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APPROXIMATELY INNER DERIVATIONS

OLA BRATTELI, AKITAKA KISHIMOTO and DEREK W. ROBINSON

(Dedicated to the memory of Gert K. Pedersen)

Abstract

Let « be an approximately inner flow on a C*-algebra A with generator § and let 8, denote the
bounded generators of the approximating flows «"”. We analyze the structure of the set

D ={xeD@®): lin;oﬁn(x) =58(x)}

of pointwise convergence of the generators. In particular we examine the relationship of & and
various cores related to spectral subspaces.

1. Introduction

The theory of flows on operator algebras has been largely motivated by models
of quantum statistical mechanics in which the flow « is usually constructed
as the limit of a sequence (™) of local flows. The latter are typically given
by inner one-parameter automorphism groups of the algebra A and the flow is
correspondingly called approximately inner. In particular this is the situation
for models of quantum spin systems in which the algebra of observables A
is a UHF-algebra (see, for example, [9], Chapter 6). An early result of Sakai
established [25] that if § is the generator of a flow « on a UHF-algebra then
there exists an increasing sequence (A,) of finite dimensional C*-subalgebras
A, of A such that A, C D(8) and | J, A, is dense in A. Furthermore, there
exists a sequence (4, of elements #, of the self-adjoint part Ay, of A such
that 8|4, = ad(ih,)|a, (see [8], Example 3.2.25). If, in addition, | J, A, is a
core for 8y, i.e. |, A, is dense in D(§) in the graph norm, then it follows that
o is approximately inner. In particular one has

1) lim max [|e; (x) — &" (x)]| = 0
n—>o0 |r|<I

for all x € A where o) = ¢'* with §, = ad(ih,). This is a consequence
of two general results. First the strong convergence (1) of the semigroups is
equivalent to strong convergence of the resolvents (1 £8,) ! to (t48)~! by the
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Kato-Trotter theorem (see, for example, [14], Theorem [X.2.16). Explicitly (1)
is equivalent to the condition

) lim [[(c£8,)7' @) — (£ 80| =0

for all x in a norm-dense subspace of A. Secondly, since | J,, A, C &, where

3) P ={x € D(§): lim §,(x) =5(x)},

it follows that & is a core of 4. In particular the subspaces (1 + §)(&) are
norm-dense in A. Then if y € & and x1 = (¢ = 8)(y) one has

Tim (£ 8,) 7 (x2) — (£ 8) 7 ()| < lim (13, — (NI =0

Therefore the strong resolvent convergence (2) and the equivalent semigroup
convergence (1) is established. Thus the crucial feature in this argument is the
core property of &. This follows automatically if | J, A, is a core.

Secondly, note that it does not follow in general from Sakai’s construction
that |, A, can be taken to be a core for §. This was an open problem for
many years. The affirmative answer would imply that « is approximately inner,
and this was known as the Powers-Sakai conjecture. The problem was finally
resolved in the negative in 2000 (see [20], Theorem 1.1). The counterexample
is, however, an AF-algebra which is not UHF and the problem still seems to
be open for UHF-algebras.

The purpose of this note is to analyze the convergence (1) for flows af") =
¢ and o, = €''® on a general C*-algebra A by examining the structure of
the set & defined by (3). In particular we consider the relation between & and
various natural cores of §.

2. Cores and spectral subspaces

Let o be a flow on a C*-algebra A with generator §,. Define the spectral
subspace A%(K), for each closed subset K of R, as the Banach subspace
spanned by the x € A for which the conditions f € L;(R) and supp fnK =g
imply s (x) = 0. (Here f denotes the Fourier transform of f.) The «-spectrum
of x € A, denoted by Sp, (x), is defined to be the smallest closed subset K of
R such that x € A*(K). Elements with compact «-spectra are referred to as
geometric elements of o and the subspace of geometric elements is denoted by
AG. Explicitly, AZ, = Uflozl A*([—n, n]). Note that each geometric element is
automatically an entire analytic element of . Moreover, A, is a *-subalgebra
of A and an «-invariant core of §,.
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The spectrum Sp(«) of « is defined to be the smallest closed subset K of
R such that A = A%(K). The Connes spectrum R(«) of « is defined to be the
intersection of Sp(«|z) with B all non-zero a-invariant hereditary C*-algebras
of A. It is known that R(«) is a closed subgroup of R.

Our first result establishes under quite general conditions that the geometric
elements of an approximately inner flow are not contained in the subspace &
of convergence.

THEOREM 2.1. Let A be a separable C*-algebra and o an approximately in-
ner flow with generator 8. Suppose there exists a faithful family of a-covariant
irreducible representations of A and that R(a) # {0}. Let (hy) be a sequence
of self-adjoint elements of A such that

lim max ||, (x) — Ad " (x)]| = 0
n—00 |t|<1

Jorall x € A and let

4) D ={x e D(@,): lim adih,(x) = 8,(x)}.

