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SPACES OF ABSOLUTELY SUMMING POLYNOMIALS

J.A.BARBOSA, G. BOTELHO, D. DINIZ and D. PELLEGRINO*

Abstract

This paper has a twofold purpose: to prove a much more general Dvoretzky-Rogers type theorem
for absolutely summing polynomials and to introduce a more convenient norm on the space of
everywhere summing polynomials.

1. Introduction

Since Pietsch [16], several nonlinear generalizations of absolutely summing
operators have been investigated. Multilinear mappings/polynomials which are
absolutely summing at a given point — and also everywhere — were introduced
by M. Matos [9] and developed in [3], [7], [13], [14].

It is known that a Dvoretzky-Rogers-like theorem holds for everywhere
summing polynomials (see [9]) but does not hold for summing polynomials
(at the origin), so it is natural to ask whether or not such a theorem holds
for polynomials which are absolutely summing at a point a # 0. Proving in
Section 3 a Dvoretzky-Rogers type theorem for absolutely summing polyno-
mials at a given point a # 0, we provide a substantial improvement of Matos’
Dvoretzky-Rogers type theorem [9]. We also prove that summability at any
point implies summability at the origin.

The norm that has been used in the space of everywhere summing polyno-
mials (defined in [9]) has two inconvenients: (i) it is not a normalized ideal
norm, in the sense that the everywhere summing norm of the polynomial
x —> x", x € K = scalar field, is not always equal to 1; (ii) it makes compu-
tations quite difficult. In Section 4 we introduce another norm which happens to
be equivalent to the original one and repairs the aforementioned inconvenients.
The multilinear case is also investigated.

2. Background and notation

Recall that, if E and F are Banach spaces over K = RorCand p > g > 1,
a continuous linear operator u : E — F is absolutely (p; g)-summing
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(or (p; g)-summing) if (u (xj))f; is absolutely p-summable in F whenever
(xj)72, is weakly g-summable in E. For the theory of absolutely summing
operators we refer to the book by Diestel-Jarchow-Tonge [4].

The multilinear theory of absolutely summing operators was introduced
by Pietsch [16] and has been developed by several authors. There are various
natural possible generalizations of the linear concept of absolute summability
to polynomial/multilinear mappings (see [1], [5], [7], [10], [15]). If u is a
linear operator, to estimate (u(a + x;) — u(a))j’i1 is the same as to estimate
(u (xj)).‘]?il. However, for polynomials, in general, P(a + x) # P(a) + P(x),
as well as for multilinear mappings and hence, in the nonlinear case it makes
sense to study absolute summabilitily with respect to a point a # 0. This idea
is credited to Richard Aron, appeared for the first time in M. Matos [8] and
was developed in [9] and in the doctoral thesis [12] of the fourth named author
under supervision of Professor M. Matos.

As usual, the Banach space of all continuous n-homogeneous polynomials
from E into F, with the sup norm, is represented by ("E; F). The sequence
spaces £, (E) and E; (E) are defined by:

0p(E) = {(x,»),%";1 e EN 1)yl = (Z ||x,-||f’> "< oo},
j=1

U(E) = {(x,-)j’il € EN G2, lwp == sup (Z |<p(x,->|f’>” <o

peBg i=1

and kli)fglo 1) i llw,p = O}'

A polynomial P € #("E; F) is (p; ¢)-summing ata € E if (P(a +xj) —
P(a));il € £, (F) for every (xj)j?’i1 € EZ(E). It is not hard to prove that the
class of all n-homogeneous polynomials from E into F that are absolutely
summing at a given point is a subspace of ("E; F). The space formed by the
n-homogeneous polynomials that are (p; g)summing ata € E will be denoted
by ‘@cfz . ("Es F). The n-homogeneous polynomials thatare (p; ¢)-summing
ata = 0 will be simply called (p; g)-summing and the vector space of all
(p; g)-summing n-homogeneous polynomials from E into F is represented
by Pas(psq) ("'E; F).

The space composed by the n-homogeneous polynomials that are (p; g)-

summing at every point is denoted by Z;, 2. ("Es F). Note that

ev (nE; F) = ﬂ .@(ﬂ)

ng.
as(p;q) as(p;q)( E;F).

acE
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If Pe 9’5;(1,;[])(”& F) we say that P is everywhere (p; g)-summing. The
space of all continuous n-linear mappings from E; x --- x E, into F (with
the sup norm) is denoted by F(E1, ..., E;; F) (X("E; F)if E; = -+ =
E,=E). Wesaythat T € #(E, ..., E,; F)is (p;q1,...,q,)-summing at
a=(ay,...,a,) € Ey x---x E, if
(T (a —I—x}l), ey —|—x;”)) —T(ay,..., an));; € L,(F)

for every (x;r))j’il € ¢, (E;), r = 1,...,n. As it happens for polynomi-
als, it is easy to verify that the class of all n-linear mappings from E; x

