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HOLDER INEQUALITY FOR FUNCTIONS THAT
ARE INTEGRABLE WITH RESPECT TO
BILINEAR MAPS

0. BLASCO and J. M. CALABUIG*

Abstract

Let (2, £, u) be a finite measure space, | < p < 0o, X beaBanachspace Xandu: X xY — Z
be a bounded bilinear map. We say that an X-valued function f is p-integrable with respect to
u whenever SUP|y =1 fQ lu(f(w), Y|P du < co. We get an analogue to Holder’s inequality in
this setting.

1. Introduction

Throughout the paper 1 < p < oo, (2, ¥, ) will be a finite complete measure
space, X, Y and Z will stand for Banach spaces over K (R or C), and u :
X x Y — Z will denote a bounded bilinear map. We denote by L°(X) and
LY. (X) the spaces of strongly and weakly measurable functions with values
in X and by Lg,eak* (X™) the space of weak*-measurable functions with values
in X*. We write L?(X), Lfveak(X) and L? . .(X*) for the space of functions

weak*
in LO(X), LY . (X) and L _.(X*) such that || f|| € LP, (f,x*) € LP for

weak*

x* e X* and (x, f) € L? for x € X respectively. Finally we use the notation
& (X) for the space of X-valued simple functions and by P?(X) for the space
of Pettis p-integrable functions P?(X) = Lfveak (X) N L°%X).

Let us start mentioning the following basic examples of bilinear maps:

(1) By : X xK— X, Bx (x, L) = Ax,
2) Dy X x X* > K, Dy (x,x*) = (x, x),
(3) (D)x 1 X* x X — K, (D)x(x*, x) = (x,x"),
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In this paper we shall consider some spaces of X-valued functions which
are p-integrable with respect to a bounded bilinear map u : X x ¥ — Z,
that is to say X-valued functions f satisfying the condition u(f, y) € L?(Z)
for all y € Y. The cases L”(X), L\f,eak(X) and Laeak* (X™*) correspond to the
previous notion applied to the examples above.

Some other classes have been around for a long time for cases such us

@ 7y X XY > XQY, Ty(x,y) =xQ Yy,
(5) Oy : X x L(X,Y) - Y, Oy(x,T) = T(x),
(6) Oyz: LY, Z)xY — Z, Oy z(T,y)=T(y).

A systematic study of theses spaces for general bilinear maps has been initiated
in [6] and used to extend the results on boundedness from L?(Y) to L?(Z) of
operator-valued kernels by M. Girardi and L. Weiss [10] corresponding to the
bilinear map Oy, to the case where K : Q x Q' — X is measurable and the
integral operators are defined by

Tk (fH(w) = / u(K (w, w’), fw")du'(w).
The reader is also referred to [7] for an introduction of Fourier Analysis in
the bilinear context. This allows to extend the results in [2], [4], [5] regarding
convolution by means of bilinear maps and Fourier coefficients for functions
in these wider classes.
The aim of this paper is the consideration of Holder inequality in this general
context. It is well known and easy to see the following analogues of Holder’s
1

inequality in the vector-valued setting: Let 1 < py, p», p3 < oo and % + 0 =
1

o
(1) If fe L (X)and g € LP then fg € LY | (X).
(2) If f € PP(X) and g € L?* then fg € PP (X).
(3) If f € L (X) and g € LP* then fg € LP*(X).
(4) If f € LP(X) and g € LP*(X*) then (f, g) € L.
(5) If f € L"(F(X,Y)) and g € LP*(X) then f(-)(g(-)) € LP(Y).

We shall try to understand the situation when one considers integrability with
respect to general bilinear maps.
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Let us mention some notions that were relevant for developing the general
theory (see [6]). Givenx € X andy € Y we shall be denotingby u, € £ (Y, Z)
andu’ € £ (X, Z) the linear operators U, (y) = u(x, y) and u”(x) = u(x, y).
A triple (Y, Z, u) is called admissible for X if the map x — U is injective
from X — £ (Y, Z) and X is said to be (Y, Z, U)-normed (or normed by u)
if there exists C > 0 such that ||x|| < C||u,| forall x € X.

