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SUB-SOLUTIONS AND MEAN-VALUE OPERATORS
FOR ULTRAPARABOLIC EQUATIONS ON
LIE GROUPS

CHIARA CINTI

Abstract

The aim of this paper is to provide a theory of sub-solutions for a class of hypoelliptic ultraparabolic
operators ., by using mean-value operators on the level sets of the fundamental solution of Z.

1. Introduction

In this paper we investigate several questions in Potential Theory related to
a class of hypoelliptic ultraparabolic operators .# with underlying homogen-
eous Lie group structures. Our class is contained in the one of the Hérmander
operators and was singled out by Kogoj and Lanconelli in [9]. It contains, e.g.,
the heat operators on Carnot groups and the Kolmogorov type operators stud-
ied in [12]. We are mainly interested in a characterization of . -subharmonic
functions in terms of suitable mean-value operators and in representation for-
mulas. We also characterize the bounded-above -#-subharmonic functions in
RN*1 and their related .#-Riesz measures. These results extend to our class of
operators several theorems proved by Watson in [14], [15], [16] for temper-
atures and subtemperatures. They also extend some results first proved in [7],
[8] for classical parabolic operators with smooth coefficients.
We consider operators of the following type

(1.1) L= X;+Xo—0 in RVM,
j=1

where the X;’s are smooth vector fields on RV, ie. denoting z = (x, t) the
point in RV+!

N
Xj(x) =Y dlx)dy.  j=0,....m,
k=1
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where any aJ’.‘ is a C* function. For our purposes, in the sequel we also consider
the X;’s as vector fields in RV *!. We denote by Y the vector field in RV +!

Y :=Xo— 0,

and by %, the operator in RV

g() = Zij + Xo.

j=1
We next state our main assumptions:

(H.1) there exists a homogeneous Lie group L = (RV*!, o, d;) such that
1) Xi,...,X,,, Y are left invariant on L;
@) Xi,..., X,, are dy-homogeneous of degree one and Y is dj-
homogeneous of degree two;

(H.2) for every (x,1), (£,7) € RN*! with + > 7, there exists an .#-
admissible path n : [0,T] — RN*! such that n(0) = (x,1),
n(T) = (&, t). The curve 7 is called £ -admissible if it is absolutely
continuous and satisfies

0 () =Y X)X (1(5)) + Ao ()Y (n(s)), ae.in [0, 7],
j=1

for suitable piecewise constant real functions Ag, A1, ... Ay, Ag > 0.

The operators of the form (1.1) with the assumptions (H.1) and (H.2) have
been introduced by Kogoj and Lanconelli in [9].

The aim of this paper is to provide a theory of .#-subharmonic functions
by using mean-value operators on the level sets of I', the fundamental solution
of #. More precisely, the contents of the paper are the following ones. After
collecting in Section 2 some basic results of Potential Theory for ., in Sec-
tion 3 we recall some mean-value representation formulas and we present some
properties of #-harmonic functions with respect to mean-value integral oper-
ators ./, and M,. In Section 4, we show some results on upper semi-continuous
functions satisfying solid sub-mean property. In Section 5, we prove some char-
acterizations of .#-subharmonic functions in terms of averaging operators ./,
and M,. Finally, in Section 6 we give a characterization of the bounded-above
#-subharmonic functions in R¥*! and their related .#-Riesz measures.



SUB-SOLUTIONS AND MEAN-VALUE OPERATORS . .. 85

2. Basic potential theory for ¥

We first recall some consequences of hypotheses (H.1) and (H.2). One of these
is the Hormander condition:

rank Lie{X, ..., X,,, Y}(2) = N + 1, Vz e RVt

hence . and % are hypoelliptic operators in R¥*! and in RM respectively (see
[9, Proposition 10.1]). From (H.1) and (H.2) it follows also that the composition
law o is euclidean in the “time” variable, i.e.

x,)oE, 1) =(Sx,t,&, 1), t+ 1)
for a suitable smooth function §, and the dilation d;, takes the following form
di(x, 1) = (D;.(x), 121) = (W7 xp, ..., A% xy, A71).

The natural number

N
Q=Z<7k+2
k=1

is the homogeneous dimension of L. We shall assume that Q > 5 so that
Q — 2, the homogeneous dimension of RV with respect to D;, will be > 3.
We shall denote by | - | a fixed d,-homogeneous norm on L, that is a function
| - | : RVl — [0, oo[ with the following properties: | - | € C®(RN*!\
{(0,00) NCRYHY), |d(2)| = Mzl, 27! = |z, 2| = 0iff z = 0.

