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THE POINCARE SERIES OF THE MODULE
OF DERIVATIONS OF SOME
MONOMIAL RINGS

V. MICALE

Abstract

Let R be a quasi-homogeneous k-algebra and M be a finitely generated graded R-module. The
formal power series Y _; dimy ToriR (k, M)z' is called the Poincaré series of M and it is denoted

by P,ff, (z). We remark that the Poincaré series of the module of derivations of a monomial ring is
rational and determine it in some cases.

1. Introduction

For any commutative k-algebra R, the module of derivations is the set given
by Dery(R) = {p € Hom (R, R) | p(ab) = ap(b) + p(a)b for alla, b € R}.
This set has a natural R-module structure.

Let R be a quasi-homogeneous k-algebra. For any finitely generated graded
R-module M, the Poincaré series of M is the formal power series PAI} () =
>, dimy Tor® (k, M)z'.

In this paper, our object of study is the Poincaré series of the module of
derivations Der; (R) of a monomial k-algebra R.

In Section 2, we state a theorem due to Brumatti and Simis that represents
the starting point of our paper. We also remark that it follows from a theorem
due to Lescot that the Poincaré€ series of the module of derivations Der, (R) is
rational for any monomial k-algebra R.

In Section 3, we calculate the Poincaré€ series of the module of derivations
for a large class of Stanley-Reisner rings of dimension one or two.

In Section 4, we determine the Poincaré series of the module of derivations
for some further cases of monomial rings.

In Section 5, we give formulas for the Poincaré series of the module of
derivations when R = k[A]is the Stanley-Reisner ring of a join A = A % A,
or a disjoint union A = A; U A, of simplicial complexes.
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2. Preliminaries

A monomial algebra over afield k is an algebra of the form R = k[xy, ..., x,1/1,
where [ is an ideal generated by monomials. For any monomial k-algebra,
Der; (R) has a natural Z"-grading, induced by the Z"-grading of R. Hence it
follows from [11, Theorem 1] that the Poincaré series of Der; (R) is rational.

The starting point of our paper is the following theorem due to Brumatti
and Simis in [2], Theorem 2.2.1:

THEOREM 2.1. Let R = k[xy, ..., x,]/1 be a monomial k-algebra. If the
ideal I is generated by monomials whose exponents are prime to the charac-
teristic of k, then

Der;(R) = @(0 (0 x;))9;
i=1

d

where 0; = -
1

REMARK 2.2. Since P\ (2) = Py (2) @ Py (z) for any finitely generated
graded R-module M, N, it is enough to consider Poincaré series of the type

P OI?(O:X;) (2).

Our aim is to derive explicit formulas for the Poincaré series of the module
of derivations over some algebras using this result. We shall repeatedly use the
following lemma:

LEMMA 2.3. Let R be a ring and let J be an ideal in R. Then PJR (2) =
(Pg/J(Z) —-1)/z.

3. Stanley-Reisner rings of dimension one or two

In this section we consider Stanley-Reisner rings of dimension one or two. In
Section 4 we will consider some Stanley-Reisner ring of higher dimension.

A (finite) simplicial complex consists of a finite set V of vertices and a
collection A of subsets of V called faces or simplices such that:

(1) If v € V, then {v} € A.
(i) f FeAand G C F,then G € A.

Let A be a simplicial complex and F € A, then the dimensions of F and
A are defined by dim(F) = |F| — 1 and dim(A) = sup{dim(F) | F € A}
respectively. A face of dimension ¢ is sometimes refered to as a g-face.

A face F of A is said to be a facet if F is not properly contained in any
other face of A. The g-skeleton of a simplicial complex A is the simplicial
complex A consisting of all p-faces of A with p <gq.
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Let S = k[xy, ..., x,] be a polynomial ring over a field k and let A be a
simplicial complex with vertex set V = {1, ..., n}. The Stanley-Reisner ring
k[A] is defined as the quotient ring S/1x, where

In=xi x| v < - <ip, {i1---i,} € AD)

and I, is called Stanley-Reisner ideal of A. By [14, Corollary 5.3.11],
dim k[A] = dim(A) + 1.

For a general reference to properties of simplicial complexes and of Stanley-
Reisner rings, see [14, Chapter 5].

To calculate Hilbert series of a Stanley-Reisner ring R = k[A], where A is
a simplicial complex of dimension n — 1, we often use the formula given in
[13, Theorem II.1.4],

n—1

Hym() = ) fid /(=™

i=—1

where we write f; for the number of i-dimensional faces of A forO <i < n-—1,
and put f_; = 1.