- x E, into F which are (p;qi,...,g,)-summing at a, represented by
f;f()p;qlqu)(El, ..., E;; F),is asubspace of Z(Ey, ..., E,; F). The space
formed by the n-linear mappings from E; x --- x E, into F which are
(p; g1, ...,q,)-summing at every point is denoted by £°" an B,

as(p;qi,...
E,,F)IfT ¢ £ _"q”)(El, ..., Ey; F) we say that Tlis everywhere

as(p;qi,-
(p;qis -, qn)-sumrg’iglg. The n-linear mappings thatare (p; q1, . . . ,q,)-sum-
ming at a = 0 will be simply called (p; q1, - . ., ¢,)-summing and the vector
space of all (p; q1, ..., g,)-summing n-linear mappings from E; x --- x E,
into F is represented by Zs(p:q,....q0(E1s .., En; F).

Ifp=q=q = - = q,, instead of (p; p) or (p; p, ..., p)-summing
we say that the mapping is p-summing. In this case we write @a(??p ("E; F),
Pas,p("E; F) and P50 ("E; F) for polynomials, and the adaptations for mul-
tilinear mappings are obvious.

Nachbin’s concept of holomorphy type [11] was generalized in a natural way
in [3] in the following fashion: a global holomorphy type Py is a subclass of
the class of all continuous homogeneous polynomials between Banach spaces
such that for every natural n and every Banach spaces E and F', the component
Py("E; F) := P("E; F) N Py is a linear subspace of #("E; F) which is a
Banach space when endowed with a norm denoted by P — || P| g, and

(i) 24 (CE; F) = F, as a normed linear space for all E and F.

(i1)) There is o > 1 such that for everyABanach spaces E and F, n € N,
k<naeceEand P e Py(E; F),d"P(a) € Py(*E; F) and

< o"[|P|lullal"*,

1 A
’-MP@)
H

k!

where c?kP(a) is the k-th differential of P at a (see [6], [11]).

3. Dvoretzky-Rogers type theorems

Two questions are treated in this section. The first question concerns a very
useful result in the theory of summing linear operators, which happens to be a
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weak version of the celebrated Dvoretzky-Rogers Theorem and asserts that if
p > 1 and E is a Banach space, then

E is finite dimensional <= %, ,(E; E) = £ (E; E).

For polynomials and multilinear mappings, Matos [9] proved thatif n > 1 and
p > 1, then

E is finite dimensional <= Z;0 ,("E; E) = P("E; E)
— P ('E:E)= Z('E: E).

as,p

On the other hand, for polynomials/multilinear mappings summing at the origin
this result is not valid in general: for example, from [2, Theorems 2.2 and 2.5]
we know that Z,; 1("E; E) = P('E; E) and %, ("E; E) = X ("E; E) for
every n > 2 and every space E of cotype 2. The question is obvious: are there
results of this type for polynomials and multilinear mappings summing at a
point a # 0?

The second question arises from the well known fact that summability at
the origin does not imply summability at a point a # 0 in general (see [9,
Example 3.2]). Again the question is obvious: is it true that summability at
some point a # 0 implies summability at the origin?

We solve these two questions in the affirmative. The multilinear and poly-
nomial cases demand different reasonings.

Multilinear case
We start by showing some connections between % (@) , and F®  fora #*

. . ) as(piq as(p;q)
b. Some terminology is welcome. Given T € £(Ey,...,E,; F) and a =
(ai,...,ay,) € Ey x --- x E,, we denote by T, the (n — 1)-linear mapping

from E; x --- x E, into F given by
Tal(x27 LR ,Xy,) = T(alax2a .. 'axn)-

Analogously we define the (n — 1)-linear mappings 7,,, ..., Ty, , the (n — 2)-

linear mappings Ty,4, = T(a1, a2, ...,*)s s Ty 0, = TC,ooy -, an_1,
a,) and the linear mappings T, .40, = T(a1, ... an-1,), -y Tyy...0, =
T(G,ay,...,a,).

ProposiTION 3.1. Leta = (ay,...,a,) € E1 X -+ X E, and T €
I iaran(E1s <o Eni F). Then:

(a) Taj1 vty B (D5 Gy - - - Gk, )-summing at the origin whenever {1, ..., n} =

(s ooy jidUlky, . o kL ki <00 < kgand {ji1, ..., jeiNtky, ...k} = 0.

(b) T € f;f()p;qlqu)(El, ..., E,;, F) for every b € {(May, ..., Aay);

ek, j=1,..,n}.
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So, the set of all points b such that T is (p; q1, . .., pn)-summing at b contains
alinear subspace of E1 x - - - x E,,.. In particular, T is (p; q1, . . ., qu)-summing
at the origin.

