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A GENERALIZED POINCARE-LELONG FORMULA

MATS ANDERSSON*

Abstract

We prove a generalization of the classical Poincaré-Lelong formula. Given a holomorphic section
f, with zero set Z, of a Hermitian vector bundle £ — X, let S be the line bundle over X \ Z
spanned by f and let Q = E/S. Then the Chern form ¢(Dy) is locally integrable and closed in
X and there is a current W such that dd“W = c(Dg) — c(Dg) — M, where M is a current with
support on Z. In particular, the top Bott-Chern class is represented by a current with support on
Z. We discuss positivity of these currents, and we also reveal a close relation with principal value
and residue currents of Cauchy-Fantappie-Leray type.

1. Introduction

Let f be a holomorphic (or meromorphic) section of a Hermitian line bundle
L — X, and let [Z] be the current of integration over the divisor Z defined by
f - The Poincaré-Lelong formula states that

dd®log(1/|f1) = ci(Dy) — [Z],

where c¢;(D}) is the first Chern form associated with the Chern connection D,
onL,ie. ci(Dy) =rO, w}lere ® is the curvature; here and throughout this
paper 8 = i /2w and d° = r(0 — ) so that

dd* = ~ 83 = 2x09.
b4
If U is the meromorphic section of the dual bundle L* such that U - f =1,
then R = dU is a (0, 1)-current, and we have the global factorization
(1.1) [Z] =R - D, f/2mi.

If A = —2xdlog(1/|f]), then clearly dA = A = c1(Dy) — [Z], and it is
easily checked that A = U - Dy f/2mi. In this paper we consider analogous
formulas for a holomorphic section f of a higher rank bundle, and our main
result is the following generalization of the Poincaré-Lelong formula.

*The author was partially supported by the Swedish Natural Science Research Council.
Received February 15, 2006.
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THEOREM 1.1. Let f be a holomorphic section of the Hermitian vector
bundle E — X of rank m. Let Z = {f = 0}, let S denote the (trivial) line
bundle over X \ Z generated by f, and let Q = E/S, equipped with the
induced Hermitian metric.

(1) The Chern form c(Dg) is locally integrable in X and its natural extension
to X is closed. Moreover, the forms log| f|c(Do) and

| f1*

are locally integrable in X, and

(1.2) | f] Ae(Dg), A >0,

LR FIP A DI fI?
| f14

is a closed current of order zero with support on Z. If codim Z = p, then

(13) M= lim Alf| A ¢(Dg) = dd* (log| flc(Dg))1z

M = Mp + Mp+] + -+ Mmin(m,n)»

where My has bidegree (k, k), and

M, =Y o271,

where Z f are the irreducible components of codimension precisely p, and o;
are the Hilbert-Samuel multiplicities of f.

(i1) There is a current W of bidegree (*, x) and order zero in X which is
smooth in X \ Z, and with logarithmic singularity at Z, such that

(1.4) dd°W = c(Dg) — C(Dg) — M,

where C(Dg) denote the natural extension of c(Dg).

Here c¢(D) denotes the Chern form with respect to the Chern connection D
associated to the Hermitian structure, i.e., c(D) = det(x®+1), where ® = D?
is the curvature tensor. We let ¢, (D) denote the component of bidegree (k, k).

For an explicit expression for W, see Definition 4.4 in Section 4. If W,
denotes the component of bidegree (k, k), then (1.4) means that

(15) ddCWk_l = Ck(DE) — Ck(DQ) — Mk.
Since Q hasrankm — 1, ¢,,(Dg) = 0, and therefore

ddCWm—l = Cm(DE) — M,
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which means that the current M,, represents the top degree Bott-Chern class
¢m(E). Tt also follows that the Bott-Chern class ¢, (E) is equal to ¢ (Q) if
k < p.

If E is a line bundle, then, see Definition 4.4, W = Wy = log(1/|f]), so
(1.5) is the then usual Poincaré-Lelong formula.

In [8] Bott and Chern developed a method of transgression which in par-
ticular gives a form w in X \ Z such that dd“w = c¢(Dg) — c¢(Dy). It is not
unexpected that one can extend this construction across Z by a careful analysis
of the occurring singularities at Z. In the recent paper [17], Meo proves (1.5)
fork = p. Previously this formula was proved in [7] in the case when f defines
a complete intersection, i.e., p = m. A variety of analogous formulas for d
rather than dd® are constructed in quite general (non-holomorphic) situations
in [12], [13], [14], and [15].

Clearly M, is always a positive current. It follows from (1.3) that M is
positive if ¢ (D) is a positive form. For an even more precise formula for
M, see Proposition 7.5.

Let us say that E is positive if E* is Nakano negative.

THEOREM 1.2. Assume that E is positive. Then c(Dg) is a positive form,
C(Dg) and M are positive currents, and (one can choose W such that) W is
positive where | f| < 1.

If A = —2xdW we have, cf., (1.4),
(1.6) dA =dA = c(Dg) — c(Dg) — M.

