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BROWN MEASURES OF UNBOUNDED OPERATORS
AFFILIATED WITH A FINITE VON NEUMANN
ALGEBRA

UFFE HAAGERUP and HANNE SCHULTZ*

(Dedicated to the memory of Gert K. Pedersen)

Abstract

In this paper we generalize Brown’s spectral distribution measure to a large class of unbounded
operators affiliated with a finite von Neumann algebra. Moreover, we compute the Brown measure
of all unbounded R-diagonal operators in this class. As a particular case, we determine the Brown
measure 7 = xy~!, where (x, y) is a circular system in the sense of Voiculescu, and we prove that

foralln e N, z" € LP (M, 7) if and only if 0 < p < ﬁ

1. Introduction

Let ./ be a finite von Neumann algebra with a faithful, normal, tracial state t,
and let

A(T) = exp(/ logtduﬂ(t))
0

denote the corresponding Fuglede-Kadison determinant. L. G. Brown proved
in [3] that for every T € ., there exists a unique, compactly supported
measure iy € Prob(C) with the property that

log A(T — A1) = /log |z — A dur(z), reC
C

This measure is called Brown’s spectral distribution measure (or just the Brown
measure) of 7'. It was computed in a number of special cases in [9], [2], [5], and
[1]. In particular, it was proven in [9, Theorem 4.5] that if T € ./ is R-diagonal
in the sense of Nica and Speicher [16], then pr can be determined from the
S-transform of the distribution ji,72. For simplicity, assume that T € ./ is
an R-diagonal element which is not proportional to a unitary and for which
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ker(T) = 0. Then 17 is the unique probability measure on C which is invariant
under the rotations z — yz, ¥ € T, and which satisfies

ur(B0. %, —177)) =1,  0<t<L

In this paper we extend the Brown measure to all operators in the set ./* of
closed, densely defined operators T affiliated with ./ satisfying

o
f log® t dur|(t) < oo,
0

where log* ¢t = max{logt, 0}. Moreover, we extend [9, Theorem 4.5] to all
R-diagonal operators in ./*. Finally, we will study a particular example of an
unbounded R-diagonal element, namely the operator z = xy~', where (x, y)
is a circular system in the sense of Voiculescu.

The material in this paper is organized as follows: In section 2 we introduce
the class ./#* and generalize the Brown measure to all T € .#* by proving,
that for such T, there is a unique 7 € Prob(C) satisfying

/10g+ |zl dpr(z) < 00
C

and
log A(T — A1) = /log |z — Aldur(z), A eC.
C

Moreover, we extend Weil’s inequality
/IZIPdMT(z) <7l
C

toall T € L?(#, t). The main results in section 2 are stated in the appendix of
Brown’s paper [3] without proofs or with very sketchy proofs. Since the results
of the remaining sections of this paper and of our forthcoming paper [10] rely
heavily on these statements, we have decided to include complete proofs. We
will follow a different route than the one outlined in [3]. For instance, we do
not use the functions A;(T) and s7(¢) from [3, section 1].

In section 3 we introduce unbounded R-diagonal operators and we prove
the following generalization of [9, section 3]: The powers (S")72, of an R-
diagonal operator are R-diagonal, and the sum S + T and the product ST of
x-free R-diagonal operators are again R-diagonal. Moreover,

Hysn2 = M%Tz,
Qs+ = s B @z,
st = s X e,
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where (1 = %(M + /1) denotes the symmetrization of a measure y € Prob(R),
and H (X, resp.) denotes the additive (multiplicative, resp.) free convolution
of measures (cf. [4]). These results are applied in section 4 to determine the
Brown measure of R-diagonal operators in //%.

In section 5 we consider the operator z = xy~ ', where (x, y) is a circular
system in the sense of Voiculescu, and we prove that the Brown measure of z
is given by

1

1
d = ———dResdIms.
o (s) A1 52 esdIms

Moreover, we show that for all n € N, 2, z7" € LP (M, 7) iff 0 < p < -2

n+1?
and when this holds,

(n+1) sm(—p)

nyp _ —-np _ 2
121 = 11 = = gy

and .
1" =AD", < 27" Mlps reC

The last two formulas play a key role in our forthcoming paper [10] on invariant
subspaces for operators in a general II;-factor.

2. The Brown measure of certain unbounded operators

In [3, Appendix] Brown described in outline how to define a Brown measure
for certain unbounded operators affiliated with .4, where .# is a von Neumann
algebra equipped with a faithful, normal, semifinite trace.

In this section we give a more detailed exposition on the subject in the
case where ./ is a finite von Neumann algebra with faithful, tracial state t.
To be more explicit, we show how one can extend the definition of the Brown
measure to a class .4 of closed, densely defined operators affiliated with /.
We also prove that many of the properties of the Brown measure for bounded
operators carry over to the unbounded case.

We let ./ denote the set of closed, densely defined operators affiliated with
. Recall that every operator 7' € ./ has a polar decomposition

2.1) T:mﬂ:U/wwEmm
0

where U € ./ is a unitary, and the spectral measure E|r takes values in /.
In particular, for T € ./ we may define 17| € Prob(R) by

(2.2) wr|(B) = t(Er|(B)), (B €B).
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DEFINITION 2.1. We denote by .#* the set of operators T € M fulfilling
the condition

(2.3) t(log® |T|) = / log™ (1) dur(t) < oo.
0

For T € J(*, the integral

/ logtdpr(t) € RU{—00}
0

is well-defined, and we define the Fuglede-Kadison determinant of T, A(T) €
[0, 00), by

2.4) A(T) = exp(/ logtme(t)).
0

Note that for T € #, A(T) is the usual Fuglede-Kadison determinant of
T.

REMARK 2.2. If T € L? (M, 7) for some p € (0, 00), then

00
/ t? dlL‘T|(l) < 00,
0

implying that
/ logtdur(t) = ;/ log(t?) dpr(t) < ;f t? dur(t) < oo,
1 1 1

and hence T € /2.
LEMMA 2.3. If T € M* and A(T) > 0, then T is invertible in M, T €
MA, and AT = 3.

Proor. If T € #* and A(T) > 0, then

1
/ |logt|dur(t) < oo.
0

Hence, t(E|7|({0})) = wu;r({0}) = 0, so that ker(7") = {0}. Since / is finite,
also ker(7T*) = {0}, which implies that 7" has a closed, densely defined inverse
T~! e /. Take a unitary U € ./ such that T = U|T|. Then

T Y =u|T|" U,
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Hence, w71 = 1. Since -1 is the push-forward measure of 7| via
the map ¢ — % we now have that

[e¢) oo 1 1
f logtdur-1(t) = / logt dpri-1(¢) =/ log <;> duyr(t)
1 1 0

1
= —/ logtdpr|(t) < oo.
0
Hence, T~ € #* and
o 1
log A(T™1) =f log <;> dur(t) = —log A(T),
0

ie. A(T™YH = ﬁ).