PRrOOF. (a) For the linear operator 7, ,, , itis enough to observe that

Tyya s (x;")) =T (a1+40, a>+0, ..., a,_1+0, a,,—{—x;"))—T(al, ar, ..., ay).

The cases of T, 4, »a,s - -+ La,..a, are analogous. For the bilinear mapping
Ty, ..qa,_,» Observe that

(n—=1) _(n)
Tal..‘un,z (xj y Xj )

= [T(a1 +0,a,+0,...,a,2+0,a,_1 + x;"_l), a, + x;"))

—T(ay, .. .,an)] - T((ll,(lz, cee ,an_l,x;"))

(n—1)
_T(al’a29"'7an—27xj 7an)

=[T(@1+0,a2+0,....a12+0, a1 +x" ", a, +x")
—T(at,....an)| = Tay....ar, (x](n)) T (x;n—l))'

T is (p; qi1,--.,qn)-summing at a by assumption and by the previous case
we also know that 7,,, ., , is (p; gn)-summing and T, . 4, ,a4, 1S (P; Gu—1)-
summing, so it follows that 7, , , iS (p; gn—1, ¢»)-summing at the origin.
The other cases of bilinear mappings are analogous. Proceeding in this line,
the proof can be completed.

(b) Let b = (Aay, ..., Asa,). If X; # O for every j, it suffices to observe
that

1

o0 L
(Z”T(Mal +x;1), ey Ay + x;")) —Tay, ... ,)»na,l)Hp) ’
=1

(5

j=1

J
n

p),l,
1
I’),,

Now we use (a) to deal with the case in which A; = O forsome j. Thecasen =3
illustrates the reasoning: T is (p; q1, g2, g3)-summing at a = (ay, az, a3) by
assumption, and from (a) we know that, at the origin, 7 is (p; g1, g2, q3)-
summing, T, is (p; g2, g3)-summing, T, is (p; g1, g3)-summing, T, is (p; g1,

(s A1) A (n)
ag+ —x;, .., ay + —x; | =T (May, ..., Aay,)
A7 A

e e]

:xl...xn<z

j=1

1 nJ

1 1
T(al + X—x}“, e ay + /\—x?’”)—T(al, L ay)




224 J. A. BARBOSA, G. BOTELHO, D. DINIZ AND D. PELLEGRINO

q2)-summing, Ty, 4, is (p; g3)-summing, Ty, 4, is (p; g2)-summing and 7, is

(p; g1)-summing.
e Case Ay # 0, Ap # 0 and A3 = O: follows from

T (May + xj, Aaz + yj, zj) — T (May, Araz, 0)

:)\1X2|: <al + =, a+ — % ) T(Cll,clz, 0):|

A2
_)\lkz[T(alaaZaZj)_F ( a27Zj)
T\a, —, s %
w7 i) (i)

X y Xi 'y
o (o) o) r(2 )]

eCasesA; = 0,1 #0,A3 #0and A; # 0, A, = 0, A3z # 0 are analogous.
e Case A # 0, A, = A3 = 0: follows from

T (har + xj, yj, 27) — T(Ma1,0,0) = 44 [ <al + = ,y/, Zj)]

= )\'1 |:T<Cl1, Yj» Zj) + T(}\, »y/,Z])] .

e Cases A, # 0, A; = A3 = 0and A3 # 0, A, = A; = 0 are analogous.
e Case Aj = Ay = A3 = 0: we already know that T is (p; q1, g2, q3)-
summing at the origin.

The following result is a significant improvement of Matos’ Dvoretzky-
Rogers type theorem for multilinear mappings:

THEOREM 3.2. Let E be a Banach space, n > 2 and p > 1. The following

assertions are equivalent:
(a) E is infinite-dimensional.
(b) fa(sa)p(”E; E) # X ("E; E) foreverya = (ay, ..., a,) € E" with either
a; %= 0 foreveryi ora; = 0 for only one i.
(©) Dfa(sa)p(”E; E) # X ("E; E) for some a = (ay, ..., a,) € E" with either
a; 7% 0 foreveryi ora; = 0 for only one i.
Proor. Since (b) = (c) is obvious and (c) = (a) is a direct consequence of
[9, Theorem 6.3], we just have to prove (a) = (b): leta = (ay, ..., a,) € E"
with eithera; # Oforeveryiora; = Oforonlyonei. Wecanfixk € {1, ..., n}
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such that a; # O for every i # k. For each i # k choose ¢; € E’ so that
@i(a;) = 1 and define T € £ ("E; E) by

T(xt,...,x0) = @1(x1) - Q=1 (Xk—1) Qi1 (Xk41) * - - @n (X)) Xg.