In [1] we introduced a residue current R = R, + - - - + Ruingn,n), associated
with f, with support on Z, where Ry is a (0, k)-current with values in AXE*,
and a principal value current U = U; +- - - + U, such that (6 — U =1—R,
where §; denotes contraction with f. When E is a line bundle, then U = 1/f
and R = 5(1/f). In analogy to (1.1) we can factorize M, as

M,=R),- (De ' /p!;

this was proved in [2]. We have a similar, but somewhat more involved, formula
for the whole current M, see (6.4) in Section 6. In a similar way we can express
A and c(Dy), see (6.5) and (6.6), in terms of the current U.

REMARK 1. Let fi, ..., f, be holomorphic sections of E and let Z be the
analytic set where they are linearly dependent. Moreover, let S be the trivial
rank r-subbundle of £ over X \ Z generated by f; and let Q = E/S. Then
¢(Dg) has a natural current extension C (D) across Z and there is a closed
current M of bidegree (*, x) with support on Z and a current A such that

(1.7) dA =93A = c(Dg) — C(Dg) — M.
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This can be proved by a small modification of the argument in this paper; in
the case Z has generic dimension such a formula was proved already in [14],
and the general case should be contained in [15]. It follows from (1.7) that the
current M is a representative for ¢, (Dg) fork > m —r.

However, we have no analogous formula for dd°.

As indicated above, the proof of Theorem 1.1 relies on the construction in
[8], combined with a careful control of the singularities at Z. To begin with
one constructs a form v in X \ Z such that

dd‘v = c¢(Dg) — c(Dg)c(Dg).

By Hironaka’s theorem and toric resolutions, following [4] and [18], we can
prove that this equality has meaning in the current sense across Z. Here a
crucial point is an explicit formula for the Chern form ¢(D ) (Proposition 4.2)
from which it is easy to conclude that ¢(Dg) has a smooth extension across
the singularity after an appropriate blow-up. By the usual Poincaré-Lelong
formula, ¢(Ds) — 1 = ddlog(1/|f]) outside Z, and we can conclude that
(1.4) holds (if the capitals denote the natural extensions across Z) with

W =log(1/1fDC(Dg) =V,

and M = dd“(log | f|C(Dg))1;. Theorem 1.2 follows essentially by applying
ideas in [8].

In Section 7 we discuss the positivity and prove Theorem 1.2, essentially
by applying ideas from [8]. The paper is concluded by some examples.

2. Preliminaries

We first recall the differential geometric definition of Chern classes. Let £ —
X be any differentiable complex vector bundle over a differential manifold X,
with connection D: &,(X, E) — &..1(X, E) and curvature tensor D> = @ €
& (X, End E). The connection D = Dp induces in a natural way a connection
Dgyg g on the bundle End E by the formula Dg - & = D(g-&) — g - D&, and
in a similar way there is a natural connection Dg- on the dual bundle E*, etc.
In particular we have Bianchi’s identity

2.1 Dgnae® = 0.

If I denotes the identity mapping on E, then c¢(D) = det(x® + I) is a
welldefined differential form whose terms have even degrees, which is called
the Chern form of D. It is a basic fact that ¢(D) is a closed form. Moreover its
de Rham cohomology class is independent of D and is called the (total) Chern
class ¢(F) of the bundle F'.
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To prove this, one can consider a smooth one-parameter family D, of con-
nections of F with Dy = D. If E’ is the pull-back of E to X x [0, 1], then
D’ = D, + d, is a connection on E’ and its curvature tensor is

© =0, +dt A D,
where Dl =dD,/dt. Itisreadily checked thatitis an elementin & (X, End(F)).
Since (d + d;) det(x®’ + I) = 0 we have that

1 1
d; / det(x®" + 1) = —/ d, det(x® + I) = ¢(D) — ¢(Dy).
0 0

In order to make the computation more explicit we introduce the exterior
algebra bundle A = A(T*(X) & F @ F*). Any section § € & (X, F) corres-
ponds to a section § of Ajif§ =& ®e; +--- + &, ® e, inalocal frame e,
then we let§ =& ANep+ -+ &, Aep. Inthe same way, a € &.(X,End E)

can be identified with
a= Zajk NejNep,
jk

if €] is the dual frame, and @ = ), ajx ® ¢; ® ¢; with respect to these

frames. A given connection D = Dy on F extends in a unique way to a linear
mapping & (X, A) — &(X, A) which is a an anti-derivation with respect to
the wedge product in A, and such that it acts as the exterior differential d on
the T*(X)-factor. It is readily seen that

Dg& = DE,
if £ is a form-valued section of E. In the same way we have

LEMMA 2.1. Ifa € &,(X,End E), then

(2.2) Dynara = Da.

ProOF. If & € &, (X, E) and n € &(X, E*), then
Denae(§ ® 1) = Dk ® n+ (—=D"€ ® Doy,
and thus the snake of Dgng (& ® 1) is equal to
Dgg A+ (=1)E A Dpp=DE An)

as claimed.
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Since Dgpqa gl = 0, (I = Ig) we have from (2.1) and Lemma 2.1 that
(2.3) DO=0 and DIi=0.