ExaMPLE 3.1. Let A be a graph, that is a simplicial complex of dimension
1, with n vertices and d edges. Then Hya)(z) = 1 + 7% + dz’

(1-2)*"

Let R = k[xy, ..., x,]/I be a monomial k-algebra and let b € R be an
ideal generated by a subset of {xy, ..., x,}. If [ is generated by monomials of
degree two, then it follows from [4, Proposition 1.2] that b has a linear free
R-resolution. Moreover, a costruction of a linear resolution of b is given in
([6, Section 3]) incase b = (xq, ..., x,).

Our next aim is to relate PbR (z) to the Hilbert series Hg(z) and Hg(z).

THEOREM 3.2. Let R = k[xy, ..., x,]/I be a monomial k-algebra and
let b C R be an ideal generated by a subset of {xi,...,x,}. Then
Hr() P (=2) = Hy (2).

ProoOF. By what it is written above, R /b has a free linear R-resolution

- —> R"[-3] — R™[-2] — R"'[-1]

—> R =R — R/b — 0.
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LetR=kDR &R, D---and R/b=k D [R/b]; ®[R/b], ® - - -, then we
have the following graded version of the resolution above

® ® ® ® ® ®
0 < [R/bl; R; Ry RY kb3 0
® ® o ® ®
0 < [R/b]> R, RV kb 0
® ® ® ®
0 < [R/b]; R, kb 0
® ® ®

0«— &k <«—k<«——0
Hence we get the following exact sequence of vector spaces (with m > 0)

m—1

0 — kbn — Ri’ — Ré""*z —

... —> R | — R — [R/b],, —> 0.

Let dimy R; = h; and let dim;[R/b]; = r; and in particular iy = rg = 1.
Then, for every i > 0, we have r; = h;bg — hj_1by + - - - + (—1)'hob;, hence
(ho +hz+hoz? 4+ ) (bo — biz + boz> —-+2) = (ro+riz +rz* +- ).

COROLLARY 3.3. Let R and b be as in Theorem 3.2. Then

Py (2) = (Hx(=2)/Hr(=2) = 1)/z.

Now we give a characterization of Stanley-Reisner ideals generated by
monomials of degrees 2. Of course this is always the case if dim A = 0. So
we can consider the case dim A > 1.

PropPOSITION 3.4. Let A be a simplicial complex with dim A > 1. The
Stanley-Reisner ideal 15 is generated by monomials of degrees two if and only
if A is the maximal complex supported by its 1-skeleton.

Proor. The ideal I, is not generated by monomials of degrees two if and
only if there is a monomial x;(1)x;(2) - - - Xi@y € Ia of degree d > 3 such that
XiXipy € Ianforl <a < b < d,orequivalently that {i(1),i(2),...,i(d)} ¢
A withd > 3 but {i(a),i(b)} € Aforl < a < b < d. Hence I, is not
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generated by monomials of degree two if and only if A is not the maximal
complex supported by its 1-skeleton.

We note that if dim A = 1, then it follows from Proposition 3.4 that I, is
generated by monomials of degree two if and only if A is triangle free.

THEOREM 3.5. Let A be a simplicial complex with dim(A) < 1 and let R be
the Stanley-Reisner ring of A. Then either (0 : (0 : x;)) = Ror (0: (0: x;))
is generated by a subset of {x1, ..., x,} that may depends on i.

Proor. Of course, if dim A = 0, then (0 : (0 : x;)) = (x;) for every i.
Suppose that dim A = 1. If the theorem is not true for (0 : (0 : x;)), then
we can suppose that x;,x; ¢ (0 : (0 : x;)) and x;x;, € (0 : (0 : x;)) with
xjxx #0.As x; € (0: (0: x;)), xi, xj, x are distinct. Since dim A = 1, then
necessary x;x;x; = 0 and therefore x;x; € (0 : x;). This is impossible since
(xjx0)? # 0.

REMARK 3.6. We note that the theorem above in general is not true when
dim A > 1, even if I, is generated by monomials of degree 2. Indeed let
A be a 2-dimensional simplicial complex with vertex set V = {1, ..., 5} and
facets {{1, 2, 5}, {2, 3}, {3, 4}, {4, 5}}. Then I, = (x1x3, X1X4, X2X4, X3X5) and
(0:(0:x1)) = (x1, x2x5).

