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FELL BUNDLES ASSOCIATED TO
GROUPOID MORPHISMS

VALENTIN DEACONU, ALEX KUMIJIAN and BIRANT RAMAZAN

Abstract

Given a continuous open surjective morphism 7w : G — H of étale groupoids with amenable
kernel, we construct a Fell bundle E over H and prove that its C*-algebra C;* (E) is isomorphic to
C’(G). This is related to results of Fell concerning C*-algebraic bundles over groups. The case
H = X, alocally compact space, was treated earlier by Ramazan. We conclude that C(G) is
strongly Morita equivalent to a crossed product, the C*-algebra of a Fell bundle arising from an
action of the groupoid H on a C*-bundle over H°. We apply the theory to groupoid morphisms
obtained from extensions of dynamical systems and from morphisms of directed graphs with the
path lifting property. We also prove a structure theorem for abelian Fell bundles.

1. Introduction

In his Memoir [6], J. M. G. Fell generalizes Mackey’s theory of unitary repres-
entations of group extensions to a natural enrichment of the concept of Banach
*-algebra, called Banach *-algebraic bundle. Given a normal subgroup K of
G, he constructs a bundle B over H = G/K with the fiber over the neut-
ral element identified with the algebra L'(K), such that L' (G) is isomorphic
to the cross-sectional algebra of B. He also proves that there is a one-to-one
correspondence between isomorphism classes of Banach *-algebraic bundles
with one-dimensional fibers over the group H and the family of isomorphism
classes of central topological extensions of H by the unit circle T.

Replacing L' (K) by C*(K), we get the notion of C*-algebraic bundle over
alocally compact group (see [7, §11]). This may be thought of as a continuous
version of a group grading in a C*-algebra; one may regard the associated
C*-algebra as a fairly general sort of crossed product of the fiber algebra over
the neutral element by the group (in [14] it is shown that the C*-algebra is
endowed with a coaction by the group).

There is a natural generalization of the notion of C*-algebraic bundle to
groupoids (see [27]), which when specialized to topological spaces yields the
more usual notion of (continuous) C*-bundle. Such objects are often called
Fell bundles (see [12], [17]).
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The main result of this note is the construction of a Fell bundle associated
to certain groupoid homomorphisms. We restrict ourselves to étale groupoids
(the range and the source maps are local homeomorphisms), but we expect that
our results hold more generally. Given a continuous open surjective morphism
m : G — H of étale groupoids with amenable kernel, we construct a Fell
bundle E over H by extending a result of Ramazan’s dissertation (see [23]),
which appears in [16]. The authors show that if H is a locally compact space,
there is a C*-bundle over H with fibers given by C*-algebras associated to the
fibers of . It follows easily that C(G) is isomorphic to the C*-algebra of
continuous sections of this bundle. In our situation, their result may be applied
to the restriction of 7 to the preimage of H® (which is an étale groupoid)
to obtain a C*-bundle over H°. This forms the “nucleus” of the desired Fell
bundle E (that is, its restriction to H?).

Lee showed in [15, Theorem 4] that if A is a C*-algebra and X is a locally
compact space, then A may be realized as the C*-algebra associated to a
C*-bundle over X if and only if there is a continuous open surjection 7 :
Prim A — X. In this case the fiber of the bundle over x € X is the quotient of
A corresponding to the closed set 7 ~!(x) C Prim A. Hence, if 7 : ¥ — X isa
continuous open surjection of locally compact spaces, then Cy(Y) is realizable
as the C*-algebra associated to a C*-bundle over X with fibers Co(r ~!(x)). In
Ramazan’s result, the space Y is replaced by a groupoid and 7 is required to be
a groupoid morphism (where X is regarded as a groupoid). In our result, X is
also replaced by a groupoid, but we need Fell bundles rather than C*-bundles.

Several examples are considered, coming from extensions of dynamical
systems and graph morphisms.

In the last section we consider abelian Fell bundles (the fibers over the
unit space are abelian C*-algebras) and prove a structure theorem that states
that every such bundle arises from a twisted groupoid covering. We also give
various examples of abelian Fell bundles and an application of the structure
theorem.

