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IRRATIONALITY MEASURES FOR CERTAIN
q-MATHEMATICAL CONSTANTS
PETER BUNDSCHUH and WADIM ZUDILIN
(To our friend Keijo Véininen on the occasion of his sixtieth birthday)

Abstract

‘We prove sharp irrationality measures for a g-analogue of 7 and related g-series, and indicate open
problems on linear and algebraic independence of the series that might be viewed as g-analogues
of some classical mathematical constants.

1. Introduction and main results

Almost sixty years ago, Banerjee [1] considered the difference
E(m):=#{deN:dn,d=1(mod4)} —#{d e N:d|n, d =3 (mod4)}

forn € N := {1, 2, ...}, and proved, inter alia,

E - 2 —r!
m L ER oy ey = —ho,
n=1

n=1 m=1

where g € C satisfies |¢| > 1. The series on the right-hand side of (1) is
connected with the following g-analogue of ,

n—1
) _1+4Z( D ,

2n]_

see [5]. Surprisingly, several other g-series appearing as g-analogues of cer-
tain mathematical constants also play a role of generating series for classical
arithmetic functions (see Section 6 below). It is this circumstance that was
used in the first proofs of the irrationality of 7, for integral values of g, by
Chowla [6] and Erdds [8].

Recently in [5] we deduced, as a particular case of a more general situation, a
fairly weak irrationality measure for the value of (2) in the case ¢ € Z\ {0, =1}.
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The main aim of the present note is to considerably improve on this measure
for 7, and deduce new measures for the g-mathematical constants

oo oo

1 (_l)n—l
(3) )\.q = Z T] and ,Bq = Z W,

n=1 q - n=1

again in the case of integers ¢.
For the sake of completeness, let us note that the irrationality exponent
1 (w) of areal irrational number w is defined by

<o

P
w(w) = inf{u € R : the inequality ’a) - 5

has only finitely many solutions (P, Q) € Z x N}.

Hence we have u(w) > 2 for every w € R\ Q and, in these terms, our earlier
result in [5] states pu(m,;) < 10.31789.... In contrast to this, our new result
reads as

THEOREM 1. For g € Z\ {0, &1}, the irrationality exponent of 7, is at most
6.50379809....

REMARK. In fact, our method below allows us to prove the existence of an
absolute effective constant y > 0 such that for every (P, Q) € Z> with Q > 3
the following inequality holds:

T, — £ > Q—6.50379809...—y(10g log Q)/+/1og Q.

Q

It is curious that the new irrationality measure for 7, is sharper than the known
one for 7 due to M. Hata [11].

Since r, = 1—4f,(1), both numbers 7, and f; (1) obviously have the same
irrationality exponent, and we may restrict ourselves from now on to the in-
vestigation of f, (1). To estimate . ( f; (1)) from above, we proceed as follows.
First we analytically construct (in Section 2) good approximations to f; (1) as
‘very small’ linear forms in 1 and f;, (1) with rational coefficients. Whereas,
in [5], we mostly adopted for this the hypergeometric construction from [13],
we now apply Borwein’s method [2] using only a few and elementary complex
analysis. To transform these linear forms into ‘small’ linear forms with integer
coefficients, we need very careful arithmetic considerations (compare Lem-
mas 5 and 7 in Section 3) to find a ‘sufficiently small’ common denominator of
the original rational coefficients. Having small linear forms with not too large
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integer coefficients, we use a Chudnovsky-type lemma (Lemma 8 in Section 4)
for our final conclusion.

Our further results for the g-constants in (3) are the following.

THEOREM 2. For g € Z\ {0, £1}, the irrationality exponent of A, is at
most 3.89810036. . ..

THEOREM 3. Forq € Z\ {0, X1}, the irrationality exponent of B, is at most
1872 /(772 — 24) = 3.94020382. ...

We sketch their proofs in Section 5 and discuss open problems on g-mathe-
matical constants in Section 6.