LEMMA 2.4. Let T € JM. Then the following are equivalent:
@ T € M* ie [; log"(t)duyr (1) < oo.
(b) T = AB~! for some A, B € J with A(B) > 0.
() T = C~'D for some C, D € M with A(C) > 0.
Moreover, if T € M® and T = AB~' = C~'D for some A, B,C,D € M
with A(B), A(C) > 0, then
A(A)  A(D)

(2.5) AT) = AB) - AC)

PrOOF. If T € #M*, then T = U|T| for some unitary U € M, and T =
AB~!, where

(2.6) A=UITI(TP+1) "2 el
and
2.7) B=(TP+12 e M.

Since %log(t2 + 1) < log(2t) when ¢t > 1, we get that
(2.8)

1 o0
log A(B) = > /0 log(® + 1) dpyr (1)

1

> ——/ log2d w1 (t) —/ log(2t) dpr|(t) > —o0,
2 Jio.1g [1,00[

that is, A(B) > 0.
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Also, T = U|T|U*U, and with

(2.9 S=U|T|U*,
(2.10) C=(S*+1)" e,
and

@2.11) D=S(S2+1)7 e M,

we have that T = C~!' DU. Moreover,

1 o0
log A(C) = _Efo log(r? + 1) dus (1)

1 o
- _5/ log(1* + 1) dpr(t) > —o0,
0

ire. A(C) > 0.

Now we have shown that (a) implies (b) and (c). On the other hand, if
T = AB~! for some A, B € J/# with A(B) > 0, then we may assume that
B > 0. Then

t(log™ |T|) < t(log1 + |T|*)) = t(log(1 + B~'A*AB™")).

Since BT'A*AB~! < ||A||> B2, and since ¢ > log(1 + t) is operator mono-
tone on [0, co0), we get that
t(log® |IT|) < t(log(1+ |A[I*B™?))
< (log((1 + A1) (1 + B7%)))
= log(1 + ||A]|*) + t(log(1 + B7?)).

Since B is bounded and A(B) > 0,

t(log(1 4+ B7%)) = t(log(B? + 1)) — 2t (log B)
<log(I|BI* + 1) — 2A(B)

< Q.

This shows that T € .4*, i.e. (b) implies (a). It follows that if 7 = C~' D for
some C, D € J with A(C) > 0, then T* € .#*. Take a unitary U € ./ such
that T = U|T|. Then |T*| = U|T|U*, implying that pr+ = u 7. Hence T
belongs to 4> as well, and (c) implies (a).
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Now, let T € #*. Then T = AB~' = C~'D forsome A, B,C,D € M
with A(B), A(C) > 0. Moreover, for all such choices of A, B, C and D,

CA=C(AB“YB=C(C'D)B =DB.
Since A is multiplicative on ./ (cf. [7]), it follows that
A(C)A(A) = A(CA) = A(DB) = A(D)A(B).

Hence,

A(A)  A(D)

(2.12) = .
A(B)  A(C)

In particular, with A and B as in (2.6) and (2.7), respectively, we have that
A(B) > 0,T = AB~!, and

o t

o 1
log A(B) = 1 —|d )
ox () = [ tog( = ) aur0)

log A(T) = log A(A) — log A(B).

and

so that

Then by (2.12), for all choices of C, D € .4 with A(C) > 0and T = C~'D,

A(D)  A(A)

—=——=A).
A(C) A(B)

Then finally, by (2.12), for all choices of A, B € # with A(B) > 0 and
T = AB~', we also have that

A(A)

N A(T).

PROPOSITION 2.5. If S, T € M*, then ST € M*, and

(2.13) AST) = AS)A(T).

PrOOF. Let S, T € #*. Take A, B, C, D € J# with A(B), A(C) > 0,
suchthat T = AB~!and S = C~!'D. Then

ST =C'DAB™!',
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where DAB~! € J(*. Hence there exist E, F € . with A(E) > 0 such that
DAB~!' = E~'F. It follows that

(2.14) ST =C'E7'F=(EC)™'F,
where EC, F € M, and A(EC) = A(E)A(C) > 0. That is, ST belongs to
MA.

To prove (2.13), we let A, B, C, D, E, F be as above. Applying (2.5) to
ST =(EC)"'F,S=C"'"Dand T = AB~!, we get that

A(ST) — A(F)  A(F)  ADA) 1
5T) = A(EC)  A(E)A(C)  A(B) A(C)
_A(A)A(D)_ASAT
= am ac WA

PROPOSITION 2.6. /* is a subspace of M. In particular, for T € M* and
reCT—21e?

ProoF. Clearly, if T € #* and a € C, then oT € M*. It S, T € M,
choose A, B, C, D € /# with A(B) > 0, A(C) > 0 and such that

S=Cc'D, T =AB™ .

Then
S+T=C" DB+ CAB™',

where DB + CA € M and B~',C~' € M" (cf. Lemma 2.3). Then, by
Proposition 2.5, S + T € /".

In the following we consider a fixed operator T € .#*. Then we define
f:C— [—o0, 00) by

(2.15) SA) =L(T — A1) :=1og A(T — A1), (reQ).

The next thing we want to prove is:

THEOREM 2.7. f given by (2.15) is subharmonic in C, and
1
(2.16) dur = —V2fd
2

(taken in the distribution sense) defines a probability measure on (C, By). ur
is the unique probability measure on (C, By) satisfying
(1)
/10g+ lzldur(z) < oo,
C
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(i1)
(2.17) VieC: L(T—-A1)= /log (A —z|dur(z).
C
Moreover;
(i11)
1 2 )
(2.18) /log+ |zl dpr(z) = —f f(e’e)de.
C 27 Jo

The following lemma was proven by F. Larsen in his unpublished thesis
(cf. [14, section 2]). For the convenience of the reader we include a (somewhat
different) proof.

LEMMA 2.8. Leta, b € M and let ¢ > 0. Define g., g : C— R by
2:0) = Lr(log((a — Ab)*(a — Ab) + £1)),

and
g(}) =log A(a — Ab).

Then g, is subharmonic, and if g(A) > —oo for some A € C, then g is
subharmonic as well.

Proofr. Let .; = Re(A), A, = Im(A), A € C. At first we show that
(A, A2) = go(A + iAy) is a C*-function in R%. Fix ¢ > 0, and define
h,k:C— M by

h(A) = (@ — Ab)*(a — Ab) + &1,
k(L) = (a — Ab)(a — Ab)*" + ¢1.