2. Fell bundles over groupoids

Recall the definition of a Fell bundle over a groupoid G (see [12]). Note that
it follows from the first nine axioms that E,, is a C*-algebra for all u € G, so
it makes sense in (10) to require the positivity of e*e foralle € E.

DErINITION 2.1. Let G be a locally compact Hausdortf groupoid with unit
space G, range and source maps r, s and set of composable pairs G2, which
admits a left Haar system. A Banach bundle p : £ — G is said to be a Fell
bundle if there is a continuous multiplication E> — E, where

E* ={(e1,e2) € E x E | (p(e1), p(e2)) € G?},
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and an involution e — e* which satisfy the following axioms (E, is the fiber
P&

1. p(erex) = p(e1)p(ex) ¥ (ey, 2) € E%;
the induced map E, X E,, — Eg,,, (e1,e:) — ejes is bilinear
V (g1, &) € G*;
(e1e2)e; = ej(ere3) whenever the multiplication is defined;

™~

lereall < llerllllexll V (e1, e2) € E?;
p(e*) =p(e)'VeeE,;
the induced map E, — E,-1, e — e* is conjugate linear for all g € G;
e*=eVeckE,
(e1e2)* = €€tV (e1, e2) € E?;
le*ell = llel|* Ve € E;

10. e*e>0VeckE.
A Fell bundle E is called saturated if E,, - E,, is total in E,, ,, for all (g1, g2) €
G>.
2.2. Facts. For g € G, Ey), E,(g) are C*-algebras, and E, is a right Hilbert
E(g-module with inner product (e, e2); = ejey and a left Hilbert E,(,)-
module with inner product (e, e;), = eje;. If E is saturated, then E, is an
E,(4)-E(g) equivalence bimodule, and for all (g1, g2) € G?, multiplication
induces an isomorphism E, ®g, E,, = E, ,,, Where u = 5(g1) = r(g»).

The restriction E° = E|qo is a C*-algebra bundle, and Cy(E®), the set of

continuous sections vanishing at oo, is a C*-algebra. We refer to Addendum 2
in [11] for other facts about C*-bundles.

Recall that a subset S of a groupoid G is called a bisection if the restrictions
of the range and source maps to S are injective.

D e S A

LEMMA 2.3. Let E be a saturated Fell bundle over an étale groupoid G
and let U be an open bisection of G. Then the completion of C.(U, E), the
continuous compactly supported sections on U, with respect to the the su-
premum norm, is an A — B equivalence bimodule, where A = Cy(r(U), E)
and B = Cy(s(U), E), when endowed with the natural inner products and
actions.

ProOF. The right and left multiplications are given by

(& -b)(g) =§(g)b(s(g)), (a-8)(g) =a(r(g)é(g),
forae A,be B,§ € C.(U, E), g € U. The inner products are

(& mp(s(8) =§()"n(g), (. ma(r(g) =&,
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where &, n € C.(U, E), g € U. The positivity of the inner products follows
from Definition 2.1.10.

For G an étale groupoid and p : E — G a Fell bundle, one can define
multiplication and involution on the space of compactly supported continuous
sections C.(E) by

En@ = Y &gn(g), &) =E@EgH"

8§=8182

for £, n € C.(E). Define an inner product (¢, n) = P(§*n) for &, n € C.(E),
where P : C.(E) — C.(E") is the restriction map; denote by L*(E) the
completion of C.(E) in the norm defined by this inner product (so ||£]|> =
(&, £)]1). Observe that C.(E) acts by left multiplication on L?(E).

DEFINITION 2.4. The C*-algebra C}(E) is defined as the completion of
C.(E) in £ (L*(E)), with respect to the operator norm.

REMARK 2.5. The restriction map C.(E) — C.(E®) extends to a faithful
conditional expectation P : CI(E) — Co(E®). Also, L?>(E) is the Hilbert
module associated to a bundle of Hilbert modules V over G°, where V, =
@s(g):u E, (see [12, 3.3]). If E is saturated, there is a natural action of the
groupoid G on the C*-algebra bundle J7 (V) with fibers 77 (V,) =V, ® V.
One can form the semi-direct product bundle G x (V) over G. Kumjian
proved in [12, 4.5] that, if E is saturated, then C(G x # (V)) and C}(E) are
strongly Morita equivalent.