2. Analytic construction

We define the function

o n
@ i@ =Y =
q — q2n—l —z ’
which is meromorphic in the whole complex plane; compare also the definition
at z = 1 on the right-hand side of (1). Evidently f, (z) satisfies a simple linear
g-functional equation of order 1, which we do not need explicitly, but which
is at the bottom of the following formula

(5)
1 vV
fala™) = (=g 2"<fq(1) Z 2(]) 1) 1) for n € Np:=NU{0}.

(Empty sums or products should always be interpreted as O or 1, respectively.)
Furthermore, we will require later the Taylor coefficients of f, (z) at the origin:

fq(w 0) B g't!

(6) ])! — _qZ(u+l) + 1’

where v € No.

We next introduce the following auxiliary integral

1 MM~ ¢
(7 J(L,M,N): = ) IZMHn =gz

fq(Z) dz,

where L, M, N € N are parameters to be specified later, and the integration is
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positively oriented. From the residue theorem we immediately see

N _ _ _
qZMn 1_[114:1(q 2n_q2l 1) . fq(q 2n)

J(L,M,N) = —
= = =g 9
vF#n
FY () e
(k,p,v)ENG I=1 z=0
K+pt+v=M-1
f(0)

( ) l_[(l 2nz)71
n=1

=0 v!
This and (5), (6) yield

2(M—L)n+n(n— 1)1_[ (1 _ 21+2n—l)

®) J(L,M.N)=(-D"1$ 1
nX; Hu:l(q _1) 1_[ (2v_ )

(=Y
X(fqﬂ)— ﬁ)

v=1
PK,,LL,I)
+ Z q2(v+1) +1
Kk+pt+v=M-—1

with certain P, , € Z[g] not to be specified in more detail.
Next we would like to control the size of the factor

2(M—L)n+n(n— 1)1_[ q21+2n71)

©)  QL,M,N) = (D" $ 2
HX; 1_[1)=l(q _1) l_[u l(q - )

appearing in (8) as the coefficient of f, (1).

LeEmmaA 1. Forq € C |q| > 1, we have
(10) |0*(L, M, N)| = |g|-H2MN+00)

where the constant in O (1) depends on q at most.

Proor. The quotient of two successive summands in (9) is absolutely
bounded by y;|q|>. (The letter y;, as well as y», y3, ... later, depends
only on g but not on L, M, N.) Furthermore, the absolute value of the sum-
mand in (9) corresponding to n = N is gripped between y»|g|= T2V and
valg| = +F2MN hence we get the required assertion.
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LEMMA 2. Suppose M + N > L. Then, for q € C, |q| > 1, we have

(11) |J(L, M, N)l — |q|—(2L+l)(M+N—L)—N(N+2)+0(M+N)’

where the constant in O (-) depends on q only.

PrOOF. If |z| > 1, the integrand in (7) has its poles at the points g2*~!,

n=L+1,L+2,....For R € N, R > L, we see that the difference

1 L (r_ g2-1
12)  — H’—}v( 9 )¢ (dz— J(L, M, N)
27t Jig=igee 2M [Ty (1 — ¢22)
is equal to the sum of the residues at qz"*l, wheren = L+ 1,..., R, of
the integrand. Taking the estimate | f, (z)| < vaR|g)™*® on |z] = |¢q|*® into

account, we deduce
o 7{ [ —g*h
el=lae zM T2, (1 — g?z)

2ri
Recalling our assumption M + N > L, the integral in (12) tends to O as
R — o0 and we get

2R(L—M—N)—N%*—N
< ysR|q|** ) .

fq(2)dz

l_[lel(qzn_l _ q2l—1)
q(2n—l)M HIVV:] a - q2n+2u—1)

(13)  J(L,M,N) = Z (—1)"

n=L+1

Here the quotient of two successive summands is absolutely bounded by
< ¥6lg|>M+N=L) and the first summand equals absolutely to

|q|7(2L+1)(M+N7L)7N(N+2)

up to a factor bounded above and below by two y’s. Thus, from (13) we
conclude with estimate (11).

