D).

(A) If ki =2 and ky = 2, then inequality (2.6) is satisfied;

B) Ifky =2 and ky = 1, then inequality (2.7) is satisfied;

(©) Ifky = 1 and ky = 2, then inequality (2.8) is satisfied;

(D) Ifky = 1 and ky = 1, then inequality (2.9) is satisfied;
where Cy, Cy, C3, C4 are independent of {ay,}.

COROLLARY 2.1. Under the conditions of Theorem 2.1 and Theorem 2.2
(or Theorem 2.3), we have

(2.10) I/ G Mllage) < 1fix MAgwy>  J=12,3,4

We note that, in general, (2.10) does not hold (see [2] and [5]). We also
remark that in [2, §3] the authors showed that if || - || A2 (@) is a rearrangement
invariant norm (see [3, Ch. 2]), then w is a constant and Ag (w) = LP([0, 271%).
The following corollary follows from Theorems 2.1-2.3 (see also[16]).

COROLLARY 2.2. Let 0 < p < oo. Suppose the sequence {a,,} satisfies
condition (1.5) and Ay,amn > 0 for all m,n € N and appropriate ki, k;
appearing in (A)—(D).
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(A) Ifky =2 and ky = 2, then
[e'e) 00 %
1A W lLroarp) = (Z(n + 172 m 4 1) (Anamny’) ;
n=0 m=0
B) Ifky =2 and ky = 1, then
00 00 %
120, Mllzeqo2np) < (Z(n +DPY m+ 1) (Amamm) ;

n=1 m=0

(O) Ifky =1 and ky = 2, then

00 o) 1
1f3Ce, llzeqo2nr) < (Z(n + DY 4 1P (Amamny’) ;
n=0 m=1

D) Ifky =1 and ky = 1, then

1

D m+ 1 ) -

m=1

Lf4 e, lzeqo2np) < (Z(n + 1P
n=1

This result is the two-dimensional version of the classical Hardy-Littlewood
theorem. Note also thatif 1 < p < oo and k; = k, = 1, then (compare with

[12])

I f; Ces Y Leo,27212)

= (i(n + 1r?
n=1

1

> m+ P2 a;;n)", i=1,2,3,4.

m=1

3. Lemmas
Let
BYr) =
0 - 2’
| 1
Bn(x):§+cosx+--~+c0snx for n>1;

Bi(x)=)Y Bi'(x) for k=2,3,... and n=0,1,2,...;

m=0
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—1 . .
B,(x) =sinx + - +sinnx for n=1,2,...;

B,)=Y B, () for k=2,3,... and n=1.2,....
m=1

We consider series

o o
3.1) D Akt B () B (3);
n=0 m=0
o o &
(3.2) D Akoamn By (X)B, ()
n=1 m=0
o0 oo X
(3.3) D) Aka@mn B,y () B (3);
n=0 m=1
> - —k —k>
(34) > Atomn B, (¥)B, ().

3
I
<
I
_

m

LeEmmaA 3.1. Suppose the sequence {a,,,} satisfies condition (1.5) and
Api,@mn = 0 for integers ki and k,. Then any series (3.1)—(3.4) converges
in Pringsheim’s sense except possibly the set of measure zero to fi(x,y),
f2(x,¥), f3(x,y), and f4(x, y), respectively.

The proof follows easily from the Abel transform (see also [16]).
Lemma 3.2 ([10]). Leta, > 0,b,>0n=1,2,...); 1 < p < 0. Then

o0 k ) 00
&) Sa(Xon) <rr Y air(bn D a)

®) S a (i bm)p <> al (bm f:an>p.

LEmma 3.3 ([9, Ch. II, §2]). Let f and g be measurable functions on

[0, 27]. Then
(f+ )t + 1) < f 1)+ g (),

(fe)*(t1 + 1) < f*(11)g"(12).

LemMA 3.4 ([9, Ch. 11, §2]). Let f and g be measurable functions on
[0, 27). Suppose | f ()| < |g(®)|; then f*(1) < g*(1).
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Lemma 3.5 ([3, Ch. 2, §2]). Let f be a measurable function on [0, 27].
Then for all 0 < o < 00

(f0)" = 11" ®.
LEMMA 3.6 ([9]). Let h(t) be an increasing non-negative function. Then

f (F+ ) Oh() dt = f FOR() di + / ¢ (Oh() dt.
0 0 0

LeEMMA 3.7 ([S]). (A) Suppose | f(x, y)| = [g(x, ¥)|; then [} (11, 1) <
gy (11, 1),
B) (f + 83 (51 + 52, 11 + 12) < [ (51, 11) + &5, (52, 12).