Now we are ready to calculate the Poincaré series of the module of deriva-
tions of Stanley-Reisner rings k[ A] of dimension one or two (i.e. dim A < 1).

Let us start with the case of simplicial complexes A of dimension zero
(hence dim k[A] = 1) with vertex set {1,...,n}. Then we have that R =
k[A] = kl[x1, ..., x,1/(xixj, i # j)and (0 : (0 : x;)) = (x;) for all i. By
Corollary 3.3 (that we can use because of Theorem 3.5), we get that

Pl (@) = :
R ey Py

and by Theorem 2.1 and Remark 2.2, we have that Pgerk( r (@) = nP(Ij]) (2).
Let us now consider complexes of dimension one, that is graphs (hence
dim k[A] = 2). As above, because of Theorem 3.5, we can use Corollary 3.3
together with Theorem 2.1 in order to give a method to determine the Poincaré
series of Dery k[ A] for the Stanley-Reisner ring of some of these 1-dimensional
complexes.
Let us start with the case of a star graph.

ExAMPLE 3.7. With the same argument as for the 0-dimensional case we
have that the Poincaré series of the module of derivations for a star graph with
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vertex set V = {1, ..., n} and with center vertex »n is
R _n— (n—2)z
P = TG0y

if n > 3 and it is equal to 2 if n = 2 (as in this case (0 : (0 : x;)) = R and
Der,(R) >~ R?).

Let v be a vertex of a graph A. The degree of v, deg(v), is the number of
edges at v. We denote by N (v) the set of neighbors of a vertex v.

PrOPOSITION 3.8. Let A be a triangle free graph that is not a star graph,
with n vertices and d edges. Then

(r+n)+ @ +n—-2d):z
1—(n—=2)z+d+1-n)7?

R
Ppe;, (R) (z) =

where r is the number of vertices of degree 1.

ProOF. For any vertices i and j in A, let [(i, j) be the minimal length of
a path connecting i and j, and let /(i, j) = oo if no such path exists. We
claim that (0 : (0 : x;)) = (xx | k € I;), where I; = {i}U{k | I(i,k) =
1 and deg(k) = 1}. In fact, this claim follows directly from the fact that
O:0:x;) = (x| 13, k) > 2). Now it follows that:

R 1 [ Hg/©:0:x,))(—2) ri+D)+0i+1—-4d)z
P(O:(O:xi))(z) = | 4 1) = .
F4 Hg(—2) l—(m—2z+d=+1—n);

with d; = deg(i). As >/ ,r; = rand Y . di = 2d, the formula for

PE,. (r)(2) follows from Theorem 2.1.

Let us now consider the cases of a cycle and of a complete bipartite graph.
ExAMPLE 3.9. Let A be a cycle with vertex set V = {1,...,n},n > 3. If
n = 3,then R = k[A] = k[xy, x2, x3]/(x1x2x3) is a complete intersection and

Pgerk(R) (z) = 3/(1 — z) (cf. Subsection 4.1).
If n > 4, then, by Proposition 3.8

n(l—z)
1—(n—2)z+22

R
PDerk(R)(Z) =

ExampLE 3.10. Let now A be a complete bipartite graph K, , with vertex
set V.={1,...,m +n}and edges {i, j} withi = 1,...,mand j = m +
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1,...,m 4+ n. Since the cases k, ; and k; ,, were treated in the Example 3.7,
we can suppose 1, m > 2. Then by Proposition 3.8 we have that

m+n+ m+n—2mn)z
l—(m+n—2z+@mn—m—n+1)z2)"

R
PDerk(R) (Z) =

4. Further cases

In this section we determine the Poincaré series of the module of derivations
for some further cases of monomial ring. Before we do it we need one more
result.

In [12], Levin introduces the idea of a large homomorphism of graded
(or local) rings as a dual notion to small homomorphisms of graded rings
introduced in [1]. Namely, if A and B are quasi-homogeneous rings and f :
A —> B is a graded homomorphism which is surjective, then f is large if
et Tor? (k, k) —> Tor?(k, k) is surjective.

It follows from [12, Theorem 1.1] that f : A — B is large if and only if
P{}(z) = P§(z) PE(z) for all finitely generated graded B-module M.

For the rest of the paper we only need that the map f : R — R/(x;) is
large for any monomial ring R = k[x;,...,x,]/] and forany 1 < i < n.
However, we prove a little more.

