MATH. SCAND. 102 (2008), 265-282

SHARPENED FORMS OF A VON NEUMANN
INEQUALITY FOR p-CONTRACTIONS

GILLES CASSIER and NICOLAE SUCIU

Abstract

The purpose of this paper is to give some sharpened forms of the von Neumann inequality for
strict p-contractions which were obtained in [6], [7]. Also, some sharpened forms of the Schwarz
inequality for strict p-contractions will be given, and as applications, corresponding inequalities
for strict contractions and for uniformly stable operators will be derived. In particular, we recover
the results of K. Fan [12], [13] covering the strict contractions, and in the scalar context we find
an improved form of the interior Schwarz inequality quoted by R. Osserman [19].

1. Introduction and preliminaries

Let H be a complex Hilbert space and B(H) be the C*-algebra of all bounded
linear operators on H. For any scalar p > 0, we denote by C,(H) the set
of all operators T € B(H) which admit a unitary p-dilation in the sense of
Nagy-Foias [21], [22]. This means that there exists a Hilbert space # 2> H
and a unitary operator U acting on # such that

T"h = pPyU"h  (he H,n>1),

where Py is the orthogonal projection of # onto H. We know that Cy(H)
consists of all contractions on H [20], that is the operators T on H with
IT]] < 1, and that T € C,(H) if and only if the numerical range of T is
contained in the closed unit disc [2].

According to J. Holbrook [15] and J. Williams [23] we define the p-numer-
ical radius of an operator T € B(H) by the formula

1
w,(T) = inf {,u u >0, =T € Cp(H)} .
7

Clearly, an operator T belongs to C,(H) if and only if w,(7T") < 1. Hence the
operators in C, (H) are contractions withrespect to the p-numerical radius, and
according to this fact, any operator T € C,(H ) will be called a p-contraction
on H (as in [4], [6]-[8], [9], [16], for instance).
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Let us remark that w, (7)) = ||T|| and w,(T) = w(T) this being the numer-
ical radius of T. Hence C,(H ) consists of all operators with numerical radius
less or equal to one ([2], [3], [21]). Also, since the classes C, (H ) increase with
p ([31, 5], [21], [22]), one has w,, (T') = w,,(T) if p; < pp for T € B(H),
and

lim w,(T) =r(T)
p——+00

where r(T') is the spectral radius of T'.

Recall thatif T is an operator with r(T') < 1 and if f is an analytic function
on the open unit disc D of the complex plane, then the operator f(7T) on H is
well-defined by the Riesz-Dunford integral [10]. Clearly, if w,(T") < 1 thatis,
T is a strict p-contraction (see [6], [7]), then r(T) < 1 and therefore f(T) is
well-defined for f as above. Also,if r(T) < 1thenw,(T) < 1forp > 1large
enough. Thus, many facts on the uniformly stable operators can be obtained
from the strict p-contractions [6], [8].

It is well-known that an operator 7 with (T") < 1 belongs to C,(H) if and
only if the following von Neumann equality holds

(1.1) If (DI < sup |pof(z) + (1 = p) f(O)]

lzI<1

for any analytic function f on an open neighborhood of D. In fact, the in-
equality (1.1) for T € C,(H) was essentially given by Sz.-Nagy-Foias [21],
[22] and the converse assertion that the inequality (1.1) ensures 7' € C,(H)
was proved by D. Gaspar [14]. Clearly, the inequality (1.1) holds also for
any continuous function f on D which is analytic on D (notation f € A(D))
if T € C,(H), where f(T) is defined by setting f(T) = lim,_.;- f(rT) in
B(H) ((1.1) clearly implies the convergence of f (rT) with respect to the norm
of B(H))
An equivalent inequality to (1.1) can be obtained, namely

(1.2) wy (f(T)) = 1 flleo == sup [ f(2)]

lz]=1

for T € Cp,(H) and f as in (1.1) with f(0) = 0. Indeed, if (1.2) holds for
T € B(H) with r(T) < 1 and for any function f as above, then for f(z) = z,
(1.2) implies w,(T') < 1thatis, T € C,(H) and consequently (1.1) holds for
such a T'. The converse implication is a consequence of the following version
for p-contractions of the classical von Neumann theorem [ 18] for contractions,
which was proved in [6].