3. The Fell bundle associated to a groupoid morphism

DErFINITION 3.1. Let G and H be topological groupoids. A groupoid morph-
ismw : G — H is a continuous map that intertwines both the range and
source maps and that satisfies (g, g2) = m(g1)m(g2) for all (g1, g2) € G*. It
follows that 7(G°) c H°.

DEerINITION 3.2. A groupoid fibration is an open surjective morphism of
locally compact groupoids 7 : G — H with the property that for any h € H
and x € G° with (x) = s(h) there is g € G with s(g) = x and n(g) = h. If
g is unique for any such % and x, then 7 is called a groupoid covering. Note
that for a groupoid covering we have 7' (H?) = G (see [4]).

For example, if Y — X is a Serre fibration of topological spaces, then
(YY) — m(X) is a groupoid fibration, and if X > Xisa covering, then
T (f( ) — m(X) is a groupoid covering. Here 1 (X) denotes the fundamental
groupoid of the space X.

The following is essentially a restatement of Ramazan’s result.
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LEMMA 3.3. Given an open surjective morphism w : K — X, where K
is a locally compact amenable groupoid and X is a locally compact space,
there is a C*-bundle F over X with fibers C*(K (x)), where K (x) = T (x).
Moreover, C}(K) is isomorphic to the C*-algebra of continuous sections of
this bundle.

ProOOF. We take F to be the disjoint union of C;(K (x)) over x € X with
the bundle structure defined as in Proposition 1.6 in [6] with I' = C.(K); we
may view " as sections of this bundle by means of the canonical maps 7, :
C.(K) = C*(K(x)). The continuity of the norm is proved in Théoréme 2.4.6
in Ramazan’s thesis ([23]) or Corollary 5.6 in [16]. Using Proposition 1.7 in [6]
with T" the compactly supported sections of F', we get that C(K) = Co(F).

THEOREM 3.4. Given an open surjective morphism of étale groupoids m :
G — H with amenable kernel K := = (H°), there is a Fell bundle E =
E(m) over H such that C}(G) = C}(E). Moreover, C}(G) is strongly Morita
equivalent to a crossed product C(H x J (V)) (see Remark 2.5).

PrOOF. Using the lemma for the restriction of w to K = kerm = 7' (H"),
we get a C*-bundle F with fibers C (K (x)) over the unit space H 0. We will
extend this C*-algebra bundle to a Fell bundle E = E () over H.

Note that K is an open étale subgroupoid of G, and there is a faithful
conditional expectation ® : C*(G) — C}(K). Indeed, if ¥ : C}(K) —
Co(K"?) is the canonical conditional expectation, where K° = G is the unit
space, then @ must be faithful since W o ® is faithful. We construct a Hilbert
module M (®) over C;(K) by completing C.(G) with respect to the norm
given by the inner product (fi, f2) = ®(f} f2) for fi, fo € C.(G). The right
multiplication is given by convolution with elements in C.(K) C C;(K) (and
extending by continuity). Since C’(K) = Co(F) and F is fibered over H 0
it follows that M (®) = Cy(B), where B is a bundle of Hilbert modules over
H°, with B, a Hilbert module over F, = CH(K(x)) foreach x e HO (see 1.7
in [12]). The fiber B, is the completion of C.(G(x)), where G(x) = {g € G |
s(mw(g)) = x} and the inner product is the natural restriction of the above inner
product on C.(G). We define E, = F, for x € H°, and for arbitrary h € H,
we define EJ, to be the completion of C. (7 ~!(h)) in the norm coming from the
inclusion C.(7~'(h)) C C.(G(s(h))) C B;ny. Note that E), is a submodule
of By@y. The multiplication E;, x Ej, — Ej j, is defined by

En@ = Y. @D, for &eCx (). n e Cel (h2)):