Since Ty,..ap 1ar11.00(X) = Tay, ..., ar-1, X, ax41, ..., a,) = x for every
x € E,wehave that T, 4, ,4,,,..q, 15 DOt p-summing. From Proposition 3.1
it follows that T is not p-summing at a.

From Proposition 3.1 we know that £\* ('E; E) = Z("E; E) =
ZLus,p("E; E) = ZL("E; E). It is interesting to point out that Theorem 3.2
guarantees that much more holds in the bilinear case:

CoOROLLARY 3.3. Let E be an infinite-dimensional Banach space, a =
(ai,...,ap) € E"n>2and p > 1. Ifi”a(sa’)p(”E; E) = X("E; E), then

card{i : a; = 0} > 2. In particular, iffa(g’)p(zE; E) = YCE; E) then a is
the origin.

REMARK 3.4. The condition a; # O for every i or a; = 0 for only one
i is essential in Theorem 3.2: for example, it is not difficult to check that
e?a(f,)l("ﬁl; L) = L(%y; £y) forevery a = (x,0,0,...,0) with 0 # x € ¢,
and every n > 3.

Polynomial case

The theory of summing polynomials at a given point has some specific tech-
nical difficulties and deserves a precise examination. Despite the results we
obtain for polynomials are analogous to the multilinear ones, the proofs of the
multilinear results cannot be adapted to polynomials. For example, a polyno-
mial version of Proposition 3.1 cannot be obtained following the lines of its
proof. Such an adaptation would prove thatif P : E —> F is (p; g¢)-summing
ata € E, a # 0, then P is (p; g)-summing at every Aa, A # 0. Indeed, this
implication follows from

P(a+xj) — P(ha) =P (ka + %)@-) — P(Aa)

= A" (P (a + %x,») - P(a)) .

But we need more: we want to prove that if P is (p; g)-summing at a # O,
then P is (p; g)-summing at the origin. By P we mean the unique symmetric
continuous n-linear mapping associated to the n-homogeneous polynomial P.



226 J. A. BARBOSA, G. BOTELHO, D. DINIZ AND D. PELLEGRINO

PROPOSITIONV?).S. Let P € P("E; F)and a € E. P is (p; gq)-summing at
aifandonlyif Pis (p;q, ...,q)-summing at (a, ...,a) € E".

Proor. Using the polarization formula, the case @ = 0 is immediate. We
can suppose a # 0. Note that if Pis (p;q,-...,q)-summing at (a, ..., a) it
is plain that P is (p; g)-summing at a. The proof of the other implication is
divided in two cases: n odd and n even.

e First case: n is odd. In this case the polarization formula is decisive:
(3.1)

n!2"[f’(a —I—xm ...,a —i—x?”)) — P(a, ...,a)]

= Z e e,P(g1(a —|—x(1)) + -+ e,(a +x;”)))
_ZSI"'SnP(81a+"'+8na)

— ()] (n)

= Z €1 P(Era+-- +ea) + (1%, + -+ £.x"))

— P(gja+--- +8na)].

Since nisodd, (¢ +---+¢€,) # 0. P is (p; g)-summing at a by assumption,
so according to what we did above it follows that P is (p; ¢)-summing at each
(e1a + - - - + g,a). Thus (3.1) yields that Pis (p; g)-summing at (a, ..., a).

e Second case: n is even. Choose ¢ € E’ so that ¢(a) = 1 and define
Q € ("' E; F) by Q(x) = ¢(x)P(x). Using that P € 2,51, ('E; F). it
is easy to check that Q is (p; ¢)-summing at a. But (n + 1) is odd, so the
previous case can be invoked in order to conclude that Qs ( p; g)summing at
(a,...,a).Since Qa and ¢ are (p; g)-summing at the origin (the case of Qa

follows from Proposition 3.1), from

Qa(x,...,x)zQ(a,x,...,x): };(a X, ..., x)p(x) + 1P(x)

we conclude that P is (p; g)-summing at the origin as well. Now, the po-
larization formula can be invoked as in (3.1) in order to conclude that P is
(p; g)-summing at (a, ..., a) and the proof is done.

Applying Proposition 3.1 once and Proposition 3.5 twice we have:

COROLLARY 3.6. Let P € P("E; F) be (p; q)-summing at a € E. Then P
is (p; q)-summing at \a for every A € K. In particular, P is (p; q)-summing
at the origin.

Now we obtain the Dvoretzky-Rogers type theorem for polynomials sum-
ming at a point a # 0.
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THEOREM 3.7. Let E be a Banach space, n > 2 and p > 1. The following
assertions are equivalent:
(a) E is infinite-dimensional.
(b) (@5‘;)1,(”& E) £ P(E; E) foreverya € E, a # 0.