In [9] itis proved that -# has a global fundamental solution " € C*®(RV*+1\
{(0,0)}) such that # T' = —§. Moreover I'(x, ) > 0iff t > 0. If we put

Iz, ¢) =T " ogz),

since . is left translation invariant, we have ' I'(-,¢{) = —§, for every
é- c RN+1‘

Integrating I" with respect to the ¢ variable one obtains a fundamental solu-
tion y with pole at x = 0 for the operator %, (see [9, Section 3]):

y(x) = fooF(x, t)dr;
0

y is smooth and strictly positive out of the origin.

Throughout the paper, Q will always denote an open subset of R¥*!, even
if we do not mention this. We call #-harmonic in Q every smooth function
u : Q@ —> R such that £u = 0. We shall denote by %~ () the linear space
of £-harmonic functions in €2.
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We say that a bounded open set V. C RNT! is #-regular if for any ¢ €
C(0V) there exists a unique function Hwv € 97 (V) such that

lim H) (z) = ¢(z0), forevery zo€ 9V,
Z—>20

and H(pv > (0 whenever ¢ > 0, as the classical Picone’s maximum principle
holds for .Z (see [9, Proposition 2.1]). Then, if V is £-regular, for every fixed

z € V the map
COV)> 9 H)(2) eR

defines a linear positive functional on C(dV). As a consequence, there exists
a Radon measure ,uV supported in dV, such that

@ = [ el ), forewry gecv).
av

We call ,u;/ the £ -harmonic measure related to V and z.

We say that u : Q@ — [—o00, oo[ is £ -subharmonic in Q (u € ZX(Q)) if
u is upper semi-continuous (u.s.c.), u > —oo in a dense subset of €2, and for
every open .#-regular set V C V C Q and for every z € V,

u(2) 5/ u(@) du! (©).
A%

It is easy to prove that a function u : Q2 — [—o0, oo[ u.s.c. and finite in a
dense subset of 2 is #-subharmonic in € if

ufH(X in V,

for every V open Z-regular set, V C 2, and for every ¢ € C(dV) such that
¢ > ulyy. Proceeding as in [13, Theorem 1], we can obtain the following
further characterization of .¥-subharmonic functions.

PrOPOSITION 2.1. Letu : Q@ —> [—00, 0o[ be an u.s.c. function. Then, if
u e Zg(Q), we have u € L} (Q) and Lu > 0 in the distribution sense.

loc

REMARK 2.2. By Proposition 2.1, ifu € & 7 (Q) then there exists a Radon
measure  in © such that £u = p. We shall call u the £-Riesz measure
related to u.

We obviously have ZX(Q) n (—ZX(Q)) =H7Z(Q).
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In the sense of the abstract Potential Theory (see, e.g., [6]), the map RN+ S
Q +— 7 (Q) is a harmonic sheaf and (RN, %) is a B-harmonic space.
The second statement is a consequence of the following properties:

— the #-regular sets form a basis of the Euclidean topology (see [5, Co-
rollary 5.2]);

— 97 satisfies the Doob convergence property, i.e. the pointwise limit
of any increasing sequence of .#-harmonic functions on any open set is
#-harmonic whenever it is finite on a dense set (see [9, Proposition 7.4]);

— for every fixed ¢ = (£,7) € RV*!, the functions z — —T' (¢ 0 z)
and (x,1) — —y (£~ o x) are #-subharmonic in R¥*! and it easy to
show that the families {z > —I'(¢™'oz) | ¢ € RV}, {(x,1) —
—y (7' ox) | £ € RV} separate the points of RV T,

3. Mean-value formulas and -#-harmonic functions

Given z € RV and r > 0, we define the #-ball of center z and radius r as
follows:

Q. (z) :i= {{ e RV*!

. I
'¢ " oz)>——=4¢-

rQ-2

Obviously, 2,(z) = z0 £, (0). The properties of the .#-balls stated in the next
proposition directly follow from the properties of the fundamental solution I"
proved in [9].

PROPOSITION 3.1. For every z € RNt the #-balls centered in z have the
ollowing properties:
f g prop
(1) foreveryr > 0, Q,(z) is a bounded nonempty set;
(i) 2, (z) shrinks to {z} as r goes to 0, that is (., 2 (2) = {z};
(ii1) if we denote by |2, (z)| the Lebesgue measure of 2,(z), then

@
rlif{)lJr rQ_2 _0’

@iv) for almost every r > 0, 02, (z) is a N-dimensional C* manifold;
(V) ifz = (x,1), then | J,_, 2, (z) = RY x ]—00, 1.