Then /& and k are second order polynomials in (A1, A;) with coefficients in .,
and A(X) > €1, k(L) > el for all A € C. Hence, by [11, Lemma 4.6],

g:() = 3tdogh(n)), reC

has continuous partial derivatives given by

dg. 1 oh
Ee :—r(h—1—>, i=1,2.

oA 2 oA
Therefore, by [11, Lemma 3.2], g, is a C2-function with
(2.19)
02 1 oh oh 0%h
e _ o —p Iyt Ly . i=1,2 j=1,2.
oA oA 2 oA oA OX;j0A;
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Since g, is C?, g, is subharmonic if and only if its Laplacian

8285 82g£
ard 93

is positive. Following standard notation, we let
a 1/ 0 .0 a 1/ 0 )
— == —-i— and —=-—+i—)
ar 2\ 0A A2 oA 2\ 0A oy

azge 8288 i 82&9
a3 9A3  9naA

Then

By application of (2.19), we find that

92 1 oh ., oh a%h
(2.20)  8e _ —r(—h‘l—_h_1—+h_1 — )
anor 2 an Or NI

Since _
h(h) = a*a — ra*b — Ab*a + |A|*b*b + €1,

we have ”

oh

— = —b*a+ Ab*b = —b*(a — Ab),

oA
and

3%h ,
—— = b*b.
OAOA

Applying the identity x (x*x +el)~! = (xx* + el)"'x tox = a — Ab, we
find that

3%h dh ., dh
' = — b x (X x + )" XD
OrOL  OA  OA
=b*b — b*(xx* + 1) 'xx*b
=b*b—b*1—e(xx*+el)"Hb
=eb*(xx* +e1)'b
= eb*k'b.
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Then by (2.20),

3%ge

INON

t(h(W) bk (1) "'b)

| ™ N ™

2r(h(x)—%b*k()\)—lbh(x)—%) >0,

showing that g, is subharmonic.
Fix A € C, and let x = a — Ab as above. Then

1
8:(X) = > f log(t? + ) d x| (1),
0

and P
g =5 [ togt®) du o).
0
Hence, g, is a monotonically decreasing function of ¢ > 0, and
A) =1 e (A).
g() = lim g.(2)

According to [13], g is then either subharmonic or identically —oo.

PROPOSITION 2.9. Let T € JM*. Then the function f : C — [—00, 00|
given by
S) =log A(T — A1)

is subharmonic in C.

Proor. Define Ty, T, € A by

2.21) Ty =T(T*T +1)2
and
(2.22) T = (T*T + 1)"1.

Then for every A € C,
T — A= (T) — AT, ",
where A(T>) > 0 (cf. (2.8)). Thus, T — A1 € /* with
A(T = A1) = AT = AT A(T) ™,
i.e.

(2.23) FA) = L(T — A1) = L(Ty — A Ts) — L(T»).
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Then by Lemma 2.8, f is either subharmonic or identically —oo. With
h(x) = L(T> — ATh) — L(T),

h(0) = 0 > —o0, and it follows from Lemma 2.8 that /4 is subharmonic. In
particular, 7(X) > —oo for almost every A € C w.r.t. Lebesgue measure. For
A e C\ {0},

fM)=h <%) + log |A].

Hence, f is not identically —oo.

Recall from [13, Section 3.5.4] that one can associate to every subharmonic
function u the socalled Riesz measure w,, which is a positive Borel measure
on R? uniquely determined by

1
(2.24) Vo € C°RY): — | uVié¢pdm = / dduy.
2 R2 R2
One uses the notationd i, = %Vzu d, and this is what is meant by (2.16).
In order to prove the rest of Theorem 2.7, we need some general lemmas
on subharmonic functions:

LEMmMA 2.10. Let g : C — [—00, oo be a subharmonic function, and for
r > 0 define

1 2 )
(2.25) m(g,r) = —f g(re')do,
27 0
(2.26) M(g,r) = sup g(2).
|z|=r
Then
(2.27) g(0) = lir%m(g, r)= lirr(l) M(g,r).

Proor. Clearly, m(g,r) < M(g, r) for every r > 0. Moreover, since g is
subharmonic, g(0) < m(g, r), (r > 0). It follows that

(2 28) g(O) < { lim Sup;, ¢ m(g’ r) = lim SUp,_.o M(g’ r)

liminf, ,om(g,r) <liminf, .o M(g,r)

Now, every upper semicontinuous function attains a maximum on every com-
pact set. In particular, there exists for every r > 0 a complex number z, of
modulus r such that g(z,) = M (g, r). z- — 0asr — 0, and therefore

(2.29) g(0) > limsup g(z,) = limsup M (g, r).

r—0 r—0
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It follows from (2.28) and (2.29) that

lim supm(g, r)

0) < liminfm(g,r) < r—=0 < limsupM(g,r) < g(0),
g(0) = m ir (g, 1) < hming(g,r) < Hop (g,7r) <g(0)

so the four inequalities above are in fact identities, and this proves (2.27).

LEmMA 2.11. f given by (2.15) satisfies

(2.30) lim (M(f,r) —logr) = lim (m(f,r) —logr) =0.

Proor. Define h : C — [—o0, oo[ by
(2.31) h(A) = L(T, — AT)) — L(T»), reC

Then £ is subharmonic with 4(0) = 0, and it follows from Lemma 2.10 that

(2.32) 0= lil’l’(l]m(h, r) = liII(l) M(h,r).
Since
(2.33) h() =log Al + f(1), A #0,

we get that when r > 0,
M(f,r)=M(h, 1) +logr,
m(f,r) = m(h, }) + logr,

and combining this with (2.32) we obtain the desired result.

LEMMA 2.12. Let R > r > 0, and let g be subharmonic in C. Then with
du = %Vzg dA and

log (£), lzl<r
Y(z) = log(ﬁ), r<l|z] <R
0, lz]| > R
one has that
(2.34) m(g. R) — m(g.r) = /C V(@ dn().

Proor. Cf. [13, (3.5.7)].
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PROOF OF THEOREM 2.7. When R > 1 > 0 define Yz : C — R by

log R, lz] <1

Yr(z) = 10g(ﬁ), l <[z <R
0, lz| > R

Then, according to Lemma 2.12,

(2.35) /C V() dpr(z) = m(f, R) = m(f, 1).

Now, ﬁwR /"1 as R — o0, so by the Monotone Convergence Theorem,

(2.35) and Lemma 2.11,
m(f, R) —m(f, D) _

O=1l L
pr(C) Jim log R
that is, wr is a probability measure.
When R > 1, let
(2.36) wg(2) =log R — Yr(z), zeC

Then wg(z) / log" |z| as R — oo, and hence by one more application of
Lemma 2.11,

/10g+|z|dur(z) = lim /wRdMT = lim (log R —m(f, R) +m(f, 1))
C R—o0 Jc R— o0

=m(f, 1),

proving (2.18). Note that since f is subharmonic, (2.18) imlies that
Jclog" |zl dpr (z) < oo.

