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(Dedicated to the memory of Gert K. Pedersen)

Abstract

The authors have recently shown how direct limits of Hilbert spaces can be used to construct
multi-resolution analyses and wavelets in L?(R). Here they investigate similar constructions in
the context of Hilbert modules over C*-algebras. For modules over C(T"), the results shed light
on work of Packer and Rieffel on projective multi-resolution analyses for specific Hilbert C(T")-
modules of functions on R”. There are also new applications to modules over C(C) when C is the
infinite path space of a directed graph.

Introduction

A multi-resolution analysis for L?(R") consists of a two-sided sequence of
subspaces V; which are the dilates of a single subspace V|, with an orthonormal
basis consisting of the integer translates of a single scaling function ¢. The
Fourier transform of V|, then has an orthonormal basis of the form

{ezmm"‘qb(x) :m e 2"},

and is the closure of the set { f (e*" )¢ (x) : f € C(T")}; in other words, V, is
the closure of the free module over C(T") generated by ¢. Packer and Rieffel
have shown that one can also obtain projective multi-resolution analyses in
which the initial module Vj is the closure of a finitely generated projective
module over C(T") [19].

Over the past few years, various authors have realised that Hilbert modules
over C*-algebras provide a fertile environment for studying multi-resolution
analyses, wavelets and frames [11], [21], [23], [18], [7], and Packer and Rieffel
worked in that context throughout. They considered a specific Hilbert C(T")-
module E of functions on R”, and their projective multi-resolution analyses
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consist of the dilations V} of one Hilbert submodule V;, (see [19, Definition 4]).
The spaces V; are themselves Hilbert modules over C*-algebras of functions
on different compact quotients of R”, and are also projective C(T?)-modules,
though this is not emphasised in [19].

In our previous paper [16], we showed that direct limits of Hilbert spaces
provide a useful framework for Mallat’s famous construction of wavelets from
a mirror filter [17]. Here we use direct limits of Hilbert modules over C*-
algebras to produce projective multi-resolution analyses in Hilbert modules.
We believe that our methods shed considerable light on the constructions in
[19], and yield interesting new information about Packer and Rieffel’s module
E. Our methods require that we work in the category of Hilbert modules over
a fixed C*-algebra, and the spaces in our multi-resolution analyses are Hilbert
modules in the same category which can be concretely realised using the tensor
powers of a single module. When the initial module V; and its complement W,
in V) are free, we can use our multi-resolution analyses to find orthonormal
module bases; when W, is not free, we obtain module frames in the sense
of Frank and Larson [11]. We can in particular write down specific module
bases for the module E. However, many of our constructions are quite general,
and we also describe new examples based on the path spaces of finite directed
graphs.

A projective multi-resolution analysis for a Hilbert module X over a C*-
algebra A is, loosely speaking, an increasing sequence of Hilbert submodules
{Vi} which yields a direct-sum decomposition X = V@ ( @,‘:‘;0 Wk); we call
it projective because one hopes that V) and the W, are finitely generated and
projective (as they are in [19]). In its full generality, our construction starts
with a fixed Hilbert module Y, a correspondence M over A, and an isometry T
of Y into the balanced tensor product ¥ ® 4 M. We build a direct system with
modules ¥ ® 4 M®F and maps T; := T ® id, and then the direct limit module
Yo comes with a canonical projective multi-resolution analysis in which V;
is a copy of Y, V is isomorphic to Y ® 4 M®*, and W, is isomorphic to the
complement of the range of T} in Y ®4 M®**D (see Proposition 2.4).

When A has an identity 14 and we take Y to be the free module A4, AR M
is naturally isomorphic to M, and the isometries 7 : A — M have the form
a +— m - a for vectors m € M such that (m, m) = 1,; by parallel with the
classical case, we then say that m is a filter. So each filter m yields a direct
limit M, with a projective multi-resolution analysis. For this construction to
be useful, we need to be able to identify interesting modules X (such as the
module E from [19]) as having the form M. As in [16], we do this using a
dilation operator and a scaling function. Here, the appropriate notion of dilation
operator is a Hilbert module isomorphism D : X — X ® 4 M, and the scaling
function is an element ¢ of X such that D¢ = ¢ ® m (see Corollary 2.6).
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For modules such as X = &, we usually expect the dilation to be an
operator from X to itself, and to achieve this we need to choose appropriate
correspondences M. We use correspondences M; which were introduced by
Exel in his study of irreversible dynamics [9], [10], and which are associated to
an endomorphism « of a C*-algebra A and a transfer operator L for . When
Ais C(T) or C(T"), there are natural transfer operators such that the filters in
M are the filters arising in wavelet theory and signal processing, and for these
filters we can identify the underlying vector spaces of My with A and X ® 4 M1
with X. For the classical case in which A = C(T), a(f)(z) = f(z"), and
my is a low-pass filter, the usual dilation operator and scaling function ¢ €
E C L?(R) satisfy our needs, and our construction converts the tensor-product
based multi-resolution analysis for (Mp ) into one for & (Example 3.7). Our
tensor product construction, however, allows us to build an orthonormal basis
for the module E (see Example 4.8).

We have organised our work as follows. In Section 1, after describing some
subtleties associated with isometries on Hilbert modules, we define the direct
limit of a system of Hilbert modules. Our direct limits are a little different from
those in [1]: it is important for us that the limit has a universal property for
maps which are not inner-product preserving. In Section 2, we prove our main
result about the existence of projective multi-resolution analyses based on a
direct limit of Hilbert modules (Theorem 2.3), and then specialise to modules
over a unital C*-algebra and systems in which the initial module is A 4.

Next we specialise to the correspondences M, associated to the endomorph-
isms of A = C(C) induced by local homeomorphisms of a compact space C
(Section 3). In Section 4, we describe a general procedure for building frames,
gradually specialising until we obtain a specific module basis for the module
E. In Section 5, we apply the general construction of Section 2 with Y the
non-free projective C(T?)-module considered by Packer and Rieffel in [19,
§4-5]. The final result is the same as theirs, but we believe our approach is
more systematic, and helps to explain why some of the choices they made
are natural. In our final Section 6, we present a general procedure for con-
structing Hilbert modules from inverse limits of compact spaces, and we use
the correspondence associated in [5] to a finite directed graph E to produce
a multi-resolution analysis for a module of functions on the two-sided path
space of the graph. This example provides further evidence that, in practice,
our abstract construction becomes quite concrete.

Conventions

We will be working in the category of right-Hilbert modules over a fixed C*-
algebra A. If X is such a module, we denote the inner product by (x, y) +—
(x, y) and the module action by (x, a) +— x - a. When we change the module



320 NADIA S. LARSEN AND IAIN RAEBURN

action or inner product, we try to add a subscript to remind ourselves we have
done this; for example, if L is a transfer operator for an endomorphism of A,
we write (-, -); for the inner product on X defined by (x, y). = L({x, y)).
Some of our Hilbert A-modules are correspondences over A, which means we
also have a left action (a, x) — a - x given by a homomorphism of A into the
C*-algebra #(X) of adjointable operators on X.

All tensor products of Hilbert modules in this paper are internal tensor
products. Thus when we form X ® 4 M, for example, we are assuming that M
is a correspondence, and that we have completed the algebraic tensor product
X © M in the inner product defined on elementary tensors by

x®@m,yQ®n):={(y,x) -m,n).

Since completing includes modding out by vectors of length zero, it balances
the tensor product by making (x -a) @ m = x @ (a - m), and we write X ® 4 M
to remind us of this (see [22, page 48], for example). However, since every
tensor product here is balanced, we simplify notation by writing x ® y rather
than x ® 4 y for the image of an elementary tensor in X ®4 M.

Several of our applications involve a specific module = over C(T") con-
sidered by Packer and Rieffel in [19, §1]. It is defined for any n > 1, though
we are primarily interested inn = 1 and n = 2. As a set, E consists of the
continuous functions & : R" — C for which there is a constant K such that
D ke 1E( — k)|?> < K for all ¢ in R”, and such that the function defined by
this sum is continuous; with right action and inner product defined by

(0.1) E- @) = E@) f(e*)

and

(0.2) E )™ =Y EG—lon —k),
keZn

& is a Hilbert C(T")-module [19, Proposition 7]. We freely use key properties
of E established by Packer and Rieffel, and especially Propositions 13 and 14
of [19].

1. Isometries and direct limits of Hilbert modules

For a bounded operator 7 : H — K between Hilbert spaces, the following
statements are equivalent:

(1) T isisometric: |Th| = ||h| forevery h € H;
(ii) T preserves the inner product: (Tg | Th) = (g | h) forevery g, h € H;
(ii1) T satisfies T*T = 1.

In view of (i), we call an operator with these properties an isometry.
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When X and Y are Hilbert modules over a C*-algebraAand 7 : X — Y is
abounded A-linear map, we easily obtain (iii) = (ii)) = (i). The converse (i)
= (ii) is also true, but is nontrivial: to see this, observe that the range of an A-
module homomorphism 7 satisfying (i) is automatically a closed submodule
of Y, and [14, Theorem 3.5] implies that it is unitary as a map into 7' (X),
hence inner-product preserving. On the other hand, it is no longer true that (ii)
= (iii), unless we know that T is adjointable (see Lemma 1.1 below). Not all
inner-product preserving maps are adjointable: the standard counterexample is
the inclusion of Cy((0, 1]) in C ([0, 1]), viewed as a map of Hilbert C ([0, 1])-
modules (see [14, page 21] or [22, Example 2.19]). We are interested in both
adjointable and non-adjointable inner-product preserving operators, and for
us the key difference is that adjointable inner-product preserving maps have
complemented range (see Lemma 1.1).

A closed submodule M of a Hilbert A-module X is complemented if the map
(m, n) — m + n is a Hilbert module isomorphism of M & M~ onto X. When
this is the case, there is an orthogonal projection P : X — M, and P is an
adjointable operator on X such that P> = P = P*. The converse observation
is also valid: if P € £ (X) satisfies P> = P = P* then M := P(X) is
complemented with complement M+ = (1 — P)(X). The next lemma sums up
the key properties: itis similar to but not quite the same as [14, Proposition 3.6].

LEMMA 1.1. Let A be a C*-algebra, and suppose that X and Y are Hilbert
A-modules and S : X — Y is inner-product preserving. Then S is an A-
module homomorphism, and S is adjointable if and only if the range of S is a
complemented A-submodule of Y. If this is the case, then S*S = 1, and SS*
is the orthogonal projection onto the range of S.

Proor. That § is an A-module homomorphism follows by computing
|S(x-a) — (Sx)-a|* forx € X anda € A.If S is adjointable, then S*S = 1,
and P := §S* is a self-adjoint projection in £ (Y) with P(Y) = S(X). We
deduce from the observations in the paragraph preceding the lemma that S(X)
is complemented. Conversely, if S(X) is complemented and P is the projection
onto S(X), then the inverse S~' : S(X) — X satisfies

(Sx,y) = (PSx,y) = (Sx, Py) = (Sx, SS™'Py) = (x, S~' Py),

and hence S~! P is an adjoint for S.