THEOREM 1.1 (Mapping theorem). Let f € A(D) be a non-constant func-
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tion with f (D) C D. Then, for T € C,(H) we have f(T) € C,,(H) where

L—-1fO)] .
. 1+(,0—1)Tf(0)| ifp=<1
. OF =
N IR VAR
1 —1£0)] -

Moreover, if p > 0 is the smallest scalar such that T € C,(H) then there
exists a function f as above such that py is the smallest positive scalar for
which f(T) € C,, (H).

It is clear from (1.3) that p = 1 implies p; = 1 for any f. Also, when
p # 1 we have py = p if and only if f(0) = 0. Thus the inequality (1.2), and
hence (1.1), can be derived from Theorem 1.1. In general one has p < pr, and
pr < 1lifp <1.

Using the fact that for any p > 0 the mapping S — w,(.S) is norm continu-
ous for § € B(H) (see [3]), we can derive (as in Corollary 8 [6]) the following
useful result.

THEOREM 1.2. Let f € A(D) be a non-constant function with f (D) C D.
Then, the inequality

(1.4) wp, (T) < 1

holds for every operator T with w,(T) < 1, where py is as in (1.3).

In the case p = 1, from this theorem we deduce the well-known result of
K. Fan [11] which is concerned with strict contractions. In [12], [13] K. Fan
obtained some sharpened forms of von Neumann’s inequality, as well as of
Schwarz’s inequality and of Schwarz-Pick inequality, for strict contractions.

In the present paper we sharpen the versions of Schwarz’s inequality and
of Schwarz-Pick’s inequality given in [6], [ 7] for p-contractions. When p = 1
we recover the results of K. Fan [12], [13], and in addition, we complete
some results of K. Fan in this case. We find also corresponding sharpened
inequalities relative to the spectral radius, as consequences. Among others,
we give an analogue of interior Schwarz inequality for p-contractions, which
provides in the scalar case an improved form of the corresponding inequality
proved by R. Osserman [19].

To obtain these inequalities, the following inequality proved in [6] (The-
orem 5.8 and Remark 5.9) will be used more than once in our proofs. Namely,
if f is a non-constant analytic self map of D, p > 0 and 0 < r < 1, then we
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have

(1.5) wy (f(T)) < sup | f(2)] := My (r)

|zl=r

for every operator 7 on H with w,(T) < r, p’ being as in (1.3) with z —
f(rz)/Mg(r) instead of f, thatis p’ = ps(r) where

M:(r)—|f (O .
I+-D A’;f((r))ﬂLl\]}((O))l ifp=1
pr(r) = 1 DMOHIOL e oy
+ 0= Dyo—ror ezl

Clearly, py is related to the value f(0) (by (1.3)), but we also apply (1.5)
relatively to any point a € D with p(a) instead of p > 0 and py(a, r) instead
of ps, where

I —lal
1+ |a|

1+ (p—1) ifp<1

(1.6) pla)=p,, =
1+ ]al
1~ lal

I+(p-1 ifp=>1,
r(l=1|f@]?
r(l1+f(@*) +2|f(a)l

r(l + ) +2|f(a .
1+ (pla@) — 1) ( rl(Jl‘(_)||f)(a)|2|)f( )] ifp>1.
and ¢, for b € D is the M&bius transformation given by
b—
1 —bz

1+ (p(a) = 1)

ifp<l1
(17 prlar) =

op(2) = (z € D).

It is obvious thatif T € C,(H) with p > 0 then the operator
T, = ¢u(T) = (al =T)(I —aT)™'

is well-defined in B(H) for any a € D. In fact, we have T, € C,,)(H) (by
Theorem 1.1), and w,4)(T) < 1if w,(T) < 1 (by Theorem 1.2).