(©) 9’(“) ("E; E) # P("E; E) for somea € E, a # 0.

PROOF. As in the proof of Theorem 3.2, we just have to prove (a) = (b):
leta € E,a # 0. Choose ¢ € E’ so that ¢(a) = 1 and define P € #("E; E)
by P(x) = ¢(x)""'x. Assume that P is p-summing at a. By Proposition 3.5
we have that P is p-summing at (a, ..., a). Defining P, € £ (E; E) by
P,(x) = P(a, ..., a,x), from

Pa(x):ﬁ(a+0,...,a+0,a+x)—I3(a,...,a) forevery x € E,

we conclude that P, is p-summing. From

(n—1)
n

1
P,(x) = p(x)a + —x forevery x € E,
n
it follows that the identity operator on E is p-summing. This contradiction
completes the proof.

4. Norms on spaces of everywhere summing polynomials

In order to define a norm on the space «@,f;}(,, o E; F) of everywhere
(p; g)-summing polynomials, Matos [9], in a clever argument, for each P €

Pas . ("E; F) considered the polynomial

Wyiq (P): 4y (E) —> £,(F); (x))72, ¥ (P(x1), (P(x1 +x)) — P(x1))2,)

and showed that the the correspondence P — [|W,.,(P)]|| defines a norm
on @;f(p q)("E; F). We shall denote this norm by || P,y (,:q)- Matos proved
that this norm is complete and that (9’5;’(17 2’ Illev(p:qy) 1s @ global holo-
morphy type. Matos’ argument was recently adapted to multilinear mappings
in [3] (henceforth we whall write £ e” S(pia) instead of £ ) given T €

as(piq,....q)

gjs”(p q)(El, ..., E,; F), consider the multilinear mapping &,.,(T): £ (El) X

- X Ly (E,) —> £,(F) given by
M ()00 W o
((; ) (] )j=1) (T(x e, x™y,
(T(x(l) ( . (n)+x(n)) T(xl(l)v-wxfn)));iz).

In [3]itis proved that the correspondence T — ||&,, ,(T')|| defines a complete

norm on Eafs"(p o ("E; F), which we shall denote by || 7|, 1) (p.4)- SO, in g’gsv(p 2
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another natural norm is defined by || Pl (p:g) = ||15||ev(1)(,,;q). In [3] it is
shown that with this norm 9/"5;’( p:q) 18 also a global holomorphy type.

We will see that these ideal norms on ¢ gy and Last 1:q) are non-normal-
ized in general and present quite serious difficulties concerning computations,
even for very simple mappings. Our aim in this section is to introduce normal-
ized ideal norms on Z;{ I and f;;’( o which happen to be equivalent to the
original norms and make computations quite easier.

Next two theorems are adaptations of Matos’ argument.

THEOREM 4.1. The following assertions are equivalent for T € £ (E1, ..
E,; F):
(a) T € f;”(p;q)(El, oy En F).

s

(b) There exists C such that

L

0 1
(ZHT(Z)] +x b x") = T(by, ...,bn)||”>‘
j=1

< 1o+ 1652 ) - (10 + 15 L)

forevery (by,...,by) € E; x--- X E, and(x;k));?il € ZZ(Ek), k=1,...,n.

Moreover, the infimum of all C for which (b) holds defines a complete norm

on L55,., denoted by |||l oo (pig)-

ProoF. Since (b) = (a) is obvious we just have to prove (a) = (b): define
Gy, = E; xﬁz(Ek), k=1,...,n,and consider the n-linear mapping @ ., (T'):
Gy x -+ x G, —> {,(F) given by

(@ G- (e (5))

—> (T(a1 —i—x;l), e, Ay +x;")) — T(ay, ...,a,,))

o0

Following the lines of the proofs of [3, Propositions 9.3 and 9.4] it can be proved
that ®,.,(T) is continuous and that the correspondence T — || D ., (T)]| :=
1T ||,y p:q) defines a complete norm on X;S”(P;q)(El, oL E F).
THEOREM 4.2. The following assertions are equivalent for P € P ("E; F):
(a) Pe @jf(p;q)("E; F).
(b) There exists C such that

1

@ (Llrary-r@l) =c (i fopl,,)

j=1
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for every a € E and (xj)f.; € ZZ (E). Moreover, the infimum of all C
for which (b) holds defines a complete norm on .@;S"( ) ("E; F) denoted
by II-leve (pig)-

PROOF. Again we just have to prove (a) = (b): define G = E x EZ(E ) and
consider the polynomial

N (P): G —> £,(F); (a, (6)5%,) > (Pla+x) — P(@)7_ .