If @ € R¥*! is an open set containing 0, and v € C?(L2), we have

3.1 v(0) = M, (v)(0) — N (ZL)(0), forevery ,(0) C Q;
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where
. VeI (0, )
M, (0)(0) 1= V4 d , h J#(¢)=———"—;
(v)(0) 0.0, (&)v(¢)do () wit 9 NAYONG]
1
Kzoo= [ (ro.o - 55) s,
2,(0) r

Hereafter we denote by V¢ the vector valued differential operator
Ve = X1, .-y Xm),

and Vy = (0y,, .-, Oxy)-

Formula (3.1) is a particular version of the Green representation theorem for
. In order to get it, we proceed as in [11, Theorem 1.5], using the properties
of fundamental solution I" showed in [9], in particular the inequality (5.1) and
the identity (6.1), and writing % in the following divergence form

L =div(AVy) + Y,

where A is a suitable N x N matrix, and Y is divergence free.
Let z € RV*!. We apply (3.1) at the function v,(¢) = u(z o ¢), and using
the invariance of £ w.r.t. the left translations on L we get
(3.2)
_ 1
u(z) = H(Qu(zog)do(s) — (F(C IOZ)—FQ_2>$M(§)dC

382, (0) Q(2)

=: My (u)(z) — N(FLu)(z),  forevery Q,(z) CzoQ.

Setting » = [ in (3.2), multiplying both sides by /2~3 and integrating between
0 and r give

Q-2 r r
33)  u@)—— = / 1973 4y (u) (z) dI — / 193 N3 (L) (2) dl,
0-2 0 0
then, by means of Federer’s co-area formula, we obtain
(3.4
1 _ o-2 (" 03
u@) = —— K™ ou(f)ds — —5- 1572 Ni(Lu)(z)dl
re=? Jo, re=> Jo

= M, ()() ~ N,(Lw)(@).  forevery ©,() SzoQ,
where VT OF

K 'oz)=K =
(" 02) (z,¢) r.7)
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We explicitly note that the kernel K is invariant w.r.t. the left translation on L,
unlike 7. Let z = (x, t) be fixed. We have K(z,-) > 0in RV*!, K(z,-) €
C*®({(&,7) e RV | T < 1}). By [9, Lemma 7.3], the set

Yi={t=@¢1)eR" |1 <1,K(z,0) =0}

does not contain interior points.
Now, let @ € RV*! be an arbitrary open set. By comparing (3.3) with (3.4),
we deduce that, if u € C*(R),

3.5
M, (u)(z) = QQ__22 / 127300, (w)(2) dl, forevery Q,(z) € Q.
r 0

We stress that, by a standard argument of approximation, (3.5) also holds if u
is u.s.c.

Moreover, from (3.2) and (3.4) it follows that any .#-harmonic function in
2 satisfies the mean value formulas

w(@) =M w)(z)  and  u(z) = My (u)(2),

foreveryz € Qandr > OsuchthatQ,(z) € Q.Ifu € C(R), also the converse
implication of this result is true. Indeed we have the following generalization
to the classical Koebe theorem.

THEOREM 3.2. Let u € C(2) be such that
(3.6) (@) = Mow)(2),  forevery 2,(2) C Q.
Thenu € C*®(Q) and Lu = 0. An analogous result holds if

(3.7 u(z) = M, (u)(z), for every Q.(z) C Q.

In order to prove this theorem, we need a lemma. Let J € Cg"(RN 1y,
J > 0 be such that supp J € B(0, 1) and [y, J = 1. Let @ € RV*! be an
open set, and let u € L. (). For & > 0, we define the e-#-mollified of u in
Q as follows

ue. : D¢ — R
2 [u@I(doc)e 0
Q

where D = {¢ € R¥™ | B(¢™', &) C Q7'}. Itis a standard matter to show
that u, € C“(Df), and u, —> u in LIIOC(Q) as ¢ — 0. We next prove the so
called solid sub-mean property of u. (see Section 4).
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LEMMA 3.3. Letu : @ —> [—00, 00| be an u.s.c. function, u € Ly, ().
If u(z) < M, (u)(2) for every 2,(z) S €2, then u.(z) < M,(u;)(z) for every
Q,(z) € D2

ProoF. For ©,(z) € D, we have

M, (u,)(z)

1
= / J(del(n))S‘Q( o | K¢ oz)u(n‘loodi) dn
B(0,e) r 2 (2)

= / J(de—1()e 2 M, (u)(n~" 0 z)dn
B(0,¢)

(2,(n7' 0z) CB(0,¢) 0o D C Q)

> f J(de-1(m)e™Cu(n™" o 2)dn = u.(2),

B(0,¢)
and the assertion follows.