8182=8

for £ € C.(n~"(h)) we define £* € C.(x~"(h™")) by £*(g) = £(g—1). Ob-
serve that the norm on Ej, inherited from B, satisfies [|€|| = [|£*&]|!/? for
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& € E;. Moreover, the element £*& € Ey ) is positive since £*8 = (§, &),
where (-, ) 1s the inner product on Bj;. The bundle structure for the union
of Ej’s is given by C.(G), using the fact that each element in C.(7w ' (h)) is
the restriction of an element in C.(G) (see Proposition 10.7 in [7]). To prove
the continuity of the norm, fix iy € H and take U an open bisection of H
containing h. For & € C.(G), denote by &, the restriction of & to w ! (). By
a partition of unity argument, it will be sufficient to consider & with support
in 7 71(U). Since ||&, || = |&7&,1I"/? and &€, = (§*& ), it follows that the
map x — [[(§*&),]|| on s(U) is continuous. It is straightforward to check all
the other axioms of a Fell bundle. The bundle E is always saturated.

We can now identify C)(K) with Cy(E 9), where E? is the restriction of E
to H°. To prove that C *(G) = C(E), we use the natural extension of the map
Y C.(G) = C.(E) given by

V() = f lz1a€ Celr™ (W) C Ey

to get an isomorphism Uy, between the Co(E®)-Hilbert modules M (&) and
L*(E) (see §2 before Definition 2.4). Indeed, the module structures and the in-
ner product are preserved since in each case both are derived from convolution
and involution on C.(G) (note that v is a map of x-algebras).

Both C}(G) and C}(E) are represented on these isomorphic Hilbert mod-
ules, using the left regular representation. The same map 1 preserves the
product, and it induces an isomorphism oy = AdU, between these C*-
algebras.

The last part of the statement follows from Kumjian’s result mentioned in
Remark 2.5.

ExaMmpLE 3.5. Consider G a discrete group, K a normal subgroup and let
H = G/K with 7 : G — H the canonical morphism. Then we get a Fell
bundle E over H with the fiber C;(K) over the identity element, such that
CH(G) = C}(E). This is a particular case of the construction done by Fell in
the context of homogeneous Banach *-algebraic bundles over locally compact
groups (see Example 3 on page 77 in [6]). Recall that a Fell bundle over a
discrete group is equivalent to a grading.

We specialize to the discrete 3-dimensional Heisenberg group G C
SL(3,Z). The group G consists of matrices of the form

1 a ¢
la,b,c] =10 1 b
0 0 1



FELL BUNDLES ASSOCIATED TO GROUPOID MORPHISMS 311

The group operation is
[a,b,clla’,b/,c1=la+ad,b+b,c+c +ab].

It is easy to show that G is an extension of Z> by its center Z. We have a
surjective homomorphism 7 : G — Z2 given by n[a, b, c] = (a, b) with
ker m = Z. The C*-algebra C*(G) = C}(G) is called the rotational algebra in
[1], and it may be understood as the algebra of continuous sections of a field of
C*-algebras over the unit circle T. Our construction from the morphism 7 gives
a new perspective: C*(G) is the C*-algebra of a Fell bundle over the group
Z? with fibers isometric to C(T). Note that the complexity of the structure of
C*(G) is contained in the definition of the product between the fibers, since
for instance C(T?) = C*(Z?) is also the C*-algebra of a Fell bundle over Z>
with fibers isometric to C(T).

There is another characterization of G as an extension of Z by Z> coming
from the semi-direct product decomposition G = Z? x Z. Here Z is generated
by [1, 0, 0] and [0, O, 1], and the action of Z is defined by conjugation with
[0, 1, 0]. The morphism 7 : G — Z given by 7 [a, b, c] = b describes C*(G)
as the C*-algebra of a Fell bundle over Z with fibers isometric to C(T?).

ExamPLE 3.6. For G an étale groupoid, consider the equivalence relation
R = {(X,y) € G*x G’ |3 g e G suchthatr(g) = x,s(g) = y}

andthemaprw : G — R,7m(g) = (r(g), s(g)). Assume that the isotropy group
bundle is amenable and open in G. Then 7 is an open surjective morphism,
and C}(G) may be realized as the C*-algebra of a Fell bundle over R.