Then
D P AG.

Proor. Under the assumptions of the theorem it follows that there is a
faithful family of irreducible representations (7r, #,) of A such that the rep-

resentation o
T = / dt o o
R

of A on L,(R; ) is of type I with centre Lo (R) if R(w) = R and
Loo(R/((2mp)~'2))) (as a subalgebra of Lo, (R)) if R(a) = pZ. (This is The-
orem 1.2 of [18] when A is prime. See Remark 2.3 when A is not prime.) Define
a unitary flow U on Ly (R; 75) by U;E(s) = &(s + t). Then U (x)U; =
7 (o0 (x)). We denote by @, the weakly continuous flow ¢ — Ad U, onw(A)”.

Since A is separable, there is a countable faithful family of such irreducible
representations. Let (7;) be such a family. Let ¢ € R(a) and define z; €
T (A)" NT;(A) C Lo(R) by z;(t) = €*>™4". Note that z; satisfies @, (z;) =
€?™4' 7, Then there is a net ( ¥u) in the unit ball of A such that7; (y,,) converges
to z; in the *-strong topology for any i and 7 (y,) converges to 0 weakly for
any representation  disjoint from all 77;. We may further suppose that the o-
spectrumof y,, decreases to {g}. Since A is separable and the direct sum of 77; is
a representation on a separable Hilbert space, one can choose a sequence (yy)
from the convex combinations of (y,) such that (yx) is a central sequence,
7;(yx) converges to z; in the x-strong topology, and the a-spectrum of yy
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shrinks to {g}. Since 7; (yxy;) converges to the identity for any i and the direct
sum of 7; is faithful, one may conclude that || xyy|| converges to ||x|| for any
x € A as k — 0. We use this fact below.

Assume that & O A%*([—e, €]) for an ¢ > 0. Then it follows from the
uniform boundedness theorem that there is constant ¢ > 0 such that

|l ad ify, | ae—eepll < ¢

for all m. Choose x € A*(lg — €/2,q + €/2]) such that ||x|| = 1 where
q € R(a) satisfies ¢ > ¢ + ¢. By the arguments in the previous paragraph one
can find a central sequence (y;) in A such that ||yl < 1, Sp, (yx) C (—q —
e/2, —q+¢/2) and 7w (yr y;) converges weakly to the identity as k — oo. Then
llxyell < 1, lxyll = 1 and Sp, (xyx) C (—¢,¢). Hence || ad ik, (xyo)ll < ¢

and
klim ladih,, (xyy) —adih, (x)y] =0
—00

Since limy, oo || ad i Ay (x) — 8o (x)[| = O and limy— oo [| 8o (X) yi Il = |80 (x) 1] it
follows that || ad i h,,, (x V) || > [18(X)|| — €/2 = g — € > ¢ for all sufficiently
large m and k. This contradicts the bound || ad ik, (xy)|| < c. Therefore

DD U:o:1 A%([—n, n]).

REMARK 2.2. The foregoing proof establishes a slightly stronger statement:
If & contains A%([—e, €]) for some & > 0,then N A*([q —€/2,g+¢€/2]) =
{0} for all large ¢ € R().

REMARK 2.3. In Theorem 2.1 we assumed the condition

(1) there exists a faithful family of «-covariant irreducible representations
of A.

The essential requirement is, however, a consequence of the assumption

(ii) there exists a faithful family {r;} of irreducible representations of A such
that 77; is of type I and the spectrum of @ on the center 77; (A)” N 7; (A),
which we denote by A(rr), is R(«), where 7; and & are defined in the
above proof.

As we asserted above (i) implies (ii). To confirm this assertion let us define
R2 () to be the set of p € R satisfying: for any non-zero x € A and any ¢ > 0
there existsana € A*([p—e¢, p+¢]) suchthat ||a| = 1 and ||x(a +a*)x*|| >
(2 — &)||x||%. It is obvious that R,(«) is a closed subset of R(«). Furthermore
one can show that the inclusion Ry(e) D [),.4# A(x) holds for any faithful
family & of irreducible representations of A and the equality holds for some
(see [17], Proposition 1). Consider the conditions

(i) Ry(@) =R
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and
(ii") Ra(x) =R.

One can show that (i) < (i) = (ii") < (ii). If A is prime all these conditions are
equivalent [18]. The equivalences of (i) with (i) and (ii) with (ii’) are a kind
of duality and these equivalences are straightforward. The only implication
which is not explicitly given in the non-prime case seems to be (i) = (ii’).
The arguments we adopt here are given in the proof of Theorem 3.3 of [16].
Let B = A x, R, let H be a discrete subgroup of R(«), and let 8 = &|p.
Then it follows from (i*) that there is a faithful family of covariant irreducible
representations for (B x g H, ﬁ, /f?) and it follows from H C R(w) that H(ﬁ) =
H.Lletx € B xg H.For p € H' and any compact neighborhood U of p in
R one can show from (i') that

sup{||lx(a + a*)x*| : a € BE(U), ||lall = 1} = 2|x|*.