We let I,, = I"™/m! and use the same notation for other forms in the sequel.
Any form w with values in A can be written v = o’ A I,, + " uniquely, where
" has lower degree in e;, e;. If we define

/
/w:w,
e

then this integral is of course linear and moreover

2.4) d/w: /Da).

In fact, since Dim =0,

/Dw:/da)’/\fm—l—Da)”:dw’:d/w.
Observe that

2.5) ¢(D) = f &® + D), = / RO+

Lemma 2.1 and (2.3) together imply that the Chern form ¢(D) is closed. Fur-
thermore, following the outline above, we get the formula

1 ~ ~ .
(2.6) df /ND A O = (D)) — c(Dy),
0 e

thus showing that ¢(Dy) and c(D;) are cohomologous.

Recall that if the connection D is modified to D; = D — y, where y €
&1(X,End E)), then ®; = © — Dgyaey + ¥ A y. If we form the explicit
homotopy D; = D — ty, therefore

2.7 O, = 0O —tDpyapy +12y Ay
and hence, by Lemma 2.1,

(2.8) ©, =0 —tDy +12y A y.
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3. Bott-Chern classes

From now on we assume that E is a holomorphic Hermitian bundle and that Dg
is the Chern connection and D7, is its (1, 0)-part. Then the induced connection
Dg- on E* is the Chern connection on E* etc. In particular, our mapping D
on A is of type (1, 0),i.e., D = D' + 9.

Let E — X be a Hermitian vector bundle with Chern connection Dp. The
Bott-Chern class ¢(E) is the equivalence class of the Chern form ¢(Dg) in

D& (X) NKerd
Srdd & 1 (X)

LEMMA 3.1. Let D be a connection depending smoothly on a real parameter
t. Moreover, assume that L € (X, End(E)) depends smoothly on t and that

3.1 DpypL = D.

Also assume that ©; has bidegree (1, 1) for all t. If

| o
v = ——/ /L, /\em")’“dt,
2 0 e

then —2x0v = b, where
1 ~ o
b =/ /RDt AN g
0 e

This lemma as well as the other material in this section is taken from [8].
However, we use a somewhat different formalism, and for the reader’s con-
venience we supply some simple proofs.

PRrROOF. In view of (2.4) we have that (suppressing the index ¢)

d/iAeR©+i=/DI:AeN@+i

e

and by identifying bidegrees we get that

3/iA€Ré+i=/D/iAeN@+i=/5A€R®+i.
e e e

Since db = ¢(D;) — c¢(Dy), cf., (2.6), we thus have

(3.2) —dd“v = ¢(Dy) — ¢(Dy).
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By deforming the metric one can use this lemma to show that ¢(E) is
independent of the Hermitian structure on E, see [8]. However we are interested
in a somewhat different situation. Assume that we have the short exact sequence
of Hermitian vector bundles

(3.3) 0— S E-S5 0—o,

where Q and S are equipped with the metrics induced by the Hermitian metric
of E. Then

(3.4 JF®gE—>S®Q

is a smooth vector bundle isomorphism. If Dg and D are the Chern connec-
tions on S and Q respectively, then

~(Ds —P"
(3.5) Dg (; Dg)

with respect to the isomorphism (3.4), where 8 € &) o(X, Hom(S, Q)) is the
second fundamental form, see [10]. We shall now modify the connection D =
Dg to Dy = D — yp,, where y, = D, pjj*. It turns out that y = g% o B o j*,
thus y Ay = 0, and that Dg,q gy = 9. Moreover, it follows that

DS %k
D ( 0 Do )
and hence

®S *
(3.6) Oy (0 @Q),

so that ¢(Dp) = c¢(Ds)c(Dg). If D, = D —ty, wehave ©;, = © — téyb; thus
it has bidegree (1, 1). If we let

1 _
T+RO—1837, 1+RO ~ \L
(3.7 b—/ /mAe "= E /%%Ae (£+1),( N3Vp)

£>0

it follows from (2.6) that db = c(DE)_— ¢(Ds)c(Dg). Moreover, if L =
jj*/(1 —1t), then (3.1) holds. In fact, D = —y,,, and [jj*, g" o B o j*] =
g% o B o j*, sothat

(3.8) Dggp L = Dgpg gL —tlyy, L] = T =
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ProrosiTioN 3.2. If

—1

1)Z
(3.9) }: 11A(1+x®—«an»141A<xann,
=

then —2x0v = b.

ProofF. Observe that

1- 1—
/ 6/ N [J,_Roldt / 6/‘Dl‘]_] i+;~:@ldt =O,

since D j ]* = DEnd £.1jj* = 01in view of Lemma 2.1 and (3.8). Therefore,

l—e r __  I+RO-1RG7, _ I+RO-N7, l1—¢ S
NB/ /jj*/\ dt =/ /&)7;,/\61+R®_m3“.
0 e l—1 0 e

The proposition now follows by letting ¢ — 0 and computing the z-integral
on the left hand side.