4. Fell bundles from graph morphisms

DErINITION 4.1. Let V, W be (finite) graphs. A graph morphism¢ : V — W
is a map which preserves the incidences. If ¢ is surjective, we say that it has
the path lifting property (or that it is a fibration) if for any vertex v € V° and
any edge b € W! starting at w = ¢ (v) there is an edge a € V! starting at v
with ¢ (a) = b.

Recall (see [13]) that, if V has no sinks, the graph C*-algebra C*(V) is the
C*-algebra of the amenable groupoid

Gy ={(a,p—gq.,a)eXy xZxXy|o"() =0o"a},

where o (ajazas ---) = aazay--- is the shift map and Xy is the space of
infinite paths ajasas - - - of concatenated edges in Vi
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PrOPOSITION 4.2. Assume that V and W have no sinks. A graph morphism
¢ with the path lifting property induces a continuous open surjection

¢: Xy —> Xw,  givenby ¢(aiazaz---) = ¢(a)p(ax)p(az) -
between the infinite path spaces, and an open surjective morphism
7:Gy — Gy, givenby m(a,k,a’) = (p(a), k, p(a))
between the associated groupoids, which is a fibration with kernel

K ={(a,0,d") € Gy | p(a) = p(a’)}.
Hence, C}(Gv) is isomorphic to the C*-algebra of a Fell bundle over G .

Proor. To show that ¢ is surjective, consider an infinite path b1 b, - - - € Xy
beginning at w; € WY. Since ¢ is onto, there is v; € V° with ¢ (v;) = w;. By
the path lifting property, thereis a; € V' with ¢ (a;) = b,. Continuing induct-
ively, it follows that there is aja; - - - € Xy such that p(ajar ---) = biby - - -,
and therefore ¢ is surjective. Consider a cylinder set Z C Xy determined by
a finite path a; - - - a,, i.e.

Z:{al-'-anxlxz-ueXV |X1XQ-'-€X‘/}.

Again by the path lifting property, ¢ (Z) is the cylinder set in Xy determined
by the finite path ¢ (a;) - - - ¢ (a,). It follows that ¢ : Xy — Xy is continuous
and open.

By definition, we have

7((a,k,a)@' 1,a")) =nr(a, k+1,a") = (pa),k +1,¢9@@"))
=n(a, k,a)m(d,l1,ad"),

and 7 intertwines the range and source maps, therefore is a groupoid morphism.
Since ¢ is surjective and maps cylinder sets onto cylinder sets, it follows that
7 is surjective, continuous and open. To show that  is a groupoid fibration,
consider h = (b, k,b’) € Gy and d’ € G(‘), = Xy with ¢(a') = s(h) = b'.
Since ¢ is onto and intertwines the shift maps, we can find g = (@, k,d’) € Gy
with 7 (g) = h. Hence 7 is a groupoid fibration. Now (a, k, a") € ker r iff
@(a) = ¢(a’) and k = 0, and the last statement of the proposition follows
from Theorem 3.4.

ExAMPLE 4.3. Consider the graphs V, W with V° = {v}, W° = {w},
VI = {a,b,c}, W! = {1,2} and ¢(a) = ¢(b) = 1,¢(c) = 2. Then ¢
induces a continuous map ¢ : {a, b, cN — {1, 2}N between the infinite path
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spaces, and a morphism & between the Cuntz groupoids Gy and Gy . Hence,
the Cuntz algebra O3 is isomorphic to the C*-algebra of a Fell bundle over
Gw. Note that for x € Xy,

Kx)=1{(,0,2) € Gy | ¢(y) = ¢(y) = x}.

The fibers C*(K (x)) of the Fell bundle are isomorphic to M., where n is the
number of 1’s in x. For n = 0o, M»~ is the UHF-algebra of type 2%. It is
interesting to note that these fibers are different.