Given a bounded bilinear map u : X x ¥ — Z, we can define the “adjoint”
u*: X x Z* — Y* by the formula

(v, u*(x, 29) = (u(x, y), 2°).
Note that for the just mentioned examples we have:
By =Dx, (@)'=0p and (O (T,2%) = Opeye(T", 2.
Let us start with the following definitions:

DEFINITION 1.1 (see [6]). We say that f : 2 — X belongs to Lg(X) if
u(f,y) € L%2Z) for any y € Y. We write %! (X) for the space of functions
f in L%(X) such that

£z xy = sup{llu(f, Wlizrz)y Iyl =1} < oo.

A function f € £¥(X) is said to belong to L] (X) if there exists a sequence
of simple functions (s,), € & (X) such that

s, — fae.  and Isw — fll.zrx) = O.

For f € L5(X) we write Il /Il Lz (x) instead of [| f|| #7(x). Clearly one has
that '
||f||L5(X) = lim ||Sn||L5(X)-
n—oo

In particular

LY (X) = L%(X), LY (X) = LY (X) and LY, (X*) = LY., (X).

weak weakx

Ly (X) =LV (X), £ (X) = L}, (X) and g(gjl)x (X*y=L" . (X%).

weak*
Lp%.X (X) = L?(X)and Lf@x (X) = PP(X) (see [11], p. 54 for the case p = 1).

Observe that L?(X) € L5(X) for any u and that, in general, L{(X) C
LI (X) (see [8] page 53, for the case U = D). It was shown in [6] that
FLI(X) c LP . (X) if and only if X is u-normed.

w
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Clearly f € LO (X) and g € LO(Y) implies that u( f, g) € LO(Z) Hence a

natural question that arises is the following: let us take - ot i = F'

QUESTION 1. Does u(f,g) € L”(Z) for any f € £ (X) and g €
LP2(Y)?
The answer is negative for infinite dimensional Banach spaces X.

Prookr. Indeed, take p; = p» = 2 and p3 = 1, let X be an infinite dimen-
sional Banach space, Y = X*and Z = Kand u = 9y. Take (x,) € Eweak (X)\
£%(X). This allows to find (xr) € £2(X*) such that > o [ {xn, x)| = oo. Con-
sider now Q = [0, 1] with the Lebesgue measure, I; = (275, 27%+1] and
define the functions f = "2 22x; x;, and g = 30, 22 x7 ;.. Itis clear that
fe L5 X)) with [ fI, = sup{Y_ne; [(xn, x*)* 1 x*| =1} and g €

3%
L2(X*) with 18117y = 2oney 6517 but u(f, &) = 3302, 28 (e, ) xu, &
L.

One might think that the difficulty comes from allowing the functions to

belong to £ (X) instead of LY (X). Let us then modify the question:

QUESTION 2. Does u(f, g) € L”*(Z) forany f € L5 (X)andg € LP*(Y)?
The answer is again negative.

PrOOF. Assume the contrary. Hence there exists M > 0 such that

(7 Nuts, HliLizy < Mlisllezoollzllzy)

forany s € #(X) and t € L (Y).

Select X =Y =¢>,Z=1¢"andu : > x £> — ¢! given by U((an)u, (Bu)n)
= (A, Bn)n- Let us now consider sy = ty = Zk 1223kXIk where ¢;, is the
canonical basis and [; are chosen as in the previous example. Hence U(sy, y) =
Z,}(V:l 2§ﬁkekxlk fory = (Bu)n € £%. Therefore ||sN||L5(gz) <1, snlle2er =
V'N and |Ju(sy, Sn) L1ty = N. This contradicts (7).

Modifying the previous argument with Z = K and u = 9y one can
even show that there exist f € L'(X) and g € LP2(Y) such that u(f, g) ¢
Lsziak (Z)

The objective of this paper is to present an analogue to Holder inequality
in the setting of vector-valued functions that are integrable with respect to
bilinear maps. We shall then study the following general problem:

THE GENERAL PROBLEM. Let 1 < py, p2, p3 < oo and - ,,12 = l and

letu: X x Y — Z be a bounded bilinear map. If u; : X >1< X — X2 and
2 1 Y x Y] — Y, are bounded bilinear maps, find us : Z x Z; — Z, such
that for any f € %7 (X) and g € £ (Y) one has u(f, g) € L5 (2).