Moreover, for s € H one can show by using Glimm’s type of theorem for the
compact dynamical system (B xg H, H, B) [6] that

sup{llx(a + a*)x*|| : a € BA(s)} = 2|Ix|I*,

where H > s — A(s) is the canonical unitary group in the multiplier algebra
of B xg H implementing B. Using these two conditions one can construct
a faithful family {7;} of irreducible representations of B xg H such that 7;
restricts to an irreducible representation p; of B and p; which is the direct
integral of p;@,, p € Ris of type I with A(p;) = H*. Then, by Lemma 5
of [17], the duality implies that Ry(«) D H. Since H is an arbitrary discrete
subgroup of R(«) one can conclude that R; (o) = R(e).

It follows automatically from the assumptions of Theorem 2.1 that one has
9 2 D for any core D of §, which contains the geometric elements A¢,. In
particular & cannot contain the analytic elements, or the C* elements, of «.
In addition one cannot construct a core in & by regularization of the subspace
of geometric elements since the following lemma establishes that the subspace
is unchanged by regularization with respect to the flow.

LEMMA 2.4. Let Ay, denote the geometric elements of the flow a on the
C*-algebra A. Then

AG ={ar(x) 1 x € AG, f € Li(R)}
= span{as(x) : x € AG, f € CZ(R)}.

Proor. First x € A%(K) if and only if g € L(R) and (suppg) N K =@
imply a, (x) = 0. Butifx € A*(K)and f € L{(R)thenag(as(x)) = orfe(x).
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Moreover, supp( f/*\g) C supp &. Therefore o, (cry(x)) = 0 and one deduces
that ay(x) € A%(K). Hence

{ar(x) :x € A, f € CP(R)} C {af(x) : x € AL, f € Li(R)} € AE.

Nextif x € A“(K) and f, g € L;(R) with f = g = 1 on an open neigh-
bourhood U of K then af(x) = o, (x) (see, for example, [8], Lemma 3.2.38).
Replacing g by an approximate identity, with the Fourier transform equal to
one on U, and taking the limit one deduces that ay(x) = x. Therefore

AG ={ar(x) 1 x € AG, f € Li(R)}.
But the same argument also gives
AG ={ar(x) 1 x € AG, f € S (R)}

where & (R) is the usual Schwartz space. Finally, if f € & (R) then it follows
from the Rubel-Squires-Taylor factorization theorem [24] (see also [13]) that
there exists a finite set of g; € C2°(R) and h; € & (R) suchthat f = ) g; *h;.
In particular orf (x) = ) &, (y;) With y; = ey, (x). Therefore

AG ={ar(x) 1 x € AG, f € S(R)}
C spanfa,(y) : y € A%, g € CX(R))
C spanfa,(y) : y € AG, g € S (R)} = AG

and the proof is complete.

Despite these observations Example 3.6 illustrates that many approximately
inner flows of interest in mathematical physics are such that the subspace of
convergence & contains a dense invariant set of analytic elements.

It is remarkable that under the conditions of Theorem 2.1 convergence of
a sequence of bounded derivations on the subspace A7, automatically implies
boundedness of the limit derivation, at least if A is prime:

COROLLARY 2.5. Let A be a separable prime C*-algebra and a a flow.
Suppose there exists a faithful family of «-covariant irreducible representations
of A and that R(«) # {0}.

Suppose that there is a sequence (b,) of self-adjoint elements of A such that

the limits
§(x) = lim adib,(x)

exist for all x € Af,. Then x € AF +— 6(x) € A extends to a bounded
*-derivation on A.
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Proor. It follows from the uniform boundedness theorem that the norm of
ad by, | a«(—k.k7) 1s bounded as n — oo for each k. Hence 8| s« (—« k) 1S bounded.
Then, by [15], § is closable and its closure § generates a flow S.

By [19] there is a faithful covariant representation (7, U) of A such that
the flow @ : t — Ad U, on the factor M = 7 (A)” has Connes spectrum R(«),
e.g. T may be a type Il representation extending the tracial representation of
a UHF algebra (with a non-trivial UHF flow) “embedded” in A; here we need
A to be prime. Let f € L(R) be an integrable real-valued function such that
the Fourier transform f has compact support and define

8 = fdt f@®)ada_;.
R

The closure Sf of &5 is also a generator and we denote by B, the flow generated
by gf. By [5] the a-covariant representation 7 is also B¢-covariant. If f €
L1 (R) satisfies f (0) = 0 then &7 is bounded. Moreover, there is a constant
¢ > O such that [|5¢] < c|| f|l; for such f.