Following the lines of the proofs of [9, Theorem 7.2 and Proposition 7.4] it
can be proved that 5,.,(P) is continuous and that the correspondence P —

17p:q (PNl := [ Plley@(p:q) defines a complete norm on @jg(p;q)("E; F).
We can also consider the norm on ,@ae;’(p’ " defined by || P ||y (p.q) =
I Pllev@(p:q)- SO we have four norms on '@5:(;9,(1)7 namely ||[loym(p:q)s

I lev@ (p:gys 1 lew (p:gy @DA (Il gy (s q)- We Will show that: (i) these four norms
are distinct in general but equivalent; (ii) the ideal (9’5;’( vy Tllev@pig)) 18
normglized; (iii) the ideal (.?aef(p, 0’ - lew (pig)) ig non-normalized in gen-
eral; (iv) the norm |||, p.4) 18 €asier for computations; (v) these four norms
make @e”( ».q) @ global holomorphy type. In our opinion these facts show that

as
[l eve)(p;q) 1s the most convenient norm on ;7 and justify its introduction.

as(p.q

Multilinear case

Given n € N, by A4,: K" — K we mean the canonical n-linear mapping
givenby A, (x1, ..., X,) = X1 - - - X,. According to the usual axiomatization, a
Banach ideal of multilinear mappings (/, || - ||.«) must satisfy the condition
A, ll.e = 1 for every n.

ProrosITION 4.3. Letn € N.
@) [[Anllev®(p:q) = 1 forevery p > g > 1.
(b) ”An”ev“)(p;l) = lfOI" every p = L.

1
©) NAnllevr(psqy = 297, where % + % =1, forevery p > q > 1. In

particular, || Ay lley(p:q) > 1 whenever g > 1.
(d) lim, ”An”ev“)(p;q) = oofor everyp > q > L.

PrROOF. By definition it is obvious that [| A, llevm(pig) = 1Anllaspig) = 1
and ”An“evm(p;q) = ”An”as(qu) =L

(a) We just have to prove that ||A,[l.y@p;q) < 1. The case n = 3 is illus-
trative: given ay, a;, a3 € K and (le), (sz), (xj3) €ty = EZ(K), since p > ¢
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we have

1

P

<

o0
> (@ +x) a+xFay +x7) — A3<a1,a2,a3>|")
=1

J

- ||<Z r)’ +|a1ag|<zl )’ +|a1|(z 591)’ +|a2ag|@] ) |q>*
+ II(Z |x;x;|q)q + m(@ |x_;x_g|q) (Z NEE w)l |

< |ala2|<2 I w) " II(Z 1 |q) " |al|[<;|xg|q) (Z r |>]
G (S S]]

() )] () ) )]

j=1

)
= <|a1| + (i ) |q>>(|a2| + (i ] |‘f))(|a3| + (i I |)) — laiaas|

j=1

< (lar] + 1D 1) (azl + 16D 1) (asl + 1D,
= (larl + 10 hg) (12l + 1) ) (131 + 1) )
proving that [[A3|ey@ (p:g) < 1.

(b) In essence, the same argument of (a). Use that p > 1 implies ||-[|, < [I-],
and in the case g = 1, the last line of the above computation coincides with

00 1
P

p

= (E alazx +a1a3x +a1x x —I—a2a3x +a2x x +a3x X; —I—x1x2x3|'>

l@., &, - @ @, - l@s @,
(c) We know that

1

oo 4
(4.2) <|a1-~an|” + Y @ +x)) - (an+x) —a1~-an|”)

j=1

< |lA, ||evu><pq)(|a1|q+2|x |‘1) - (|an|Q+Z|x |q)

j=1

for every a; € K and (xk) 2, €y, k=1,...,n Choosing a; = --- =
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a,—1 = 0,a, = 1 and (xj/.‘)j?’i1 = (1,0,0,...) for k = 1,...,n, we have
2 < [ Aullest) (g 27 5O | Anllewiv iy = 2177 = 27

(d) Making a; = --- = a, = 1 and (x)?2, = (1,0,0,...) for k =
1,...,n,in (4.2) we obtain

1 n
(1 + 2" — l)p)” < lAnllevm (pig)27-

So,

14 @ —1)r)7
”An”ev“)(p;q) > ( ( 22 ) ) —> 0 if n— oo.

Polynomial case

Givenn € N, by P,: K — K we mean the canonical n-homogeneous poly-
nomial given by P, (x) = x". According to the usual axiomatization, a Banach
ideal of homogeneous polynomials (2, || - ||2) must satisfy the condition
| P,ll2 = 1 for every n.

ProposITION 4.4. Letn € N.
@ [[Pallevepsq) = L forevery p > g > 1.
®) [1Pallevp;1y = 1 for every p = 1.
(©) limy—s o0 [ Pallev (p;q) = 00 for every p > q > 1.