Altogether we therefore have that —dd“v = ¢(Dg) — c(Ds)c(Dg) and thus
C(E) = c(8)e(Q).
4. Proof of the main formula

Let f be a nontrivial holomorphic section of E, Z = {f = 0}, and let S be
the trivial subbundle of E over X \ Z, generated by the f. We then have the
short exact sequence (3.3) over X \ Z, where g: E — Q = E/Q is the natural
projection. Let o be the section of the dual bundle £* with minimal norm such
o - f = 1. Then clearly

4.1) ji*=fAro.
Observe that the natural conjugate-linear isometry £ ~ E*, n +— n*,
defined by .
n-§=(¢mn, §€éX E),

extends to an isometry on the space of form-valued sections.
LEMMA 4.1. If¢ = —dlog|f|* then D'oc = ¢ A o.

PrOOF. Observethato = f*/| f 2. Since D = D is the Chern connection,
D' f* = (3 f)* =0, so we have

Do =D (f*/If) =8— A f*=—dlog|f* ro.

1
IfP?
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Following Section 3 we let y, = D, z(jj*). By Lemma 4.1 and (4.1) we
then have

(4.2) Vo =(Df = fAP) Ao
and
4.3) vy = (Df — f AP) Ao + (Of + f AdP) Ao

The following formula is the key point in the analysis of the singularities of
C(DQ).

PropPoOSITION 4.2. In X \ Z we have the explicit formula

(4.4) c(Dg) = / [ Ao AeIHRONDINT

PRrOOF. Since ®, = @ — 3y, we have by (4.3) that
Op=0—((Df —fADP) Ado + (Of + f Adp) A o).

For any section A of End(E),

(4.5) /on/\A,,H:/on/\eA

is the determinant of the restriction of A to Q, that s, the determinant of g Ag*.
In view of (3.6) therefore the expression on the right hand side of (4.4) is equal
to det(IQ + N@Q) = C(DQ).

Now, let v and b be the forms in X \ Z defined by (3.7) and (3.9).

PROPOSITION 4.3. (1) The forms v, b, c(Dg), and c(Ds) Ac(Dg) are locally
integrable in X.
(i1) If the natural extensions are denoted by capitals, then

(4.6) —283V = B,
and
“4.7) —dd‘V = c¢(Dg) — C(Ds)C(Dg).

Proor. This is clearly a local question at Z. Locally we can write f =
fiej + -+ + fmen, where e; is a local holomorphic frame for E. In a small
neighborhood U of a given point in X, Hironaka’s theorem provides an n-
dimensional complex manifold U and a proper mapping I1: U — U which is



A GENERALIZED POINCARE-LELONG FORMULA 205

a biholomorphism outside TT~'({ f - - - f, = 0}), and such that locally on U
there are holomorphic coordinates 7 such that IT* f; = u/t""' ... 7%, where
u; nonvanishing; i.e., roughly speaking IT* f; are monomials. By a resolution
over a suitable toric manifold, following [3] and [18], we may assume in the
same way that one of the functions so obtained divides the other ones. For
simplicity we will make a slight abuse of notation and suppress all occurring
IT* and thus denote these functions by f; as well. We may therefore assume
that f = fof’ where fy is a holomorphic function and f’ is a non-vanishing
section. Since o = f*/| f|?, it follows that o = o’/f, where o’ is smooth,

and hence —
ji*=fnro=f'rd

is smooth in this resolution. Moreover, Df Ado = Df’ Ado’ +- - -, where - - -
denote terms that contain some factor f’ or o’. In view of Proposition 4.2 it
follows that (the pullback of) ¢(D ) is smooth, and therefore locally integrable.
Since the push-forward of a locally integrable form is locally integrable we
can conclude that c(Dy) is locally integrable.

It follows that also 75, = D'(f A o) and 37, are smooth. Since (4.6) and
(4.7)hold in X \ Z and c(Dg) is smooth, it follows that all the forms are smooth
in the resolution. We can conclude that all the forms are locally integrable in
X and that (4.6) and (4.7) hold.

The presence of the factor 17* = f A o implies that, cf., (3.9),

m—1 (_1)@ . _ _ _
48) v=>)" 2€(/anAU+«®—MHW8®m1gAGmeA&ﬂL
(=1 ¢

DEFINITION 4.4. We define the current W as
4.9 W =log(1/|fDc(Dg) =V

= 10g(1/|f|)/f Ao AGO+T —8Df A1

m—1 1V ) ) i )
_2(22) /f/\OA(1+N®_RDf/\30)m1e/\(—NDf/\80)l‘
=1 €

In particular, if E is a line bundle, i.e., m = 1, then V = 0, and since
o - f = 1 we have that W = log(1/| f]). It is now a simple matter to conclude
the proof of Theorem 1.1.