We fix a positive function f € L;(R) such that supp( f ) is compact and
£(0) = [dt f(t) =1 and define §, as the closure of 1/n [ dt f(t/n)o,da_,.
Define A, to be the weak extension of x +— 76,(x) on (% (35,)), i.e. the
generator of the weak extension of the flow on 7 (A) induced by §,. Since
A, — Ai]l < 2¢, we take a limit point d of the sequence of derivations
A, — Ay (A) — w(A)” with pointwise weak topology. Thus the limit d is
aderivation on M. Then by general theory d is an inner derivation on M. Hence
A1 +d is a generator. Since A 4 d is a limit point of A, : Z(A;) - M and
lloe, Ay (x) — Ay (x)]] — 0, x € Mg as n — 0o, we conclude that Ay + d
commutes with @. By the arguments originating in [21] we argue that A| + d
generates a flow which is a bounded perturbation of a scaled & as follows: Let
y be the flow on M generated by A; + d. We denote by @ ® y the action of
R? on M defined by (s, ) — @,};. Since the spectrum of @ ® y is bounded
on each {p} x R and the Connes spectrum R(& ® y) is included in R(a) x R,
there is a constant A € R such that R(e@ ® v) = {(p,Ap) : p € R(a)}.
Since Sp(@ ® y) + R(@ ® y) = Sp(@ ® y), we conclude that y is a bounded
perturbation of the flow ¢ + @, or the flow on A generated by §, is a bounded
perturbation of the flow ¢ — «;;.

On the other hand define §), to be the closure of n f dt f(nt)o,da_; and A,
to be the weak extension of x +— (8, (x)). Then by the same token we have
that |[A; — A || < 2c. Note that Z(A) = P(A)) and || (5 (x) — 8, (x)]| <
2c||z (x)|| for x € Z(8;). We then conclude that there is a derivation d’ of M
such that 7 (6, (x)) — d'(m(x)) = w(§(x)) for x € w(AY). Since AY, is dense
in A, this implies that d’ leaves w(A) invariant. Hence, since s is faithful,
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x € AG — 81(x) — 8(x) extends to a derivation of A. Combining this with
the result in the previous paragraph, the flow B (generated by 8) is a bounded
perturbation of 7 = o, If & 7 0, this would imply that 8| 4« is approximated
by inner derivations, which contradicts Theorem 2.1. Hence A = 0 and B is
uniformly continuous, or § is bounded.

Theorem 2.1 can be reformulated in various ways. The assumption of the
existence of a faithful family of «-covariant irreducible representations is likely
to follow from the approximate innerness of « alone. For example, if each
non-zero ideal of A has a non-zero projection, this follows because there exist
ground states for a perturbed « restricted to an invariant unital hereditary C*-
subalgebra. With different arguments we can show this is also a consequence
of a property of the ideal structure of the C*-algebra.

PROPOSITION 2.6. Let A be a separable C*-algebra and a an approximately
inner flow. Suppose that A has at most countably many ideals. Then there exists
a faithful family of o-covariant irreducible representations of A.

ProOF. Let (h,) be a sequence in Ay, such that

o, (x) = lim Ad e (x)
n—0o0

uniformly in ¢ on every bounded interval of R for all x € A.

Let y denote the flow on Cy(R, A), the C*-algebra of continuous functions
into A vanishing at infinity, induced by translation; y;(x)(s) = x(s + 1), x €
Co(R, A) and let & denote the dual action of R on the crossed product A x, R.

We denote by NT the one-point compactification of N; oo is the newly
added point. We assign the dynamical system (Cy(R, A), y) to each point
n € Nand (A x4 R, @) to co € N*. We assert that they form a continuous
field of dynamical systems over N7 .

We define a map ¢, of C.(R, A), the space of continuous functions on R
into A with compact support, into Cy(R, A) by

ou(f)(p) = /R dt f(1)e'" P = f(p + hy).
We note that ¢, ()¢ (g) = ¢u(f *, g) and ¢, (f)* = ¢, (f*'), where
fHng(t) = /R ds f(s)Ade™" (g(t — 5))

and f*(t) = Ad e (f(—t)). We denote by ¢, the natural embedding of
C.(R, A) into A x, R, which is given by

bl f) = /R dt f (),
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where ¢ — A, is the canonical unitary flow implementing « in the multiplier
algebra of A x, R. We note that ¢oo (f)Poo(g) = Poo(f * g) and ¢ (f)* =
Poo(f), where

fxgl) = fRdt f($)ag (gt —5))

and f*(t) = o;(f(—1)). Note that f x, g convergesto f x g (resp. f* to f*)
uniformly as continuous functions of support contained in supp( f) + supp(g)
(resp. — supp( /). In particular [|¢, (f *, &) —¢u(f* &)l = Oand ||, (f™)—
Gu () = 0. |
For f € C.(R, A) and g € Rwedefine f, € C.(R, A) by f,(t) = f(t)e'?.