LeEMMA 3.8 ([9, Ch. II, §2]). Let f(t) and g(t) be non-negative summable
functions on [0, 2| such that

/xfmdr < /xgmdz
0 0

Suppose h(t) is non-increasing non-negative function on (0, 21); then
27 2
| ronwan = [ sonaar
0 0

LEMMA 3.9 ([5]). Let f*(t1, 1) = f},(t1, 12), 0 > 0 and let
Ap(o) = pnf(x,y) € QI x Q1| f(x, y)| >0},
Ap+(0) = puf(s, 1) € [0,00) x [0,00) : f*(s,1) > o}.
Then Ag(0) = Ap«(0).

LEmMA 3.10. Let a measurable set E C [0, a] x [0, b], where 0 < a, b <
oo. Suppose for some k € (0, 1),

WE > ku([0, a] x [0, b]) = kab.

Then

ve=lenelo ] x|0
=feoep 5]

. 1
C {(s, 1) € [0, 00) x [0, 00) : (xg(x, y))yx(s, 1) > 5}

.| |.
=
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ProOF. From the non-increase of ()(E (x, y)) (s, 1) it is clear that the
boundary of {(s, t) : (X E(x, y))yx (s, 1) > 5} is the non-decreasing function

t =d(s). Let us assume that U Z T. Therefore, u(7) < % + % — kiT“h <
kab. By Lemma 3.9, we have uE = uT and hence uE < kab which contra-

dicts our assumption. Thus, U C T, which completes the proof.
4. Proofs

ProOOF OF THEOREM 2.1. By Lemma 3.1, the following identity holds a.e.

o o
Fx,y) =YY AunamBy(x)B2(y),

n=0 m=0
where in the case of
(A) F(x,y) = filx,y), i =L =2, Bli(x) = B}.(x), BX(y) = B ();
~ ~ —1
(B) F(x,y) = fo(x,y), Ly =2, =1, B))(x) = B}.(x), B2(y) = B, (y),
and Az]amo = A]oamo = O, m = 0, 1, 2, ey
~ _1 ~
(© F(x,y)= f3(x,y),li =1,, =2, Bli(x) = B,,(x), B2(y) = B}(y),
and Alzaon = Ama()n = O, n = 0, 1, 2, ey
~ —1 ~ —1
(D) F(x,y) = fa(x,y), i = =1, Bli(x) = B, (x), B(y) = B,(y),

and Ay(amo = amo = 0,m = 0,1,2,..., Ajjap, = apn = 0, n =
0,1,2,....
Weestimate || F (x, y)|| AL () from above. Using Lemmas 3.3 and 3.4, we obtain
o
||F(x’y)|Ag(w)

2 2
= /0 /0 w(t, tz)(F(x, y)[X(O,n](x)X(O’n.](y) + X071 ) X2 (V)

+ X221 X0.21(y) + X(n,Zﬂ](x)X(ﬂ,Zn](y)]:x (t1, tz))a dt dt,

/2
<C / f w (@1, 40) ([F (0, )Xo xo ], (. 1)) didn
0 0
<Ch+bL+5L+1y),
where

7[/2’1+'§ 00 n/2m+3
I = Z/ / w(1611, 16t,)

/2n+4 —0 n/2r11+4
2n+l 2m+l

* o
(ZZAlllzauuBllLl(X)Biz(y)X(O,n](x)X(O,n](y):| (t1,12)> dt dn;

v=0 u=0 y
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].[/2114—3 o0 ”/27n+3
L= Z/ / w (1611, 161))

/2n+4 /2m+4
2m+l % a
([ Z > Ainau B (x)BY <y>x(oﬂ]<x>><<o,,]<y>] (zl,m) dt diy;
p=2n+141 u=0 yx

7T/2"+3 o0 7-;/2"’*3
I = Z/ / w(1611, 16t)

/2n+4 —0 n/2m+4

2n+l 00 * o
(Z > Alllza,wBig(x)Biz(ymo,n](x)x(o,n]<y>] (zm)) dt diy;
X

=0 M:2m+l+l Y.

ﬂ/2n+3 o0 n/2m+3
Iy = Z/ f w (161, 16t)
T

n+4 m+4
i — J2m+

([ Z Z Al,lzauvg,lj(X)Ellf(y)X(o,n](X)X(o,n]()/)] (th)) dty dt,.

v=2n+]+1 M=2m+l+1 yx

First we estimate /. Since |Bl (x)] < C(u + D', |BE(»)| < C2(v + D,
where C|, C; are independent of x, y and u, v, we have

o0 7.[/2H+3 o0 n/2m+3
I < Z/ Z/ (1611, 1612)
b/

=0 7-[/2’1+4 m—0 /2m+4
2n+l 2m+1
! I
Y Y Anau(p+ D+ )2) d dny.
v=0 pu=0
Since Ay _1pmn = 0, Ay _1,—1Gmn = 0 and Aj pam, = Aj_15,0mn —