REMARK. By (10) and (11), QO* is large and J is small. Hence

satisfies the same asymptotic equality (10) as Q*(L, M, N).
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3. Arithmetic constituents

As one sees from (9) and (8), both expressions Q*(L, M, N) and
(14)
P*(L, M, N)

q2(M—L)n+n(n—1) l_[lel(l _ q21+2n—1) n (—1)"

N
= (—1 N
D P BT

n=1 v= v=1

2(v+1)
K+M+V:M—lq +1

are contained in Z(g). Our nearest aim is the search of a sufficiently small
common denominator of the rational approximants P* and Q* constructed
above.

Let x be an indeterminate. Recall that cyclotomic polynomials

1
O (x) == [[ =™, deg, ®1(x) = 9(l) =1 H(l - l),
k=1 pll p

(kD=1

and only they appear as irreducible (over Q) factors of the polynomials x" — 1:

(15) X —1= 1_[d>l(x), neN.
lln

One of the ‘arithmetic’ consequences of formula (15) is the fact that the product
[T/=; @:(x) realizes the least common multiple of the polynomials x —1, x2—1,
..., x" —1, and this multiple is much better than the trivial one ]_[7:1 =1
since

n n 3
deg, HCIDZ(x) = Z(p(l) = ;nz + O(nlogn) as n— o
I=1 =1

by classical Mertens’ formula. In what follows we will also require its vari-
ations (see, e.g., [13]):
(16)

8 " 4
> 9@u—1=—n*+0@mlogn), ) ¢Q2u) = —n*+ O(nlogn)
T o bi4

pu=l

asn — Q.
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LEmwma 3. Foranyn =0,1,..., Nand j = 1,...,n, we have
Lo 20+em-1 _ N o,
(17) 1_[1:1(); 1 ) — 1_[,,=1 2w-1(x) Z[x].
x2-1—1 [T Pav—i(x)L/@v=DI

Proor. It follows from the inclusions
HIL—I (x2(l+n)—l _ 1)

18
" Hf:1 Dy, 1 (x)IL/@v=D]

[TEH @2 =1
T oy (WD T (20— 1)

e Z[x].

and the fact that )
1= ] @ua

v=DI(2j-1)

divides ]_[i\':l ®,,_1(x). In order to demonstrate (18), note that all irreducible
divisors of the factors x2*~1 —1, w=1,2,..., L+n,have the form ®,,_;(x).
Since, for any integer K,

K
K+v-—1
Ord¢2V71(x) H(X2M_l -1 = |:—],
i 2v—1

the polynomial ®,,_;(x) enters the fraction (18) with exponent

L+n+v-—1 L n+v-—1
— —|—1 >0,
2v—1 2v—1 2v—1 -

and the lemma follows.

LEMMA 4. Let N > L. Foreachv =1,2,..., M, we have
(19)
N M
Hﬁ:l(xk - D . nk:l(xk +1)- HIL=[N/2]+1 @3, (x?) €

Z[x].
[Tiz) @20 (ot/ G0 X2 1 -

ProOF. The assumption N > L implies

JAYCAR))

20
(20) nle Py, (x)IL/@v=D)]

Z[x].

Indeed, .

N
[T = =[] ®utx)™

k=1 u=1
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and the latter product is divisible by the denominator in (20). This shows that
the first factor in (19) lies in Z[x]. Furthermore, all cyclotomic polynomials
®,,(x2) for u = 1,...,[N/2] divides [T}, (x* 4 1), and

M 2
—n”;f)j“l(x ! 7).
This completes the proof.

From Lemmas 3, 4 and the estimate
—(2(M — Lyn+n(n — 1))

0 ifM > L,
<e(L,M,N) :={

(L—MYL-M+1) ifM<1L,

forn =0,1, ..., N, it follows that our choice for the denominators of (9) and
(14) can be

(21) D(L,M,N)

N N M
= LML) [e=1 (4™ = 1) ~ | | P2,_1(q) - | | @3, (%)
= L _ V= " ’
[Toz) @201 (/=01 0 H=IN/21+1

provided N > L. Namely, we obtain

LEMMA 5. If N > L, then with the choice given in (21)

(22) D(L,M,N)Q*(L, M, N) € Z[q]
and  D(L,M,N)P*(L, M, N) € Z[q).