In view of the distinction between (ii) and (iii) it is potentially ambiguous to
talk about “isometries of Hilbert bimodules”, and we try to be precise at least
in the formulations of our results. As an example: the following easy lemma
gives one way to construct isometries.
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LEmMA 1.2. Let A be a C*-algebra with identity and X a Hilbert A-module.
For every x € X, the map Sy : a — x - a of Ay into X is adjointable with
adjoint given by Sty = (x, y). The map S, is inner-product preserving if and
only if (x,x) = 1.

We now describe our direct limit and its universal property.

ProPOsSITION 1.3. Suppose that A is a C*-algebra and

T T T
XO 0 X 1 1 X2 2

is a direct system of Hilbert A-modules Xy in which each Ty, is inner-product
preserving (but not necessarily adjointable).

(a) There are a Hilbert A-module X , and inner-product preserving maps
%0 Xy — Xoo with the following property: whenever Ry : X, — Z are
bounded A-module homomorphisms of Xy into another Hilbert A-module Z
such that Ry o Ty = Ry and |Ri|| < M for all k > 0, there is a unique
bounded A-module homomorphism R, such that |Rs|| < M and Ry o iF =
Ry for k > 0. We illustrate this with the commutative diagram:

Xo

Ty T -

Ry

If every Ty is adjointable, so is every 1*, and if every Ry is inner-product
preserving, o is Ro.

(b) The pair (X oo, 1) is essentially unique: whenever (Y, j*) is a pair with
the property described in (a), the space U,fi 1 J K(Xy) is dense in Y, and there
is an isomorphism 0 of X onto Y such that 0 o ¥ = j* for all k.

The pair (X, %) is called the direct limit of the system (X, Tx), and
we usually write Xo, = lim X; or (Xoo, t¥) = lim(Xy, T;). We refer to the
property in part (a) as the universal property of the direct limit.

Proor. To construct such a module, we take the quotient Q of the disjoint
union |_|;-, X by the equivalence relation which identifies each x € X, with
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Tix € Xjy1. Since the maps T; are A-module homomorphisms and preserve
the inner products, the quotient Q is an A-module and carries an A-valued
inner product. We take X, to be the completion of Q in the norm defined by
the inner product, which is naturally a Hilbert A-module. We write [x] for the
class of x € X; in Q or X, and define (*x = [x] for x € X;.

Given R : X; — Z asin (a), elementary algebra shows that there is a well-
defined A-module homomorphism R, of Q into Z such that R, ([x]) = Ryx
for x € X;. The norm of R, ([x]) satisfies

[Roo ([x DIl = l[Rxx || < [IRel lx]l = I Rell ILx]I1 < MIILx]]l

s0 R 1s bounded on Q and hence extends to a bounded linear operator R,
with the required properties. Any bounded operator T : X, — Z satisfying
T o ¥ = Ry agrees with R, on Q, and hence by continuity also on X, = Q.
If every R; is inner-product preserving, then R, is inner-product preserving
on @, and the continuity of the inner products implies that R, is inner-product
preserving on X .

Now suppose that each T} is adjointable, and note that || 77| = || Tx|| = 1
(by, for example, [8, Proposition 1.10]). To verify the statement about adjoint-
ability of (¥ we apply the universal property to

Ty Ti+1 Ti+2
Xy ——— Xjr1 ———> X2 X

id

to get abounded A-module homomorphism Ry, : Xo — Xi. Thenforx € X;
and y = Fz € X, we have

(x, Rooy) = (x, (Roo 0 FT™)z)

* * *
X, T T - Tiy2)

k k
T (Tignt -+ T Tiex), 7 2)

k

= (
=
= (Titn-1-+ Tip1Tix, 2)
=
=("x, y).

Since both sides are continuous in y, this extends to all y € X, and R is an
adjoint for (¥, as claimed.
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To prove (b), we let Z := U,fil j¥(X;) and aim to prove that Y = Z.
Viewing the maps j* as having range in Z, and applying the universal property
to j¥ 1 Xy — Z, gives amap j* : ¥ — Z such that j* o j* = jk But
now we can view j° as a map of Y into Y such that we have a commutative
diagram

Since the diagram also commutes when we replace j* by the identity map
idy from Y to Y, the uniqueness in the universal property forces j*° = idy
andY = Z.

The homomorphism 6 is obtained by applying the universal property of
(X0, 1¥) to the maps j* : X; — Y. Itis an isomorphism because applying the
universal property of (¥, j*) to ¥ : X; — X gives an inverse.

REMARK 1.4. It is tempting to think that we are working exclusively in
the category of Hilbert modules and inner-product preserving maps. However,
in proving that ¥ is adjointable, we had to apply the universal property of
Proposition 1.3 to maps which do not preserve the inner product. This means
we cannot directly apply the results of [1], for example.

ExaMpLES 1.5. For an example where each T is inner-product preserving
but not adjointable, take T} to be the map of Cyo((—k, k)) into Co((—(k +
1), k 4+ 1)) which extends f € Cy((—k, k)) to be 0 outside (—k, k) (see [22,
Example 2.19]). When we view each Cy((—k, k)) as a Hilbert Cy(R)-module,
the direct limit is isomorphic to Cy(R), with the inclusion maps playing the
role of the *. When we view each Cy((—k, k)) as a Hilbert C(T)-module with

k
(f @) = f(a@™) and (f, )™ )= Y F&x—Dglx—1)

I=—k+1

for x € [0, 1), then the direct limit is the Hilbert C (T)-module E constructed in
[19, §1]. To see this, we recall from [19, Proposition 3] that E is complete, and
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apply Proposition 1.3 with Ry the inclusion of Cy((—k, k)) in E. The induced
map R has dense range by [19, Proposition 4], and hence is surjective.

ExaMPLE 1.6. For an example in which every R; is adjointable but R,
is not, let A = C(N U {oo}), let X; = span{§; : 0 < j < k} C A, and
let Ty : X <> Xiy1 be the inclusion. Then with X, = span{§; : j >
0} = ¢o(N) and (* the inclusion maps, (X, t¥) has the universal property. By
uniqueness, the map R, associated to the inclusions Ry : X; < A has to be
the inclusion of co(N) in A. However, Ry (co(N))* = {0}, so the range of R,
is not complemented in A, and Lemma 1.1 implies that R, is not adjointable.

2. Multi-resolution analyses from direct limits of modules

The direct systems of interest to us involve the tensor powers of a fixed cor-
respondence M over A. We have an important motivating example in mind.

ExaMpLE 2.1. In this example, the C*-algebra A is C(T), and the module
M also has underlying space C(T). (We will try to distinguish elements of the
coefficient algebra by calling them a or b.) The module structure depends on
a fixed integer N > 2; the actions are defined by

(f- @)@ = f@aE") and  (a-f)2) =a@)f()

for f € M and a € A, and the inner product is given by

1 -
fa@=~ Y, fgw).

{weT : wh=z}

It is easy to check that the operator f + a - f is then adjointable with adjoint
g > a* - g, so the left action gives a C*-algebra homomorphism of A into the
algebra .# (M) of adjointable operators on the right Hilbert A-module M.

To construct our direct systems, we start with a fixed Hilbert A-module Y,
and an isometry T of Y into the balanced tensor product Y ® 4 M by our fixed
correspondence M. Again we have a specific motivating example.

ExAMPLE 2.2. Suppose that A is unital with identity 1,4, the correspond-
ence M is essential in the sense that 14 - f = f for f € M,andtake Y = Ay4.
Recall that a filter in M is an element m such that (m, m) = 1,4. Then for every
filter m € M, the isometry S,, : A — M of Lemma 1.2 fits our model. (To see
this, we just need to observe that the map a ® 4 n +— a - n is an isomorphism
of A®4 M onto M, so we can view S, as a map into A ® 4 M.) Filters in our
motivating Example 2.1 are functions m : T — C such that

1
I Z Imw))* =1 forevery zeT,

wN=z
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or in other words, filters in the sense of wavelet theory (see [4, Equations (1.14)
and (1.25)], for example), and then S,, : A — M is defined by

(Spa)(z) = m(z)a(zM).

The other maps 7} in our direct system (X, 7T;) of Hilbert modules will
be formed by tensoring T : ¥ — T ®4 M with the identity maps id; on the
tensor powers M ® .= M ®, --- ®4 M. There are some subtleties involved
in forming such tensor products, so we briefly discuss this construction.

Suppose that Y and Z are Hilbert modules over a C*-algebra A, and M is a
correspondence over A. Forevery T € # (Y, Z), there is a unique adjointable
map T ®id from the internal tensor product Y ® 4 M to Z ® 4 M characterised
by

2.1 Tid)(ym)=(Ty) @m for yeY and m € M.

To prove that there is such a map T ®id requires non-trivial arguments (see [14,
page 42]), but the characterising property (2.1) makes it easy to manipulate. For
example, one can check by computing on elementary tensors that (So7)®id =
(S®id) o (T ®id), and that (T ® idy) ® idy = T ® idyg,~. Adjointability
plays a crucial role in proving that 7 ® id extends to the completion, so we
cannot in general form 7 ® id for non-adjointable operators T, even if they
are norm-bounded. However, if T : Y — Z is inner-product preserving, then
one can verify directly that there is a well-defined linear operator 7 ® id on the
algebraic tensor product ¥ © M which preserves the internal tensor-product
norm, and hence induces an inner-product preserving map 7 ® id on ¥ ® 4 M
satisfying (2.1).

Our construction involves a Hilbert-module isomorphism U of Y onto Y ® 4
M, and the isomorphisms U* defined inductively by U° = U and

(2.2) U = (U ®idy) o U* 1 Y — ¥ @4 ME*HD,
We can verify by calculations on elementary tensors that
(2.3) Ut = (U* ®@id)) o U.

‘We can now formulate the main result of the section.

THEOREM 2.3. Suppose that M is a correspondence over a C*-algebra A,
Y is a Hilbert A-module, and T : Y — Y ®4 M is inner-product preserving
and adjointable. Define Ty ;=T Q@ id; : Y @4 M® — Y @, MO*+D,

(@) Let (Yoo, ) = li_n>1(Y ®4 M®*, Ty). Then there is a Hilbert-module
isomorphism R of Ya, onto Yo, @ 4 M such that R o **' = * ® id for k > 0.
The submodules Yy := (*(Y @4 M®*) of Yo, satisfy:
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(1) Yy is a complemented A-submodule of Yo

(i) Yi = R7*(Yo ®4 M®F) fork > 0;
(iii) Yy is a complemented submodule of Yy for k > 0O;
(1v) Uiz Y is dense in Y.