Then y, (¢, (f)) = ¢n(f,) forn € Nand &q (Do (f)) = Poo(fy). The assertion
made above comprises this fact and the following:

LEMMA 2.7.If f € C.(R, A) thenn € Nt — |¢,(f)| is continuous. The
range of ¢, is dense in Co(R, A) ifn < oo orin A x4, Rifn = oco.

The only non-trivial claim is that lim, o [|¢, ()| = ¢ (f)| for f €
C.(R, A). Let p(f) = limsup ||¢,(f)||. Then it follows that p defines a C*-
seminorm on C.(R, A) as a x-subalgebra of A x, R. This fact follows from

p(f *g) =limsup ||, (f * &)l = limsup [|¢,(f *, &)l
< limsup [|¢. ()Nl (DN < p(f)P(8),

p(f* % f) = limsup [|g, (f* %, Il =limsup g, (NI = p()?,

etc.

Since p&, = p and p is non-zero on a non-zero element ag witha € A
and g € C.(R), one concludes that p is a norm, i.e. p(f) = ||¢oo(f)||. Since
the same statement holds for any subsequence of (¢, ), the claim follows.

Leta € A and g € C.(R) and define x € C.(R, A) by x(t) = ag(¢). Then
¢n(X)(p) = a [z dt g()e"" " P = ag(h, + p). Note that p > [|¢,(x)(p) ||
is a continuous function on R vanishing at co.

Ifa # 0 and g # 0, then ¢ (x) # 0. For any 6 € (0, ||¢oo(x)||), and for
all large n, we find the smallest p, € R such that ||¢, (x)(p,)| = 6. Define a
seminorm p on C.(R, A) by

p(f) =lm Sup max e (S (PII,
which extends to a C*-seminorm on A X, R. Note that p(x) = 6 < ||¢oo(x)]|
and g — pa,(f) is increasing (because v, . (f)(p) = u(fo) = ¢u(f)(p +
q9)).
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Let ) R
P—cc(f) = qEIPoo Py ),

which defines a C*-seminorm on A X, R.

Suppose that p_o, # p. Since Ker p ; Ker p_,, we take an irreducible
representation 7 of the quotient Ker p_,/ Ker p and regard it as an irreducible
representation of A x, R. Then Kerma, # Kerx for p # 0; if Kerra, =
Ker 7 for some p # 0, then Ker 7 contains Ker pa, for any ¢ (as Kermw D
Ker p), from which follows that 7 |ger, . = 0, a contradiction. This implies
that the center of 7 (as defined as the direct integral of wa, over p € R as
before) is L, (R), which in turn implies that the representation = of A x, Ris
induced from an «-covariant irreducible representation of A.

Suppose that p_, = p, which implies that p&, = p for all g. Then there
is an a-invariant ideal I of A such that Ker p is described as I x, R. For each
0 € (0, ||pso(x)|l) we have defined a seminorm p = py and an ideal I = Iy of
A if py is a-invariant. Note that if pg and p,, are @-invariant for 6 # p, then
Iy # 1. If all py are @-invariant, we thus obtain a continuous family of ideals
of A, which contradicts the assumption. Thus there is a 6 such that py is not
Q-invariant.

Thus we obtain an «-covariant irreducible representation & of A. If Ker &
is non-zero, we apply this argument to Ker 7 and o|ge; , Which is an approx-
imately inner flow on a C*-algebra with at most countably many ideals. By
induction one concludes that there is a faithful family of «-covariant irreducible
representations.

3. AF and UHF algebras

In this section we examine some properties of cores of generators for AF and
UHF algebras. First we note that if « is an approximately inner flow on an AF-
algebra then one may choose the sequence (/4,) which defines the generators
of the approximating flows in such a way that the subspace & defined by (3)
is dense in A.

PrOPOSITION 3.1. Let A be an AF algebra and o an approximately inner
flow on A with generator 8. Then there exists a sequence (h,) in Ay, such

that

lim max [|o; (x) — Ad e/ (x)| = 0
n—oo |t|<1

forall x € A and

P ={x € D(5,) : lim adih,(x) = 8,(x)}

is dense in A.
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REMARK 3.2. Even without assuming the existence of (4,) it follows from
the result of Sakai mentioned in the introduction [25] that there exists an in-
creasing sequence A, of finite dimensional C*-subalgebras of A such that
A, C D(8,) and | J, A, is dense in A. This is true even if § is not assumed to
be a generator, but only a closed derivation ([7], Theorem 11). Furthermore,
there exists a sequence 4, in Ay, such that 8|4, = ad(ih,)|4, (see [8], Ex-
ample 3.2.25). If § = §, is a generator and |, A, is a core for §, then the
assertion in Proposition 3.1 follows with (4,) equal to this sequence since in
this case |, A, C 2. In the absence of the assumption on the existence of
h,, however, it does not in general follow from the generator property of §
that |, A, can be taken to be a core for § or that &, exists (see again [20],
Theorem 1.1).