To see that (2.17) holds, it suffices to consider the case A = 0. Indeed, for
fixed A € C one easily sees that py_;; is the push-forward measure of pur
under the map z — z — A (cf. Lemma 2.14), and therefore

(2.37) / log|z — Aldpr(z) = f log |z] dpir—1 (2).
C C

In the case A = 0 one has to compute the integrals [, log* |z| dur(z). We have
just seen that

(238) /C log™ 2] dir(2) = m(f, 1),



BROWN MEASURES OF UNBOUNDED OPERATORS AFFILIATED WITH ... 223

and with |
log>, |zl <r
Xr(2) = 1 log ﬁ, r<izl <1
0, lz| =1

xr(z) /" log™ |z| as r N\ 0. Hence by Lemma 2.10 and Lemma 2.12,

/IOg_ lzldur(z) = lin(l)/ Xrdur = liH(l)(m(f, ) —m(f,r))
C r— C r—>
=m(f, 1) — f(0).
Combining this with (2.38) we get that
/10g lzldur(z) = f(0) = L(T),
C
as desired.

In order to prove that wr is uniquely determined by (i) and (ii) of The-
orem 2.7, suppose v € Prob(C) satisfies

(2.39) /logJr |z| dv(z) < o0,
C

and

(2.40) Vi eC: /10g|z—k|dv(z):L(T—k1).
C

Note that (2.39) implies that fc log |z — A dv(z) is well-defined, since

log |z — A] < log(|z| + [A]),

and

|z] + [A] < (JA] + 1) - max{1, |z]}.
Hence
(2.41) log|z — Al <log(|A] + 1) + logJr |z].

Since p and v are both probability measures, it follows from a C*°-version
of Urysohn’s Lemma (cf. [8, (8.18)]) that if

/¢dur=/¢dv
C C
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for every function ¢ € CfO(RZ), then 7y = v. Then consider an arbitrary
function ¢ € CSO(RZ). Since the Laplacian of w +— % log |lw — z| (in the
distribution sense) is the Dirac measure §, at z, one has that

f () dv(2) = / ( f 60 (w)) dv(2)
C C C

= i/(/(vzas)m log |z _M) dv(z).
27 Je\Jc

At this place we would like to reverse the order of integration, but it is not
entirely clear that this is a legal operation. Therefore we put M = || V2@ || oo,
and take x € C°(R?) such that0 < x < land x_ = 1. With

supp(V2¢)

(2.42)

1 2
V= E(M_I_V ®)x

and 1
Vo= (M - V) x

one has that ¥, ¥, € C®(R*)*, and V¢ = | — 9.
Also not that, according to (2.41),

h(X, z) :=1log(|x| + 1) +log™ |z| —log|z — A| > 0.

Therefore by Tonelli’s Theorem
(2.43)

/wi(X)/h()»,Z)dv(z)dk://wi(k)h(k,z)dkdv(z), i=1,2.
C C cJc

The map A +— L(T — A1) is subharmonic and therefore locally integrable.
Since

/Ch(A, 2)dv(z) = log(JA]| + 1) —|—/ClogJr |z] dv(z) — L(T — A1),
where A — L(T — A1) is subharmonic and therefore locally integrable,
/(:I/fi(k)/ch(k,z) dv(z)dr < o0, i=1,2.
It now follows from (2.43) that

f (V2p) (1) f h(k,2)dv(z) dh = / f (V2) (WA (L, 2) drdv(z),
C C CcJC
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and since

/ [(V2) (W) f log(|A] + 1) dv(z) dA < oo,
C C

and

/ (V)00 / log" |2] dv(z) di. < oo,
C C

we deduce that

/¢(z)dv(z) = i/(/w%)(x) log |2 —zld?») dv(z)
C 2w Je\Jc

_ /(quﬁ)(k)/loglk — zldv(z) dA
27 Je C

_ L /(V%)(A)L(T — A1) dA
21 C

= fcqb(z)dur(z),

and this is the desired identity.

It follows from Theorem 2.7 that one can associate to every operator 7' €
J* a probability measure w7 on (C, By), such that in the case where T € ./,
wr agrees with the Brown measure of 7. Therefore we make the following
definition:

DEFINITION 2.13. For T € J/* we shall say that the probability measure
ur from Theorem 2.7 is the Brown measure of T .

In the remaining part of this section we will see that many of the properties
of the Brown measure for bounded operators carry over to this more general
setting.

PROPOSITION 2.14. Let T € M™. Then for every r > 0 and every » € C,
the Brown measure of rT + A1, py7421, 1S the push-forward measure of ur
via the map 7 +— rz + A.

PrOOF. Making use of Urysohn’s Lemma for C*-functions on R? (cf. [8,
(8.18)]) and the fact that both of the measures considered here are probability
measures, one easily sees that if

/C¢(Z)erT+A1(Z) Z/C¢(I’Z+?»)dMT(Z)

for every ¢ € C°(R?), then the two measures in speak agree on compact sets
and hence on all of B,.
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Let ¢ € C>°(R?). Then by definition,

1 82 2
fcas(rz FNdpr@ =5 /c(a—z% + a_zg)"“” +3) f(2)dz

1 2(32+32) (1 _A>1d
= )" aw? | Bul ¢ (w) f W= )5 dw
1 ) 1
= —/V ¢>(w)f(—(w—)»)>dw
2w Jc r
= i/v%p(w) [L(rT 4+ 21 —wl) —logr]dw
2 C
= /C ¢ (w) dpyr 31 (w) — logr - fc V2 (w) dw
=/C¢(UJ) du,ryaa(w),

where the last identity follows from Green’s Theorem.

PROPOSITION 2.15. For every T € M* and every m € N, purn is the push-
Sforward measure of wr via the map z — 7.

PrOOF. Let v € Prob(C) denote the push-forward measure of w7 under the
map z — z”. According to Theorem 2.7 it suffices to prove that

/10g+ |z]dv(z) < oo,
C

and
VieC: /10g|)»—z|du(z)=L(T’”—k1).
C

Here
'/logJr |z] dv(z) = flogJr 2" dpur(z) =m / log* |z| dur(z) < o0,
C C C

and if we let 0y, ..., 8,, denote the m complex roots of Q(z) = 7" — 1, then
for every A € C,

m
n—2"| = [|exrm —zl.
k=1
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Hence
/IOgI/\—zldv(z) =/loglk—z’”|du7(z)
C C
=/Zlog|ekxn3 — 2l dpr(2)
C
Z (T — Gan1
= (]_[ (T — 6an1 )
=L(T" — A1),
as desired.

PROPOSITION 2.16. If T € M with

1
(2.44) / log t dwr|(t) > —o0,
0

then ur({0}) = wir|({0}) =0, and T has an inverse T-!' e M*. Moreover,
wr-1 is the push-forward measure of wr via the map 7 +— z~\.