(b) Suppose X is a Hilbert A-module, D : X — X ®4 M is a Hilbert-
module isomorphism and Qo : Y — X is an inner-product preserving map
such that D o Q¢ = (Qo ®id) o T. Then there is an inner-product preserving
map Q : Yoo — X such that Q 01° = Qpand D o Q = (Q ®id) o R. The
submodules Vi, == Q(Yy) of Q(Yo) satisfy

(2.4) Vi =D %0 (Qo®idi) (Y ®4 M®)

and have properties mirroring those of (1)—(iv).

Since the modules in our analysis are often finitely generated and project-
ive, we call a sequence of submodules {Y;} satisfying (i)—(iv) a projective
multi-resolution analysis for Y. Part (b) then says that the sequence {V;} is
a projective multi-resolution analysis for the (necessarily closed) submodule
0(Ys) of X. We will explain in Example 3.7 how these projective resolution
analyses give the ones considered by Packer and Rieffel in [19].

PrOOF. (a) Since T is inner-product preserving and adjointable, so is each
Ty, and we can form the direct limit (Y., (¥); it follows from Proposition 1.3
that each (* is inner-product preserving and adjointable. For k > 0, Ry :=
* ®1d is an inner-product preserving map from ¥ ® 4 M®*+1 into Y., ® 4 M.
Since

RirioTi = (F @id) o (T ®idy) = (}F @ id) o (Th—; @ id)
=FoTi)®id=7F""'Qid = Ry,

we have a commutative diagram
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in which every solid arrow is inner-product preserving. Thus the universal
property of (Ya, t¥) gives an inner-product preserving map R := R, : Yoo —
Yoo ®4 M satisfying R o ¥ = *~! ® id. Since elements of the form *~!b as
k and b vary are dense in Yo, R is surjective, and hence an isomorphism of
Hilbert modules.

To prove (i), note that Yj is the range of the inner-product preserving and
adjointable map (°, and hence by Lemma 1.1 is complemented in Y. To prove
(i1), we note that it is trivially true for k = 0; for k > 1 we use (2.3) to compute

RV, = R o F(Y @4 M®F)

= (R*"'®1id;) o (R o F)(¥Y @4 M%)

= (R ®id) o (' @id)(Y @4 M®)

= R (Y1) ®4 M,
and (ii) then follows from an induction argument. For (iii), we observe that
Ty is adjointable, and hence its range is a complemented submodule of ¥ ® 4
ME&HD Since *1 o Ty = ¢, **! maps the range of T; onto Y; = range ¢*,
and hence Y} is complemented in Y, as claimed. Part (iv) follows from
Proposition 1.3(b).

(b) For every k > 1, the map Q; := D% 0 (Qy®id;) : ¥ ®4 M® — X
is inner-product preserving because D and Qy are. From (2.2) and the given
property of Qp, we deduce that

Qir10 T =D %o (Qy ®idis1) o (T ®idy)
=D o(D®id) ™" 0 ((Qo ®id) ®idy) o (T ® idy)
=D o (D70 (Q®id) o T) ®idy)
=D "0 (Qy®idy)
= Ok.
Hence the universal property of (Y., (¥) gives an inner-product preserving
map Q of Y., into X such that Q o ¥ = Q; = D% 0 (Qy ® idy). Then, using
(2.3) again, we have
(25) DoQ)ol'=Do Qi1 =DoD % Vo (Qy®idis))
=DoD 'o(D*®id) o ((Qy ®idy) ® id)
= (D™ 0 (Qy ®idy) ®id;

on the other hand, the relation R o **! = /¥ ® id gives

(2.6) (O®id)oRor ' =(Qof)®id= (D0 (Qy®idy)) ®id,
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and (2.5) and (2.6) imply that D o Q = (Q ®id) o R. The properties of V; :=
Q(Yy) follow from those of Y; because Q is inner-product preserving. An
induction argument using the formula (2.2) shows that Do Q = (Q®id;)oR¥,
and this implies (2.4).

ProrosiTION 2.4. With the notation of Theorem 2.3, let Z; denote the
complement Y11 © Yy of Yy in Y. Then there is a natural Hilbert-module
direct-sum decomposition

2.7) Yoo = Yo @ (é ).
k=0

and the isomorphism R* : Yoo — Yo @4 M®* induced by R restricts to an
isomorphism of Zj. onto Zy ® 4 M®*.

For the last part we need a simple lemma:

LEMMA 2.5. Suppose Vi is a complemented submodule of a Hilbert A-
module V, and E is a correspondence over A. Then V1@ 4 E is a complemented
submodule of Vo @ 4 E with

(Vi ®a E)" =V{" ®4E.

Proor. Since the inclusions of V; and VlL in V, induce isometric embed-
dings of V; ®4 E and Vll ®4 E into Vo, ®4 E, the assertion at least makes
sense. Let P € #(V,) be the orthogonal projection of V, on V;. Then since
T +— T ® id is a homomorphism of #(V,) into £ (V, ®4 E), P ® idg is a
projection. It is easy to see that the range of P ® idg contains V; ® 4 E. On
the other hand, if x € (P ® idg)(Va ®4 E),andx ~ ) . v; ® y; € V2 O E,

then )
x=(P®idp)x ~ Y (Pv)®y € Vi @4 E,

and x belongs to the closed submodule V; ®4 E. Thus V; ®4 E = (P ®
idg)(Vo, ®4 E). Then the projection on (V| ®4 E)*is dy,g,r —P ®idg =
(idy, —P) ®idg, which by a similar argument has range ((id —P)V,) @4 E =
Vi-®a4 E.

ProoFr ofF ProrosITION 2.4. The Hilbert-module direct sum is defined in
[14, Page 6]. Thus the right hand side of (2.7) is

{(y, {zik=0) 1 y € Yo, 2k € Z, and D _(zk, zx) converges in A},

with inner product given by

(0, 2D, O Az D) = 00 Y)Y + Dz )
k
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For each (v, {zx}i>0) in Yo @ (@,fio Zk), the series ) (zx, zx) converges in A,
and hence ), zx converges in Yoo. Thus X : (y, {zxlk=0) = ¥y + ) 2k isa
well-defined map from Y, & (@:io Zk) into Yo,. This map is inner-product
preserving, and its range contains (_J, Yi, and hence is dense in Yo.; since the
range of an inner-product preserving map is closed, X is surjective. Thus X is
an isomorphism of Hilbert modules, and this is precisely what (2.7) means.

We know from Theorem 2.3 that R is an isomorphism of Y onto Y; ®4 M,
and that it carries the submodule Y; onto Y;_; ® 4 M. Thus it takes Z;, :=
Y167} onto the complement of Y;_; ®4 M in Y;, ® 4 M, which by Lemma 2.5
is Zy_; ®4 M. An induction argument now shows that R* = (R*"! ® id) o R
carries Z; onto Zo ®4 M®¥, as claimed.

We aim to apply Theorem 2.3 with Y the free module A4 over a unital
C*-algebra and T the isometry S,, associated to a filter m in a correspondence
M over A (see Example 2.2). When M is essential as a left A-module, the left
actions of A give natural isomorphisms of A ® 4 M®* onto M®*, and under
these isomorphisms the maps T ® id; from A ® 4 M® into (A @4 M) @4 M®*
become the maps T} defined by

(2.8) Tin=T(1n)=m-)@n=mQen for ne M®.

Let (Mo, 15) := li_r)n(M®k, Ti). Then Theorem 2.3(a) says that there is an
isomorphism R : Mo, — My ®4 M characterised by R o S =k eid
for k > 0, and that the submodules Y; := (*(M®*) form a projective multi-
resolution analysis for My, with Yy = Ay4.

To find concrete implementations of the pair (M, R) using part (b) of
Theorem 2.3, we need a Hilbert A-module X, an isomorphism D : X —
X ®4 M, and an inner-product preserving map Qg : A — X suchthat DoQ( =
(Qo®1id) 0 S,,,. The map Qy is determined by its value ¢ := Qp1; notice that
¢ must satisfy (¢, ¢) = 1 and, remembering that m € M identifies with 1 @ m
inA®uM,

(2.9) D¢ = (Do Qo)1 = (Qo ®id)(Sm1)
=(Qo®id)(1 ®m) = (Qol) @ m
=¢ Qm.

Thus the map Qg is determined by a single vector ¢ € X satisfying (¢, ¢) = 1
and D¢ = ¢ ® m. Following the classical case, we say that (X, D, ¢) is a
scaling function for the filter m.

COROLLARY 2.6. Suppose M is a correspondence over a unital C*-algebra
A such that M is essential as a left A-module, m is a filterin M, and (X, D, ¢)
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is a scaling function for m. Then there is a Hilbert module isomorphism R
of My, onto Mo, @4 M such that R o "' = ¥ ® id, and there is an inner-
product preserving map Q of My, into X such that (Q01°)1 = ¢pand Do Q =
(Q ®1id) o R. The family

(Vi := Q" (M®h)) 1 k > 0}

is a projective multi-resolution analysis for the submodule Q (M) of X, and
Vo is the free rank-one A-module generated by ¢.

ProOOF. The formula Qopa = ¢ - a defines a module map A — X. Calcu-
lations like the ones giving (2.9) show that D o Qg = (Q¢ ® id) o S,,;, and
Theorem 2.3(b) gives an inner-product preserving map Q : Mo, — X with
the required properties.

3. Multi-resolution analyses from transfer operators

Our first applications involve correspondences built from transfer operators
for endomorphisms of C*-algebras. Suppose « is an endomorphism of a unital
C*-algebra A. A positive linear map L : A — A is a transfer operator for o
if L(aa(b)) = L(a)b fora, b € A.

In [9], Exel constructs a crossed product A X, ; N using a correspondence
M over A. To construct My, he endows the vector space A; := A with the
right action of A given by m - a := mo(a) and the pre-inner product

(3.1) (my, my) = L(mimy) for my,my € Ap,

and completes to get a right Hilbert A-module M. The completing process
includes modding out the vectors of length zero, and since ||m - 1 — m||? is
always zero, we have m - 1 = m forevery m € My, so that My is essential as a
right A-module. The action of A by left multiplication on A, extends to a left
action of A on M, which is implemented by a homomorphism A — £ (M;).
Exel’s module M} is also essential as a left A-module, so the right and left
module actions induce isomorphisms M; ®4 A = My and A ®4 Mp = M.

We now present some simple lemmas which will help us work with the
modules M . The first concerns the powers L¥, which are easily seen to be
transfer operators for the powers a* of the endomorphism «. This lemma is
essentially the same as Proposition 2.1 of [15], but the conventions there are a
little different.

LemMA 3.1. Foreach k,l € N, the map a ® b — aa*(b) of A® A into A
induces an isomorphism of the correspondence My« @ My onto M.
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ProoF. Itiseasy to check that the map is a bimodule homomorphism which
preserves the inner products, and hence extends to an injection of correspond-
ences. To see that it has dense range and is therefore surjective, note that for
a e Apn wehavea = a-1 = aa*' (1) in M+, and hence a is the image of
a®al(l) e My @4 M.