PrOOF. By definition itis obvious that || P, ||cy(p:g) = | Pullas(p:q) = 1 and

||Pn||ev(2)(p;q) = ”Pn”ax(p;q) =L
(a) We just have to prove that || P, [y ;) < 1. Givena € Kand (x;) € £,,
since p > g we have

1 o) 1

(Z |Pa(a+2x)) — Pn(a)V’) = (Z @ +x)" a"v’)p
Jj=1 j=1

- < na"~'x; + <2>a"_2x]-2 +-- (2> 2xi” - + naxj” P >
j=1

o (S + (eSS

j=
1 1

+n|a|(Z | ”4) (i |x,|"q>

j=1
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00 é n 0 %
< n|a|”-1(z |x,-|‘1) + (2)|a|"—2(z |xj|q) +
j=1 j=1
o0 n=1 o0 n
q q
---+n|a|(Z |x,-|q) +(Z |xj|‘f>
j=1 j=1
o0 Lin
< (|a|+ (Z |x,~|4) ) = (lal + 1G)llg)" = (lal + 1) llng)"
j=1

proving that || P, [|ey@ (p:g) < 1.

(b) Essentially the same proof of (a) with g = 1, using that (|a|+ || (x;)[|w,1)
= (@, (i) lw.1-

(c) Repeating the multilinear argument, making a = 1 and (x;);2; =
(1,0,0,...) we obtain

1
1+ @2"=1r)r
”Pn”ev“)(p;q) = ( ( 2£ ) ) —> 0 if n— o0.

Next examples show that the four norms on 27, pig) AT different in general.

S

ExAMPLE 4.5. From Propositions 4.3 and 4.4 we already know that, in most

cases,
I - ”ev“)(p;q) # - ”ev(z)(p;q)

for multilinear mappings and for polynomials. In particular, for appropriate #,
p and ¢, since A, = (P,)" we have

”Pn ”ev“)(p;q) 7é ”Pn ||ev(2>(p;q)

and

”Pn”ev(”(p;q) = ”An”ev“)(p;q) 7é ”An“ev(zl(p;q) = ”Pn“ev“’)(p;q)-

EXAMPLE 4.6. Let us see that, for polynomials, || - [|cv@ (p.g) 7 |1+ llevn (p:g)
in general. Let Q, be the 2nd Nachbin polynomial, that is

02:(C [+ lle)) —> C: Qulx,y)) = xy.

S0, (02)":C* x € — Cis given by (Q2)" (x1, y1). (x2, y2)) = 25220,
We shall prove that

1 1

1Q2lleverqiny = 7 < 7 = 1002 levo ;1) = 1Q2llevan i1y
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Given a = (a1, a),b = (b1,by) € C and (x;) = ((x],x)), (y) =
(v}, ¥7) € L1(C) = £1(C),

D 102 (@ +xj, b+ y;) — (Q2)"(a, b)]

j=1
B i (a1 +x)) (b2 +37) + (@2 + x) b1 + ) (a1bs + azby)
N = 2 2
1 [0.¢]
=§§]mﬁ+Mﬁ+@ﬁ+hﬁ+ﬁﬁ+ﬁﬁl
j=1
1 oo o o
< 5(2 a7+ D Ibaxj |+ Y lasy]|
j=1 j=1 j=1
oo o oo
IDCHEDWERED M)
j=1 j=1 j=1
=

1 o0 o0 o0 o0
5[|a1|2|y}| L DEHER DRI
j=1 j=1 j=1 j=1
o0 o o0 o
+ (Z |x,‘|)(2 |y}|) -+ (Z |x,~2|) (Z |y}|)]
j=1 j=1 j=1 j=1
1 o o o o0
< E(|al|+|az|+Z|x,-1|+Z|x,~2|)<|bl|+|bz|+Z|y}|+Z|y,»2|>
Jj=1 Jj=1 j=1 j=1
1 oo oo
= 5(||a|| +y ||x,~||)(||b|| +y° ||y,~||)
j=1 j=1

1
= 5 Ulall + )AL+ TG,

proving that [[(Q2)" [ley@:1) < % Making
a=(0,0), b=(1,0), (x;) = ((0,1),(0,0), (0,0),...)

and
(yj) = ((0,0), (0,0, (0,0),...),

: i 1
we obtain [[(Q2)" [leve(1:1) = 5- S0 [(Q2) " [lev>(1:1) = 3.
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Let (a, b) € C2 and ((x;, y,)) € £(C?) = £4(C?).