PrROOF. According to Theorem 2.7,
oo
(2.45) /loglzld,ur(z) =L(T) =/ logtdur(t).
C 0
Hence, if (2.44) holds, then
(2.46) —00 < /log |zl dpr(z) < 00,
C

and therefore w7 ({0}) = w71({0}) = 0. Moreover, |T| has an inverse IT|™' e

M with
o0 o0 1
/ log® (1) dpyr-1 (1) :/ log® (;) dur|(t)
0 0

1
= —/ lOgld//L‘ﬂ(l) < 00,
0

so |T|~! e M~ Take U € (M) such that T = U|T|. Then T~! =
|IT|"'U* € M.
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Now, let v denote the push-forward measure of 17 under the map z +— z~'.

According to Theorem 2.7, if

(2.47) /logJr |z| dv(z) < oo,
C

and

(2.48) VieC: /log 2= Aldv(z) = L(T~" — A1),
C

then v = ur-1. Applying (2.46) we find that

/log+ Iz dv(z) = /‘logJr
C C

In order to prove that (2.48) holds, let A € C. If A # 0, then, using the
multiplicativity of A on .#*, we find that

1
/IOgIZ—XIdV(z) :/log
C C

- —k‘dw(z)
z
= /log l(l —z))\'dpw(z)
c lz\A

1
= /(loglkl + log
C

- —2
A

1
—‘ dir(z) = —/ log 2] djur (2) < oo.
< (JzI<1)

- 10g|z|) dur(z)

— L)+ L (T - %1) — L(T)

= L(M(T — l1)T')
A
=L(T' = Al).

In the case A = 0 we have:
/10g |z| dv(z) = —/loglzldur(z) =—L(T)=L(T").
C C

Hence (2.48) holds, and v = p7-1.
PROPOSITION 2.17. Let T € ™. Then supp(ur) € o (T).

ProoF. Let A € C\ o(T). Then T — Al is invertible with bounded inverse.
Moreover, according to Proposition 2.16, tt(r_s1)-1 is the push-forward meas-
ure of yr_,q viathe map z — z~!, z € C\ {0}. Since (T — A1)~! is bounded,
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we have from [3] that

supp(ir_xy-1) S o (T —2D™") € B(0,r),

where r = ||(T — A1)~'||. Hence,

supp(ur—x1) € {z € C| |z > 1}.

In particular, 0 ¢ supp(ur—_,1), which by Proposition 2.14 is equivalent to
A ¢ supp(ur). Hence, supp(ur) € o (T).

LEMMA 2.18. For every p € (0, c0) and every t € [0, oo,

(2.49) P = p? / log* (at)a=""' da.
0

Proor. For ¢t = 0 this is trivial. For ¢t > 0 we find that

o0 o0
/ log*(at)a """ da =/ log(at)a "' da
0 1

t

1 o0 o 1
= |:——10g(at) a_”:| —/ ——a ?da
p v Ji pa

1 o
o[-
p 1

We will now prove Weil’s inequality for operators T in L? () (cf. [3,
corollary 3.8] for the case T € #):

THEOREM 2.19. Let p € (0, 00) and let T € LP(M). Then

(2.50) /CIZIP dur(2) = |ITIl}.

In the proof of this theorem we shall need the following lemma, the proof
of which we postpone for a while:

LEMMA 2.20. Let T € M. Then

(2.51) /10g+ |lzldpr(z) < T(log™ |T)).
c
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PrOOF OF THEOREM 2.19. Leta > 0. Then, according to Lemma 2.14 and
Lemma 2.20,

/10g+(a|2|)dur(z) =/10g+ |zl dpar ()
C C
o0
S/ log* t dujar (1)
0

= f log*(at)d 7 (1).
0

Hence by Lemma 2.18 and Tonelli’s Theorem,

/|Z|deT(Z) — p2/ (/ 10g+(a|z|)dMT(Z)>a_"_1 da
C 0 C
< pZ /OO</OO 10g+(at) dMTl(t)>a_p_l da
0 0

=/(; tPdwr () =t(|T|").

In order to prove Lemma 2.20 we shall need some additional results:

LEMMA 2.21. Suppose A, B, C € M* with A and B invertible in M* and
A C*
(c B ) 2 0.
Then

(2.52) A(C) < A(A):A(B):.

ProoF. Note that A, B > 0 and that

which is equivalent to saying that || B :CA™: || < 1, and this clearly implies
that ] 1
A(B72CA™2) < 1.



BROWN MEASURES OF UNBOUNDED OPERATORS AFFILIATED WITH ...

LEMMA 2.22. For every S € JM*,

(2.53) A+ S) < A1+ 1|S)).

PrOOF. Take a unitary U € 4 such that S = U|S|. Then

N |S|>>
07

<|5| S| ) —

1 U

(U 1)30’

ISI+1ISI+ U _
ISl+U IS|+1 ) =

and

whence

Now Lemma 2.21 implies that

AS+1) = AU*S+ 1) = AWU*UI|S| + 1))

= A(IS|+ U*) < A(S|+ D2 A(S| + 17 = A(S| + D),

as desired.

LEMMA 2.23. Every S € J(* satisfies
(2.54) A+ [8?) < AA+[SP),
implying that for arbitrary n € N,

(2.55) A+ ST < AQ+[S1P).

PrOOF. Take a unitary U € . such that S* = U|S?|. Since

A N

we find as in the foregoing proof that

1+8s* U*+ 52 -0
U+(SH? 1+5s)=7

Again this implies that

231

A+ (S = A(S2 +U*) < A+ S*S)2 A1 + S5%)2 = A(1 + S*S),
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where the last identity follows from the fact that $*S and SS* have the same
distribution w.r.t. 7.

PrOOF OF LEMMA 2.20. According to (2.38) we have:

1 27 )
(2.56) / logt lzldur(z) = =— | f(e®)db,
C 27 Jo
where
(2.57) f) =1tdog|T — Al]) =log A(T — A1), L eC.

For every positive integer n define f, by

2"—1

(2.58) H@=Y fle¥z),  zeC
k=0
Then clearly,
1 2 ) 2w )
(2.59) — f®)do = fae®)do.

2 0 22" 0
Applying Lemma 2.22 and Lemma 2.23 we obtain an estimate of f, (e?):

m_q m_q

fu(e?) = Z log A(e_ige_?TkiT —1) = log A(l_[ (e_iee_zferiT — 1))

k=0 k=0
=log A(1—e?°T?) <log A(1+ |T*|) <log A(1+|T|*)
= t(log(l + |T|2n)).