LeEmmA 3.2. Suppose that L is a transfer operator for « € End A, and X
is a Hilbert A-module.

(a) The underlying vector space of X becomes a pre-inner-product A-
module with x - a := x - a(a) and (x,y); := L({x,y)). The completion
is a Hilbert A-module, which we denote by X .

(b) The map ® of X ® Ay into X defined in terms of the right action of A
on X by ®(x ® a) = x - a induces an isomorphism of X @4 My onto X.

(c) Suppose that T : Y — Z is an adjointable Hilbert A-module homo-
morphism. Then Ty =T Qid: Y, =Y ®s My > Z @4 M = Z, is given
by the formula Try = Ty.

ProofF. The claim of (a) follows from the defining properties of a transfer
operator. For (b), just verify that ® is inner-product preserving and has dense
range. To prove (c), note that every y € Y has the form ®(y ® 1), and so
Try=d(T ®id(y®1)) =Ty.

Suppose that C is a compact space, 0 : C — C is a surjective local
homeomorphism, and o : f +— f o o is the associated endomorphism of
C(C). As in [10], the formula

1
(3.2) L)) = —— > f@

—1
o @I o,

defines a transfer operator for (C(C), ). The choice of |0 ~!'(c)|~! as norm-
alising factor is not important: for any continuous function w : C — (0, 00),

Lu(f)(©) =w() Y fd)

o(d)=c

is also a transfer operator for a. (The function ¢ > |o~!(c)| is locally constant
and hence continuous.) We usually use (3.2) because for this choice, filters in
M, include the filters of wavelet theory (see Example 3.7 below). However, we
need the extra generality in the next lemma because we want to apply it to the
powers L of L, which are transfer operators for of : f > f oo, but which
need not have the obvious normalising factors |0 ~*(c)|~! (see Lemma 3.4).
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LemMA 3.3. For every (C(C), «, Ly,) as above, and every Hilbert C(C)-
module X, the function || - ||, on X defined by

(3.3) 13, = Lo (G, X)) | = Sup<w(6) > (x,X)(d)>

ceC o(d)=c
is a norm which is equivalent to the given norm on X.

ProoF. We first notice that || ||, is the seminorm associated to the pre-inner
product (-, -);, used to define X, and is in particular a seminorm. Choose &,
M and K such that 0 < § < w(c) < M and |o~!(c)| < K forevery c € C.
Then we trivially have ||x||2, < MK ||x]|>. On the other hand, since (x, x) is a
continuous non-negative function on a compact space, there exists ¢ € C such
that

(x, x)(©) = [1(x, x)lloo = IIx[1%,

and then

X113, = Lu((x, x))(0(c)) = w(o(c)) Z (x, x)(d)
> 8(x,x)(c) = 5||x||2, o(d)=0(c)

From this estimate we deduce, first, that | x||,, = 0 implies x = 0, so that || - |,
is a norm, and, second, that | - ||,, is equivalent to the given norm.

We now compute an explicit formula for L.

LEmMMA 3.4. The kth power of the transfer operator L defined in (3.2) is

given by .
IAGIGEISYS (]‘[w—l(af'(d))rl)f(d).

ok(d)y=c "j=1

Proor. By induction on k. For k = 1, the normalising factor is the one in
(3.2) because o (d) = c. For the inductive step, we write

1
LN === Y L= ) lo7 (c@) 'L ()@
|O' (C)l o(d)=c o(d)=c
and expand LX( f)(d).

Lemma 3.3 implies that, for the systems of the form (C(C), «, L), every
Hilbert C(C)-module X is already complete in the norm || - ||, used to define
Xy, and X, has X as its underlying vector space. Thus the isomorphism
D : X - X ®c() M which we use in Theorem 2.3 to identify the direct
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limit Y, is in particular a linear isomorphism of X onto X. (Though it is only
a module homomorphism when we use the correct module action of C(C)
on X;: we have D(x - f) = (Dx) - f = (Dx) - a(f).) This leads to more
familiar-looking reformulations of Theorem 2.3 and Corollary 2.6.

ProposiTION 3.5. Consider a system of the form (C(C), «, L), and Exel’s
correspondence M. Suppose Y is a Hilbert C(C)-module and T : Y —
Y, is adjointable and inner-product preserving. Then T is also adjointable
and inner-product preserving as a map of Yy« into Y. Let (Yoo, (X)) =
h_l’l)l(YLk, T), and denote by R : Yoo — (Yoo)L the map obtained from the
isomorphism of Theorem 2.3(a) by identifying Yoo ®c(cy M with (Yoo)1.

Now suppose that X is a Hilbert C(C)-module, that D : X — X is a linear
isomorphism of X onto X satisfying

3.4) D(x - f)=(Dx)-a(f) and L({Dx, Dy)) = (x, y),

and that Qo : Y — X is inner-product preserving and satisfies D o Qg =
Qo o T. Then there is an inner-product preserving map Q of Yoo into X such
that Q 0° = Qg and D o Q = Q o R, and the submodules Vi, == Q(1*(Y,x))
of Q(Ys) satisfy:
(1) Vo is a complemented C(C)-submodule of Q(Yo);

(i) Vi = D7*(Vp) fork = 0;

(i) Vi is a complemented submodule of Vi, for k > 0O;

(iv) U2 Vi is dense in Q(Yoo).

PrOOF. Itis easy to check by writing L*™! as L¥ o L that T : Y+ — Yysn
has the required properties. The equations (3.4) say that D is a Hilbert-module
isomorphism of X onto X . The isomorphism of X ®c () M, onto X carries
x ® f tox - f, and hence converts Qg ® id into Q¢ : Y, — X ; thus the
equation D o Qg = Qp o T saysthat D o Q¢ = (Qp ® id) o T. Now part (b)
of Theorem 2.3 gives an inner-product preserving map Q : Yo, — X which
satisfies Q o1’ = Qgand Do Q = (Q ®id) o R; when we identify X Qcwcy My
with X, the second equation becomes D o Q = Q o R.

Properties (i), (iii) and (iv) follow immediately from the corresponding
properties of Yy := (*(Y,+) in Theorem 2.3. For (ii), note that the equations R o
1 = * ®id say that R maps Yj onto Y ®c(cy My ; since the identification
of Yoo ®c(cy M with (Yo), takes y ® f into y - f (for the original action
of C(C) on Y), it takes Yy ®c(cy My onto Y. Thus, viewed as a map from
Yoo t0 (Yoo), R carries Yy, onto Yy. The relation D o Q = Q o R therefore
implies that D(Vi4+1) = V4, so that, at least as vector spaces, V; = D K(Vy).
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COROLLARY 3.6. Consider a system of the form (C(C), a, L), let m be a
filter in Exel’s correspondence My, and let Mo, = H_r)n(M?k, Ty) be the direct

limit of the system (Mf’k , Ty) defined by (2.8). Suppose that X is a Hilbert
C(C)-module, ¢ € X satisfies (¢p,¢) = 1, and D : X — X is a linear
isomorphism of X onto X such that
(3.5)

D(x - f) = (Dx)-a(f), L(Dx,Dy))={x,y), and D$=¢ -m.

Then (X, D, @) is a scaling function for m, and there is a Hilbert-module
isomorphism Q of My, into X such that (Q 01°)1 = ¢ and Do Q = Q o R.
Moreover; if Vi denotes the submodule Q(:°(C(C))), then

(Vi = QX (MZ*)) = D7*(Vy) 1k > 0}

is a projective multi-resolution analysis for Q (My).

PROOF. Asin Corollary 2.6, we define Q¢ : C(C) — X by Qo(f) =¢- f,
and Q) is inner-product preserving because (¢, ¢) = l¢(c). The isometry
T=S5,:C{C)— CC)=C(C)isgivenby T(f) = ma(f). Thus for
f € C(C) we have

Do Qo(f) =D f)=(D¢)-a(f) = (¢ -m)- a(f)
=¢ - (ma(f)) =¢-(Tf)=QooT(f),

and the result follows from Proposition 3.5.

ExampLE 3.7. Let N > 2 be an integer, take A = C(T) and a(f)(z) =
f (V). Then

1
(3.6) LN =5 Y fw)

defines a transfer operator for «. This fits the above structure with C = T and
0 (z) = zV, and the module M, is the one discussed in Example 2.1. A filter
m € M is a function m € C(T) satisfying

(3.7) 1 = (m, m)(z) =% > im@)?  forall zeT,

so that if also m (1) = N'/? then m is a low-pass filter in the sense of wavelet
theory. Provided m is low-pass and sufficiently smooth near 1 (see, for example,
[12, Lemma 5.37] or [4, Theorem 5.1.3]), the infinite product

oo

¢ () = [ [(N""/*m(exp@riN~*1)))

k=1
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converges uniformly on compact subsets to a function ¢ satisfying the scaling
equation

(3.8) N'2p(Nt) = m(@¥"¢(t)  for teR,

and

(3.9) Yl —kPF =1 forall reR.
keZ

The properties of the scaling function ¢ are naturally expressed in terms
of the Hilbert C(T)-module E of [19, §1] (see the discussion around our
Equations (0.1) and (0.2)). Because it is locally the uniform limit of continuous
functions, the scaling function ¢ is continuous, and (3.9) implies that ¢ is an
element of E satistying (¢, ¢) = lcm. With Dy : E — & defined by
(DyE)(t) = N'2£(Nt), the scaling equation (3.8) becomes

(Dn@) (1) = m(e™ )¢ (t) = (p -m)(r)  forall teR.
An easy calculation shows that Dy (§ - f) = (Dy&) - ¢ (f), and

L({(Dy&, Dyn))(e*™")
N—1

1 o
= 2_{DxE Dyn)(™ /)
Jj=0
1 N—-1
=5 2. 2_ DO = D/N =IDym (= H/N = k)
j=0 kez
N—-1

@ —(J+kN)n@ — (j +kN))
=0 keZ

=) & —Ont—10)
teZ

= (&, m)(e¥™),

so that Dy is an isomorphism of E onto E; .

Thus (8, Dy, ¢) satisfies the hypotheses of Corollary 3.6, and there is a
Hilbert-module isomorphism Q of M, onto a closed C (T)-submodule of E.
The subspaces V; := Q(t* (M}?k)) satisfy:

(1) Vj is the free rank-one A-module generated by ¢ = (Q o (°)1;
(2) Vi = Dy* (V) fork > 0;
(3) Vi C Viyy fork = 0.

~.
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These directly imply properties (1), (2) and (3) of [19, Definition 4]. Now
define V; by (2) for k < 0. Then, since Vj is projective, Proposition 13 of [19]
implies that ﬂgz_oo Vi = {0}, whichis property (5) of [19, Definition 4]. Since
the filter m is low-pass, so that m(1) = N'/2, the scaling function ¢ satisfies
¢(0) = 1, and hence it follows from Proposition 14 of [19] that U,fio Vi is
dense in &, which is property (4) of [19, Definition 4]. Thus the subspaces
{Vk : k € Z} form a projective multi-resolution analysis for E in the sense of
[19, Definition 4].