A11—112am+1m Al.—llzamn == All—llz—lamn - All—llz—lamn—i-la then

N M
@D DD Appamn(m+ DM n + 1P
n=0 m=0 N M

= ¢ Z Z All—llz—lamn(n'l =+ l)ll_l(n + 1)12—1’

n=0 m=0
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where C = C(ly, [;). Using this estimate, we get

n/2n+3 o0 7.L,/2m+3
f w(16t;, 161,) dt; dty

I, <C f
ZO n/2n+4 —0 7-[/2m+4

m

n o
<Z Z A11—112—1612#—1,2v—12’”‘2”12) .

v=0 pu=0

Now if @ > 1, we use Lemma 3.2 and if @ < 1, we apply Jensen’s inequality.

Then using (2.1), we write
ﬂ/2n+3 o0 n/2m+3
/ w (161, 161y) dt; dt,

L <C /
ZO ﬂ/2:z+4 —0 7-[/2m+4

(All_l 12_1a2m_1’2,,_12m112:112)

o0 oo
<CY A+ A+ 1w (A 14-18m)” =1 CB(a, 11, b)

n=0 m=0

Now we estimate 1. We note that for y € (0, 7), |B,112 M| < Cy~"(l,
1, 2), where C is independent of n and y. Then by Lemma 3.4, we have

7'[/2"+3 7.[/2m+3
/ w (161, 161,)

L<C Z Z o

/2m+4

=0 m=0
2m+l * o
([ Z D A (i + D"y x 0 X0, n](y):| (11, tz)) dty dn
p=2n+141 u=0 yx

”/271+3 ].[/2m+3
/ w (161, 161,) dt, dt,

oo
2(; /j;/zn+4 /2m+4
00 2m+l
( T T ouaeuen)
=2+l

n=0

n/2n+"6 ﬂ/2;n+3

w (1611, 16t,) dt; dt,

2m+l o
l § : 1
(2’1 2 214 A1171 lzlau’2n+1+1> .

u=0
To verify the last inequality, we use Zfizm 41 D = Ap-1a, 20141 and

“4.1).
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Finally, using Lemma 3.2 for ¢ > 1, and Jensen’s inequality for @ < 1, we
arrive at I, < CB(«a, [1,5).

In a similar way to the estimates of /; and I, one can also obtain the
inequality I3 + I4 < CB(a, !, 1), 1.e., I < CB(w,1;,1,). Then this gives us
inequality (2.2) for [} = [, = 2, inequality (2.3) for [ = 2, [, = 1, inequality
(2.4)forl; = 1,1, = 2, and inequality (2.5) forl; =1, = 1.

PrROOF OF THEOREM 2.2. By Lemma 3.1, the following identities hold a.e.

o0 o0
pi(x,y) = filx,y) = ZZamn COS MX COS 1y
(A) n=0 m=0
Z Z Ad sm2 (m—gl)x sin2 (n+1)y
_nOmOZ2mn41 % 4 sin %,
where b,,, = any,
(B)
YL+ LT —Y) e .

Pa(x,y) = Sy > = Z Zamgn,l cosmx sin(2n — 1)y

n=1 m=0
sm2 DX in? ny
> b, M =

n=1 m=0 Sin 2 Siny

where by = amon—1,

© o

S3(x,y) + f3(m —x,y) .

p3(x,y) = > = Z Z Aym—1n SIN(2m — 1)x cos ny
n=0 m=1
i sin mx sin® W

= Z Z A12bmn . -2y

n=0 m=1 Sin x 4 sin 2

where by, = aam—1n,
(D)

ey + fulm —x, )+ fale,m =)+ falm —x, 7w —y)
@4()&:, y) =

2

o0 o0
> am-120-1sin@m — Dx sin@2n — Dy

n=1 m=

—

o x
sm mx SlIl ny
E E l 1 bmn )
sin x sin y
n=1 m=1
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where by, = azm—120-1.
Thus, we have a.e.

oo o0

Q. Y) =Y > AnbunBL(x)BE(),

n=0 m=0
where
(A) ®=g¢, [, =2, =2, Bli(x) = B2(x), B2(y) = B2(y);

B) ® = ¢ lj =21, =1, Bix) = B,%,<x>, Bi(y) = S and
Ao1bmo = A1obpo = bpo =0,m =0,1,2,..;

© @ =gy =1L =2 Bix) = ’" Bl(y) = B2(y); and
A1abo, = Ag1bo, = bop, = 0 n=0,1,2,.