Proor oF THEOREM 1.1. Consider a resolution of singularities in which
f = fof’ with f’ non-vanishing, as in the proof of Proposition 4.3. Then we



206 MATS ANDERSSON

know that c¢(Dy) is smooth, and therefore log | f|c(Dg) is locally integrable
there. Moreover, since log | f| = log | fo| + log | f'| we have that

2 a1 12
|2M<<'9|f||fA|43|f| A e(Dy)

, dfo 8|f’|2) <dfo lf I2>
— Ll 2M 2 Do).
ol N( fo CrE) " fo MRV hetDe)

This form is locally integrable for A > 0 and tends to

AlLf

[fo=01Ac(Dg) = dd(log|flc(Dg))1i,=0)

when A — 0, where [ fo = 0] is the current of integration over the divisior
defined by fy. Thus M is a closed current of bidegree (x, *) and order zero
in X with support on Z. Thus, see, e.g., [10], M; = 0 for k < p = codim Z
and M, = Z o Zp for some numbers «;. To see that «; is precisely the
multiplicity of f on Z ? we can locally deform the Hermitian metric to a trivial
metric. Then ® = 0 and a straight-forward computation, see [2], reveals that
cp—1(Dg) = (dd‘log | f])P~". Therefore, M = dd‘(log | f|(dd log|f])P~")
which is equal to the multiplicity times [Zj’.’ ] according to King’s formula,
see [11] and [10]. Thus part (i) of the theorem is proved. Since c(Ds) — 1 =
c1(Ds) = ddlog(1/| f]) we have

dd®(log(1/1fDec(Dg)) = C(Ds) NC(Dg) —C(Dg) —dd*(log| flc(Dg))1z.

Now part (ii) follows from Proposition 4.3, cf, (4.9).

5. A direct approach to (1.6)

We use the same notation as in the previous section. In [6], Berndtsson intro-
duced the deformation D, = D — y, of D on E, where

5.1) Vo= Df Ao,

in order to construct Koppelman formulas for 8 on manifolds. He proved
formula (5.7) below for k = m (i.e., da,, = da,, = c¢,,(E)). For the general
case first we must understand the geometric meaning of D,. Since D, f = 0,
we have that D,& is in § if £ is a section of S. Moreover, if £ is a section of
S+, then D& = Dg&. Now

(5.2) 8§ > g(Dy§)
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is a well-defined connection on @, and we claim that it is actually the Chern
connection Dy. In fact, if n = g&, then

Don = g(De(g*n)) = g(Da(g*n)) = g(D.§).

It follows that ©® gn = g(®,&), and since ©,& = 0 if £ takes values in S, we
have that

0 *
(5.3) O, ~ (0 R@Q)

with respect to the smooth isomorphism (3.4). Therefore,

IS k

and taking the determinant, we find that
(5.4) c(Dg) = c(Dy,).
ProposITION 5.1. If y, is defined by (5.1), then

(5.5) —tDV,+ 2% A Ve = —t(Df Ado 4+ Of Ac)+ (t —t>)Df Ap Ao.

PROOF. A simple computation yields
Dy, =Of Ao +Df ANdo +Df Ap Ao

and __
Va NVa=Df No-Df Ao,

where the dot means the natural contraction of E and E* sothat& - (w A n) =
a(& - n) if & and n are sections of E and E*, respectively, and « is a form.
Since o - Df = —D’c - f = ¢ we get the desired formula.

ProrosiTIiON 5.2. If

_ Fino , 0 (S8DF A B0)
(5.6) a—lRDanAe /\ZZ(; R
then
(5.7) da = da = c(Dg) — c(Dg)

inX\ Z.
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ProOOF. We choose the homotopy D, = D — ty, between D = Dy and
D, = D,.
In view of (2.6), (2.1), and Proposition 5.1 we have that

1 N ~ _
a= // RDf Ao /\el+&(~)—t&(@fAzr+Dano)—(t—tz)DqubAad[
e JO

satisfies the second equality in (5.7) in X \ Z. Noticing that c Ao = 0, a
computation of the 7-integral yields (5.6). Since a has bidegree (x, * — 1) and
da has bidegree (x, *) it follows that da = da.

The forms a and b are related in the following way.

ProPOSITION 5.3. In X \ Z we have that

(5.8) b=a-+xdlog|f|* Ac(Dp)

ProoF. Starting with (3.7) we have

(—sDf +xf A @)t

_ _ 6 N -,
b_/eN(Df fAP)AO Ae /\Z(; T o) A (30)

_ Fno e (—XDf Fnf AP .,

= /ee /\Z @t Ao A (30)

=0
5 5 o
— _ /81+R®NDf+NfA¢ A ZO_ A (ao,)z

¢ =0

- —/eiJFR@_NDf ANA+sfAGAY o A@o).
€ 14

In view of (6.3) and (6.6), recalling that ¢ = —d log | f|*, we now get (5.8).

By a resolution of singularities as in the proof of Proposition 4.3 above
one can see that a is locally integrable. Let A denote its natural extension.
By such a resolution one can also verify that the formal computation (using
Proposition 5.3) —2xd (log(1/| f|)c(Dg)—V) = B—xd log |f|2/\C(DQ) =A
is ligitimate, and thus we have

(5.9) A= -2x0W.