ProrosiTiON 4.1. Let R = k[x1, ..., x,]/I be a monomial ring. Then, for
all j,1 < j <n,themap f: R —> R/(x1,...,x;) is large.

PrOOF. Since the composition of large homomorphisms is large, it is
enough to prove that the map f : R —> R/(x;) is large. Let us consider
the minimal free R-resolution of k

0«—k<«—R<«— RV «— ...

We may choose this resolution to be multigraded. If we kill everything of
degree grater than zero in x;, we get the minimal free R/(x;)-resolution of k

0 <«—k <— R/(x)) <— [R/(x)]" «— ---.
Since all vertical maps

O«—k<«— R <«— R ...

Lo l

0 «— k < R/(x)) «— [R/(x)]?} «— -

are surjective, the homomorphism f; : TorR (k, k) — Tork/ (x‘)(k, k) is sur-
jective.
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In Subsections 4.1 and 4.2 we consider graded rings R for which PR (z)
it is known. So we may calculate P(Iji )(z) using Lemma 2.3 and the following
formula.

COROLLARY 4.2. Let Rand x; (i = 1,...,n)be as in Proposition 4.1, then
Pr(2)
PR @) = 5=
/(xi) PkR/(x,) (2)

4.1. The complete intersection case

In order to determine the Poincaré series of the module of derivations of a
complete intersection, we use Corollary 4.2 together with the fact, due to Tate
(cf. [14, Theorem 6]; [9, Corollary 3.4.3]), that

(1+2)"
PkR(Z) =T
(I —z5)m
for any graded complete intersection R = k[xy, ..., x,1/(f1, .-, fm)-
Let R = k[xy, ..., x,]/I be a monomial ring that is also a complete inter-
section. Then R has the form
klxi, ..., x,]
ny my My 41 Ry Rm, 1 +1 Ny,
('xl ...xml ?xml+1...xm2 ey mr_]+1...xmy)

with m, < n.
By Corollary 4.2 and Lemma 2.3, we have that P(’jl_)(z) =1/(1 — z) for

everyi = 1,...,n. Moreover, we see that (0 : (0: x;)) = (x;) forl <i <m,
and (0: (0:x;))=Rform, <i <n.
Assume that the exponents ny, . . ., n,, are prime to the characteristic of k.

ThenDery(R) = (x1)01B- - -@® (X, ) Om, BRIy, +1P- - -BRI, by Theorem 2.1,

and we get
n+(m,—n)z

R —
PDerk(R) (2) = 11—z
4.2. The case of k[ X1, ..., X1/ (X1, ..., X))

In [8, p. 748], Golod showed, in particular, that for algebras R of the form
k[X1,..., X.1/(X1, ..., X,)", the Poincaré series is
(1+2)"
n i+1=2\ (n+1—1\ _;+1°
1= (771 )(iilfl)z !

PE(2) =
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We see that (0 : x;) = m'~!, (withm = (x|, ..., x,)), hence (0: (0: x;)) =
m.

Assume that the characteristic of k is either O or a prime p > [. Then
Deri(R) = mod; @ - - - & md, by Theorem 2.1. Using Lemma 2.3, we get

(142)"
i+1-2 -1\ _;
1-370, (111 )(rilil—l Z!

<

R
PDerk(R) () =n

4.3. The case of skeletons of a simplex

A simplicial complex A with vertex set V and with |V | = m is called simplex
if dim A = m — 1. In this subsection we determine the Poincaré¢ series of the
module of derivations for a Stanley-Reisner ring R of the skeleton of a simplex.
We can also think of R as the factor ring of the polynomial ring modulo all
squarefree monomials of a certain degree.

Let A? | be the g-dimensional skeleton of a (n — 1)-dimensional simplex
An1.1fg =n—1,then R = k[x, ..., x,], Derg(R) ~ R" and PJ  (2) =
n. Hence let us suppose that ¢ < n — 1. Then we have that R = k[A] =
klxt, ooy X/ Qomy Xy =+ Xy [ M1 <My <0 < mgyo).

For 1 <i < n, we easily see that (0 : (0 : x;)) = (x;) and, by Theorem 2.1,
we getDeri(R) = (x1)01®. . .®(x,)0,. Moreover, by [ 14, Proposition 5.3.14],
we have that R is Cohen-Macaulay. Finally Hg(z) = Z?iol ()2 /(1 = 2)".