PrOOF OF THEOREM 3.2. It easily follows from (3.5) that (3.6) is equivalent
to (3.7). Now, if u € C*°(R2) satisfies (3.6), then from (3.2) we obtain

0= N (Lu)(z) = /

Q,(2)

1
(F(;‘l 02) — rQ_2> Zu(t)dg,

and so Zu = 0. Then, it suffices to prove that u is smooth. If we show
that £u = 0 in the distribution sense on 2, the assertion follows from the
hypoellipticity of . From (3.7) and Lemma 3.3, we get u.(z) = M, (u.)(z)
for every Q. (z) C D?. So the sequence of (1/n)-£-mollified {u,,}, is such
that Zu;;, = 0in D?/n and uy/, — u per n — o0 uniformly on compact
subsets of 2. For every ¢ € C3°(£2), we have

| w1279t dc = fim L @) d =0,

°J DY, Nsupp g
and the smoothness of u is proved.
We also show another property of the ¢-.%-mollified.
PrROPOSITION 3.4. Letu € & 3(9). Then u, is £ -subharmonic in Dgz.

Proor. Since u, € C °°(D§), it is enough to prove that Lu, > 0 in the
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weak sense of distribution. Let ¢ € C{°(D%), ¢ > 0. We have

(Lue, ¢) = / ue(2) L (2) dz
DQ

€

=/ (f u(n‘loz)x*w(z)dz)J(ds_l(n))s—Qdn
Dg

B(0,s)
-/ ( GRS d;)J(ds-l ()e=2 dy = 0.
B(0,e) \Ja
and the assertion is proved.
As a straightforward consequence, we have the following smoothing result.

COROLLARY 3.5. Letu € & f(Q). There exists a sequence of smooth

& -subharmonic functions which tends to u in L] ().

4. Sub-mean functions

We say that an u.s.c. function u : Q — [—o00, o[ satisfies the surface (solid)
sub-mean property if

u(z) < M w)(z)  (u(z) < My (u)(2)), forevery Q.(z) C Q.
Next theorem shows that solid sub-mean functions satisfy a weak maximum
principle.

THEOREM 4.1. Letu : Q2 —> [—00, oo[ be an u.s.c. function satisfying the
solid sub-mean property. We have:
(1) if 2 is bounded and limsupg,._,. u(z) < 0 for every { € 9S2 then
u<0inQ;
(i1) if 2 is unbounded and
limsupu(z) <0 forevery ¢ € 092, limsup u(z) <0,

Q3z—¢ z€,|z]—>00

thenu < 0in Q.

PROOF. (i) Let z9 € 2 be such that supg, u = supg, u forevery V € %,
where %, is the set of all the neighborhoods of z. If zo € 92, by the hypothesis
we have

0> limsupu(z) = inf sup wu= inf supu =supu,
Q37—70 Ve, QN(V\{zo}) Ve, QnV Q

whence u < 0 on .
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Let us suppose zop € 2. By the upper semicontinuity of u, u(zo) =
inf Ve, SUPony U = SUpPg U, whence u(zp) = maxg u. We may consider
u(z9) # —oo, otherwise the claim is obvious. Since 2 is an open set, there
exists # > 0 such that Q,(z9) € Q. By the solid sub-mean property of u,

1
4.1) 0= sz @(¢) — u(zo)K (¢~ 0 z9) d¢.
r Q,(20)

Thus, as K (zo, -) > 0in R¥*! and u(¢) < u(z),
K@ ozo)@(@) —u(zo) =0  ae.in ().

On the other hand, K (29, -) > 0 in a dense open subset of {(x,) € RV*! |
t < tp} and u is a u.s.c. function which attains in zo the maximum on £2. This
yields

4.2) u = u(zg) on Q,(zo), forevery Q,(z9) C Q.

As Q is bounded and by (4.2), it is easy to sholv that there exists ry € ]0, oo[
such that u = u(zo) on £2,,(z0) € €, with €, (zo) Q Q. Hence, for ¢ €
Q,(z0) N 082, we have

0 > limsupu(z) > limsup u(z) = u(zg) = maxu,
Q3z7—>¢ Qy(z0)2z2—>¢ 2

and this prove (i).
(i1) By the hypothesis, for every ¢ > 0 there exists R, > 0 such that

4.3) sup u <g, forevery R > R,.
Q\B(0.R)

We consider the bounded open set Qr = Q2N B@O,R) for R > R, + 1,
and let ¢ € dQg. If ¢ € 92 N B(0, R), it follows frorrlthe hypothesis that
lim SUPQ 5, U(2) < €. Otherwise, if ¢ € dB(0, R) N €2, recalling (4.3) we

obtain _ .
limsupu(z) = inf sup u < sup u <e.
Qr3z—¢ VeUu, VNQk (Q\B(0,R.))NQp

Now, applying (i) at the function u — & on Qg, it follows u < ¢ on 2 so that,
letting ¢ — 0, (ii) is proved.