D) =@, 1=1,L=1, B,l,i(x) sin’ mx 312( ) = sin’ ny and Ay1by0 =

sinx

me:O,m=O,1,2,...,A“bo,,_b()n_O n—O 1 2

Using Lemmas 3.5 and 3.8, we obtain

2 p2w 2 p2m
[ [ wmm o)y anan = [ [ wwire e dsay,
0 0 0 0

because of
(Fy(t, )" = ((F&x, »),)) 50, 0) = (1F (e, I9) (01, 12).

We also note the following:

/ / <1 tz) (2 2)[(f(x v+ fx — X,y));x]a(tl,tz)dtl dty
ot « (1t o
<C</ / (1 22)<|f(x,y)|yx(51,52)) dti dt,
/ / (fl 2><|f(n X, y)|vx(2 2)) dtldt2>

2 2w o
< Cf / w(tr, ) (fr (t, 12))" dny diy.
o Jo

Using this, let us estimate

b T X y o
I::'/(; /0 w(i,§)|<b(x,y)| dxdy,
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where 0 ifd =g,
k:={1 if ® =, (or¢y),.
2 ifd =g
We have
o0 7.[/2S2+] o0 7.[/2.x1+l x
y
1= / f w(—,—)|<1>(x,y>|“dxdy,
2 2l T
oo oo 7'[/2‘2+l 7.[/231+]
T y
>C w(——) / |®(x, y)|*dxdy
=02 S (55 5 )2 €2 D5 5 A
$5o=0 5= s2=j s1=i

where i = j = 0for g, i =0,j = 1for g, i =1, = 0 for ¢3, and
i = j =1 for ¢4.
Using the following estimate (see [16])

Ay, 5, > C20hemDinle=l) (All —1 12—127[2s1—l][2sz—1])a,

we have

lLo—1 ha—1 4
I>CZZ <2k+s1 2k+sz)2S1(la ol )(All—llz—lb[2“l’l][2“2’]])-

S2= J Y]—l

Thus, we getfori = j =0

1

”fl (x7 )7)||A‘§’(w) = C] (Z(I’l + 1)2a Z(m + 1)2awmn (Allamn)a) ) .

n=0 m=0

In a similar way, one can also obtain inequalities (2.7)—(2.9).

Proor oF THEOREM 2.3. We only consider in detail the case (A). By
Lemma 3.1, one has

00 00 00 00
[ =Y A Br()BI(¥) =Y Y Atibua By (x) By (),
n=0 m=0 n=0 m=0
h
where , sin? Gz
byn = A1apn, Bk (2) = 4Sil’12 Z

2
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T T

Letx € [0 3] v € [55. 5] Dun = [ 35 ] x [ 35 5] and let

o

W6, )= Y > AnbuB)(x)BX(y).

v=[2"] p=[2"]

Therefore,

FEY) =D K0 (& )W (x, ).

n=0 m=0

Then by Lemmas 3.5, 3.6, 3.7, and Jensen’s inequality, we have

| A, w5

A5 (w)

2 o
/ f w(n,m( fl(x,y>]j)jj(r1,r2>) dty dt,

2 o 0
>C / / w(rl,m)(([Zlem,,(x,y)wmn(x,y)} ) (n,tz)) dty dy

n=0 m=0
2 o0
—c| f ot 1) [(ZZX,W<x,y>wmn(x,y)> ] ) (1, ) diy d
n=0 m=0
2m p2m o o0
ZC/ / w(tl,tz)([ZZ(le,,(X,)’)‘I’mn(X,Y)) ] ) (1, ) dty dty
0 J0 n=0 m=0 ys x

2 27 © X a
>0 [ [ o XY (Dt ¥ )], 000) dndre
0 0

n=0 m=0

We will use the following fact (see [16]): there exists a set J,;,, C I, such that
Jmn = {()C, y) € Imn : "Ijmn(x’ y) = C122(n+m)Allb[Z”’*‘J[T’*‘J}

and w(Jpn,) = Cop(lyy), where Cy, C, do not depend on n, m, {b,,,}. Hence,
we have

(RIEEI N

A (@)
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where

3 1
T =1(t,0): (XI,,,,,(X, y))yx (1, ) > 3
By Lemma 3.10, we write

| f1(x, Y)”?\g(w)

oo 0 C27T27("+” C2ﬂ27("’+1)
>C Z 2(22(n+m)Aublszluznflj)a / / w(t), t)dt dty
C

n=0 m=0 Com2—(n+2) 72— +2)
00 00 o
2 o
> CZZ(Z (n+M)A11b[2m—l][2n—l]) w(z_m’ 2_;1)
n=0 m=0

00 00
= C Z(n + 1)20[ Z(m + 1)2awmn (Allamn)a .

n=0 m=0
In a similar way, one can also obtain inequalities (2.7)—(2.9).
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