To compute the asymptotic behaviour of |D(L, M, N)| (equivalently, of
the degree of (21)) we will require

LEMMA 6. For large N € N one has

AN Y N?
(23) Z[zv_l}ﬂ@v—l):T—i—O(NlogzN).

v=I

ProOOF. Define K = [N/ log2 N] e N, hence K~' = 0(1) and K = o(N)
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as N — oo. We clearly have

N o)

N N
;[21) _ 1}”2” -b= Z|:2v — 1}”2” -

v=1

>k > pQu—1=>" Y p@v-1)

k=1 N/(k+1)<2v—1<N/k k=1 2v—1<N/k
K 00

=> > e@-D+ Y > e@-1) =%+
k=12v—1<N/k k=K+12v—1<N/k

In ¥, we estimate trivially each inner sum by ngzv/k(zv —1) < (N/k)?,
hence

=1 N?
¥, < N? Z k—2:0(?>:0(N10g2N) as N — oo.
k=K+1

In contrast to this, X; produces the main term. Indeed, from the first relation
in (16) we deduce

K K 2
8 (N +k N_ N
IES DY ¢(2U—1)=Z(F(—2k ) +0(? log;))
k=1 v<(N+k)/(2k) k=1
IN? & 1
= k—2+O(N(logK)(10gN))
k=1
i Lo N + O(N(log K)(log N))
= — — — 0 o
2 — k2 K & &

2N? 5
= ?5(2) + O(Nlog” N)

that, in view of evaluation ¢ (2) = 72/6, gives the desired result.
LEMMA 7. Let L = N and M = [aN] for certain real @ > 0. Then

deg, D(L, M, N) =deg, D(N, [aN], N)

(24) 2 6+8a®
= x(@)+ =+ 5
3 T

)N2 + O(Nlog? N)
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as N — oo, where

0 ifa > 1,
X (@) = ,
(1—-w)y ifa<l

PrOOF. From definition (21), Lemma 6 and asymptotic formulae (16) we
obtain

deg, D(N, [aN], N)

N
=e(N,[aN],N)+N(N+1)—;[2v_l}p(zv—l)
N [aN]
+Y p@v=-D+2 Y oQu
v=1 n=[N/2]+1
1 8 8 , 8 1\ , )
=(X(a)+l—§+;+;a —?-Z)N + O(Nlog”N)

that after clear reduction becomes (24).

4. Integer linear forms and irrationality measures

Our next lemma provides us with upper bounds for irrationality exponents. Sev-
eral such lemmas can be found in the literature (compare, e.g., Chudnovsky [7]
or Hata [10]). Of course, it depends highly on the information available in any
concrete situation, which one is the most appropriate to be applied. For our
purpose, the following lemma is very convenient.

LEmMA 8. Given w € R, there exists an infinite sequence of pairs (P(N),
Q(N)) € Z x N with

(25) |O(N)w — P(N)| = e V™), N=12,...,

where the function : N — R satisfies the following conditions:

1) y(N) - coas N — oo,

YN+
1 - 1;
() dimsup =5y~ =

(i) p := limsup M >
N—oo I/I(N)

Then w is irrational and (w) < 1 + p holds.

0.
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REMARK 1. Clearly, condition (i) is enough to guarantee w ¢ Q, whereas
(i1) and (iii) are needed for the main quantitative part of the assertion. Note
also that p(w) > 2 implies a posteriori p > 1 in (iii).

REMARK 2. Most lemmas of this kind proved usually deal with the case,
when ¥ (V) linearly depends on N. In contrast to this, our function 1 is rather
unrestricted, except for condition (ii), which says that it should not increase
too fast: everything polynomial-like is right.