We shall prove next proposition by using the properties of the kernel K.

PROPOSITION 4.2. Letu : RVt — [—o00, 0o[ be an u.s.c. function satis-
fying the solid sub-mean property. If u is finite at zo = (xo, to), then u > —00
in a dense subset of {(x,t) € RV |t < 10).
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PrOOF. Let zo € R¥*! be such that u(zg) > —oo. By contradiction we
assume that E := {(x,1) € RV*! | t < #y, u(x,t) = —oo} has non-empty
interior. Then, there exists » > 0 and an open set 2 C E suchthat 2 C ,(zo).
Since K (zo,-) > 0 in a dense open subset of {(x,t) € R¥*! | ¢ < 15} and
by the continuity of K, we deduce that there exists an open set Q' C Q with
K (z0,-) > 0 on €. But this is in contradiction with

1
—o0 < () = M) = 55 [ K@ ozu(o)de.
r 2 (20)
and the assertion follows.

5. Some characterizations of .#-subharmonic functions

The aim of this section is to give some characterizations of #-subharmonic
functions in terms of the averaging operators ., and M, .
For any Radon measure 4 in RV *!, we define the #-potential T, of by

.z := —/ re¢'oz)du(?), z € RVFL,
RN+1

If '), > —oo in a dense subset of RV, using [9, Theorem 2.7-(vi)] we easily
get
LT =n, in the weak sense of distributions.

An application for Fubini’s theorem shows that ', is -#-subharmonic in RV +1,
Moreover, we have ', € %< (RV*! \ supp w). Then, Remark 2.2 and the
hypoellipticity of .# yield the following theorem.

THEOREM 5.1. Letu € &7 () and let p = Lu be its L-Riesz measure.
For every bounded open set V.C V C Q there exists h € %7 (V) such that,
for almost every z € V,

5.1) u(z) = —/F(;—l 0 2)du(0) + ().
\%4

In order to extend formula (3.4) to the class of .£-subharmonic functions in
RN+! first we give a weak result holding almost everywhere. For this purpose,
we proceed as in [11, Theorem 1.6], by using the inequality (5.1) of [9],
Theorem 5.1 and Corollary 3.5.

THEOREM 5.2 (Poisson-Jensen-type formula). Let u € & 7 (2) and let
uw = ZLu be its related £ -Riesz measure. For almost every z € Q andr > 0



94 CHIARA CINTI

with Q,(z) C Q, we have
5.2)

-2 (" 1
u(z) = M,(u)(z) — ggfz /0 1973 (/ (F({l 0z)— lQ_Z) d,u({)) di.
(2)

We will see later that (5.1) and (5.2) hold for all points of €2. Now we can
state our main characterization of .#-subharmonic functions.

THEOREM 5.3. Let u : Q2 —> [—00, 0o[ be an u.s.c. function finite in a
dense subset of Q2. Then, the following statements are equivalent:

(i) ue I (Q);
(i1) u satisfies the surface sub-mean property;
(iii) u satisfies the solid sub-mean property.
Proor. (1)=-(iii): Ifu € C(L2), we get the assertion by formula (5.2) and by

uw = ZLu > 0.If u is just £-subharmonic, the claim follows from a standard
approximation argument.

(i)=>(ii): Let z €  be such that (5.2) holds, and let ,(z) < < for a
suitable 7 > 0. As in the proof of [8, Theorem 1.6], we differentiate (5.2):
(5.3)

d Q=22 ("o _ _
M@ = —rQ—_lfo 12 3(/9/@@(; Yoz) =12 Q)du(§)> di

Q-2

r

+ / (T oz) —r*9)du(0).
Q,(2)

By Tonelli’s theorem,

/r 1973 (/ (T o) —1*79) du(;)) dl
0 Q(2)

L[ o)
Q,(z) \J(T'(¢1oz))2-Q

lQ_2 I=r
:/ [F(é“_l °27) —lnl:| Cdu(g)
2.() Q-2 I=("(¢1oz) 70

1
_—Q—Z

- f dp(g) — / ln(rQ—ZF@—loz))du(;)).
Q- (2) Q,(2)

(rQ—2 / L 02)du(@)
Q- (2)
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We insert this result in (5.3) and simplify, obtaining

d Q-2 o
5Mr(u)(z)= e /Qr(z)ln(rQ T o2))du(@) = 0.