2. Sharpened von Neumann inequality for strict p-contractions

Like in the case p = 1, which was studied by K. Fan [12], [13], the corres-
ponding inequality (1.4) for a € D can be sharpened by using an analogue of
the Schwarz-Pick inequality for p-contractions.
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THEOREM 2.1. Let f be a non-constant analytic self map of D, and let
a € D and n be the the order of multiplicity of the zero a for the function
f — f(a). Then for every operator T on H with w,(T) < 1 for some p > 0
we have

(21) wp(a)[gof(a)(f(T))] =< wp(a)(Ta)n
and

Wy (Ta)" + | f(@)]
1+ wyo) (T)" | f @]

where p(a) and py(a, w,@)(T2)") are as in (1.6) and (1.7).

(2.2) wp;-(a,wp(,,)(T,,)”)(f(T)) =<

PrOOF. Let f and a as above, and g = ¢f(4) o f. Then, we see that
_Sf@-f@) _a-z
- f@f) l1-az

where £ is an analytic function on D such that (D) € D (maximum principle).
Since ¢, = ¢y, for any operator T with w,(T) < 1 we have

Pr@(f(T)) = g(T) = @a(T)(T) = a(T)ha(@a(T)) = G(To),

where h, = h o ¢, and G(z) = zh,(z) forz € D. As T, € C,)(H) and
G(0) = 0, we have G(T},) € C,,)(H). Since r, = w,4)(T,) < 1 (by (1.4)),
we can apply (1.5) to obtain

wp(a)(G(Ta)) < Mg(ry).

g(2) h(z) (zeD)

But we have

Mg (ra) = sup |G(2)| = sup [zh(p.(2))]

lzl=ra lz|=ra

_ fa) = f(pa(2)) 1 —ag,(2)
=r, sup —
el=r| 1 = f(@) f(9a(2)) @ = Pa(2)

= sup @) (f(@a(2))] < sup |@a(@a ()" <1y,

|z|=ra lz|=rq

the inequality being based on Schwarz-Pick’s lemma for derivatives (Lemma
2.1, [1], for instance). Thus, we obtain

wp(a)[(pf(a)(f(T))] < rl = w,o(a)(Ta)n,

which is just inequality (2.1).
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Now let us write S = @7 (f(T)). Then f(T) = ¢4 (S), and since (2.1)
yields
wp(a)(S) =< wp(a)(Ta)n =r< 17
from (1.5) we infer

W@,y (T (S (1)) = Wp,(a,wp (T (@r @) (S)) < ls}lp 97 @) (2)]
zl=r

— r+ |f(a)| — wp(a)(Tu)n + |f(6l)|
L+rif@] 14w (T)" f@]

that is the inequality (2.2). The proof is finished.

The sharpened form of the inequality (1.4) with oy = p(0) (defined by
(1.3)) is obtained in the following

COROLLARY 2.2. For f and T as in Theorem 2.1 we have

(2.3) wplero) (f(T)] < w,(T)"
and

w,(T)" 4 [ f(0)]
L+ f(O)|w,(T)"

(2.4) W, 0.w, Ty (f (1)) =<

where either n = 1, orn > 2 such that f'(0) = --- = f"=D(0) = 0.
PrOOF. One applies (2.1) and (2.2) in the case a = 0.

COROLLARY 2.3. Let f, a and n be as in Theorem 2.1. Then, for any
operator T on H with |T|| < 1 we have

(2.5) @@y (fF (T < llea (D"
and

loa(T)1" + 1f (@)
, .
I O = T F@Tea I

(2.6)

In particular, for n as in Corollary 2.2 one has

ITI" + | £ (O]
2.7 D= ey
(2.7) I/ (DI = L+ 1O

We remark that these inequalities for n = 1 (and p = 1) were obtained by
K. Fan [12], but his inequalities are weaker than the above ones if n > 2. We
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also observe that (2.6) yields

0" + £ @)
& = T @l

if f, a and n are as in Theorem 2.1.
Now, in the case p = 2 we derive from Corollary 2.2 the following

(2.8) (zeD),

COROLLARY 2.4. Let f and n be as in Corollary 2.2. If T € B(H) with
w(T) < 1 then

w(TY" + | £(0)]
T .
VI = T 0wy

(29) wpf O, w(T)"

Proor. If p = 2 then ps(0, w,(T)") = pr(0,w(T)"), and when
(0, w,(T)") = 2we have p = 2(w, (T)" +| f(O)D[w,(T)"(1+1f(0)*) +
2| £(0)|17", so (2.9) obtained from (2.4).