ProoOF OF LEMMA 8. Let (P, Q) € Z x N be given with Q large enough.
Define N as smallest positive integer satisfying 20 < ¢¥™ . From

[(Qw — P)Q(N)| = |Q(Q(N)w — P(N)) + (QP(N) — PO(N))|
we see that

1= Qe V™ if QP(N) # PO(N),

(Qw— P)Q(N)| = ,
Qe V™ if QP(N) = PQ(N),

where we used (25). Hence in both cases we find

P 1 1 1
w——|> > =
0|~ O(N)e? ™) = e(+pre/Du(N) = gli+prery(N—1)

using hypotheses (ii) and (iii). These inequalities yield

> (20)""F,

‘ P
a) — —

0
hence u(w) < 14 p + ¢. Butsince ¢ € R, was arbitrary we have the truth of
our claim.

ProOOF OF THEOREM 1. Asin Lemma 7, we take L = N and M = [aN],
and omit the dependence on the arguments L, M for linear forms J and their
coefficients Q* and P*. (In order to simplify our ‘theoretic’ considerations we
omit the choice L = [&’N] for real o’ ranging in the interval 0 < o’ < 1,
since it always leads to a worse quantitative result.) Lemmas 1 and 2 become

(26)  |J(N)| = |g|"PONHOW g (N)| = g 1ROV,
and we have to transform the linear forms in 1 and f, (1),

J(N) = Q*(N) fo(1) = P*(N),
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into linear forms with coefficients in Z[g] by multiplying them by D(N) :=
D(N, [aN], N) from (21). By Lemma 7 we find that

(27) ID(N)| = |g|*X@+2/3+(6+8a%) [r)N*+O(N log’ N)

while Lemma 5 guarantees that Q(N) := D(N)Q*(N) € Z[g] and P(N) :=
D(N)P*(N) € Z[q]. With these rational integers P(N), Q(N) we see from
(26) and (27) that

(28) |Q(N)| — |q|(5/3+20{+X(0!)+(6+80£2)7172)N2+0(Nlogz N)

and

|Q(N) fq(1) = P(N)| = [D(N)J(N)|
— |g|¢ [3+20—x (@)~ (6+8a”) 1 *)N>+O(N log’ N)

(29)

Hence we may apply Lemma 8 with

1 6+ 8a?\ . , ’
Y(N) = §+2a—x(a)— - N-loglg| 4+ O(Nlog” N)

and
53420+ x()+ (6 + 8a?)r 2

pi= 1/3 + 20 — x (o) — (6 + 8a?)r 2

to prove
2(1 + 2w)

nlfy)) = 1/3 4+ 2a — x(a) — (6 + 8a2)m 2"

Choosing simply o = 1 we obtain

2

187
1) < ———— =6.55854710...,
wfa D) = 5

while the optimal choice

1 2
gL (203 L 0378179
2\ 38472 2

leads us to the estimate given in Theorem 1.

Using (28) and (29) more directly we can easily get the assertion indicated
in the remark after Theorem 1.
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5. Irrationality measures for A, and B,

In this section we sketch our proofs of Theorems 2 and 3.
Proor oF THEOREM 2. Replace the function f, (z) in the analytic construc-
tion by

o0

1

z) = —.
fa(@) ;qh_l —
Since
T =2n nl 7 - 1
fq(q 2 ):q2 (fq(l)_ZqZV—Tl> for n e Ny
v=1
and Z;U)(O) qV_H
= pECET— for v € Ny,

we obtain the linear forms
O*(L, M, N) f;(1) = P*(L, M, N) := J(L, M, N)
_ ;?g I
270 Jiymr M T2, (1 = g22)

of about the same shapes as before, in (9) and (14). The estimates of Lemmas 1
and 2 remain valid for the tilded objects, but the denominator choice is different
(cf. (21)):

D(L, M, N)

fa(2)dz

N

N M

_ qe(L,M,N) . Hk:l(qZk —D . 1—[ Dyy_1(q) - 1_[ ®2.(q)

= i3 _ v— "
1_[11=1 cI>21)71 (q)[L/(ZU bl v=1 n=N+1

provided L < N and M < 2N. Then

- 2 40 +a?
deg, D(N, [aN], N) = (x @+5+ %)M + O(N1log® N)
as N — oo, hence

2(1 +2w)
1/3 4+ 20 — () —4(1 +a?)m—2

1) = pn(fy(D)) <1+ p =

The simplest choice @ = 1 gives

2

18m
k) < = = 3.94020382.. ..
moa) =30 ’
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while taking o = /5/4 + 7%2/6 —1/2 = 1.20145057 . . . decreases the estim-
ate to 3.89810036. . ..