Hence, fora.e.z € 2, the functionr +— M, (1)(z) is monotone non-decreasing.
As 7 — M, (u)(z) is continuous, M, (1)(z) is non-decreasing w.r.t. r for every
z € 2. On the other hand, by (3.5) we see that r — M, (u)(z) is locally
absolutely continuous for » > 0. Thus,

5.4

— d
for every z € Q, and r > 0 with Q,(z) C €, d—M,(u)(z) exists and is > 0.
r

As a consequence, using again (3.5) we get

_ 72 pr _
Ewuw@=—giélfﬂ*%wmmquE%wmx
dr re 0 r

whence, by (5.4),
M, (u)(z) < M (u)(2), forevery z € Q.

The assertion follows from the previous implication (i)=-(iii).
(i1)=-(iii): We suppose u(z) < M, (u)(z) for every Q. (2) C Q. By a direct
integration and (3.5),

u(z) < QQ__ZZ/ 1972 () (2) I = M, (u) ().
r 0

(iii)=(): Let V. C V C Qbe an open #-regular set and ¢ € C(3V) with
¢ > ulyy. Then the function u — H (pv isu.s.c. and it satisfies the solid sub-mean
property. Moreover, limsupy._, .cyy (4 — H(X )(z) < 0. Thus we can apply

Theorem 4.1-(i) and we getu < H) on V, so that u € F2(Q).
We also provide another characterization of .#-subharmonicity.

THEOREM 5.4. Let u : 2 — [—00, 00| be an u.s.c. function finite in a
dense subset of Q2. The following statements are equivalent:

() ue L7 (Q;
(1) for every z € €, r = M, (u)(z) is monotone non-decreasing for 0 <
r <sup{p > 0| Q,(z) € 2} and

(5.5 u(z) = Hm M, (u)().
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PROOF. (i)=(ii): The first statement follows from (5.4). However, the proof
is analogous to that of [11, Corollary 1.7].

(i1)=-(): Since r — M, (u#)(z) is monotone non-decreasing and from (5.5),
we get

u(z) < M,u)(z) if 0<r<suplp>0]RQ, @) C Q.

Then u satisfies the solid sub-mean property so that, by Theorem 5.3, u €
779

As a remarkable consequence of the property (ii) in the previous theorem,
we have:

THEOREM 5.5. Letu,v € Zg (). If u < v almost everywhere in 2, then
u < vin Q. Consequently, if u = v at all points where both functions are
finite, then u = v.

PrOOF. Let ,(z) € Q. By integrating the inequality # < v which holds
a.e.in Q,(z), we get M, (u)(z) < M, (v)(z), whence u(z) = lim,_o+ M, (u)(z)
< lim,_ o+ M, (v)(z) = v(z). The second assertion is a consequence of the first
one, recalling that u, v € L} ().

Now we can prove that the statement of Theorem 5.1 holds for every z € Q.

THEOREM 5.6 (Riesz’s Representation for Z‘f (RQ). Letu €¢ & 7 () and
let p = Fu be the £ -Riesz measure related to u. For every bounded open set
V CV CQ, there exists h € % (V) such that

(5.6) u(z) = — /F(g‘l oz)du(g)+h(z), zeV.
\%4

Moreover the couple (i, h) is unique in V.

With Theorem 5.6 in hand, proceeding in the same way we have obtained
Theorem 5.2 (see the proof of [11, Theorem 1.6]), we show that the Poisson-
Jensen-type formula (5.2) is valid at every point z. For sake of clearness, we
state the following

THEOREM 5.7 (Poisson-Jensen’s formula). Let u € Zg (2) and iet w =
Lu be its related £ -Riesz measure. For every z € Qandr > 0 with Q,(z) C
Q, we have

5.7 S |
u(z) = M, (u)(2) — fg_,z /OIQ‘3</Q()(F<;—‘oz)—w—Z) du(f)) dr.
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We end this section with a proposition which says that the least .#-harmonic
majorant of a .#-potential I',, is the zero function.

PROPOSITION 5.8. Let 1 be a Radon measure in RNt and let I, De finite
in a dense subset of RV If h € 97 (RN*Y) is such that h < —T',, then
h < 0in RN In particular;, supgy+ T, = 0.

Proor. We consider a sequence {K;}; of compact sets with K; € K1 and
U K = RV*1. Since | k; is a compactly supported Radon measure, I' nlx, is

finite a.e. in RV, so " I, — T, > —ooinadense subset of RVF!

WIgN+1 g, —
R \K]

and it is .#-subharmonic. Then,

Hlx;

L7 R 3 0(@) 1= h(@) + T, @)

< ~Tuig, (@) < p(K7) - sup ¢ 'oz) —0
cRj

as |z] — oo, by [9, Proposition 2.8-(ii)]. Theorem 4.1-(ii) now gives v < 0 in
RN+! whence

5.8 h(z) < /R e OTE e dp), 2 e RV

For every z in the dense set where I',, is finite, by dominated convergence from
(5.8) it follows that 4 (z) < 0. As h is #-harmonic and so continuous in RV *!,
we have h < 0 everywhere.