PROOF OF PROPOSITION 3.1. Since « is approximately inner there exists a
sequence d,, = d, in Ay, such that §, is the graph limit of ad(id,,). This means
that for each x in D(4,) there exists a sequence (x,) of x,, € A such that

&) lim |[x, — x| 4+ lim |[ad(id,)(x,) — 8a(x)[| =0
n—oo n—oo

This condition is actually equivalent to each of the equivalent conditions (1)
and (2) in the introduction (see [8], Theorem 3.1.28).

To prove the proposition we next choose an increasing sequence B, of
finite dimensional sub-algebras by Sakai’s result as in the preceding remark
such that |, B, C D(8,). Then we are going to modify d, to h, by passing
to a subsequence of d,, such that the conclusion of Proposition 3.1 is valid.

First, fix an n and let X be a set of matrix units for B, (see e.g. [12],
Chapter III). Now for each matrix unit x in B, there exists, as remarked above,
a sequence x,, in A such that

(6) lim [lx,, — x|l + lim [ ad(idn)(xm) — da(x)|| =0
m—00 m—00

Using Glimm'’s technique we may furthermore use spectral theory to modify
the approximants x,, for each fixed m such that the set of these approximants
form a set of matrix units isomorphic to X for each m. This is possible if we
go so far out in the sequences indexed by m that the approximation to x is
good enough (see, for example, [12], Section IIL.3, or [10], Section 2). If X,,,
denotes the corresponding sequences of matrix units, we then have

(7) lim |X,, — X|| =0
m—00

However by careful scrutiny of the proof in [12] or [10] one may choose the
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approximants to X such that also

(8) lim | ad(id,)(X;n) — 8. (X)[ = 0.
m—0Q
Hence
9) lim [X,, — X]|| + lim ||ad(id,)X,) — 8.(X)|| =0
m—00 m— 00

(The norms in these relations are defined by taking the maximum of the finite
number of norms obtained by replacing the sets X by the individual matrix
elements x in X.)

The reason for the convergence of the derivatives is that the matrix elements
are obtained by applying functional calculus by smooth functions in D(§). We
use [8], Theorem 3.2.32, (or alternatively [23], or [2] and [3]) to deduce that
if 6 is any closed derivation and x = x* is in D(8) then f(x) is in D(8). Since
f(x) only depends on the definition of f on Spec(x) we may assume

A= (277)1/2/de I/ (plIpl < oo

where f is the Fourier transform of f. Then

f(x) = @m)~'/? /R dp f(p)e'P*

and ]
e =0 [dp foip [ dremsee o,
R 0
Hence
(10) I8CFCNN < A8

We need the following lemma:

LEmMmaA 3.3. Let 8, be a sequence of closed derivations on a C*-algebra A
with graph limit § and (x,) a sequence of elements of A with lim,,_, » ||x,, —
X4+ 118, (xp) —8(x)|| = 0. Further let f, be a sequence of functions converging
to f with respect to the semi-norm ||| - |||.

It follows that

Y Jim {18, (fo (xn)) — 8(f DI =0
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ProoF. We have

S0 (fu(xn)) — 8(f(x))

1
=i(2n)_1/2/dp f,,(p)p/ dt e''P* 8, (x,)e 1P
R 0

1
—i@n ' [ ap fp [ aremmetom
R 0

1
0

=iQmr)"'? /R dp (fu(p) = f(P)p / dt &'7% 5, (x,)e! 1~0P*

1
+i(27r)1/2/dp f(p)p/ dt €"P* (8, (x,) — 8(x))e! 1 =DP¥
R 0
from which one deduces that

(12) (18, (for xn)) =8 CF DI = L = SN 8 ) 1M1 N8 () =8O

The conclusion of the lemma follows immediately.

REMARK 3.4. The semi-norm || f||| occurring in (10) and (12) can be es-
timated by noting that |p|(1 + p*)!/? < 2 (1 + p*)!/? and using the Cauchy-
Schwarz inequality. Hence

NFIZ < 4(/R dp (1 + p2>‘) (/R dp | f(p)I*(1 + p“))

=27 (I 13+ 1F13).

It then follows that the space of functions with ||| f||| < oo contains the Sobolev
space WZ22(R). But these estimates are not optimal (see [2], [3], [1], [4]).