Proor ofF THEOREM 3. To investigate B, arithmetically via Borwein’s
method, we consider the meromorphic function

o n

hy(2) : Z ”—I—z

=1

with the property i, (1) = —B,, and use the integral

1 [T,z +4q")
30 J(L,M,N) .= — dz.
(30) ( V= i P T gy O
Then we find as in (8) that
€2
J(L,M,N)

(M—L)n+n(n—1)/2 l+n n v
Ry [T + 1)( =D
- Z i@ —1- l‘livl”(”— ha (D ;q“—i—l

PK w,v
_|_ -
Z +1
K+ptrv=M—1 g +1

with certain Py ,,, € Z[g]. From

N - (M—L)n+n(n—1)/2 TTL I+n 4
(32)  Q'(L.M,N):=(-D""'>" 1 — Hl;_llfq + 1)
n=1 Hv:l(qv - 1) . HU=1 (‘]” - 1)

we get, by the usual considerations,

(33) |Q*(L, M, N)| = |gq|-L+D/2+MN+0D)

In |z| > 1, the integrand in (30) has its (simple) poles exactly at z = —g" for
n > L. Hence letting R € N, R > L, we find
R n L l n
-1 _
(34) f coi— J(L,M,N) = Z (=1 Hl;l(q q")
20 Jicygieon e (@M T (4 +gm)

with the same integrand as in (30). Since on |z| = |g|®**!/? we have |, (z)| <
R|q|~R, we estimate

1
- 7§ ‘ & Rlg|RHDL=M=N)=NW+1)/2
2mi |z|=|gq|R+1/2
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to deduce from (34) (assuming M + N > L)

o I )
J(L,M, N) — (_1)M+1 =1
2 L+

yielding

(35) |J(L, M, N)| = |g| " NN+D/2=LADMAN-L)+0(D)
With Q*(L, M, N) defined in (32), formula (31) can be written as
J(L, M, N) = Q*(L’ M, N)hq(l) _ P*(L, M, N),

where
(36)

) (=1
P*(L,M,N) = (—D)N*!
; [T2i(q ”—1)-1‘[’!:{’( v —1) ;qwl

=1
Z Pe v
v+1 1
K+pt+v=M-—1 q +

6](M Lyn+n(n— 1)/21—[ l+n+1

We now do a “denominator search” for Q*(L, M, N) and P*(L, M, N).
LEMMA 9. For eacht € N we have
t . .
l_[(qs +1) = l_[ CI>21+I-,~(@KHM)/QWU)}
= (1,/)€Nox (2No+1)
REMARK. Note that [(r +2'j)/(2"*!j)] = 0 if and only if 2 j > .
PRrROOF. Let e(s) € Ny denote the multiplicity of 2 in s. Then we have

1_[ (Dzj(Q): l_[ CI>21+e(s)j(q).

Jls J1(s/2¢))
5/j odd

From this, putting 7 (¢) := [(logt)/(log2)], we deduce

1(r) t

l_[(q +1)—]—[ [ ®ewj@) = ]_[ [T 1 ®2@.

s=1j:2¢@ j|s s=1 JZ‘J\S
e(s)=
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where we note that j is automatically odd. This formula can be continued as

t 1(t)
[T+ =[] [1 @@ i1
s=1

i=0 je2Ng+1
j<t/2

since the number of k € N satisfying 2/ j (2k+1) < tisjust[¢/(2'* j)+1/2].
From Lemma 9 we see that

L
BN [@*" + D) =[] @ores (@) /@ D120/ 12
=1 iQ.)

forn = 1,..., N,andevery exponent hereis atleast[L/(2'* j)]by [x]—[y] >
[x — y] for any x, y € R. On the other hand, we know

n—1 N—n n—1 N—n
¢8)  [l@ - [T@ -1 =[]ea@" - [T @aig)™=
v=1 v=1 d=1 d=1

N—1
_ l—[ B4 (g)l = D/AHIN=m)/d]
d=1
forn = 1,..., N. Note that in the last product the dth exponent is at most

[(N = 1)/d].