Combining (2.56) and (2.59) with the above estimate we see that
1 n
[0 2ldir @) = S (tog (1+177))
C

1 n
= log(1 + %) d (1)
2" J10,000

IA

1
Py log 2 d (1)
2" Jioap

1
+ (log2 +2"logt) d (1)
2" Jin oot

2log?2 i
< . + log Id/L|T|([).
2 [0,00]
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Finally, let n — oo, and conclude that

[1og" teldnr@ = [ tog" tdyumo).
C

[0,00[

PROPOSITION 2.24. Let T € JM®, and suppose P € J is a non-trivial
T -invariant projection, i.e. PTP = TP. Then

(2.60) A(T) = Apup(PTPY P Api gpr (PET P TP,

where Apyp and ApL ypL refer to the Fuglede-Kadison determinant com-
puted relative to the normalized traces % and —5—1 | piypLon PAMP

7| pur (P
and P/ P+, respectively.

PrOOF. Put Ty; = PTP, T;, = PTP* and T», = PTP+. Then, w.r.t. to
the decomposition # = P () @ P ()", we may write

T Ty Ty _ (1 O 1 Ty AT
B 0 T»nn/) \0 Tn 0 1 0o 1)’

where 1 o
and T 0
(3 D)=srerern

Thus, (2.60) holds if

1 T\ _
2.61) A ((0 ! )) —1.

To that (2.60) holds, note that

1 T\ (1 —Tp
0 1 —\0 1 ’
and hence

e (4 )5 )=
N O B CRA IR [N
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(G )6

and then by (2.62),
y (2.62) N 1T, _,
0 1 -
as desired.

LeEMMA 2.25. Let p € (0, 00), and let ¢ > 0. Then the map L, : L? (M, )
— R given by

(2.63) L.(T)= %r(log(T*T + £1)), T eL?(M, ),
is continuous w.r.t. || - || .
PrOOF. Suppose T, T, € L?(#, T) with

lim |T — T,||, =0.

Then T, — T in the measure topology (cf. [6]). Therefore, 7,77, — T*T in
measure, and then with respect to the weak topology on Prob(R),

(2.64) Mr+T = nlglgo KTrT, -

Define a sequence (v,):2 ; of (finite) measures on (R, B) by

(2.65) dv,(t) = (1 +12) dugsr, (0),
and note that since lim, o [| T, I, = Tl ,
(2.66) sup v, (R) < oo.

neN

Similarly, define a finite measure v on (R, B) by
(2.67) dv(t) = (1 +12) dugr ).
Because of (2.64), we have that for every ¢ € C.(R),

(2.68) /OO¢>(t) dv(t) = lim /OO @) dv,(t).
0 n— oo 0

When ¢ € Cy(R), ¢ may be approximated (uniformly) by functions from
C.(R). Thus, taking (2.66) and (2.68) into account, one easily sees that

(2.69) f ooq&(t)dv(t) = lim / h b (1) dv,(t).
0 n—0o0 0
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In particular, with

log(t + ¢)

I ) IZ()’
1+12

(2.70) ¢(t) =

(2.69) implies that

L(T)= /Ooqb(t) dv(t) = lim /Ood)(t) dv,(t) = lim L.(T,).
0 n—oo 0 n—o0

COROLLARY 2.26. For p € (0,00) the map L : L? (M, 1) — [—00, o0[
given by

(2.71) L(T)=1log A(T), T eL’(M,7),

is upper semicontinuous w.r.t. || - || .

PrOOF. Indeed, this follows from Lemma 2.25, since for every T €

L? (M, t) we have that
L(T) = in(f) L. (T).

3. Unbounded R-diagonal operators

Consider a von Neumann algebra .# equipped with a faithful, normal, tracial
state .

DEFINITION 3.1. For T € . with polar decomposition T = U|T|, we
denote by W*(T') the von Neumann algebra generated by U and all the spectral
projections of |T'|.

Note that T is affiliated with W*(T') and that W*(T) is the smallest von
Neumann subalgebra of .# with this property.

If 4, and , are finite von Neumann algebras with faithful, normal, tracial
states 7; and T, respectively, then any *-isomorphism ¢ : M, — M, with
7] = Tp0¢ is continuous w.r.t. the measure topologies on the two von Neumann
algebras and thus has a unique extension to a (surjective) *-isomorphism é:
M 1 = /%2.

DEFINITION 3.2. Let S, T € M.

(a) We say that S and T have the same *-distribution, in symbols § > T,
*

if there exists a trace-preserving x-isomporphism ¢ from W*(S) onto
W*(T) with ¢(S) =T.
(b) We say that S and T are x-free if W*(S) and W*(T) are x-free.
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Note that in case S and T are bounded, the two definitions (a) and (b) given
above agree with the ones given in [18] .

Recall from [16, p. 155ff.] that if U, H € . are *x-free elements with U
Haar unitary, then U H is R-diagonal in the sense of Nica and Speicher (cf.
[16]). Conversely, if T € ./ is R-diagonal, then T has the same *-distribution
as a product U H, where U and H are *-free elements in some tracial C*-
probability space, U is a Haar unitary, and H > 0. We therefore define R-
diagonality for operators in .# as follows:

DEFINITION 3.3. T € J is said to be R-diagonal if there exist a von
Neumann algebra A, with a faithful, normal, tracial state, and x-free elements
U and H in /', such that U is Haar unitary, H > 0, and such that T has the
same *-distribution as U H.

REMARK 3.4. Note thatif 7 € / is R-diagonal with ker(7T") = 0, then the
partial isometry V in the polar decomposition of 7, T = V/|T|, is a unitary
(M is finite). It follows from Definition 3.3 and Definition 3.2 that V is in fact
a Haar unitary which is x-free from |T'|.

In this section we will see that certain algebraic operations on (sets of -
free) R-diagonal operators preserve R-diagonality, exactly as in the bounded
case (cf. [9]). Our proofs are to a large extent inspired by the techniques used
in [9] and in [14]. In particular, we will repeatedly make use of [9, Lemma 3.7]
which we state here for the convenience of the reader:

LEMMA 3.5. [9] Let U € M be a Haar unitary, and suppose & C M is a
set which is x-free from U. Then for any n € N,
() the sets &, UL U*, UL (U*)?, ... are x-free,
(i) the sets &, UL U™, ..., U\ LU, (U"} are *-free,
(iii) the sets USU*, ..., U"SFL(U*)", {U"} are *-free.

ProposITION 3.6. If T € M is R -diagonal withker(T) = O, then T has an
inverse T~ € M, and T~V is R-diagonal as well.

ProOF. Let T = V|T| be the polar decomposition of 7 with V € .4 Haar
unitary and %-free from |T'|. Since ker(7) = 0, T has an inverse T~! € ./:

T =VvVI|TIT' V= v*(VITIVH ™,

where V* is Haar unitary and, according to Lemma 3.5, it is *-free from
V|T|V* and thus from (V|T|V*)~!. This shows that 7~! is R-diagonal.

LEMMA 3.7. Let S, T € M, and let V € M be a Haar unitary. If S, T and
V are x-free, then VS and TV S are R-diagonal.
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PRrOOF. The case where S and T are bounded was treated by F. Larsen (cf.
[14, Lemma 3.6]). Our proof resembles the one given by F. Larsen.