As a consequence we get that 9A =dA = c(Dg) — c(Dg) — M.
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6. Factorization of currents

Since a and c¢(Dy) are locally integrable, | f|**a and | f|**c(Dg) are well-
defined currents for Re . > —e and we have

6.1)  A=|fl"alizo and  C(Dg) = |fI*c(Dg)li=o-
It also follows that
(6.2) M = —d|f1** Aalimo = =3 fI** A alizo.

Now consider the expression (5.6) for a. Since each term in exp(]~ + x(:)) has
the same degree in e; and e} it must be multiplied by terms with the same
property in order to get a product with full degree. Therefore we can rewrite a
as

o0
(6.3) a=— / el TRO-NDS | Zo A (30)".

0

In [1] we introduced the currents

o
U=|f*——
| f] -

=P non) (o)

A=

=0

and

R=303|fI"* N ——
0 1x=0

=3fIP* Ao A Y (30)
4

A=0

It is part of the statement that the right hand sides are current valued holo-
morphic functions for A > —e, evaluated at A = 0. In general U and R are not
locally integrable. The current R is supported on Z,

R = Rp + -+ Rmin(m,n)a

where Ry is the component of bidegree (0, k) taking values in AFE*, and
(6 —3)U = 1— R.Inview of (6.3), (6.1), and (6.2) we have the factorization
formulas

(6.4) M = /eN(:)-i-i—NDf AR,

e

(6.5) A=— f HNOHT8DF

e
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and moreover, cf. (4.4),

(66) C(DQ) — /f/\U /\€N©+i7RDf/\SG — '/‘eN'(:%FiNDf /\f/\ U.

7. Positivity

Let £ — X be a Hermitian holomorphic bundle as before and let ¢; be an
orthonormal local frame. A section

A=Y Apee e
ik

of 71" (X) ® End(E) is Hermitian if Aj; = —A_kj. It then induces a Hermitian
forma on T"%(X) ® E* by

a ®e;,n®e) = A&, 0,

if &, n are (1, 0)-vectors. We say that A is (Bott-Chern) positive, A >p 0, if the
form a is positively semi-definite. In the same way any Hermitian A induces a
Hermitian form a’ on T'°(X) ® E and it is called Nakano positive, A > 0,
if @’ is positively semi-definite.

Notice that 8® is Hermitian; it is said to be Nakano positive if x® >y 0.
Analogously we say that E is positive, E >3 0, if x® >p 0. Neither of these
positivity concepts implies the other one unless m = 1.

Since ®j (E*) = —O®j(E) it follows that E is positive in our sense if and
only if E* is Nakano negative. The next proposition explains the interest of
Bott-Chern positivity in this context.

ProPoOSITION 7.1. Let
(7.1) 0-S—E—->Q0—0

be a short exact sequence of Hermitian holomorphic vector bundles. Then
E >p 0 implies that Q >p 0.

Proor. It is well-known, see for instance [10], that £ <y O implies that
S <y 0. From the sequence (7.1) above we get the exact sequence 0 — Q* —
E* — §* — 0. Since E* <y 0 implies Q* <y 0, it follows that £ >3 0
implies Q > 0.

The next simple lemma reveals that our definition of Bott-Chern positivity
coincides with the one used in [8].
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LEMMA 7.2. A > O if and only if there are sections fy of T}"((X) ® E such
that

(7.2) A=iY fi® f].
4

Observe thatif fy = ff®ej,then = ff@e}‘ since ¢ is ortonormal.
Proor. If (7.2) holds, then

a6, &)=Y fiEfFE) =) 1/ EF =0
4

for all £ in T''° ® E*. Conversely, if a is positive, it is diagonalizable, and so
there is a basis f, for Tffo ® E such that (7.2) holds.

If we identify f, with )_ fj[ A e; as before, then (7.2) means that

(7.3) A=—iY finf}.
l

If B=7) Bje; ®e; is ascalar-valued section of End E, then itis Hermitian
if and only if Bj; = By ; and it is positively semi-definite if and only if

B=Y & ®g
¢
for some sections g, of E; or equivalently,
(7.4) B=Y g ng.
[

PROPOSITION 7.3. Assume that A; are (1, 1)-form-valued Hermitian sec-
tions of E and By scalarvalued sections, such that A; >p 0 and B; > 0.
Then

(7.5) /AIA.../\A,AE,H/\.../\B,,,

e

is a positive (r, r)-form.
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Proor. In view of (7.3) and (7.4), we see that (7.5) is a sum of terms like
/(_i)rfl /\fl*/\"-/\fr /\fr*/\gr-‘rl /\g;ﬁ+1 ARERNAY I /\g;kn

—(—l)Cmr/fl 8 ANFINN N e

*
m?

=(—i)’cm_,/a)/\elA...Aem/\d)AeTA...Ae
e

where w is an (r, 0)-form and ¢, = (—1)??~Y/2 = j»(=D By further simple
computations,
(—i)rcm_r(—l)mr/wAcDAel A...New NeETA...Nep,
¢ . _ e -
= (=) cpr(=D)"chornow=i"w Ao,
the proposition follows, since the last form is positive.