The version for spectral radius of Theorem 2.1 can be also derived.

COROLLARY 2.5. Let T, a, and n be as in Theorem 2.1. Then, for any
operator T on H withr(T) < 1 we have

(2.10) rlor@ (f(T)H] < r(T)"
and

r(T.)" + 1 f(a)l

(2.11) r(f(T)) < T+ @I T

Proor. Since r(T') < 1, there is py > 1 such that w,(T) < 1 for p > py.
Then we have p(a, wy@)(T,)") = p(a) > p, hence p(a) — +oo and
pr(a, wy@(Ta)") — +ooif p — +oco. Thus (2.10) and (2.11) are inferred
from (2.1) and (2.2) by letting p — +o00.

3. An interior Schwarz inequality for strict p-contractions

Under the hypotheses of Theorem 2.1, the inequality (2.3) in the case f(0) = 0
becomes

(3.1 w, (f(T)) = we(T)"

if w,(T) < 1. But this is the Schwarz inequality for p-contractions in the
generalized version for derivatives. In the sequel we will obtain some sharpened
forms of this inequality.



272 GILLES CASSIER AND NICOLAE SUCIU

THEOREM 3.1. Let f be a non-constant analytic function such that f (D) C
Dand f(0) = f'(0) = --- = f®D(0) = 0 for some integer n > 1. Then,
for any operator T on H with w,(T) < 1, for some p > 0, and for any
a € D\ {0}, we have the inequalities

(lal + w,o(T)) + la™" f(@)|( + |aJw,(T))

3.2 T )"
G2 wp TN = wo TV T + la f @)l + w, (1)

and
» Wo(D) + 511 f " 0)]
(3.3) w(f(T)) < w,(T)'
L+ 510w, (T)
Proor. If f(z) = Az" with |A| = 1 then each of two inequalities one

reduces to the power inequality : w,(T") < w,(T)", which can also be seen
as a particular case of (2.4). Now suppose that f does not have the form
f(z) = 17" with |A| = 1. Define the function g on D by setting
1 Z

g0 =70 ad g = % for z €D\ {0},
Then g is an analytic function on D and g(D) < D because f(z) # Az". Thus,
if T € B(H) with ||T|| < 1 then applying (2.2) for g and T with p = 1 and
a # 0, we obtain

Tl +
£ = 1721 < 7L
T 4 107 £ ()]
< ”Tn” <1+|a|“T”>

[+ la f(@)] (1L

(lal + T 1) + I f @I (a1 + 1T}
(L +allTI) + 1 f @I+ la= 1T

Letting a — 0, one also finds that

=T

IT1 + lan|

1A =< IT" 177
1+ lanllIT |l

where a,, = (1/n!) £ (0). Consequently, the inequalities (3.2) and (3.3) have
been proved in the case p = 1. In addition, the above inequalities show for
T = zI with z € D that

(lal 4 1z]) +la™" f(@)|(1 + |az]|)

3.4 n
B @I = ez e f@)(al + 12D
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fora € D\ {0}, and

2] + lan|

(3.5) lf(D] < |Z|nm-

Now let T € B(H) with w,(T) < 1 for some p > 0, p # 1. Since
f(0) =0, we have o’ = p, and for a € D \ {0} we infer using (1.5) and (3.4)
that

w,(f(T)) = sup |f(2)]

Jzl=w, (T)
(lal + wp(T)) + la™" f(@)|(d + |ajw,(T))
(I + lalw, (1)) + la=" f(a)|(la] + w,(T))

Also, using (1.5) and (3.5) we obtain

< w,(T)"

w,(T) + |a,|
T ' T "p—.
w, (f( ))§|Z|:1$F(T)|f(z)| < w,(T) 1+ lay|w,(T)

We conclude that the inequalities (3.2) and (3.4) hold, and this ends the proof.