ExaMpLE 4.4. For a graph V with no sinks consider the collapsing map
¢ onto the graph Z with one vertex and one loop. In this case Xz = {x}
and Gz = Z. The morphism 7 is given by 7 (x, k, y) = k and it induces the
canonical Z-grading on the C*-algebra C*(V).

REMARK 4.5. Noticethatthe openmap ¢ : Xy — Xy from Proposition 4.2
may be interpreted as a factor map between the topological Markov shifts
(Xvy,o0)and (Xw, o). More generally, let X, Y be locally compact spaces and
leto : X - X, 7 :Y — Y be two local homeomorphisms. Assume that there
is a continuous surjection ¢ : X — Y such that 1 0 ¢ = ¢ o o. In the language
of dynamical systems, (X, o) is an extension of (¥, t), or (¥, 7) is a factor of
(X, o). If ¢ is also open, it induces an open surjective groupoid morphism

7:G(o) = G(7) givenby m(x,k,y) = (¢px),k, ¢(y)),

where G(o) = {(x,m —n,y) € X xZ x X | 6¢"x = o"y} and G(7) is
defined in the same way. These groupoids are amenable by Proposition 2.4 in
[25]. Moreover, 7 is a groupoid fibration.

EXAMPLE 4.6. Let X = {1,2\N x T,Y = {1,2N and leto : X — X be
iven b
£ Y (waz---,z%) ifa; =1
olamay---,z) = 3
(aaz.---,7°) ifa; =2.

Lett : Y - Yand g : X — Y be given by t(ajay--+) = azas--- and
pla,z) =a.

In this case the C*-bundle over the unit space G(7)° = {1, 2N has fibers
over a € {1, 2}N isomorphic to Bunce-Deddens algebras of type 23" where
n, m € N U {oo} are the number of 1’s and 2's in a, respectively.

REMARK 4.7. The notion of graph morphism with the path lifting property
can be generalized to continuous graphs (see [9]). This gives a larger class of
examples.
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5. Abelian Fell bundles

DEFINITION 5.1. A Fell bundle over a groupoid H is called abelian if E, is
an abelian C*-algebra for all u € H°.

ExamPLE 5.2. Consider m : G — H a groupoid covering (see Definition
3.2). Then the corresponding Fell bundle E () is abelian, since 7 Y(H) =
GP. So in the notation of Theorem 3.4, E, = Co(w~'(u)) forall u € H°.

Coverings of groupoids are intimately related to groupoid actions on spaces.
We will prove that every covering comes from such an action and vice versa.
Other examples are related to some groupoid extensions. A Fell line bundle is
an abelian Fell bundle (see Example 5.5). The main result in this section is a
structure theorem for abelian Fell bundles that, loosely speaking, asserts that
every such bundle arises from a “twisted” covering.

Recall (see [18]) that a groupoid G is said to act (on the left) on a locally
compact space X, if there are given a continuous, open surjection p : X — G°
and a continuous map

G*xX — X, write (g, x) — g - X,
where G * X = {(g,x) € G x X | s(g) = p(x)}, that satisfy

1) p(g'x)zr(g)v V(g’x)eG*X,

ii) (g1,%) € G * X, (g2, g1) € G* implies (g2g1, %), (g2, 81 - ) € G x X
and
g2 (g1 x) = (8281) - x,

i) p(x)-x=x, Vx € X.

Note that the fibered product G * X has a natural structure of groupoid, called
the semi-direct product or action groupoid and denoted by G x X (cf. [2]),
where

(G x X)* = {((g2, x2), (g1, x1)) | X2 =g1-x1}
(82, 81 - x1)(g1, x1) = (8281, X1)

1

(g.x) "= g x).

Here the source and range maps are

s(g,x) = (g7'g, x) = (s(g), x) = (p(x), x),

1

r(g,x) =1(gg g x)=((g),g -x)=(p(g-x),g" x),

and the unit space may be identified with X.
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For G an étale groupoid, consider the groupoid morphism 7 : G X X —
G, n(g,x) = g. Then ker 7 may be identified with X, and C*(G x X)
may be regarded as the C*-algebra of an abelian Fell bundle over G since
ker ¥ = X is amenable and E (), = Co(p~'(u)) for all u € G°.