Enlarging the algebra if necessary, we may assume that there are Haar
unitaries Vi, V, € J, such that Vi, V, and S are -free and V = V| V,.

Since W*(S) C . is finite, there is a unitary U; € W*(S) such that
S =U;|S|. Then VS = V| (V,U})|S|, where

(1) Vi is %-free from |S| and VU,

(i) (V1) = =(V{") = 0and t(VLU)) = t((VLU))*) =0,

(i) for all A € W*(|S]) with t(A) = 0, t(VLUA) = t(V1)t(U;A) = 0,
T(AUFVS) = t(AUP)T(VS) = 0 and Tt (VLU A(VLU )Y = 1(A) =
0.

It follows now from [17, Lemma 2.4] that V;(V,U,) is *-free from |S|. Thus,
if V1(V,U)) is Haar unitary, then V S is R-diagonal. By (ii) and the freeness
of V| and VLU, we have that for alln € N,

(Vi UD)") = t(Vi(VLU)VI(VLUY) --- Vi(VLUY)) = 0.

Then t((ViVLU)™) = t((ViVaU)*) = 0, n € N. That is, V,V,U, is Haar
unitary, and it follows that V.S = V;V,U,|S| is R-diagonal.
Now, TVS = V(V*TVS). Put

By =W V), B,=WT), and B = W*(S).

Then By, B, and B are x-free. We may write T as T = U,|T| for a unitary
U, € %’2. Then

3.1 VTV = (V*U,V)V*|T|V,

where V*|T|V is affiliated with V*%,V .

B3 and V*RB,V are x-free, and according to Lemma 3.5, %, and V*%,V
are x-free. But then V is x-free from B4 = B3 vV V*B,V.

Since § and V*TV are both affiliated with %,, their product, V*TV S, is
affiliated with %y, so V is x-free from V*T V §. It follows now from the first
part of the proof that TV S = V(V*TVS) is R-diagonal.

ProrosiTion 3.8. If S, T € M are *-free R-diagonal elements, then ST is
R-diagonal as well. Moreover,

(3.2) W(sTysT = Mses X prer.

Proor. Taking a free product of tracial von Neumann algebras if necessary,
we can find a von Neumann algebra A" with faithful, normal, tracial state w
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and x-free elements U, H;, U,, H, € N such that U 1, U, are Haar unitaries,
H,, H, >0,and S ’é UH and T 5 U>H,.
* *

Choose trace-preserving *-isomorphisms

¢ : WH(S) — W*(U Hy),
¢y WHT) - W*(UrHy),

with (151(S) = UH; and (]52(T) = UH;. ¢ and ¢, give rise to a trace-
preserving *-isomorphism

¢ =1 ¢y WHS) x WHT) — W (Ui Hy) * W (UxH)
(the free products are taken within the category of tracial von Neumann algeb-
ras) with

O(ST) = $1(S)¢a(T) = U H U Hs.

Thus, ¥ :=¢|w+(sr) is a trace-preserving *-isomorphism onto W*(U H, U, H,)
with &(ST) = U H|UyH,. According to Lemma 3.7, U;(H,U,H>) is R-
diagonal, and hence ST is R-diagonal.

In order to prove (3.2), note that if § = 0, then pg«s = &9, so that by the
definition of multiplicative free convolution given on p. 744 in [4],

pss W prsr = 8o W ursr = .

This shows that pg-s X pr-r = p(sry<s if S = 0. The same holds if 7 = 0.
Now assume that S, T # 0. Note that

S*S ~ HZ,
*9
T*T ~ H},
*9
(ST)*ST ~ Hy U H2Uy H,.

Thus, (3.2) holds if
Hu,usHR U H, = HE? X Hpg2-

For every n € N, the bounded operators
Sy = UiH1po,,1(Hy) and T, = UyHy 10,4 (H>)

are *-free. According to [9, Lemma 3.9] they are both R-diagonal in the sense
of Nica and Speicher (cf. [16]). Then, by [9, Proposition 3.6],

(3.3). K(s, Ty s,T, = Msss, X urer,
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Since S, — U H; and T, — U, H, in the measure topology, (S, 7,)*S, T, —

H2U§“H12U2H2 in measure as well. These facts imply that g, 2 K,
Wz, — Jgz and s, 1,05,7, — Kausu,m,- MOreover, iy # 8 and
W2 # 8o, because S*S and T*T are non-zero. Hence, by [4, Corollary 6.7]
and by (3.3),

— * : _
KU HX U H, = W — nll)rgo wszs, W purer, = wpe Mg,

PROPOSITION 3.9. Let S € J be R-diagonal, and let n € N. Then S" is
R-diagonal. Moreover,

(3.4) H(snyssn = M%ns-

ProofF. Choose a von Neumann algebra AN/ with faithful, normal, tracial
state w and with *-free elements U, H € A" such that U is Haar unitary,
H >0,and S > UH.Then §" > (UH)". Since

* *.

(UH)" =U"U'""HU" U "HU"?]---[U"'HU]H,

where
u", u'"HU" ', U"HU" 2, ..., U'HU, H

are *-free (cf. Lemma 3.5 (ii)), and U" is Haar unitary, Lemma 3.7 gives us
that (U H)" is R-diagonal, and hence S" is.

In order to prove (3.4), note that if pg«g = 8, then § = §" = 0 and (3.4)
trivially holds.

Now assume that pg+5 7% 8o. For k € N define Sy € # and T, € AN by

Sk =S l[o)k](|S|) and Tk =UH 1[0,1(](1‘1).

Then T} > Si. Moreover, by Lemma 3.7, T is R-diagonal in the sense of Nica
*

and Speicher, so Sy is R-diagonal. It now follows from [9, Proposition 3.10]
that

X X
(3.5) LSS = HI@om (o = Rpig, = Mgps,-

As k tends to infinity, S;Sx — S*S and [(Sp)"]*(Sx)" — (§")*S" in the
measure topology. Since ps«s # 8o, we infer from [4, Corollary 6.7] and from
(3.5) that

* . k : Xn Xn
Msrypsn = w™ — WM pys)msyr = w* — lim pels = pugls.
k— 00 k—o0 "k
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DEeriNITION 3.10. For v € Prob(R, B) let i denote the symmetrization of
w. That is, it € Prob(R, B) is given by

i(B) = 3(u(B) + u(—B)), (B €B).

PROPOSITION 3.11. Let S, T € J be x-free R-diagonal elements. Then

(3.6) s+ = s B ).

PROOF. As in the proof of Proposition 3.8, choose (A", w) and *-free ele-
ments Uy, H;, Uy, H, € N such that U, U, are Haar unitaries, H,, H, > 0,
and S ’\g? U]H] and T 5 U2H2.

Again, forn € N, let

S, = Ui Hy 1o, (H1)

and
T, = Uy Hy 119 1 (H>).