HOLDER INEQUALITY FOR FUNCTIONS THAT ARE INTEGRABLE . .. 105

2. A bilinear version of Holder’s Inequality
The notion that will fit to our purposes is the following.

DEFINITION 2.1. We say that (U, uj, Uy) is a compatible triple if u : X x
Y > Z,u: XxX; > Xo,and U, : Y x Yy — Y, are bounded bilinear
maps and there exist a Banach space F' and two bounded bilinear maps & :
X, xY, - Fand ? : Z x (X, ® Y) — F such that

PUCx, y), x1 ® y1) = P(Uy (X, x1), Uz (Y, Y1)

forallx e X,ye Y, x; € X;and y; € Y].

A general procedure of construction of such compatible triples of bilinear
maps can be obtained as follows:

ProprosITION 2.2. Let U be a Banach space, Uy : X x X; — U and
U, : Y x Yy — U* be bounded bilinear maps . Define the bilinear map

Uy u, t X X Y = Z(X1,Y]) by the formula
(Uuy,u, (6, Y) (1), y1) = (Ui (x, x1), Ua(y, y1))

forx e X,yeY, x; € Xyand y, € Y. Then (Uy, u,, U1, Up) is a compatible
triple.

Proor. Using that £ (X, Y]) = (X, ® Y;)* we also can write

(Uu,,u, (X, ¥), X1 @ y1) = (Ui (x, x1), Uz2(y, y1))-

This shows that (Uy,y,, U1, U2) is compatible by selecting F' = K, P =
Dx U xU*—>Kand P = (D)) y gy, : L(X1,Y) x (X1 ®Y) — K.

Let us now give some more concrete examples of compatible triples:

ExAMPLE 2.3. (u, Bx, By) is a compatible triple foranyu : X x ¥ — Z.
In particular, (Yx, Bx, Bx+) or (Ox.y, Bx, By) are compatible triples.

Indeed,ifu: XxY — Z,u; = Bx : XxK - Xandu; = By : Y xK —
Yithenselect F =Z, P =u:XxY > ZandP =%, : ZxK — Z.
Observe that 2(u(x, y), A8) = P(B(x, L), B(y, B)).

EXAMPLE 2.4. (u, Uu*, By) is a compatible triple.
Indeed,ifu: X xY — Z,u; =u*: X x Z* — Y* given by
(y,ui(x, z9) = (u(x, y), z%)

and U = Py : ¥ x K — Y then we can select F = K, ? = (Z)y :
Y*xY —>KandP =9, :7Z x Z* — K.



106 0. BLASCO AND J. M. CALABUIG

EXAMPLE 2.5. (7y, By, 0 x+) is a compatible triple.

~Indeed,ifu:zw:XxY—>X®Y,u1=,%’x:)(><K—>Xandu2=
Ox+: Yx LY, X*) - X*thenwecantake F =K, ? = Ix : X xX* - K
and P = Dyay : X QY x L(Y, X*) — K. The compatibility now follows
from

PUx,y),AT) = (x ® y, AT) = (Ax, Ty) = P(U;(x, 1), Ux(y, T)).

EXAMPLE 2.6. Let % : (X, Z) x L(Y,Z*) - Z£(Y, X*) be given by
(T, S) = T*S. Then (¥, O z, Oy z+) is a compatible triple.

Indeed, ifu; = Ox 7z : L(X,Z) x X - Zand Uy = Oy z« : L (Y, Z¥) x
Y — Z*then wecantake F = K, #? = 9, : Zx Z* - Kand P =
(D)xgy : LY, X*) x X ®Y — Kgivenby (T, x ® y) = (x, Ty).
Observe that the compatibility follows from the formula

PE(T.$).x®y) = (x. T*Sy) = (Tx, Sy) = P(uy(T. x), Ux(S. y)).

THEOREM 2.7 (Holder’s inequality I). Let 1 < py, p2, p3 < 00 such that

% i = % Assume that (U, Uy, Uy) is a compatible triple for some F, P

and P.
) If f e L3 (X)and g € LL(Y) thenu(f, g) € fg(Z).
(2) If f € Lu(X) and g € LG (Y) then u(f, ) € L5 (2).