Assuming M > L (implying our earlier assumption M + N > L) and
L > N — 1, we therefore see from (32) that we can get rid of the denominators
in Q*(L, M, N) by multiplying with

N—-1
(39) [T ®at@)! =1,

d=1
d odd

Namely, if d < N is even, we can write it uniquely as d = 21+ j with
(i, j) € Ngx 2Ny +1) and see from (37), (38) and the corresponding remarks
that all cyclotomic polynomials ®;(g) with even d cancel automatically from
the denominator in the summands of Q*(L, M, N) in (32).

To get rid of all denominators in (36), we see after our last considerations
that it is enough to multiply P*(L, M, N) apart from (39) by the least common
multiple of g" + 1, where v = 1,2, ..., max(M, N) = M, which is exactly
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Hjﬁil ®,;(g). Denoting

- M
DL, M, N):= [] @@ -] 2(0)
d=1 j=1
d odd
we deduce from Lemma 6

(40) |ID(L, M, N)| = |q|(1/3+<2a/n)2)N2+0(N10g2 N)

supposing M = [« N] with some fixed real @ > 1.
Assuming finally L = N, we obtain from (33) and (40)

. 1/2 1/34+(2 2)N24+0(N log’> N
|Q|:|DQ*|:|q|(/+Dl+/+(0[/7T)) + ( og )

and from (35) and (40)

|DJ| = IqI*(l/2+0‘*1/3*(20{/77)2)N2+0(Nlogz Ny

Lemma 8 leads to

B) = nihy (1)) < L+ 2
Wby = 1 =1/6+a - Qa/n)?

=: x(a),

and y («) is strictly increasing in @ > 1, hence Theorem 3 follows with the
choice o = 1.

6. Some open problems

In this section, we will assume that a complex number g satisfies |g| < 1 (i.e.,
we replace the old values of g by 1/q).
The series

CIPRN (Y —Z ] Zokq(m)q’",

n=1
where o,_1(n) := deil,
d|n

which are strongly connected with the modular world for even integers k > 4,
may be considered as natural g-analogues of the values of Riemann’s zeta
function ¢ (k). This analogy motivates arithmetic investigations of the values
of ¢, (k), for instance, if 1/q € Z\ {0, £1} or 1/qg is a Pisot or Salem number;
several results in this direction may be found in [3], [4], [12]. An interesting
problem is to investigate arithmetic properties of g-zeta values (41) as functions
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of g. The last news concerning the problem [14] is the linear independence
over C(g) of all series in (41) (k = 1, 2, ...) and algebraic independence over
C(g) of the series in the following collections: {¢,(1), &, (k)}, where k > 2
is arbitrary, and {¢,(1), £,(2), {,(4), {;(6)}. Another curious object is the g-
analogue of Catalan’s constant

& n—1,2n—1
Gyi=) e e
(1= g )
on which we are unaware of any arithmetic information for its values at algeb-
raic points ¢ with 0 < |g| < 1.
It is also interesting to look for linear independence results on the above g-
mathematical constants with different values of the parameter ¢, for instance,
to prove linear independence of

> 1 1
ZZ"—I and Z3n_1.

n=1 n=1

Such problems are closely related to elliptic zeta values introduced in [9]:

. " — (=D*r"
r k == k=1 ) 19 1’
Lq,r (k) Zln G—a—m <l <

especially for odd k > 1 (since ¢, (k) = ¢, (k) — ¢-(k) for even k). These
functions admit very nice functional equations. Even getting arithmetic results
for the elliptic harmonic series (k = 1)

B S qn 4 B 00
HOESY T=ona = = £, (1) + £.(1) +2 a;1 Cyoro (1)
(a.b)=1

n=1

is of interest.
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