PROPOSITION 5.3. Let G be an étale groupoid acting on the locally compact
space X. Then the morphismm : G X X — G, w(g, x) = g is a covering, and
gives rise to an abelian Fell bundle over G. Moreover, every covering of étale
groupoids is of this form. More precisely, given a covering mapw : G — H
of étale groupoids, there is a space X and an action of H on X such that
G=ZHNxXX.

PrROOF. Let g € G andletx € (G x X)? = X such that 7 (x) = s(g); then
(g,x) € G X X satisfies 7 (g, x) = g and s(g, x) = x, and is the unique such
elementin G X X. Hence, 7 : G x X — G is a covering.

Conversely, let 7 : G — H be a covering of étale groupoids. Set X = G°
and p =7°: X — H°. Themapnm *s : G — H x X is a continuous
bijection (bijectivity follows from the definition of covering). To prove that
7 * s is open, consider

9% = {U c G | U is an open bisection of G
such that 7 (U) is an open bisection of H}.

Then % forms a basis for G, and if U € %, then (;r *s)(U) is openin H x X.
Hence, 7 * s is open and thus an isomorphism of locally compact groupoids.

See [10, Theorem 1.8] for an analogous result when H is a group. The
authors give conditions under which the groupoid C*-algebra is Morita equi-
valent to a crossed product of an abelian C*-algebra by an action of H.

ExXAMPLE 5.4. Let w : G — H be an open surjective morphism where G
and H are étale groupoids. Suppose that the restriction of 7 to G° induces a
homeomorphism G° = HY and that A = 7! (H°) is a sheaf of abelian groups
over G°. Then the resulting sequence:

A—->G-SH

is called an abelian extension where ¢ is the inclusion map. Since A is amenable,
the main theorem in §3 applies and we get a Fell bundle E = E (i) over H.
Moreover, E, = C*(A,) for all u € H°, where A, is the fiber of A over u.
Since A is a sheaf of abelian groups, E, is abelian for all u € H°. Hence, E
is an abelian Fell bundle.

ExXAMPLE 5.5. Let G be aproper T-groupoid over H, thatis, G is a groupoid
endowed with the structure of a principal T-bundle over H compatible with
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the groupoid structure (see [11]). Form the associated line bundle:
E=GxC=(GxQ/T

(where 1(g,z) = (¢ - g,t"'z) ). One defines multiplication and involution as
follows:
(81, 21)(82, 22) = (8182, 2122),

(g.2" =" 2.

One verifies that E is a Fell bundle over H with these operations and that
E, = Cforallu € H°. A bundle of this type is called a Fell line bundle. Any
Fell bundle for which E}, is one dimensional for all 4 € H is of this type. Its
C*-algebra is isomorphic to the twisted groupoid C*-algebra of G (see [20]).

THEOREM 5.6. Given a saturated abelian Fell bundle E over an étale group-
oid H, there is a groupoid G, a covering m : G — H and a one-dimensional
Fell bundle L over G such that C}(L) = CI(E).

PrROOF. Set X = CO/(.EO) i.e. Co(E®) = Co(X). Since Cy(X) is the C*-
algebra of a bundle over H, we get a continuous open surjection p : X — H°
(see [15]). For u € H° we have an isomorphism j, : E, = Co(X,) where
X, = p~'(u); foreach h € H, Ej is a Co(X,n)) — Co(Xsmy) equivalence
bimodule and hence we get a homeomorphism o), : Xony — X,n) (see
[22, Corollary 3.33], [26, Corollary 6.27]). This defines a map H * X —
X, (h,x) = «a;(x). We wish to show that this defines an action of H on X
(see the definition following Example 5.2). Conditions i) and iii) are immedi-
ate, while condition ii) follows from the isomorphism Ej 5, = Ej, ® Ep,.