Moreover ||u(f, g)”gg-?(z) = ||t@||||f||gu”]1 (x)”g”gu”zz(y)-

PrOOF. (1) Let us first show that if f € L (X) and g € L (Y) then
h=u(f,g) € L%(Z).

Indeed, if x; € X; and y; € Y; then @(h,xl ® y1) = P, x1),
Uz(g, y1)). Now since Ui(f, x1) € L°(X3), Ux(g, y1) € LO(Y;) and 2 is
continuous then Z(h, x; ® y1) € L°(F). For general ¢ € X ® Y;, assume
¢ =, x{ @yl with ) |lx7[llly]]l < oo. Then, using the continuity of &
and @ one has

N

Plh.p) = lim 3" P(ui(f.x). ua(g. y) € LOF).

k=1

Assume f € %J'(X) and g € L7 (Y). Let us show that h € fg’é"(Z).
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If x; € X; and y; € Y] then

(f 1P (h, x1 ® y)|P* d,u)
Q

= (/Q 1P (f, x1), Us(g, y)) |12 du)

1

< ||@||(/Q(||u1(f, ) llluz (e, y1)||)”3du) )

< Wn(fg s (f x) 17 du)“ (/Q lua (g, ) 172 du)

< p p:
< I2Mf gz o &gz Ixa Iyl

In general, for each ¢ =}, x| ® y| € X & Y1, one has 2(h, DA ®

¥ =Y, P(h, x! ® y}). Therefore
~ pP3 ﬁ
(/ @(h, 3 ®y';> dﬂ>
Q n
< Z(/ |2 (£ 2. ua. )| du) |
n Q

<2 (Z x| ||y?||) 1f 1l o gl 222 -
n

This gives [U(f, &)l #3z) < 1Lzt o I8 22 v)-

(2) Assume that f and g are simple functions. If f = ), xx xg, € S (X)
andg =3, yyxr, € S(Y) then

h=u(f, ) =Y U, yp)xenr, € L (2).

k,p

Now, if wetake f € LI (X)and g € L5 (Y) then there exist (f;,), € & (X)
and (g,), € L (Y) suchthat f, — fae., g, > gae.,|f.— f||L51 x — 0
and ||g, — gl L) = 0. Clearly u( f,, g,) are simple functions and converge
to u(f, g) ae.
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Due to the previous result

IuCfu: 82) — Ut )l o2 z)
< u(fu — f, gn)”j{;(z) + u(f, g — g)”xg(z)
< U2 — £l oo lall gz + 121 L ol — &l

Taking limits the proof is completed.

Let us point out a little improvement that can be achieved for the compatible
triples in Proposition 2.2. Let us recall the following fact that will be used in
the proof.

LEMMA 2.8. Let X be a Banach space, 1 < p < oo and (x)}), € X*. Then

i 1

sup{(Z |<x:,x**>|")”: x| = 1} = sup{(Z |<x,x::>|")’): Ixll = 1}

COROLLARY 2.9 (Holder’s inequality IT). Let X, X, Y, Y| and U be Banach
spacesand 1 < py, p2, p3 < oosuchthat%—l—é = %.Letul X xX| —> U,
Uy : Y x Yy — U* be bounded bilinear maps and let Uy, y, = U : X x ¥ —

ZL(X,, Y{) be defined by the formula

(QCx, y)(x1), y1) = (Ui (x, x1), Ua(y, y1)).

Iff € L3(X)and g € LUX(Y) then U(f, g) € PP*(F (X1, Y})). Moreover
Nacs, el

weak

(LX) = ||f||Lﬁ} (X)”g”Lﬁ%(Y)’

PROOF. Assume first that f and g are simple functions. If f = >, xx xg, €
S (X)andg =3 ypxr, € S (Y)thenh = U(f, g) = D> , WXk, Yp) XEiF,
€ S(F(Xy, Y])). Notethat # (X1, Y;) = (X;®Y;)*. Hence from Lemma 2.8

||h||LC,2uk<(X1®Y1>*)
1

= sup{(z (GG, 3p), ¥) 17 (Ex N F,,)) U W ey = 1}
k,p

= sup{(z (. G0xk, YD) |7 (Ex N F,») U lelen = 1}

k,p

= ||h||Liiiak*<(x1®Y1)*>-
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We conclude, using Theorem 2.7, that