PropoSITION 7.4. If E > 0 (or E >y 0), then the Chern forms c,(Dg)
are positive for all k.

ProOF. Since a® >p 0 by assumption, and clearly I > 0, it follows from
Proposition 7.3 that

cx(Dg) = / RO A s

is positive.

PrOOF OF THEOREM 1.2. We have just seen that c(Dg) > 0. From (1.3) it
follows that the current M is positive if cx—1 (Dy) is positive. From (4.4) we
have that

(7.6) ci_1(Dg) = /f Ao AGO —8Df Ao )t A Lyk
= fo Ao A SO 1 j A (=8Df A30); A L.
— J,

If s = f* as before, then 0 = s5/| f|?, and therefore we have

A1) 1(Dg) = Z / fhs (_“Df Aas) A BNt A T s
J

|f1? |f1?

Since s = (Df)* it now follows immediately from Proposition 7.3 that
ck(Dy) is positive if 8@ >p 0.
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It remains to see that one can choose W so that it is positive where | f| < 1.
Notice that if some of the A; in (7.5) are replaced by A;. >p Aj, then the
resulting form will be larger; this follows immediately from the proof. Now,
log(1/|f1)c(Dy) is positive when | f| < 1. From (4.8) we have that

¢
Uk:z( 1) /ng/\(N@—fo/\aa)k ¢ A(=xDf A3G) e ALy_g1.
=1

Since this is an alternating sum of positive terms it has no sign. If we replace
each factor —xDf A do by 8O — sDf A do, then we get a larger form which
in addition is closed, since it is just a certain constant times ¢, (D), cf., (7.6).
Therefore, for a suitable constant v, —v; = —vi + Vi (Dg) is a positive form
and dv; = dvy. Thus the current

Wi = —Vi + uCi(Dg) + log(1/| f)Ci(Dyg)

will have the stated property.

The modification of v in last part of the proof is precisely as in [8] but
with our notation, and for an arbitrary k rather than just k = m — 1. It is not
necessary to consider each v, separately. By the same argument one can see
directly that —v" = —v 4 vc(Dy) is positive if v is appropriately chosen, and
dv' = dv.

One can prove that if we multiply (7.7) with 23| f|> A 8| f|?/| f|* and let
A — 0T, then all terms with j < p — 1 will disappear; see for instance the
proof of Theorem 1.1 in [1]. We thus have

ProposiTION 7.5. If p = codim{ f = 0}, then

A fI> Ad|fI?
— lim AfPx |/ LS
A—0F | f12
k—1 =
fAs (—NDf A as) ~ -
A A ANRO) 1 ALy,
J;/e /P Vi -

From this formula it is apparent that M} vanishes if k < p, and that M, is
positive, regardless of x®. One can also derive this formula from (6.4).

REMARK 2. When k > p, M; depends on the metric, but there is still a
certain uniqueness: Let Z* be the union of the irreducible components Zj’-‘ of
Z of codimension k. One can verify, see [2], that the restriction of M to Z* is

a Ssum
> oz,
J
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where ozj’? are nonnegative numbers that are independent of the metric. However

the geometric meaning of these numbers is not clear to us.
8. Some examples

The first two examples suggest that not only the component M), of the current
M is of interest.

ExAMPLE 1. Let us assume that X is compact, and that we have sections
fj of rank m; bundles E; — X, suchthat ) m; = n.If E = @E; and f =
(f1, ..., fr), then the intersection number v of the varieties Z; = { f; = 0} is
equal to the integral of

c(E) = le(El) ARIAN Cm,-(Er)

over X. Since M, represents the cohomology class ¢, (E), we thus get the
representation
V= / M,,
X

i.e., an integral over the set-theoretic intersection Z = NZ;. If E is positive
then M, is positive. If Z is discrete, i.e., f is a complete intersection, then
M, = [Z], and in this case thus we just get the sum of the points in Z counted
with multiplicities, as expected.

ExAMPLE 2. Let X be a compact Kéhler manifold with metric form w, and
let f be a holomorphic section of E — X. If moreover E >p 0, then we know
that c(Dg), M, and c(Dg)0 are all positive. Because of (1.4), we therefore
have that

/Mk/\wn—k=/6k(DE)/\wn—k—/ k(Do) Awp— S/Ck(DE)/\wn—k-
X X X

X

Thus we get an upper bound of the total mass of M}, in terms of the Chern class
cr(E). Taking k = p = codim Z we get the estimate

area(Z”):/[Z”] S/CI,(E)Aa)n,,.
X X

ExaMPLE 3. Now assume that X = P", let
w = %30 log |z|* = dd° log |z|

denote the Fubini-Study metric and notice that

/w":l,
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that is, the total area of P" is 1/n!.