We remark that (3.3) can be derived from (3.2) taking a — 0. Both (3.2)
and (3.3) are sharpened forms of (3.1) because the factors of the right-hand side
of (3.2) and (3.3) are stricly less than 1, and they are equal to 1 if f(z) = Az"
with [A| = 1.

Having in mind that the inequality (3.5) forn = 1is just the interior Schwarz
lemma for analytic functions on the unit disc which appears in K. Fan [12],
P. Mercer [17] and R. Osserman [19], we can also consider (3.2) and (3.3) as
being sharpened forms of the interior Schwarz inequality for p-contractions.

Now, in the case n = 1 we obtain from Theorem 3.1 the following result.

COROLLARY 3.2. Let f be an analytic function D with f(D) € D and
f(0) = 0. Then, for any operator strict p-contraction and for 0 # a € D we
have

(1 + 1 f@Dwy(T) + lal +|a~" f(@)]

3.6 T T
G0 w, (D) = wo D) T D, (D) + 1 1 1 f @)

and

w,(T) + [ f'(0)]
L+ 1f/0)w,(T)

(3.7 w,(f(T)) < wy(T)

In the case p = 1, (3.7) gives just the corresponding inequality of K. Fan
[12] for @ = 0O, but for a € D \ {0} the inequality of K. Fan is obtained in the
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proof of Theorem 3.1, namely

ITall + la~" f(a)]

(3.8) AR L ey ST

if f is as in Corollary 3.2. Clearly, this inequality is stronger than (3.6) in this
case. Also, for p = 1 we infer from the proof of Theorem 3.1 the following

COROLLARY 3.3. Let f and n > 2 be as in Theorem 3.1. Then, for any
operator T on H with |T|| < 1 and a € D\ {0} we have

(lal +1T1D) +la™™ f(@)I(1 +allTI)

3.9 T TI"
GO DI = ITI s
and
Tl + 51 f"(0
(3.10) LFl < jryp A el ZO)

L+ I f@ONT

Finally, letting p — o0 in (3.2) and (3.3), we can obtain sharpened
forms of the inequality r(f(T)) < r(T)" provided by (2.11) whena = 0
and f(0) = 0. So we have the following versions for interior Schwarz lemma
relatively to the spectral radius.

COROLLARY 3.4. Let f and n be as in Theorem 3.1. Then, for any operator
T on Hwithr(T) < 1and 0 # a € D we have

(lal +r(T)) +1a"" f(a)|( + |a|r(T))

3.11 T)) < r(TY"
GAD GO = r O ol () + la F@)(al + (1)

and

r(T) + L1 f™(0)]
1+ L1 f®™)r(T)

(3.12) r(f(T) =r )"

4. An improved form of the sharpened von Neumann inequality for
strict p-contractions

Like in the case of contractions [12], [13], the inequalities (2.1) and (2.2) can
be sharpened as follows.

THEOREM 4.1. Let f be a non-constant analytic function on D such that
f(D) € Dandleta € D and n > 1 be a integer less than or equal to
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the multiplicity of the zero a for the function f — f(a). Then for any strict
p-contraction T on H for some p > 0 we have

(41) wp(a)[(pf(a)(f(T))] < /gwp(a)(Ta)n
and

Bwp@)(T)" + | f(a)l
1 + ﬂ'f(a)lwp(a)(Ta)n '

Here B can be taken either as B = B,(f, T,a,n,b) withb € D, b # a, or as
B =B,(f.T,a,n), where
;Bp(f, T, a, n, b)

— (|§0a(b)| + wp(a)(Ta)) + |(pa(b)7n(pf(a)(f(b))|(l + |‘pa(b)|wp(a)(Ta))
(1 + 1@a (D) [wp @) (Ta)) + 19a(B) "' @r @) (f (O (@a(B)| + wpa)(T2))

4.2) W (a.puwp (T (F(T)) <

and

B,(f, T,a,n) = Wp(a) (Ta) + %(1 —1aHA = | F@P) 7 fF™ ()
AU A 1+ %(1 —la>)(1 — |f(a)|2)71|f(n)(a)|wp(a)(Ta)

= ;im Bo(f,T,a,n,b).