4. Frames and orthonormal bases

Suppose that X is a Hilbert module over a unital C*-algebra A. We say that
a countable subset {x; : j € J}in X is an orthonormal basis' for X if {x;}
generates X and (x;, x;) = J;14. By modifying the standard Hilbert-space
argument we obtain the reconstruction formula

X = ij - {x;, x) forevery x € X,
J

where we are asserting that the partial sums for the series converge in norm
to x. Frames are, loosely speaking, sets {x;} which are not orthonormal but
still satisfy the reconstruction formula. Frames are particularly interesting in
the context of Hilbert modules, which need not have an orthonormal basis, but
nearly always have frames [11], [21].

A countable subset {x; : j € J} in a Hilbert module X over a unital C*-
algebra A is a Parseval frame for X if it satisfies the frame identity

4.1) (x,x) =) (x.x;){x;,x)  forevery x€X,
jeJ

where we require that the sum on the right-hand side converges in norm in A.
(These are called “standard modules frames™ in [19] and ““standard normalised
tight frames” in [11].) Equivalently, {x;} is a Parseval frame if and only if the
reconstruction formula

X = ij “{xj, x) holds for every x € X,
jeJ

where again one is asserting that the sum converges in norm in X (this is proved
in[11] and generalised in [21, Theorem 3.4]). Although one is in principle more

'In our classic Example 3.7, an orthonormal basis will consist of finitely many functions
x;j : T — C, and an engineer would call such a basis “a filter bank with perfect reconstruction”.
That filter banks fit naturally into the setting of Exel’s correspondences has also been noticed by
other researchers, including Ionescu and Muhly [13].
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interested in the reconstruction formula, the frame identity is often easier to
manipulate than the reconstruction formula because it involves series whose
terms are positive elements of the C*-algebra A.

Our definition of Parseval frame is at first sight a little incomplete, since
we have not specified any order on the index set J. So we pause to prove the
following reassuring lemma, which tells us exactly what we need to check to
see that a given countable set is a frame. We denote by F(J) the set of finite
subsets of J, directed by inclusion.

LEMMA 4.1. Suppose that X is a Hilbert module over a C*-algebra, {x; :
Jj € J}isacountable subset of X, and x € X. For each finite subset F € F(J),

we write
Sp 1= Z(X,Xj)(xj,x)-
jeF
Suppose that
(a) sp < (x,x) forevery F € F(J), and
(b) for every € > 0 there exists F € F(J) such that ||(x, x) — sp| < €.
Then ||(x, x) — sg|| — 0 as F runs through (F(J), <).

Provided we order J so that the sets Fy, := {j € J : j < k} are cofinal in
F(J), Lemma 4.1 implies that the partial sums s := sp, converge to (x, x) in
norm. This applies in particular to the order given by any enumeration of J,
and also to the product order when J = K x L is a product of two ordered
sets with the same property. Notice that convergence with respect to any such

order implies (a) and (b), and hence convergence in one such order implies
convergence in all others. (This equivalence for enumerations was noted in

[11].)

ProoOF oF LEMMA 4.1. Fix € > 0, and choose F as in (b). Then for any
G € F(J) such that F C G, we can apply (a) to s¢, and

Sp <Sf+ Z (xaxj><xjax> =8¢ = <x7x>;
jeG\F

subtracting gives
0=<{x,x) —s¢ = {x,x) —sp.

But 0 < b < c implies ||b|| < ||c||, and hence
FCG= |{x,x) —scll <II{x,x) —srll <e.

Thus s¢ — (x, x) in the given ordering on F(J), as claimed.



PROJECTIVE MULTI-RESOLUTION ANALYSES ARISING FROM . .. 339

PROPOSITION 4.2. Suppose that M is a correspondence over a unital C*-
algebra A, that M is essential as a left A-module, and that {m; : j > 0} is a
Parseval frame for M such that (my, mo) = 1. Define T : M® — M®%+D
by Tin = mo @ n, and let (Mo, () = 1'1_11)1(M®k, Ti). Then

k
(4.2) {*Myu {L"((g)mj,) k=1, j>0and j, > o}
=1

is a Parseval frame for M. If {m;} is an orthonormal basis for M, then (4.2)
is an orthonormal basis for M.

If {e;} and {f;} are orthonormal bases for Hilbert spaces H and K, then
the tensor products {e; ® f;} form an orthonormal basis for the tensor product
H ® K. In Proposition 4.2, though, we are dealing with tensor products which
are balanced over actions of a possibly non-commutative algebra A. So the
next lemma is not quite as obvious as it might seem.

LemMmA 4.3. Suppose that X is a Hilbert A-module and M is a correspond-
ence over A. If {x; : i € I} and {m; : j € J} are Parseval frames for X and
M respectively, then

(xi®mj:ielandjecJ}
is a Parseval frame for X @ 4 M.

ProoF. Firstlet y = x ® m be an elementary tensor in X ® M; we aim
to verify that {x; ® m;} has properties (b) and (a) of Lemma 4.1. By the frame
identity for {x;}, there is a finite subset F' of I such that we have a norm
approximation

(4.3) (yy)=x®@m,x@m) = ((x,x) -m,m)
~ Z((x,xi)(x,-,x) -m,m)
ieF
= Z((x,-, x)-m, (x;, x) -m).
icF

Now we apply the frame identity for {m;} to the elements (x;, x) - m to find a
single finite subset G of J such that

(4.4) (o)~ DY (i, x) - m, mymy, (x;, x) - m)
ieF jeG

= ZZ(y,xi ®mj)(x; @ mj, y).

ieF jeG
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Thus the set {x; ® m;} satisfies (b). However, in the calculations (4.3) and
(4.4), we can replace the approximations ~ by inequalities >, and deduce that
{x; ® m;} also satisfies (a) for this choice of y. Thus Lemma 4.1 implies that
{x; ® m;} satisfies the frame identity for elementary tensors y.

The frame identity extends to elements of the algebraic tensor product XOM
by linearity, but to see that it extends to elements of the completion X ® 4 M
seems to require some more work. We choose an enumeration yy = x; ) ®m; )
for the countable set {x; ® m;}. Then the frame identity implies that for each
y € X ® M, the sequence {(y, y)} belongs to the Hilbert module />(A), with

(4.5) ({0, 7} A y}) = (0, )

Thus the formula & (y) = {{y, yx)} defines a linear map of X ® M into [*(A),
which by (4.5) and the polarisation identity is inner-product preserving. Since
I2(A) is a Hilbert module, & extends to an inner-product preserving map & of
the completion X ® 4 M into [*(A). Since the maps Z, {ay} — ar = ({ar}, e;),
and y — (y, yx) are continuous, we have (?(y), e;) = (y, y;) forall y in the
completion X ® 4 M, and ?(y) = {(y, )} forally € X ®4 M. In particular,
?(y) = {(y, y)} belongs to I>(A), so the series

oo
Z}’ Vi) (Ves ¥)
k=1

converges in norm with sum (?(y), ?(y)) = (y,y) forevery y € X ®4 M.
Since this last assertion implies that (a) and (b) hold for every y € X ®4 M,
we deduce that {x; ® m,} satisfies the frame identity in the strongest possible
sense.

REMARK 4.4. We have given a detailed proof of Lemma 4.3 because we
have found these convergence issues a little slippery. To see why we think
such detours might be necessary, observe that the calculations (4.3) and (4.4)
show that, if we start with sequential frames {x;} and {m;}, then for every
elementary tensor we have

k— 00

k n
(4.6) (x®m, x®m) = lim (HILHQOZZ x®m, x,®m])(xl®m,,X®m)>

i=1 j=1

The asymmetry in the definition of the balanced tensor product means the
calculation has to be done this way round, and we don’t see any reason why
we should expect to be able to reverse the order of the limits in (4.6).
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PROOF OF PROPOSITION 4.2.  We begin by observing that plugging x = my
into the frame identity (4.1) for the frame {m;} gives

(mg, mg) = (mg, mo) + Z(mo, m;){m;, mo);
j=1

since each (mg, m;)(m;, mo) is a positive element of the C*-algebra A, it
follows that

4.7) (mo,mj) =0 forevery j > 0.

Next, we observe that the argument of [19, Theorem 2] applies to the direct
sum decomposition of Proposition 2.4, and deduce that it suffices to check that

foreachk > 1, .
{Lk(®mj,> 2 ji>0and j > 0}
I=1

1s a Parseval frame for
Zk—l = Yk o Yk—l — lk (M®k o Tk_l(M®(k_1))),

The orthogonality relation (4.7) implies that each ®;‘:1 mj, with j; > 0 be-
longs to the complement of Ty (M®* D) = (moy@n : n € M®* =D} An
induction argument using Lemma 4.3 shows that

k
{ ® mj : Ji = O}
I=1
is a Parseval frame for M®*, and then the reconstruction formula for this frame

implies that )
{Lk(®mj[> :ji>0and j > 0}

=1

satisfies the reconstruction formula in Z;_, and hence is a frame for Z;_;.

We can verify by direct calculation that when {m;} is orthonormal, so is
each {®f=1 mj . ji = 0} for each fixed k. (It is crucial in this calculation
that M is essential, so that 1 - m = m for all m € M.) Thus the last assertion
follows from the orthogonality of the summands Z;.

Now we suppose that (X, D, ¢) is a scaling function for mg, and aim to
apply the isomorphism Q of Corollary 2.6 to obtain a frame for the submodule
Q(My,) of X. The isomorphism Q satisfies Q ot¥ = D™ 0 (Qp ®idy), where
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Qo : A — X is characterised by Qg1 = ¢. To apply Q¢ ® id; to ®;{=1 mj,
we need to recall that the isomorphism of A ® 4 M®* onto M®* takes 1 ® n to
1-n = n, and thus

k k

(Qo®id0) (@ m;) = Q@ id (1 ® (ém,)) =90 (Qm)-

=1 =1
Thus Proposition 4.2 gives:

CoRrOLLARY 4.5. Suppose that {m; : j > O} is a Parseval frame for M with
(mg, mg) = 1, and (X, D, @) is a scaling function for my. Then

(4.8) {¢}u{D—k(¢®(ém,,)) k>1,j>0and j, >o}
=1

is a Parseval frame for Q(M). It is orthonormal if {m;} is.

ExXAMPLE 4.6. Packer and Rieffel proved that if N > 2, « € End C(T)
is defined by a(f)(z) = f(zV), and L is given by (3.6), then the module
M} admits an orthonormal basis. Indeed, their [18, Proposition 1] is much
more general than this: it applies to the endomorphism of C(T") = C(R"/Z")
induced by a dilation matrix A € M,,(Z) with |det A| > 2. The key question
considered in [18], however, asks which individual low-pass filters m can be
extended to an orthonormal basis {m;} for M. They gave positive answers to
this question in [18, Theorem 2], which says in particular that any low-pass
filter on T” for n < 4 will extend to an orthonormal basis.