PROOF OF PROPOSITION 3.1 CONTINUED. We fix a set X" of matrix units
for B, and suppose that we have obtained a sequence (X)) of matrix units for
each X" by the arguments illustrated above. We then find a sequence (u,, ,,) of
unitaries in A such that

(14) lim |luy, — 1| =0
m— 00

and

(15) Unm X"y, , =X,

where we again interpret (15) as the set of relations obtained by replacing
X =X, X" by each the matrix elements x in X. We can choose a subsequence
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(m(n)) such that ||un,m(n) -1 ” < 1/” and ”(ad(ldm(n)) Ad Un,m(n) _6)|Bn ” <
1/n. Then it follows that ||8A,1 (x) —8(x)|| = Oforall x € | J, Bx where

(16) (Sn (X) = u:,m(n) ad(idm(n))(un,m(n)xu:,m(n))un,m(n)v
and hence
(17) 8, = ad(iu:,m(n)dm(n)un,m(n))-

Since ||#, mmy) — 11| = 1, one concludes that 3,, converges to 4 in the graph
norm. This concludes the proof.

REMARK 3.5. As we have already said after Proposition 3.1, if the increas-
ing family of finite dimensional sub-algebras constitute a core for §, there is
nothing more to prove. So Proposition 3.1 only tells something new when the
increasing family is not a core, or D(§) is not an AF Banach algebra in the
graph norm. We do not know in general whether we can choose approximating
inner derivations converging pointwise on a core for §.

The method of constructing the modified sequence again goes back to
Glimm, and is expanded in Section II.3 in [12] and in Section 2 in [10].

Although Theorem 2.1 established under quite general conditions that the
convergence subspace & cannot contain the analytic elements of the flow «
the next example shows that there are many examples in which & contains an
a-invariant dense subspace of analytic elements. The following example is a
flow constructed on a one-dimensional lattice. In mathematical physics terms
A is the algebra of observables of a one-dimensional spin-1/2 system. Note
that we consider the one-dimensional case for simplicity. One can construct
similar examples on higher dimensional lattices by analogous arguments.

ExamPLE 3.6. Let A denote the UHF-algebra given by the C*-closure of
the infinite tensor product (), <z M> of copies of the 2 x 2-matrices M.

The algebra A has a natural quasi-local structure. Let A; = ), ., M> denote
the family of local matrix algebras indexed by finite subsets I = {ij, ..., i,}
withi,, € Z. Further let Ajoc = |J,; A;. If o denotes the shift automorphism on
A then Z acts on A as a group of shifts (space translations) n € Z +— o, = o”"
which leaves Ay, invariant. In particular 0,,(A;) = Aj1p.

Next we construct a flow corresponding to a finite-range interaction between
the spins, i.e. an interaction which links close by points of Z. Fix & = ®* € A;
for some finite subset J. Define H; = H| by

H; = Zan1(q))~

mel
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Then introduce the corresponding inner *-derivations §; by
S;(x) =adiH;(x)
for all x € A. Further define the *-derivation § by D(§) = Aj,. and

8(x) = limad i H (x)

for x € Ajo. where the limit is over an increasing family of / whose union is Z.
(For each x € Ao there is an [ € Z such that §(x) = ad i H;(x) by locality.)
There is a flow @ on A given by

o (x) = li}n Ad e (x).

The norm limit exists by the estimates of [9], Theorem 6.2.4. Moreover the
generator 6, of the flow is the norm closure § of the derivation §. Then &, is
the graph limit of the derivations §; (see [8], Theorem 3.1.28). Therefore if we

define
9 = {x € D) : lim8; (x) = 8y (x)}

one has
Aloc = D((S) - 9 Cc D((Sa)'

Finally define ./ as the *-algebra generated by {o;(Ajc) : ¢ € R}. Then we
argue that o/ C . To this end it suffices to show that if x € A, for some J
and ¢ € R then lim; ad H; (o, (x)) exists. But if I; C I, then

ad Hy, (a;(x)) — ad Hp, (o (x)) = Z [0p(P), ot (x)].

peb\L

Then, as a consequence of [9], Proposition 6.2.9, there are a, b, ¢ > 0 such

that ,
[0, (@), o, (]Il < a ||x|| e+

uniformly for p € Z and ¢ € R. Therefore

lad Hy, (o (x)) — ad Hy, (e, (0))|| < a [lx[l e Y e

pelf

for all # € R. It follows immediately that the limit exists and this suffices to
establish the inclusion &/ C 9.

One concludes that ./ is an «-invariant subspace of D(§,). Therefore it is
a core of §,. But it also follows from [9], Theorem 6.2.4, that each x € .« is
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an analytic element of §,. Thus & contains an ¢-invariant dense subalgebra of
analytic elements.

Since the flow @ commutes with the group of translations by Z it follows
that the Connes’ spectrum R(«), which is a subgroup of R, must be Sp(x).
Therefore R(a) = Z or R if « is non-trivial. Both cases can occur with a
suitable choice of .

Although the latter conclusions rely on translation invariance one can con-
struct similar examples on the half line and the same conclusions are valid.
In particular one can add a bounded *-derivation ép to §, in such a way that
a factors into a product of flows o™ on the left and right half lattice Z..,
respectively. Then the algebra &/ generated by {oc,(ﬂ (Ap):teR, I CZ,}
is contained in the set Z(a")) corresponding to a‘™ and consists of analytic
elements for the latter flow. Finally R(a‘") = R(«) because o™ @ ™" arises
by a bounded perturbation of the generator of «.