PrOOF. Let us write F' = @y o f o ¢,. Then F is an analytic function on
D such that F (D) € D and F # 0 because f is a non constant function on
D. Also, the multiplicity of the zero z = 0 for F is equal to the multiplicity of
the zero z = a for f — f(a). So, by the assumption on integer n > 1 we have
F(0)=F'(0)=---= F" D) =0, and F is not a constant function on D.

Let T be a strict p-contraction for some p > 0. Then one has w,,)(7,) < 1
and pr(a) = p(a) because F(0) = 0. We have also @7 (f(T)) = F(T,).
Now let b € D, b # a and o = ¢,(b). Applying the inequality (3.2) with F,
T,, @ and p(a) instead of f, T, a and p respectively, we get

wp(a)[(pf(a)(f(T))] = wp(a)(F(Ta))

(Jor| + wp(a)(Ta)) + o™ F(a)|(1 + |05|wp(a)(Ta))
(I + le|wpa) (Ta)) + la ™ F(@) (o] + wp(a) (Ta))

= IBP(f’ T,a,n, b)wp(a)(Ta)n

where 8,(f, T, a, n, b) is as in Theorem 4.1. On the other hand, applying the
inequality (3.3) with F, T, and p(a) instead of f, T and p respectively, we

< Wp@)(T)"
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find
wp(a)[(pf(a)(f(T))] = w,o(a)(F(Ta))

W (Ta) + H1F®(0)]
1+ LIF® (0w (T.)

= wp(a)(Ta)
W@ (To) + 51— laH (A = | f @) f™ ()]
L4+ LA =)A= f @) f™ (@) wp) (Ta)

= ﬂp(.ﬁ T» a, n)wp(a)(Ta)n-

Here we used the known fact (see [1], p. 18) that

= w,o(a)(Ta)

1 —l|al?
1—|f(a)?
Thus we proved the inequality (4.1), that is, we have

F™ () = (- ™).

wp(a)(F(Ta)) =< IBwp(a)(Ta)n =1y <1,

where B can be chosen either as B = B,(f, T,a,n,b),oras B = B,(f, T,

a,n).Since f(T) = @r@)(F(T,)) and f(a) = ¢f) (0) (Whichyields ps(a) =
Py (0)), we obtain by (1.5)

W, a. wpie (T (S (T)) = Wp,a.uye T [@r @) (F(Ta))] < |S‘lip l@f @ (2]
_ ra+|f(a)| _ ,Bwp(a)(Ta)n+|f(a)|
L+ 1f@lra 1+ |f(@|Bwpa(T)"

Hence the inequality (4.2) holds with the quoted values for 8.
Now we remark that since one has (see [1], p. 20)

. F(x F™(0)
lim =
z—0 Z" n!

and taking into account the above expressions of F ™ (0), Bo(f,T,a,n)and
Bo(f, T,a,n,b)witha # b € D, it follows that

1—lal? (n)
wp(a)(Ta)+ lal®  [f"™(a)l

@ al
1—|a> | f" ()] T - ,Bp(f, T,a,n).
r@r  m We@(Ta)

;lm ,Bp(f, T, aanab) =

This concludes the proof.
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Clearly 8 < 1in (4.1) and (4.2), hence these inequalities are sharper than
the corresponding ones from Theorem 2.1.

In the case p = 1, which implies p(a) = 1, we infer from Theorem 4.1 the
following result which completes Theorem 4 in [12].