Assume that Fi, ..., F,, are polynomials in C" which form a complete
intersection. If F; has degree d; (depending on z’ = (z}, ..., z,)) then the
the homogenization f;(z) = zg’ F(Z'/z0) is a dj-homogeneous polynomial in
C"*! and hence corresponds to a section of the line bundle @' (d ;) — P". Thus
f = (fi,..., fw) is a section of E = @®0(d;). If E is equipped with the

natural metric, i.e., |h(2)|?
Z
1D =32 55

for a section i = ®h; of E (here [z] denotes the point on P" corresponding
to the point z € C**!\ {0} under the usual projection), then it is easy to check
that E >p 0. Therefore M,, > 0, and since moreover,

Myl = [Z],

if Z here denotes the zero variety {F = 0} in C*, then
area(Z) = [Z] N Wp—m = / Mm NWp—p = / Cm(DE) N Wp—pm s
Cn Pn Pn

since ¢, (Do) = 0. Here “area” refers to the projective area of course. How-
ever,c(Dg) =1 +diw)A...AN( +d,w), and so

cm(DE) =d; ---dyo™.
Hence 1
area(Z) <d;---dp,——.
(n—m)!
We also notice that the deviation from equality is precisely the total mass of
M,, on the hyperplane at infinity. If m = n we get Bezout’s theorem
#HF =0} <d;---d,.
ExampLE 4. If f is a complete intersection, i.e., p = m, and W,,,_; denotes
the component of bidegree (m — 1, m — 1), then
ddCWmfl = Cm(DE) - [Z],

this means that W,,_; is a Green current for the cycle Z = ) " «; Z;.

In the case when £ = L @ --- & L,, for some line bundles L;, hence
cm(Dg) = ci(Dp) A ... Acw(Dy,), and f = (f1,..., fm), where f; are
holomorphic sections of L;, such a Green current was obtained already in [3].
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ExaMPLE 5. Let X be a compact manifold such that there is a holomorphic
section 1 of some vector bundle H — X x X that defines the diagonal A C
X x X; for instance X can be complex projective space. From Theorem 1.1 we
get a current W, such that dd°W = ¢,(Dy) — [A]l. If we let K (¢, z2) = =W,
and P (¢, z) = ¢,(Dy), then

dd‘K = [A] - P,

and this leads to the Koppelman type formula
®.1) ¢() —/P(C»Z)/Vﬁ(f) =dd“f Kng
X
—d/ K/\d"¢+d“/ K/\d¢+f K ANdd°¢
X X X

for the dd‘-operator. In particular, if ¢ is closed (k, k)-form such that d¢ = 0,
then d°¢ = 0 as well, and thus
v = / KA
b

is an explicit solution to ddv = ¢ — [ P A ¢. However if X is non-compact
one gets boundary integrals. It would be desirable to refine the construction to
include somehow an appropriate line bundle with a metric that vanishes at the
boundary, in order to obtain dd-formulas for, say, domains in C".

EXAMPLE 6. Assume that f is a holomorphic section of some Hermitian
bundle £ — X with zero variety Z. If f is locally a complete intersection we
have seen that the current W,,,_; from Theorem 1.1 is a Green current for [Z].
In general we have that dd“W,_; = ¢,(Dg) —c,(Dg) —[Z”] so we only get a
current w such that dd“w = [Z”] — y, where ¥ is locally integrable. However,
there is another and simpler way to find such a current w, due to Meo, [17].

ProposiTION 8.1 (Meo). Let f be a holomorphic section of a Hermitian
vector bundle E — X. The forms

w = log | f]((dd* log | £ )" 1x\7)

and
y = —(dd" log |f|)p1X\Z

are locally integrable on X and

(8.2) dd°w = [2P] - y.
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For the reader’s convenience we provide a simple proof based on Hironaka’s
theorem.

SKETCH OF PROOF. Let f = f; f’ be as before, i.e., fj is holomorphic and
f' is a non-vanishing section. Then log | f| = log| fo| + log|f’|, and hence
ddlog | f’| is smooth and dd° log | fo| = [ fo = 0] has support on the inverse
image Z of Z in the resolution. Thus

w = (log | fol +log|f')(ddlog|f'NDP~", vy = (dd‘log|f'])"

are both locally integrable in the resolution and hence also on the original
manifold. Moreover,

dd‘w = [fo = 0] A (dd°log| f'D"™" +y,

in particular (dd“w)1; is closed, and hence T = (dd“w)1y is a closed current
on X of order zero. Therefore T = )" «;[Z jp ], and since we can deforme the
metric into a trivial metric locally, it follows from King’s formula, [11], that
«; are precisely the multiplicities of f on Z f .

Assume now that X is a compact manifold such that there exists a holo-
morphic section 1 of some Hermitian bundle H — X x X as in Example 5
above. If furthermore the kernel K is reasonably regular we can assume that

ddc/CK(C,Z)/\W(C) = llf(z)—/{P(Z,Z)Atlf(Z)
for any (k, k)-current . We then have the explicit solution
g=w+/§K(€,Z)Ay(§)
to the Green equation ddg = [Z”] — «, where « is the smooth form

a=/P@mAwn
s

The last example will be elaborated in a forthcoming paper.
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