(|a| 1b] + Z x| — Z |1 )
o o
= la]* + |b|* - 2lab| + 2|al Z i1 = 2lal Y Lyl = 2161 1]
j=1 j=1 j=1

+2|b|Z|y,|—2<Z|x,-|)(i|y,|) (Dx,) +(g|y,|)2.

j=1 j=l1 =1

Adding 4la| > ; [yl + 41613, 1x;] + 4(Zj Ixj|)(Zj ly;1) in both sides, it
follows that

4(2 102((a, b) + (x7, y7)) — Qa2((a, b)>|)

j=1

o0
= 4(2 lay; + bx; + xjyj|>

j=1

< 4<|Cl| i lyjl + 1b] i_o: x| + i |ijj|)
(|a| Z|yj| + 1| Z|x,| + (Z x| )(i ))

< lal* + |b]* - 2lab| +2|a|Z|x,~| +2lal Zlm +20b1 ) x|

j=1 j=1 j=1
oo [e'9) oo 00 2 o0 2
+20b1 Y 1yl + 2(2 |xj|>(2 |y,-|) + (Z |x,»|) + (Z ijl)
j=1 j=1 j=1 j=1 j=1

o o0 o0
< lal* + [b* + 2labl + 2lal Y xj| +2lal Yyl +21b1 Y Ix;|

j=1 j=1 j=1

+21b| i Iyl + 2(i |xj|)(i |y,~|) + (i |x,-|)2 + (i |y,~|)2
(|a|+|b|+2|x,|+2|y,) (1@ )l + (G, y )l
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proving that || Qs |,y 1.1y < %. Making (a, b) = (1,0), (x;) = (0,0, ...) and
(y;)) = (1,0,0,...), we obtain | Q2 [lcv>1:1) = +- S0 [ Qalleve1:1) = };

Once we know that the four norms on Z;% pig) A€ different in general, we
would like to prove that they are equivalent. There is no hope for them to be
uniformly equivalent on n, because from Propositions 4.3(d) and 4.4(c) we

know that, for g > 1, there is neither a constant C such that
” P, ”ev“)(p;q) = C” Py ”evm(p;q) for every n,
nor a constant C such that

| Pyl < Cll Pullevn (p:g) for every n.

D pg) =
PrOPOSITION 4.7. For every natural n, real numbers 1 < g < p, Banach
spaces E and F and P € @fg(p o(EF),
”P”ev(z)(p;q) = ”P”ev“)(p;q)a ”P”evm(p;q) = ||P||Ev(”)(p;q) = en”P”ev(z)(p;q)
and .
”P”ev“)(p;q) = ”P”ev(’)(p;q) <e ”P”ev‘”(p;q)-

PrOOF. Given P € Z0 .

(Z 1P +x;) - P(a)HP)”

j=1

("E; F),a € E and (x;) € EZ(E), from

< (nP(a)nf’ + 3 1P +x) - P(a)n") '

j=1

4.3) < 1Pl S0P (wa(a)w + Z |¢(x,>|q)

j=1

n

< 1Pl q)(sup [9(@) + sup ka(x,)rf)

ol leli<t =
= 1P levor gy (lall? + 1D, 4) ¢

< NPllevrprgy (lall + 1) wg)" s

we conclude that || Pll.ye (p;g) < 1P llevd(pig)-
Forevery P € Z{7, . ("E; F) we know that

P € as(p q)(nE F) ”P”ev(z)(p;q) = ”np,q(P)”
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and
[ Pllevin (pig) = 1P lev (pigy = 1P pig (P = | (1p:q (P,

because @, (13) is symmetric and (., (13))A = 1Np.q(P). From the classical

estimates y .
17p:0 (P < 1 (Mpig (P 7Nl < €114 (P)]

we obtain

IA

”P”ev‘z)(p;q) ”P”eu(”)(p;q) =< en”P”ev(z)(p;q)-
The remaining inequalities are analogous.

COROLLARY 4.8. Givenn € N, 1 < g < p, Banach spaces E and F, the

norms || - e p:gys 11 = lev@pigys |+ Nlev® (piqy and || - lleven p.q) are equivalent
on @jf(p;q)(”E; F).

PROOF. Just combine the Open Mapping Theorem with the inequalities of
Proposition 4.7.

ProprosITION 4.9. For K = C given 1 < g < p, '@5;}(17; o) s a global
holomorphy type with either |- || ey (p:q)» | lev® (p3q)s 11 lev® (pzq) OF |-l evin (p:g)-

ProoF. From [9, Proposition 7.8], (.@jsv(p;q), | - ||ev“>(p;q)) is a global holo-

morphy type (with constant 2¢) and an adaptation of [9, Proposition 7.8]

provides that (@;:(p; oo - Hleverc p;,,)) is a global holomorphy type. Combining

these facts with the inequalities we proved in Proposition 4.7, we obtain that
the other two norms also generate global holomorphy types.
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