The next example shows that & can be much larger but then the Connes’
spectrum is equal to {0}.

ExampLE 3.7. Let A denote the UHF-algebra given by the C*-closure
of the infinite tensor product ), ., M, of copies of the 2 x 2-matrices M,,
A; = Q),.; M- the local matrix algebras and Ao = U, Ar

Now let (4;);>; be a sequence of positive numbers and define ; € Ay, by

A O
= (5 0)
Set H, = er'l:l h; and §,(x) = adi H,(x) for x € A. Then define o on A by

o (x) = 11;11 Ad e (x).

Set
9 = {x € D(&) : lim 8, (x) = 8, (1)}.

We next argue that if the A; are chosen to increase sufficiently fast as i — oo
then D(Sg) C Z but in this case R(«) = {0}.
Leta;, a € Ay, be given by

a=(21 and S
i=\o o % =\1 0

and note that H, = Y /_, A; afa;. Seta(l) = @, a; and a*(J) = Qe 4
Let C, be the diagonal matrices of M, and C the C*-subalgebra generated
by C; atevery point of N; C = &), .y C2 C A = ),y M>. For a subset K of

Nlet Cx = ®ieK C,.
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We define an action y of G = [[°2, T on A by

n=1
o
zn O
y: =) Ad ( 0 1).
n=1

Then the fixed point algebra of y is C while a(/) and a*(J) are eigen-
operators for finite subsets 1, J: y,(a(I)) = [],c; zna(I). The spectrum of
yis [1{=1,0,1} € G = [,y 2, which we identify with & = {(I, J) €
Pr(N) x P(N) | I nJ = ¢}, where Pr(N) is the set of finite subsets
of Nand p € [[{—1,0,1} maps to (I, J) with I = {n | p, = —1} and
J = {n | p, = 1}. Note that for each (I, J) € & the eigen-space is given by
Ca(l)a*(J) = Ciengea(l)a*(J).
Then each x € Aj,. has a unique representation

x = Z x(I: Jya*(Da(J)

(1,))e¥

with x(I; J) € Cjenye, where the sum is finite. Let z/ = [1,c; 20 and 7/ =
[1,c/ Zn- Since

f 7y, dz = x(1, Da*(Da(J)
G

with dz is normalized Haar measure on G, one deduces that ||[x(Z; J)|| < |lx|l.
Now x € D(82) by locality,

(18) 8o (x) =1 Z ) = A(N) x(; Tya*(a(J)
(1,))eS
where A(I) = ) ,_; A; and

) == Y (D) =) x(I; Jya*(Da(J]).

U, NHes

In particular (A(I) — A(J))? lx(I; || < 185 (0]
Next suppose A, > 2 (A + -+ Ay—1) + 6" forall n. If n = max(I U J)
then

|)\'(I) _)‘(J)| Z)"n _()"1 +"'+)"n—l) = 6n~
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Therefore 6" |A(I) — A(J)| [|x(I; )| < ||8§ (x)]l and

18 < Y D) =ADxT: DI Y 6782

1,))eS n>1 max(IUJ)=n

<Y 2SI = 182

n>1

where we have used Zmax( 107)=n 1 < 3".But Ay, isacore of 85. The foregoing

estimates then establish that the representation (18) extends to all x € D((Si);
the infinite sum in (18) is absolutely convergent.
Then if k < [ one has H; — H; = Zf’=k+l A ala; and so

(19)  &(x) —&(x) =i Z(kk,z(l) — M (D) x(L; J)a*(Da(J)

1,J
for all x € D(Sg) with A, (1) = A N{k 4+ 1,...,1}). In particular the
summand is only non-zero if max(/ U J) > k. But Ax; (1) = A (1) — (1)
with ,;(I) =2 N{1,...,1}).Nowifn+ 1€ I UJ then

An1 (1) = Xy (D] = Appr — g+ -+ + 4p)

and

Mn(l) _)‘n(-l)l S )\-1 +"'+)\n'
Hence
(20) [An (1) = Ap (D) = Aps1 (D) — Ay (D))

Butifn+1 ¢ IUJ then A,,(1) — X, (J) = Apr1(I) — A1 (J) s0 (20) is valid
for all n. Then by iteration

(D) = A (D] < (M) = L (D] < [MT) = A(D)].

Combining these observations one concludes from (19) that

186,) =)l <= Y- A = AD xs DI < 275185 )l

max(/UJ)>k

forall x € D((Sé). Therefore §;(x) — 8, (x) as! — oo and ¥ D D(Sg).
Note that in this example R(«) = {0} but §, is not bounded.
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