However, Packer and Rieffel also show in [18, §4] that there exists a low-
pass filter mq on T° for a dilation matrix A with det A = 3 for which it is not
possible to find filters m | and m; such that {mg, m, m,}is an orthonormal basis
for the corresponding M, . The point of their construction is that for this my,
the complement S,,,,(C(T*))* = (mq - C(T%))* is a projective C(T°)-module
which is not free. However, since it is a direct summand of a free module M of
rank 3, it has a Parseval frame {m |, m,, m3} with three elements. (For example,
if {e1, e, e3}is an orthonormal basis for M; , we cantakem; = (1—S,,, S,’;O)ej )
Then {mg, m, m,, m3} is a Parseval frame for M; which has (mg, my) = 1
but is not orthonormal. So there was some point in working out Corollary 4.5
for frames as well as orthonormal bases.

We now apply Corollary 4.5 to Exel’s modules M/, for the systems (A, o, L)
= (C(C), a, L) discussed in Section 3. In this case the modules X ® 4 Mf’k can
all be realised on the same underlying vector space: to see this, we first realise
Mi@k as M« using Lemma 3.1, and then use Lemma 3.2 to view X ® 4 M?k as
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X r«, which by Lemmas 3.3 and 3.4 has underlying space X. The identification
of M?k with M« is defined on elementary tensors by

4.9) mj @mj, - Qmj, > mjolmj)- --ozk_l(mjk),

where the product on the right is the product in the algebra C(C), which is
the underlying space of each M «. The map x ® m > x - m defined using the
original action of A on X is then an isomorphism of X ® 4 M« onto X «. Thus
Corollary 4.5 gives:

COROLLARY 4.7. Consider the system (C(C), «, L) associated to a sur-
Jjective local homeomorphism o of a compact space C, and suppose that
{m; : j = 0} isa Parseval frame for My with (mq, mo) = 1. Supposethat X isa
Hilbert C(C)-module, that ¢ € X satisfies (¢, p) = 1, and that D : X — X
is an isomorphism of Hilbert C (C)-modules such that D¢ = ¢ - my. Then

k
4.10) {p} U {D"<¢~ (]_[a"(m,-,))> ck>1,j;>0and j, > 0}
=1

is a Parseval frame for the submodule Q((My)) of X described in Corol-
lary 3.6. If {m;} is an orthonormal basis for My, then (4.10) is an orthonormal
basis for Q((ML)o)-

In the classical situation of Example 3.7, [18, Proposition 1] says that the
module M is free, and hence we can apply Corollary 4.7 to the scaling func-
tion (E, D, ¢), and thereby find module bases for E. For N = 2, we can do
the calculations explicitly, and it is interesting to compare the resulting mod-
ule basis with the analogous basis for L?(R) obtained by applying Mallat’s
construction.

ExamPLE 4.8. Let N = 2. A filter m( in the module M of Example 3.7
is a quadrature mirror filter: it satisfies

4.11) Imo(2)|* + |mo(—2)|*> =2 forall zeT.

(These are slightly different from the filters used in [16], where we normalised
so the sum in (4.11) was 1.) We assume that mg is low-pass, so that there
exists a scaling function ¢ with respect to the usual dilation operator, and Co-
rollary 3.6 gives an isomorphism Q of (M} ) onto the module & of Packer
and Rieffel [19] (see Example 3.7). In this situation, we can write down spe-
cific functions m € Mj such that {mg, m} is an orthonormal basis for M :
m(z) := zmy(—z) is the usual choice.
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After ¢, the next element of our basis is the function

w(t) — D_1(¢ . ml)(t) — 2—1/2¢(2—ll,)m1(enit)
— 2_1/2€ﬂit¢(2_lt)m,

This is the same as the function denoted by ¢ in [16], and is the Fourier
transform of the usual dyadic mother wavelet. In L2(R), the functions given by
(Y -e)(t) = e>™* 4 (¢) form an orthonormal basis for the space Wo := 0(Zy)
(which is the Fourier transform of the space usually denoted W}, in the wavelet
literature); here the single function v is a basis for the Hilbert C (T)-module
Woy. At the next stage, the Hilbert module W, := Q(Z)) is free of rank 2, with
module basis

Yi(t) = D73(¢ - (mia(m) (1) = 27" ¢ 272 0)m (€72 ymy (™)
= (D™ Omi(e™)

for I = 0, 1. To get a Hilbert-space basis for W, C L%*(R) from this module
basis, we need to include both

W0 - e) (1) = M (D™ IY)(mo(e™) = D™ (Y - ex) ()mo(e™)
and
W1 - e)(t) = (DT ) (my(€™) = DT (Y - eqr) (mo(—e™),

and the resulting basis for | W\ is slightly different from the usual Hilbert space
basis {D~' (¢ - e;)} for W . In general, as a C(T)-submodule of E, the space
Wi := Q(Zy) is free of rank 2%,

5. The projective multi-resolution analyses of Packer and Rieffel

Here we apply our constructions to the example studied in Sections 4 and 5 of
[19]. We begin by fixing integers ¢ and d greater than 1, and consider the system
(C(T?), a, L) associated to the local homeomorphism o : (w, z) — (w¢, z9).
(We could handle ¢, d € Z\ {0, =1} at the expense of adding lots of absolute
values.)

We next fix integers a and g with ¢ > 0, and consider the Hilbert C (T?)-
module

(5.1) Y(g,a) ={:TxR— C:&(z,t — 1) =7%(z, 1)},
with action (£ - £)(z, 1) = £(z, t) f (z, €¥¥'9") and inner product

i —k —k
(5.2) E =) & (z, t—)n (z, ’—) .
k=0 q

q
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We aim to build projective multi-resolution analyses starting from isometries on
the Hilbert module Y (¢, a), aiming for those constructed in [19, §5]. Because
our constructions require us to use only modules over C(T?), we have had to
use slightly different realisations of the Hilbert modules used in [19]. However,
the function ®(F)(z,1) := F(z, gt) is an isomorphism of the Hilbert C (T?)-
module X (g, a) described in [19, Proposition 17] onto Y (g, a) compatible
with the analogous isomorphism of C(R?/(Z x ¢Z)) onto C(T?).

We need an inner-product preserving adjointable map S : Y(gq,a) —
Y(q,a)r. Since Lemma 3.3 implies that Y (g, a); has the same underlying
space as Y (g, a), an adjointable operator must in particular map Y (¢, a) to it-
self. For such a map to be a module homomorphism, it must send & € Y (g, a)
to something involving the function (z, t) — £(z¢, dt); this function belongs
to Y (g, cda), and to get back into Y (g, a), Packer and Rieffel multiply it by
an element of Y (¢, (1 — c¢d)a). With our normalisation, Y (g, (1 — cd)a) has
the same underlying space as Y (1, (1 — cd)a), and it is an inner product for
this latter module which turns out to be relevant. We believe it is an advantage
of our approach that the condition on m which makes S, an isometry is simply
expressed in terms of an inner product; Packer and Rieffel can only describe
their condition (which appears below as (5.5)) as “closely related to one of the
standard equations that a low-pass filter must satisfy” [19, page 459].

PROPOSITION 5.1. Suppose thatm € Y (1, (1—cd)a) satisfies (m, m); = 1.
Then

(5.3) (Smé)(z, 1) = m(z, &2, di)
defines an inner-product preserving adjointable map S, : Y(q,a)—>Y(q,a)r.
PrOOF. Let& € Y (q, a). Then S,,£ is certainly continuous, and
(Sw)(z,t = 1) =m(z, 1 — DEE",d(r — 1))

— Z(I_Cd)am(z, t)(ZC)adg(ZC, df)
=72"'m(z, )&z, dt) = 2 (S.8)(z, 1),

so Sué € Y(q,a). To find an adjoint for S,,, we let £&,n € Y(gq,a) and
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(z,t) € T x R, and compute

(Sm& m)r(z, 1) = L((Sw&, m)(z, 1)

= d— 1%( mé)(w l(:j_k»n(u},l(:j_k))
w‘—z,=0 k=0 g\ d g\ d
d—1 g1 — - o
B w‘—z j=0 k=()m< : ;d >S<Z’ : Jq )n(w’ : éd )

For the next step, we note that

kd+j:0<j<d-10<k<g—-1}={n:0<n<gqd—1}
={gl+k:0<l<d—1,0<k<gq—1)}.

Thus
<Smgv n)L(th)
| 1 (ql+k) t— (gl +k) t—(ql+hk
= a ;wr—zgm<w, T)S(Z, 4 >7]<w’ qd >
e a t — (gl +k) 1 — (gl +k)
:wgs(z, )(ZZ (1w =2 ). =20

Thus the function 7;,,n defined by

54  (Tum(zs) = ZZ ( ) ’7( s;l>

satisfies (S,,&, n). = (&, T,,n). We need to show that the formula (5.4) defines
afunction 7,, from Y (¢, a) = Y(q, a) to Y (g, a), and then this equation says
that S,, is adjointable with adjoint S = T}, (see [22, §2.2]).

The right-hand side of (5.4) gives a well-defined continuous function 7,1 :
T x R — C, so we need to check that (7,,n)(z,s — 1) = z*(T,,n)(z, s). We
compute:

(Tum)(z, s — ZZ ( w)z ”(““#)

w‘—zl 0
_— s —1
za(=D <w, )
) g d

_1 d s —1
—_dZZm(w’ d

we=z [=1
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The / = d summand in the right-hand side is

dN— —d _
(0 ST ) = o )T, 2).

which is exactly what we’d get for / = 0. Thus we can replace Z, , by Z, 0>
factor out z¢, and deduce that (7,,n)(z,s — 1) = z°(T,,n)(z, s). Thus S, is
adjointable with S = T, given by (5.4).

Form,n € Y(1, (1 — cd)a) ., we compute

(8, 8n6)(z, 1) = LU(m, n)y(1,a-caya)) (2, )E(z, 1) = (m, n)(z, )E(z, 1),
which shows in particular that S} S, = 1 when (m, m); = 1.

We can now fix a unit vector m € Y (1, (1 — c¢d)a), and apply Theorem 2.3
to S, : Y(g,a) - Y(q,a) = Y(q,a) Qc2) M. This gives a projective
multi-resolution analysis of a direct limit module Y (g, a)~. Next we want to
use Proposition 3.5 to identify Y (g, @) With the module E considered in [19],
and thereby obtain a projective multi-resolution analysis of Z. This requires
restrictions on m.

It was proved in [19, §5] that there is a function m in X (g, (1 — cd)a),

which satisfies
(w t+ )

59 Yy
and for which there exists ¢ in E satisfying

2
=1 forall (z,t) e T xR,

we=z k=0

(5.6) Do le@tmy+gnP=1 for (x.y) R

m,neZ

and

(5.7) 6 (cx,dy) = m(e*™*, y)é(x,y)  for (x,y)eR%
It will also be important for us that the function & in [19] satisfies
(5.8) 6(0,0) = 1.