Al s

weak

(FXre) = ||f||L{j} (X)||g||L{j§(Y)-

Now, if wetake f € L] (X)and g € LI (Y) then there exist (f;,), € ¥ (X)
and (g,), © L (Y) such that f, — fae., g, — gae, Ifu = fllgx — 0

and ||g, — gllL{E(Y) — 0. Clearly U(f,, g,) — U(f, g) a.e. and therefore
U( f, g) is strongly measurable and

HQ(fo, gn), W)IPP — [(G(F, ), ¥)|™ ae.

for all ¥ € (X;®Y))**.
To see that U(f, g) € PP (ZL(X,,Y])) it suffices to show that U(f, g) €
LY (L (X1, Y.

Then using (X; ® ¥;)* = £ (X, Y;), Fatou’s Lemma and the inequality
for simple functions we have that

||u(f g)| L\’A’/Zak((xl(éyl)*)

= sup /QHO(ﬁ & WNPdp 1V llx,ev,)~ = 1}

= sup / lim [(U(fo, g0), Y2 dp 1V x, 00, = 1}
Q n

< sup hminff O ) VP 1Y o, or, e = 1}
n Q

< hm inf
||U(fn’ gn)| L"2 L (X1 ®Y)™)

< Ti : P3
< hmnmf | /] L (X)”gnl L2 ()

= 113 o 1817

Applying Theorem 2.7 to the examples given above one obtains the follow-
ing applications.

L

CoOROLLARY 2.10. Let 1 < py, pa, p3 < 00 such that % = % >

Letu: X X Y — Z be a bounded bilinear map.

() If f € LP(X)and g € LP2(X*) then (f, g) € LP.

Q) If f e LP(X)and g € Lpz(Y) then u(f, g) € Lweak(Z), where U, :
Y x Z* — X* is given by (x U.(y, 29) = (u(x, v), 2%).

N
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7.
8.
9.

Q) If f € L' (X) and g € LP>(Z*) then u*(f,g) € L .(Y*), where

weak*

u*: X x Z* — Y*is given by (y, u*(x, z¥)) = (u(x, y), z2%).
@ Iff e L%‘Y* (X)and g € LP*(Y) then f ® g € LP , (X ® Y).

b)) Iff € L%;Z(D?(X, Z))andg € L%ZY’Z* (LY, Z%) andifwe put f*(t) =
f@®)* € L(Z*, X*) then f*g € LP (LY, X*)).

weak*

REFERENCES

Amann, H., Operator-valued Fourier multipliers, vector-vaued Besov spaces and applica-
tions, Math. Nachr. 186 (1997), 15-56.

Arregui, J. L., Blasco, O., On the Bloch space and convolutions of functions in the LP -valued
case, Collect. Math. 48 (1997), 363-373.

Arregui, J. L., Blasco, O., Convolutions of three functions by means of bilinear maps and
applications, 1llinois J. Math. 43 (1999), 264-280.

Blasco, O., Convolutions by means of bilinear maps, Contemp. Math. 232 (1999), 85-103.

Blasco, O., Bilinear maps and convolutions, Res. Exp. Math. 24 (2000), 45-55.

Blasco, O., Calabuig, J. M., Vector-valued functions integrable with respect to bilinear maps,
Taiwanese J. Math. (to appear).

Blasco, O., Calabuig, J. M., Fourier Analysis with respect to bilinear maps, submitted.

Diestel, J., Uhl, J. J., Vector Measures, Math. Surveys Monogr. 15 (1977).

Garcia-Cuerva, J., Rubio de Francia, J. L., Weighted norm inequalities and related topics,
North-Holland, Amsterdam (1985).

10. Girardi, M., Weis, L., Integral operators with operator-valued kernels, J. Math. Anal. Appl.

290 (2004), 190-212.

11. Ryan, R. A., Introduction to Tensor Products of Banach Spaces, Springer Monogr. Math.

(2002).

DEPARTMENT OF MATHEMATICS DEPARTMENT OF APPLIED MATH
UNIVERSIDAD DE VALENCIA UNIVERSIDAD POLITECNICA DE VALENCIA
BURJASSOT 46100 (VALENCIA) VALENCIA 46022

SPAIN SPAIN

E-mail: oscar.blasco@uv.es E-mail: jmcalabu@mat.upv.es