Assume that k is an infinite field. Since dimR = ¢ + 1, we can find
a regular sequence {ay, ..., a,41} of linear elements of length ¢ + 1. Let
R = R/(Cl], ey Cl,ﬁ,]). Then

Hp(z) = (1 — )" Hg(2)

:1_'_(n—(q+1)>z_|_(n—(q+1)—|—1)Zz+.“_|_(n—l)Zqul
1 2 g+1

and all graded rings with such a Hilbert series are isomorphic to the ring

R = k[yl, ey yn,(qu])]/(y], ey yn,(q+1))q+2. Hence R’ >~ R. Since
{ai, ..., az+1} is a regular sequence and using the results in Subsection 4.2,
we get

a1+

I ECITINE

Finally, using Theorem 2.1, Lemma 2.3 and Corollary 4.2 we can derive a
formula for Pgm (®)(2)-

PE@) =1+ PF @) = 1
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5. Disjoint unions and joins of simplicial complexes

Let {A;}i=:,...r be a family of simplicial complexes with disjoint vertex sets
V;. Then the disjoint union is a simplicial complex UA; on the vertex set
UV;. The join, xA;, is the simplicial complex on the vertex set UV; with faces
FiU...UF, where F; € A;fori <i <r.

In this section, we derive formulas for the Poincar€ series of the module of
derivations Der; (R) when R is the Stanley-Reisner ring of a disjoint union or
join of r simplicial complexes. We only consider the case r = 2, as the general
case can be obtained by induction.

PropPOSITION 5.1. Let Ay and A, be simplicial complexes and let A =
A1 % Ay. Then P§erk(R)(z) = Pge‘rk(Rl)(z) + Pg;k(&)(z) where R = k[A] and
R; = k[A;].

ProOF. Let A and A, be simplicial complexes on V|, = {1, ..., n} and
V, = {T, ..., m} respectively. First we note that R >~ R; ® R;. Indeed
Ry =kl[xi,...,x,]1/1a, and Ry = k[y7, ..., Yml/Ia,- Then we have that R} ®
Ry =kl[x1, ..., %4, ¥7, ..., yml/Ia, Where I is generated by those x;, - - - x;, -
yleT](ll <o < ik’jl < -0 < j])fOfWhiCh{il,...,ik,jl,...,j[} ¢ A,
that is for which {iy, ..., ix} ¢ A and {j_l, .. .,ﬁ} ¢ A,. This gives that /4 is
the sum of the extension of /4, and the extension of I, tok[xy, ..., X, Y1, .- -,

vl sothat R >~ Ry ® R;.
Leti € V). Iteasy to check that (0 :g (0 :g x; ®1)) = (0 :g, (0 :g, x;)) Ok
R,. As the functor e ®; R, is exact, then P(ISZR(OZM@)) (2) = P(IS:‘RI(o:R]xi))(z).

As a similar equation holds for j e V,, the asserted formula follows from
Theorem 2.1.

PROPOSITION 5.2. Let Ay and A, be simplicial complexes, and let A =
A] U Az. Then

R R R
PDerk(R) (2) . PDelrk(Rl)(Z) PDezrk(Rz)(Z)

PR(2) P8 (2) P ()
. PRz — (1 +2)PR () i PRz — (1 +2)PF(2)
2PR(2)PF(2) PR P8 )

where R = k[A), R; = k[A;] and r; is the number of vertices in A; connected
with every other vertex in A; fori =1, 2.

Proofr. The ring R is nothing but the fiber product of R; and R, over k (cf.
[5]and [10] for local rings. The extension to the case of graded rings and graded
module is immediate). The natural projections p; : R — R; (i = 1,2) are
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large homomorphisms and we consider any R;-module as a R-module via p;.
Denoting by m, m;, m, the maximal graded ideals of R, R, R, respectively,
we have m = m; @ my,. It follows that the Poincaré series of R, R, R, are
related ([5, Satz 1]):

N S S
Pf@  PM@) PR

Leti € V;. Since (0 (g x;) = (0 :g, x;) & my, it follows that (0 :g
(0 :g x;)) = (0 :g, (0 :g, x;)) except if (0 :g x;) = O; in this case we have
(O:g (0:g x;)) =m; &0 =~ m,. As the map p; is large, we get

R Ry
PO, 050 @ P, 010,10 @)
PE(2) Pf(2)

and
Pn’fI (2) B Pnlf]' ()

Pf@) PR

A similar formula is obtained for j € V5. Then using Theorem 2.1, we
obtain the required formula for PJ. , (2).
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