COROLLARY 4.2. Let f, a and n be as in Theorem 4.1. Then for any strict

contraction T acting on H, we have

4.3) @7 @ (fF (T < Bulloa(T)H]"
and

£ < PrlleaDI" +1f @
T 1+ Bl f@llga (D"

where ﬁn = ﬁl(f’ Ta a, n)

Note that for n = 1, the inequalities (4.3) and (4.4) are respectively the
inequalities (20) and (22) from [12], where 8; = Bi(f, T, a, 1).

Analogous versions of (4.1) and (4.2) for spectral radius can be derived as
follows

4.4)

COROLLARY 4.3. Let f, a andn be as in Theorem4. 1. Then for any operator
T on H withr(T) < 1 we have

(4.5) rl@r@(f(T)H] = Boor (To)"

and

B (T + | £ (@)]
T ,
T = g F@ (T

(4.6)

where B can be taken either as B = lim,_, o0 B,(f. T, a, n, b) with a #*
b eD,oras Bo =lim,, 1o B,(f, T, a,n).

When r(T) < 1and f(T) = 0, we can derive from (4.5) a lower bound for
r(T,)" in terms of f(a) and £ (a) for a € D. This gives also a lower bound
for || T, ||, and this result in the case n = 1 one reduces to Corollary 3 [12].

COROLLARY 4.4. Let f, a and n be as in Theorem 4.1. Let T be an operator
on H such that f(T) = 0and r(T) < 1. Then we have

4.7) r(T)" =z y(fia,n) = |f (@),

where

(1- |a|2)|f<">(a)|)2]2 U= aPlf @)

y(f,a,n) = |:|f(a)|+( 2n1(1 + | f(a)]) 2011+ f @)
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In particular, if T € B(H) is a strict p-contraction (p > 0) such that f(T) =
0, then we have

(48) wp(a)(Ta)n > )/(f, a, I’l).

In addition, the second inequality in (4.7) becomes an equality only when
either f(a) =0, or f is an n-automorphism of D.

Proor. Since f(T) = 0 one has r{@r)(f(T))] = |f(a)l, and so from
(4.5) we obtain

2 (n)
r(T,)" 4+ —lal 1/ @)
1f(@)] < r(T,)" — = @F_ n
+ 1—la|

f ™ @] :
@r m T)"

This means that

1—lal> |f" (@)
l—[f@|* n!

If(a)l[l + r(Ta)”]

n w, L—lal’ 1f"()
= r(Ta) [r(Ta) +1_|f(a)|2 — }

or equivalently

— 12 (n) 2 a2 ) 2
I —lal” |f (a)|> S[F(Ta)”+ I—lal” |f (a)l]’
20+ 1f@h  n! 20+ 1f@D  n!

whence the first inequality in (4.7) follows immediately. The second inequality
in (4.7) is equivalent to

If(a)|+<

1 —laf? If(")(a)l)>O
L—1f@* n! -

Here, equality occurs only if either f(a) = 0 or

(A —laP /P @| _,
=1 f@P)

where G is the analytic function from D into D such that G(z) = F(z)/z"
for 0 # z € D. In this last case, the maximum modulus principle tells us
that G(z) = A for some constant A with |A| = 1, hence F(z) = i7", and
consequently f = @) o F o ¢, thatis f is an n-automorphism of D.

Now if T € B(H) is a strict p-contraction for some p > 0 then we have
r(T) <w,(T) < 1 and also r(T,) < w,4)(T,) < L. Thus (4.8) follows from
(4.7) and the proof is finished.

If(a)|<1 -

IGO)| =
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Next we will show that the inequality (3.1) can also be sharpened in some
conditions, independent of (3.3).