Recalling that ® (F)(z, t) = F(z, gt) defines an isomorphism ® of X (¢, (1 —
cd)a) onto Y (g, (1 — cd)a), we take m := +/cd ®(m) in Y (g, (1 — cd)a) =
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Y(1, (1 — cd)a), and define 0 € E by o(x, y) := 6 (x, qy). Then

(m,m)(z, ezﬂit) =cd L((cb(rh), CD(VFL)))(Z, eZm‘t)

Yy

| gt —qk\|
miw, )
d

we=z k=0

which is identically 1 by (5.5). A calculation using (5.6) shows that o satisfies
(0, o) = 1 for the C(T?)-valued inner product on E, and from (5.7) we deduce
that o satisfies the scaling equation

\/aa(cx, dy) = ﬂ&(cx, qdy)
(5.9) = Ved m (€™, qy)6(x, qy)

= m(e™*, y)o (x, y).

Define D : E — E by (D§)(x,y) = ~/cd&(cx,dy). Then D is certainly
linear, and it is an isomorphism because we can write down an inverse. A
straightforward calculation shows that D(§ - f) = (D&)-«(f),andfor&, n €
&, we have

(DE, D) (¥, &2™17)

c—1 d—1

1 — — x—k y—1
==Y Z(DgD@( —m, —n)
cd k=0 =0 m,neZ ¢ d
1 c—1 d—1
=a ch(gn)(x—k—cm,y—l—dn)
k=0 =0 m,neZ

=Y EnGx—p,y—q)

p.qeZ

— (é’ n)(eZNix’eﬁtiy).

Thus D satisfies the hypotheses (3.4) of Proposition 3.5.
For £ € Y(q, a), we define Qo€ : R> — Cby

(Qoé)(x,y) = £, y/q)o(x, y/q).

We need to show that Q& € E and that Q is inner-product preserving from
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Y (g, a) to E. To see this, let £, n € Y (g, a). Then since (o, o) = 1, we have

<$, n)(e27rix’ eZﬂiy)

-1
En (e”“‘x, y—‘")
q

‘ —k
En (ez””‘, y—) ( >
0

q m,nel

)

I
Ny

N

(som Tt =))
olx—m,— —n .
q

The function & satisfies (€n)(z, t —n) = (En)(z, t) for n € Z, and hence we
can pull (£€n)(e¥™'*, yq;k) inside the second sum to get

(som 5t =)
olx—m,—/— —n
q

Next, we observe that yq;k —n= w, write [ = k + nq and deduce that

(-=m3)
o|lx—m, ——
q

= 3" (QF Qo —m, y — .
2.

m,leZ

w-
Il

(g’ n)(ezrtix’ eZJTiy)

q—1 _k
=Y Y @@ ot )

2

) - _ ) —1 2
(%-’ n)(e2mx’ eZmy) — Z (gn) (62771)6’ yT)
(510) m,leZ

When n = &, the right-hand side of (5.10) is Zm,IEZ |QoE(x —m,y — D%
since the left-hand side (£, £) is continuous on T2, Equation (5.10) implies
that Qpé € E. Now Equation (5.10) (for distinct £ and 7) says that Qyq is
inner-product preserving from Y (¢, a) to &, as required.

We nextneed to check that Do Qg = Qg0 S,,. Foré € Y(q, a), we compute
using the scaling equation (5.9):

((D o Q&) (x, y) = ed (Qoé)(cx, dy)
= Ved £ dy/q)o (cx, dy/q)
=m(e”™*, y/q)&(e™ ", dy/q)o (x, y/q)
= (Sn§)(E™, /)0 (x, y/q)
= Qo(Sné)(x, y).
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We have now verified all the hypotheses of Proposition 3.5, and deduce that
there is an inner-product preserving map Q : Y (g, @)oo — & such that V} :=
D~%(Qo(Y (g, a))) have the properties (i)—(iv) of Proposition 3.5. However,
we also know from (5.8) that ¢ (0, 0) = o (0, 0) = 1, and since it is easy to find
elements & of Y (g, a) such that £(1, 0) # 0, Q(Yy) contains functions which
do not vanish at (0, 0). Thus Proposition 14 of [19] implies that U,fio Vi is
dense in E. Since the extra requirement ﬂgz_ Vi = {0} in [19] is automatic
for projective multi-resolution analyses of E (by [19, Proposition 13]), we
have recovered [19, Theorem 6].

We hope that our derivation helps to make it clear where some of the hypo-
theses in [19] come from, and why they are necessary. We do not claim to have
substantially simplified the arguments, since we have been content to rely on
key analytic results from [19].

6. Modules arising from directed graphs

In this section we discuss a new family of examples based on directed graphs.
We consider the module M associated to the backward shift on the one-sided
infinite-path space of the graph, and aim to realise the direct limit (M)
as a module of functions on the two-sided infinite-path space. Part of our
construction is very general: direct limits of modules associated to inverse
systems can often be realised as modules of functions on the inverse limit.

6.1. Realisations as modules of functions on inverse limits

Suppose that r; : Cr; — Cy is an inverse system of compact spaces in which
each ry is a surjective local homeomorphism. Set wy = 1, and suppose we
have functions wy € C(Cy) satisfying the consistency condition

(6.1) Z lwes1(d))? = |w(e)|*>  forevery k > 0 and every ¢ € Cy.
ri(d)=c

For k > 1, we write r® := rporjo---orr_; : Cx — Co. Then we can
make each C(Cy) into a Hilbert C(Cp)-module X; by defining (x - f)(c) =
x(¢c) f(r®(c)) and

oy = Y x@yd)|we@d),

r® (d)=c

and then completing (if necessary). Equation (6.1) implies that the functions
it C(Cy) = C(Cyqy) defined by rfx = x o ry satisfy

(rex, rEydisr = (6, Y,
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and thus (Xy, r}) is a direct system of Hilbert C(Cp)-modules.

Our goal is to identify the direct limit X, := hgl X as a module of func-
tions on the inverse limit C, := lim Cy, which is itself a compact space. To
define the C(Cyp)-valued inner product on C(Cy), we need some measures
whose existence will follow from the following standard lemma. It is proved
in [2], for example.

LEMMA 6.1. Suppose that r. : Cryy — Cy is an inverse system of compact
spaces with each ry surjective, and . is a family of measures on Cy such that
o is a probability measure and

(6.2) /(x ory)dibiy = /xd,uk for x € C(Cy).

Let Coo = LiLn(Ck, rr), and denote the canonical map from Cy to Cy by my.
Then there is a unique probability measure | on Coo such that

/(x om)du = /xduk for x € C(Cy).

We now fix ¢ € Cy, and define measures . on the fibres (r®)~!(c) by
6.3) /xd,u,i = Y @@
r® (d)=c

The consistency condition (6.1) implies that the family {u{ : k > 0} satisfies
(6.2), and hence Lemma 6.1 gives a probability measure ;¢ on the fibre

75 ' (¢) = im((r) ™! (©), ri)

such that

6.4) /(x om)dut = Y x(dlw (]  for xeC(Cp.
r®(d)y=c

ProposITION 6.2. With (x - f)(d) = x(d) f (mo(d)) and

)@= [ Sy die@.
T, (¢

C(Cy) is an inner-product module over C(Cy). We denote the completion by
Xoo. Thenthe maps )} : C(Cy) — C(Cx) extend to inner-product preserving
homomorphisms of Xy into X, and (X oo, 7)) is a direct limit for (Xy, r}).
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ProoF. It follows from (6.4) that (x, y) is continuous when x and y belong
to 77 (C (Cy)). The Stone-Weierstrass theorem implies that | ., 7 (C(Cy)) is
uniformly dense in C(C), and the map x — (x, y) is uniformly continuous,
so it follows that (x, y) is continuous for every x, y € C(C). The algebraic
properties are easy to check, so we can indeed complete C(C,,) to get a Hilbert
module X .

The formula (6.4) implies that 7;" is inner-product preserving. Since

* * * *
T ory = (g o mpy1)™ = 1y,

andsince | J,., 7} (C(Cy)) is densein X ., the maps ;" induce an isomorphism
0f1'£>nXk onto X .

6.2. Systems associated to directed graphs

Let E be a finite directed graph, consisting of a set E® of vertices, a set E'
of edges, and maps r, s : E! — E° which identify the range and source of
edges. We assume throughout that E has no sources: every vertex receives at
least one edge. In general, our conventions about directed graphs are those
of [20]. A path of length £ > 1 is a sequence v = vy ... of edges such
that s(v;) = r(v;41) for all i, and E* denotes the set of paths of length k. We
denote by £ the set of right-infinite paths ¢ = cocjc; - - -, which have range
r(c) := r(cp) but no source. The space E* is a closed subset of the product
space [[;o, E', and is therefore a compact Hausdorff space in the product
topology; the cylinder sets Z(v) := {c € E® : ¢; = vjyfori < k — 1}
associated to finite paths v form a base of compact-open sets for the topology
on E®. For ¢ € E® and v € E*, we denote by vc the right-infinite path
ViVy - - - DECoCy - - -

For the rest of this section, we consider the system (C(E°), «, L) associ-
ated to the backward shift on E*° defined by o (cocica - ) = cicpc3---. The
transfer operator L is given by

1 1
6.5  LNEO = = > Fd = =055 Y. fleo.

o(d)=c s(e)=r(c)

A filter in the corresponding module M} is determined by a weighting on
the edges of E. More precisely, for each vertex v € E° we choose a vector
(w(e) : e € s71(v)) in C @ such that D ees-1(v) lw(e)|*> = |s~!(v)], and then

(6.6) m= Z w(e) Xz

ecE!
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is a filter in M. Our goal is to identify the associated direct limit Mo, :=
(M})s as a concrete module of functions on the space E(~°>°) of doubly
infinite paths ¢ = - - - c_yc_jcpcicy -+ - in E.