Finally we show that m := infgyv+1(—I",,) = 0. Obviously m < —I",, and
the constant function 47 = m is #-harmonic in R¥*!. From the first part of the
proof we get m < 0, and the claim is proved.

6. Bounded-above .#-subharmonic functions in RV+1

Letu € &7 (RV+1) be such that u(zo) > —oo for a suitable zo € RV*! and
u = ZLu beits related £ -Riesz measure. From the solid sub-mean property of
u in zo and the Poisson-Jensen formula (5.7), we get [; (973 (fQI(ZO)(F@*1 o

z0) — 1779) du(;)) d/ < oo for r > 0, whence

(6.1) / (F(g‘1 02z0) — lz_Q) du(t) < oo, forevery [ > 0.
2;(z0)

If u and p are as above and we set

n(zo, 1) :=/ du(2),
2 (z0)
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we obtain
(6.2)

!
/ L (T ozg) =17 9)du(e) = / (72 —1*79) dn(zo, 1).
{£10<T" (¢ 'oz0) 272 <I} 0

As{£ e RV 10 < T(¢ ' 020)72 <1} = Q(20), by (6.2) and (6.1),

1
(6.3) f (72 — "9 dn(zo, 1) < o0, forevery [ > 0.
0

Now, integrating by parts,
(6.4)

1
/0 2 = "9 dn(zo, 1)

l
= lim (—(82—‘3 — 7 %n(zo, €) —/ 2 -0 %n(zo, 1) dt)

e—>07F
"'n(zo. 1)
:(Q—Z)/O g

Indeed, by dominated convergence we have

n(z0.0%) = lim n(zo.1) = / lim g, () du(¢) =0,

RN+

so that

(2 =17 n(z0, &) = (¢*2 = 1*79) (n(z0, &) — n(z0, 0M))
= (272179 1im/ dn(zo, 1)
t—0t '

&

=/ (82*Q—127Q)dn(zo,t)
0

5/ 2 = 1> 9dn(zo,1) — 0 as ¢ — 07,
0

where in the last limit we have used (6.3). Then, using (6.2) and (6.4) in the
last term of (5.7), we obtain

0-2 [ o ; !
65 2 ([ I(ZO)(F@ o2~ g ) duo) ) a
Q=" (" ous( [ 10D
:rQ—Z/O 19 3(/0 prom dt)dl.
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Now, replacing (6.5) in Poisson-Jensen’s formula (5.7) we immediately get
the following representation formula for .#-subharmonic functions in RV +1,

THEOREM 6.1. Letu € Zg(RN“) be such that u(zg) > —oo for a suitable
20 € RVt and n = Fu be its related £ -Riesz measure. Then, for every
R > 0, we have

1 Rt
6.6)  1(zo0) = Mg()(z0) — (Q — 2)° / 703 ( / 1o, 1) dt) dr.
0 0 12-1

Now we are ready to prove our main result.

THEOREM 6.2. Let i1 be a Radon measure in RN ! and let n(z, t) be defined
as follows

n(z,t) ::/ du(z),  zeRNFL
Q2 (z)

Then, a necessary and sufficient condition for | to be the £ -Riesz measure
related to a bounded-above ¥ -subharmonic function u in RN*! is that the
following condition holds

6.7) /OO P04 < oo
1

101

for every z in a dense subset of RN*1. If this condition is satisfied, then there
exists h € < (RNTY, h < 0, such that

68  u() = U—/ P o) du(@) +h(z),  zeRVH,
RN+

where U < o0 is the least upper bound of u.

PrOOF. We prove the first statement of the theorem, beginning with the
necessity part. Let u € F? (RV+1) be such that supgy+1 4 = U < 00, and we
choose zg € R¥*! satisfying u(z9) > —oo. If we define u™ := max{u, 0} and
u~ := max{—u, 0}, then for every R > 0 the following inequality holds

Mg (u™)(z0) < max {U, 0} - Mg(1)(z0) = max{U, 0}.

From representation formula (6.6) we obtain

1 Rt
Q-2 fo LA ( f ”EZ—",P dr) dt = Mg (20) = M1 (") (z0)

+ M (u")(z0) — Mr(u™)(z0) < max{U, 0} + M;(u")(z0),
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so that, by Beppo Levi’s theorem,

1 00
(Q— 2)2/ ‘L’Q_S(/ nEZQO:f) dt) dr < oo.
0 T

Hence, we get f loo t'72n(zp, t) dt < oo and, as the .#-subharmonic function
u is finite in a dense subset of R¥*!, we obtain also (6.7).