By Lemma 2.3, if U is an open bisection of H, the completion of C.(U, E)
may be endowed with the structure of an A — B equivalence bimodule, where
A = Co(r(U), E) and B = Cy(s(U), E), with the natural inner products and
actions. Note that A = Cy(p~!(r(U))) and B = Co(p~'(s(U))). So again
by [22, Corollary 3.33]) there is a homeomorphism p~!(s(U)) = p~'(r(U))
compatible with the above fiberwise homeomorphisms «;,. This proves that
the map H * X — X is continuous. Thus, H actson X. Weset G = H x X
and by the above proposition, themapz : H x X — H givenbyn(h,x) =h
is a covering.

We construct L piecewise as follows. Let h € H; as noted above, Ej, is
a Co(X,m)) — Co(Xs(my) equivalence bimodule and the equivalence induces a
homeomorphism «;, : X ) — X,#). Then by Proposition A3 in [21] there
is a Hermitian line bundle L (k) over 7~ '(h) = {(h,x) | p(x) = s(h)} and
an isomorphism ¢, : E, = Co(w~'(h), L(h)) such that for all £, n € E}, and
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g € ' (h) we have

JrmyEN) (T (g) = (L (g), t(§)(g))
JsamE ) (s(2)) = (L (E)(©), t(m(g)),

where (-, -) denotes the fiberwise sesquilinear inner-product (conjugate linear
in the first variable). For (hy, h;) € H* with u = s(h;) = r(h,), we have an
isomorphism m : L(h1) ®c,x,) L(h2) = L(hihy) such that for & € Ej, and
& € Ej, we have

m(up, (§1) ® th,(82)) = tnn, (6152).

Moreover, involution on E defines a conjugate linear isomorphism L(h) =
L(h*) forall h € H. Now for g € G, we define L, as the fiber over g of the
Hermitian line bundle L (7 (g)) (note L, = C). We use the above operations
to define multiplication and involution.

We wish to endow L with the structure of a complex line bundle over G.
Let g € G, and let U be an open bisection of H containing 7 (g). Then
Co(p~'(r(U))) and Cy(p~'(s(U))) are abelian and Morita equivalent (and
hence isomorphic as noted above). Again by [21, Proposition A3] the equi-
valence bimodule may be identified with Co(w~'(U), LY) where LY is a
Hermitian line bundle over 7' (U). One checks that L(h) = LY|__, - for
h € U. This gives us the topology of L as a line bundle over G. The product
and involution defined above are compatible with this topology and, hence,
L is a Fell bundle over G. It follows that C*(L) = C}(E), where the map
¥ Ce(L) — Co(E) is given by ¥ (/) (h) = ;' (fla-1)-

Note that £ may be regarded as a push forward of L under . Specializing
Example 5.4 to the case of groups, the above theorem yields a result that is no
doubt well known to specialists.

COROLLARY 5.7. Let 1 : G — H be a surjective homomorphism, where
G and H are discrete groups, such that A = ker 7 is abelian. Then we get an
action of H on the dual A and a Fell line bundle over the groupoid H X A
defined by a two-cocycle w : (H X A)? = T such that CHG)=Cl(HK A, w).

Note that the line bundle over H x A is topologically trivial since we can
construct cross-sections, but the cocycle is not necessarily a coboundary.

ExaMpLE 5.8. For the first description of the Heisenberg group G in Ex-
ample 3.5 as an extension of Z? by its center Z, the action of Z> on T = Z
is trivial, therefore the groupoid Z?> x T is just the cartesian product Z> x T
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with (a, b, z) composable with (a’, b’, ') iff z = 7/, and (a, b, 2) - (@', b', 2) =
(@+a’,b+b, 7). The cocycle w : (Z> x T)> — T is given by

w((a,b,z), (@, b,z) =z,

Indeed, from the group operation in G, it follows that the map f : Z> xZ> — Z
associated to the group extension is given by f((a, b), (@', b")) = ab’, and
since Z = T, we get the formula for w.

For the second description of G as a semidirect product 2 Z% % Z, the cocycle
is trivial since the extension splits, but the action of Z on Z> = T? is given by
a(x,y) = (x, xy), and is induced by the conjugation with [0, 1, 0] on Z? and
dualization.
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