Our first step is to realise M?k as the module M« associated to the transfer
operator L¥ for . The following formula for L* follows from Lemma 3.4:

k
67  L'Heo= > (]‘[|s—1<s(u,»>)|‘1>f<vc>,

{(veEr:s(v)=r(c)} j=1

and the natural identification of M?k with M« is described in (4.9). Since
E has no sources, the coefficients in (6.7) are all non-zero, and Lemma 3.3
implies that the modules M« all have the same underlying space C(E*). The
isometry S, ® id; : Mf’k — Mf’(kH) is given by (S, ® idp)(n) = m Q@ n
(see the discussion around Equation (2.8)), and this goes into M «+1 as mo(n).
Thus, viewed as an isometry Ty : My« — M1, Sy, ® idg is given by the
formula

Ti(f)(c) =m(c) f(o(0) = Z w(e)xze (c) f(o(c)) = wlco) flcicz-- ).

ecE!
We willidentify lim(M«, T;) by replacing (M «, T;) with an isomorphic direct
system of the form discussed in Proposition 6.2.
For k > 0, we introduce the path spaces

Elko0) . {c=c_p---c_1coc1 - i s(c;) =r(cig) forall i},
and the homeomorphisms oy : E* — E!7%° defined by

O'k(C()C102 . ) = d,kd,k+1d,k+2 s where dfk+j =Cj.
With ry : EIFF=109 5 Bk defined by ry(c_j_1C_g - ++) = C_jCopy1 -
we have an inverse system (E!=%°9) 1) of compact spaces. The inverse limit
lim(E [=k29) 7. is the two-sided infinite path space (E(~°*° m;), with

(- €2C1€0C1Ca  + ) = C_Cpy1 * "+ C_1COCICY "~

We now define weight functions wy, € C(E™%>) by

—1
(6.8) wi(e) = [ ] wiepls™ (s,

j=—k
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and, recalling that (w(e))s()=, € C° @ has norm |s~" (v)|"/2

> e @

, verify that

re(d)=c —1
= Y |w<e)|2|s—1<s<e))|—1(1'[|w(c_,-)|2|s—1(s<c,-)>|—1)
s(e)=r(c) j=—k
z( > |w<e)|2)|s“<r(c>)|‘1|wk(c>|2
s(e)=r(c)
= [ (o).

For this system, the functions r® are the projections of EI=%>) on E* =
E0) 50

@) (e) = {ox(ve) 1 v € EF and s(v) = r(c)).

Thus the Hilbert C (E°°)-module X, of the previous subsection has underlying
space C (E'=%>) module action

(x - fIckCpq1-+) = x(cfCpy1--+) f(cocy -+ +),

and inner product

k
ERINGEESY (H|w<v,->|2|s—1(s(vj»rl)x(ak(vc))y(ok(vc».

{(veEk:s(v)=r(c)} “j=I

Proposition 6.2 describes lim(Xy, r;") as a completion of C(E%%).
To relate this direct limit to 1'£>n(M e, Ty), we define Vi, : X, — M« for
k> 1by
k—1

(Vix)(c) = (]_[ u)(cj))x(ak(c)) for ¢e E™;

j=0

calculations show that, provided the weights w(e) are all non-zero, Vj is a
Hilbert-module isomorphism of X; onto M. Thenfork > 1,x € C(E7%)
= Xy and ¢ € E*°, we have ry o 0y = 0} 0 0, and

k
T © Vie(x)(c) = w(co) (Vix)(o(c)) = w(co)<1_[ w(Cj))X(Uk oo(c))

k j=1

= (l_[ w(Cj)>x(rk 0 041(¢)) = Vi1 (rfx) (c).

J=0
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Thus we have a commutative diagram

C(E®) —L 5 pyp — D 5 My — D

(6.9) id"\ Vl,‘\ Vz]

C(E®) — 5 x, -1 x,

«
5

In other words, the V; form an isomorphism of direct systems. We deduce that
the two systems have isomorphic direct limits.

So we expect the projective multi-resolution analyses of M, to give project-
ive multi-resolution analyses for the module X o (E) := X, of Proposition 6.2.
It remains to identify the scaling function and the dilation operator.

PROPOSITION 6.3. Suppose that {w(e) : e € E'} are non-zero complex
numbers such that Zs(e):v lw(e)|?> = |s~'(v)| for every v € E°, define wy :
ER9) 5 C by (6.8), and define m by (6.6). Then m is a filter in Exel’s
correspondence My; let Mo, = h_rI)l(Mi@k , Tr) be the direct limit of the system

(M,?k, Ty) defined by (2.8). Let u¢ be the measure satisfying (6.4), and let
Xoo(E) be the Hilbert C(E*)-module obtained by completing C (E(=°°))
in the inner product defined by the measures ¢, as in Proposition 6.2. Let
h denote the backward shift homeomorphism on E‘ %% and define D :
C(E(%0®)) — C(E%) by

(Dx)(c) = m(mo(c))x(h(c)).

Then D extends to a linear isomorphism of X ,(E) onto itself, (X (E), D, 1)
is a scaling function for m, and there is an isomorphism Q of My, onto
Xoo(E) such that Vi := Q(IX(Myx)) is a projective multi-resolution analysis
for Xoo(E).

ProOOF. We verify the hypotheses (3.5) of Corollary 3.6. We first let x €
C(E), f € C(E™), and compute, observing that my o h = o o my:
D(x - f)(e) = m(mo(c))(x - f)(h(c))
= m(mo(c))x(h(c)) f (o (h(c)))
= (Dx)(c) f (o (mmo(c)))
= (Dx)(O)a(f)(mo(c))
= ((Dx) - a(f)(0).
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Next, we consider x = x; o m; and y = y; o 7y, and compute:

1

L({Dx, D =
((Dx, Dy))(c) O,

Z (Dx, Dy)(ec)
e)=r(c)

= Y IS_I(S(e))I_lf (xXY) (h(d))|m(ec)|* du(d).

s(e)=r(c) no_l (ec)

Since m(ec) = w(e) and we can write x oh = xj om0 h = X o mr_y,
yoh =y, om_i, thisis

D I (stenl™! / @) (d)|w(e)* dpil ( (d).

s(e)=r(c) (=)= (ec)

Next, observe that (r* =)l (ec) = {or_1(vec) : v € EF1 s(v) = r(e)},

recall from (6.3) the definitions of the measures u;° |, notice that x; o oy =
X1 o oy, and continue:

L((Dx, Dy))(c)
= Y I Y @ynervee)wie)Plwii (o1 (vec))?

s(e)=r(c) veE-1Ns=1(r(e))

= > Y Gy (ok(veo) lwilor(vec))

s(e)=r(c) ve EF=1Ns~1(r(e))

= Y @) w (ool

AEEFNs~1(r(c))

= f x(d)y(d)du‘(d),
75 ()

which is just (x, y)(c). Thus D is isometric from C(E>®*)) C X, (E) to
X~ (E)L,and extends to a linear isometry on X, (E); since m(7p(c)) = w(co)
is never 0, every function of the form x; o 7y is in the range of D, and hence
D is surjective.

Since the element ¢ = 1 trivially satisfies D¢ = ¢ - m, Corollary 3.6 says
that (X~ (E), D, ¢) is a scaling function for m, and that there is a Hilbert-
module isomorphism Q of My, into Xoo(E). Since D' maps 7} | (Xx—1)
onto 7} (Xy), and Xy is in the range of Q, the range of Q contains every
7y (X) and hence is dense in X, (E). Since the range of every isometry is
closed, we deduce that Q is surjective.

Now we want to describe the structure of the modules Vy and Wy, := V1 ©
V. in the direct sum decomposition X o (E) = Vo & ( @,fio Wk) obtained from
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Proposition 2.4. Since Vj is isomorphic to A4 = C(E®)¢(g~), it is free of
rank one. In general, though, W, will not be free or even projective. To see why,
notice that we will not be able to expand our weight functionw : E' — Ctoan
orthonormal basis for M unless the spaces C*'® all have the same dimension
—that is, unless each vertex emits the same number of edges. Nevertheless, we
can still describe the module W in a very concrete way. We need a general
lemma.

LEMMA 6.4. Suppose that X is a Hilbert A-module and m is an element
of X such that p := (m, m) is a projection in A. Then S, : a — m - a is an
inner-product preserving map of pA onto a complemented submodule of X,
and S,, S}, is the orthogonal projection of X on S,,(pA).

PRrROOF. It is easy to check that S, is inner-product preserving on p A:

(Sm(pa), Su(pb)) = (m - (pa), m - (pb)) = a* p(m, m)pb
=a*pb = (pa, pb).

Next, we verify by direct computation that ||m - p —m||*> = 0, and deduce that
m - p = m. This formula implies that the adjoint S} of S, in .# (A, X), which
is given by S x = (m, x), satisfies

p(S,x) = p(m,x) = (m- p,x)=(m,x)=S,x,

and hence has range in pA. So S, is also an adjoint for S,, : pA — X. Thus
Lemma 1.1 implies that S,,(pA) is a complemented submodule of X, and that
SmSy, is the projection onto S, (pA).

We now return to the task of identifying the module W, in the module
decomposition of X, (E). We set N = max{|s~'(v)| : v € E°}, and choose
functions w, : E' — Cfor 1 < n < N such that for every v € EO the vectors

{Us™ 'O Pwa(@))ees1ay 1 1 <1 < |57 (v)]}

form an orthonormal basis for @), such that w, (¢) = Oforn > |s~ ' (s(e))],
and such that w is the weight function w we used to define the filter m in (6.6).
Define

my = Z wn(e)XZ(e),

ecE!
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so that in particular m; = m. Then

1

_ o 2
(s ) (€) = s S@;@ Ima (€)= =, s(e):Zr(c) |wa(e)|

1 ifn <|s7'(r(c)]
0 ifn>|s7'(r ().

Thus (m,, m,) is the characteristic function p, := X{(c.n<|s~'(¢-(c))}>» Which is
a projection in A = C(E®), and Lemma 6.4 says that the operators S,,, are
isomorphisms of p,C(E*) onto complemented submodules S, S* (M) of

mp~m,
M.
We claim that M, = @ff:l Sm, Sy, (Mr). Since the operators S, S, are

projections in the C*-algebra ¥ (M), it suffices to check that 3"~ S, S, =
1.For f € M; and ¢ € E*, we have

N N
D SuSp £(©) =Y mu(e)(ma, £)(0(c))
n=1 n=1

N | -
= ; wy (co) (m S(e;r(q) my (e (c)) f (eo (c)))

N
=( > Z|s‘(r<c1)>|‘wn(co)wn@))f(eo(c)).

s(e)=r(cy) n=1

Since the vectors (|s~'(r(c)))|~?w, (€))se)y=r(c,) for1 < n < Is~1(r(cy))]
are the columns of a unitary matrix, the rows are also pairwise orthogonal, and
hence the inside sum is 1 when e = ¢y and 0 otherwise. Thus

N
D 8w, Sp f(©) = fleoo(c) = f(c),
n=1

and we have proved the claim.
In conclusion, then, we find that the module V; has the form

N N

Vi =2 @D S, S, C(E®) = P paC(E™),
n=1 n=1

and the module W, in the module decomposition of X, (E) satisfies

N

Wo = €D p.C(E™).
n=2



PROJECTIVE MULTI-RESOLUTION ANALYSES ARISING FROM ... 359

REMARK 6.5. If every vertex in E emits the same number of edges, then
pn = 1 for every n, and the module Wj is free. In general, though, {c : n <
|s~1(r(c))|} will be a proper subset of E*, p, will not be the identity of
C(E®), and the modules in our “projective multi-resolution analysis” will not
be projective. We have stuck with the name because we wanted to emphasise
the connections with the work of Packer and Rieffel. However, our multi-
resolution analysis for X o, (E) seems to more closely resemble the generalised
multi-resolution analyses of Baggett, Medina and Merrill [3], with the function
c s (r(e)] playing the role of their multiplicity function.
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