Let us now prove the sufficiency part. Let 14 be a Radon measure on RV !
satisfying (6.7) and consider the function

u(z) = —/ P o2)du(@) = Tu(2),  zeRVH
RN+1

Itis enough to prove thatu € &7 (R¥*1), Lu = 1 inRV+! and supgyr u = 0.
If we show that u is finite in a dense subset of RV !, then the first two statements
immediately follow from what we have seen at the beginning of Section 5, and
Proposition 5.8 yields supgyvii u = 0.

We consider zg = (xo, fo) satisfying (6.7). For every fixed R > 0, we split
u as follows

u(z) = —/ L, T ez)du()
{¢IT (¢ 1ozp) 2-C <R}

—/{ 1 L™ oz)du()
¢

[R<I'(¢'ozg) 270 <+o00}
- / (¢ ' oz)du()
{ZIT (£ ozo)=0}
= uy () +uy () + 3 (2).

The function uf %0 js #-subharmonic in R¥*! and the same property holds for

uft(2) = —/ L TG Tendu@), >R
{CIR<T(~'oz9) 72 <A}

R R R . . . R
We have u; | uy “ as A 1 0o, hence u, “ is a u.s.c. function. Since u;

satisfies the solid sub-mean property and using Beppo Levi’s theorem, we get

uf’z"(z) < Mr(uf’z")(z), forevery r > 0 and z € RV,
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Moreover

A
g™ (z0) = —/ =2 dn(zo, 1)
R

= 32 %20, ) + R*%n(z0, R) — (O — 2)/ Mdr

> (0~ 2)/ no )

Indeed, as the function n(zo, -) is non-decreasing we have

n(Zo, t)

227 %n(zo, 1) < (Q — 2)/ dr.

Then, by (6.7), u§’Z° (z0) = limyeo uf’z" (zo) > —o0, so that, by Proposi-
tion 4.2, uX® > —oc in a dense subset of {(x,7) € RV*! | 1 < f5}. On the
other hand, since I" is supported in a half space, we have

uP(x,t)=0 in RY x]—o0, 1].

Thus the function u is finite in a dense subset of {(x,#) € RVt | ¢ < #,},
so that, by hypothesis (6.7), u > —oc in a dense subset of R¥*!. The first
assertion of the theorem is so proved.

Now, let us consider a function v € &7 (RV+1) such that supgv+1 v =U <
oo. Let u = ZLv be its related £-Riesz measure. By the first part of the
theorem, also the function

u(z) :=U+T,(2), z € RV*!

is .#-subharmonic in RV *! with least upper bound U and related -#-Riesz
measure (. Then in the weak sense of distributions we have £ (v — u) = 0.
Since - is hypoelliptic, there exists a function &, #-harmonic in RV *!, such
that # = v — u almost everywhere in RV . So, we get h < —T', a.e. in RV 1,
hence everywhere as a consequence of Theorem 5.5. Now Proposition 5.8
yields 4 < 0 in R¥*!. This completes the proof of the theorem.

REMARK 6.3. We note that the hypotheses ¥k = 0in RV and 4 < 0 in
the previous Theorem 6.2 do not imply that /4 is a constant function, unlike the
case of sub-Laplacians on Carnot groups. Indeed, for example, the function

u(x,t) = —exp(x; +-- -+ xy + Nt), xeRY, teR,

is non positive, non constant and satisfies the classical heat equation
Y 1 9gu — du = 0in RN*L,
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If we suppose for |u| a suitable growth condition that enable us to get a
Liouville-type theorem for .# (see [10]), we obtain a global representation
formula exactly analogous to (7.7) of [4].

COROLLARY 6.4. Let u be a bounded-above ¥ -subharmonic function in
RVN* and u = Lu be its related ¥ -Riesz measure. If we suppose

lu(0, )| = O@t™) as t—> 00

for some m > 0, then

u(z)=U—/ ¢ 'ezdu@), zeR,
RN+

where U < 00 is the least upper bound of u.

ProoF. From (6.8) of Theorem 6.2 it follows that
u(z) =U + T, (2) + h(z), z € RVN*L,

where h < 0is #-harmonic in R¥*!. By Proposition 5.8 we have supgyi '), =
0, so that =4 < U — u in R¥*!_ In particular,

0<—-h0,1) <U —u,1)=01" as t —> oo.
Then, by [10, Theorem 1.1], & = const. in R¥*!, But, since

sup(U+T,+h)=supu=U =sup(U +T)),

RN+1 RN+1 RN+]
we have & = 0, and the assertion follows.
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