THEOREM 4.5. Let f # 0 be an analytic function on D such that (D) € D
and f(0) = f/(0) = --- = fO=D(0) = 0 for some integer n > 1. Suppose
that f does not have the form f(z) = Az" with A a unimodular constant. Then
for any strict p-contraction T on H for some p > 0 we have

yw,(T) + L[ f™(0)]
1+ L] £ (0)|w,(T)

(4.9) w, (f(T)) < wy(T)"
where y = y,(f, T, n) is given by

wy(T) + 25 [(n)? — IFPOP] Do)
L+ 25 [ah? - @ OR] ™ [£0+D () w, (T)

Moreover, we have y < 1 unless either w,(T) = 0 or f(z)/Z" is an auto-
morphism of D.

(4.10) y =

ProoF. Define the function g on D by setting

g(0) = %f(")(o) and  g(2) = % if zeD\{0}.

Then g is a non-constant analytic function on D such that g(D) C D. So,
applying the inequality (4.2) to the function g when T = z[I with z € D,
a=0,n=1and p = 1 one obtains

Be(IzDlzl + 180 BezDlzl + 51 ™ (0]

L+ 18O1Be(zDIzl — 1+ LI f® 08, (IzDzl

where B, (|z]) = Bi(g, 21, 0, 1) is given by Theorem 4.1, that is

1g(2)] <

_ ! £ D )
Izl 4+ (1 —1g@ ) g ) I+ 355 = roor

T+ (= g g Ozl 1+ ’11%|z|'

Be(lz]) =

Since we have

n!| f*D(0) _ g0
(n+ D@D = DO 1—1gO0)

where G is the analytic function on D defined by

= |G(0)|

Gz) = ©g(0) (Zg(Z)),

z € D\ {0},
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by the maximum modulus principle we infer that |G(0)| < 1 unless G is a
constant function, or equivalently g is an automorphism of D. Thus, if f does
not have the form f(z) = z"g(z) where g is an automorphism of D, then we
have |G (0)| < 1 which yields B,(|z]) < 1 for any z € D.

NowletT € B(H)beastrict p-contraction for some p > 0. Since f(0) =0
one has p" = ps = p so that f(T) € C,(H), and using the above estimation
of |g(z)| and the inequality (1.5) one obtains

wy(f(T) = sup [fDI= sup ["g@)=w,p(T)" sup [g(z)]
lzl=w, (T) jzl=w, (T) Jzl=w, (T)

L Bewp(THw,(T) + 1 £ (0)]
1+ L1 £™(0) B (wy (T))w, (T)
yw,(T) + L1 f™(0)]

L+ LI f®0)yw,(T)’

where y = B,(w,(T)), that is

= wy(T)

= wp(T)n

n! LF D 0)]
, = wp(T) + 351 Gyr—rmor

B nl___1f"ho)] '
T ot a=rmop 2o (1

In addition, taking into account the above remark, we conclude that y < 1
unless either f has the form f(z) = z"g(z) with g an automorphism of D, or
w,(T) = 0. This ends the proof.

COROLLARY 4.6. Let f and n be as in Theorem 4.5. Then, for any operator
T on H with |T|| < 1 we have

VTl + &1

4.11 DI =T ’
@11 IO = 1T e T

where y; = y1(f, T, n) is given by (4.10). In addition, y; < 1 unless either
T =0, or f(2)/7" is an automorphism of D.

We remark that in the case n = 1, (4.11) is just the inequality (36) from
[12].
Finally, we can also obtain a version for spectral radius of (4.11) as follows.

COROLLARY 4.7. Let f and n be as in Theorem 4.5. Then, for any operator
T on H withr(T) < 1 we have
Yool (T) + 51 |.f ) (0)]

(4.12) r(f) = ey — T1F®(0)[yaor (T)
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where

(4.13)
r(T) + 25 [((a)* - IFPOFP] 1D 0)]

1+ 55 [mh? = | F@OR] IFmD ) ()

In addition, y5, < 1 unless either r(T) = 0, or f(z)/7" is an automorphism

of D.

Proor. Since r(T) < 1 we have w,(T) < 1 for sufficiently large p > 1.
So, (4.12) and (4.13) follow from (4.9) and (4.10) respectively by letting p —
+00.

oo = 1 ’ Tv =
Voo := Nm_y,(f.T.n)
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