Then S, and 7, are *-free and R-diagonal and therefore, according to [9,
Proposition 3.5],

(3.7) Ay, +1, = Hys, B @,

|Sx| = Hj and |T,,| — H, in measure, implying that pg, SN WH, = S|

w*
and w;r,; —> pwm, = wmr- Then we also have weak convergence of the
symmetrized measures:

%

~ w ~
s, — Mis

and -
i, —> MK1|-

Let d denote the Lévy metric on Prob(R, B) (cf. [4, p. 743]). Then d induces
the topology of weak convergence, and according to [4, Proposition 4.13] and
the above observations,

d (s Bz, s, Byr,) < d(s), Ls,)+d iz, fyr,) — 0 as n — oo.
It follows that
fis) B yr = w* = lim fis, B fiyr,

(38) =w" — lim ﬂ|Sn+Tn|'
n— 00
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Since S and T (U H, and U, H,, resp.) are *-free with S > UH and T >
* k
U, H,, it follows that S + T > U H, + U, H,. Moreover, |S, + T,,| —
ES

|UiHy + U Hy| > |S + T'| in measure, and thus [is,+1,| L) s+ - Finally,
*,
this implies that . . .
fys) B ) = st

We close this section by proving two simple results on the S-transform of
probability measures on (0, co) (cf. [4]).
For u € Prob((0, c0), B) define v, : C\ (0, c0) — Cby

(3.9) VYu(z) = / l;d,u(t) -1, z € C\ (0, 00).
0 — 2t
Then v, is analytic and satisfies
(i) ¥, () > 0,1 € (—00,0),
(i) Yu(z) > —lasz — —oo,
(iii) ¥, (z) - O0asz — 0.

Hence, ¥, maps a (connected) neighbourhood %, of (—o0, 0) injectively onto
a neighbourhood 7/, of (—1, 0). Define x,, ¥, : ¥, — Cby

(3.10) Xu(2) = l/f,fl(z), €V,
1
(3.11) Fuz) = ZJZF X2, ze?.

PROPOSITION 3.12. The map ju +— &), is one-to-one on Prob((0, co), B).

PrOOF. Suppose u,v € Prob((0, 00), B) with ¥, = . That is, in a
neighbourhood 7" = 7, N 7, of (—1, 0), x,, agrees with x,,. It follows that on
(=00, 0), ¥, agrees with v, and then, by uniqueness of analytic continuation,

1 1
A A
That is, the Stieltjes-transforms G, and G, agree on C \ [0, oo[. Recall that
1
(3.13) dp(x) =—— lim G,(x +1iy)dx
T y—>0t
(weak convergence of measures), and similarly,
1
(3.14) dv(x) = —— lim G,(x +iy)dx.
T )7—>0+

Thus u = v.
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PRQPOSITION 3.13. Let M be a II,-factor with tracial state t, and let
a € M, withker(a) = {0}. Then for all 7 in a neighbourhood of (—1, 0),

1
3.15 S =
(.15 nn @ =g
ProOOF. Let z € C\ [0, oo[. Then

]
VYa-1(2) = /(; —du,1() — 1

1 —zt
R |
[ s dmw -
0 1

o0
Z
=/ dia(t),
0 t—z

and hence
1 R |
(3.16) Yy (—) = —/ ——dp (1) = =W (2) + 1).
Z 0 1 —zt
It follows that for all z € C\ [0, ool
1
(3.17) 2= Xa(Va(2)) = Xa (—1 — Yy (E)) )
implying that w = ¥, (1) satisfies
(3.18) (w) : 1
. () =—-=———|
* 2 Xe—1—w)
and thus
(3.19) S, (W) - S (=1 —w) = 1.

(3.19) holds for all w € ¥,-1(C\ [0, oo[) and in particular for all w in a
neighbourhood of (—1, 0).
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4. The Brown measure of an unbounded R-diagonal operator

The Brown measure of a general bounded R-diagonal operator was computed
in [9, Theorem 4.4]. We will generalize this result to unbounded R-diagonal
elements in ./*. Our proof will take a different route than the one in [9].
This new approach will enable us to obtain an estimate of the p-norm of the
resolvent (T — A1)~!, 0 < p < 1, for special R-diagonal elements T (cf.
Section 5).

LEMMA 4.1. Let T € M be an R-diagonal element, and let U € M be a
Haar unitary which is *-free from T. Then for every A € C,

4.1) T — 21| ~ |T + |A|U|.
*9)

PRrROOF. By passing to a larger algebra, we may assume that 7 = VT |
where V € . is a Haar unitary and U, V and |T| are *x-free. The case A = 0 is
trivial. For A # 0, let @ = —ﬁ. Then «U*V is a Haar unitary which is x-free
from T . Hence,

aU*V|T| ~ T.
*9
Therefore,

IT =] ~ [@U*VIT| = M| = |T —@U| = |T + [2|U].
*

LEMMA 4.2. Let T € J be an R-diagonal operator, and define
h(s) =sr((T*T+szl)7l), s > 0.
Moreover, for A € C\ {0}, set
hi(s) = s T([(T — AD*(T — A1) +52117").

Then there exists an s, > 0 such that for s > s,

V1 = 4A2h(s)? — 1)

2h(s)

h(s) = hy (s +

ProoF. By passing to a larger algebra, we may assume that there exists a
Haar unitary U € ./ which is x-free from T'. Then, according to Lemma 4.1,

IT =31 ~ T +[A|U].
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It follows now from Proposition 3.11 that
fyr—ny) = iy B @ = fyp B,

where v = %(B_W + ).
For B > 0 define

95:{w6C|0<|w|<,3,57”<arg(w)<77ﬂ}-

According to [4, Corollary 5.8], there is a 8 > 0 such that for every w € Qg,
'%ll\T—kl\ (w) - ‘%,aw‘ (w) + '%V(w)a

where T raa — 1
w —
'@v(w) =

2w ’

and
Gy (is) = —ih(s), s >0,

whence

GOV (—ih(s)) = is, s > 0.

‘%ﬂm(_ih(‘g)) + —ih(s) = Y

Take 55 > 0 such that for every s > s;, —ih(s) € Qg. Then, when s > s,,

1 V1 —4[A2h(s)?> — 1
n |A A (s)

Ry (—ih(s)) = is +

ih(s) —2ih(s) ’
implying that
V1I—=4Ah(s)? -1
h(s) :h,\<s—|— (s) >

That is, when s > s, and

V1 —=412h(s)? =1
t=s+ )
2h(s)

then A(s) = h, (¢).

Note that if
V1 —=4r12h(s)2 -1

=
S 2h(s) ’

then (s, 7) satisfies the following equation:

4.2) (s — 1) (% — s+ r) = |A%.
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In the following we will investigate this equation further.

DErFINITION 4.3. Let m,n € N, and let U be an open set in R™. A map
f : U — R" is said to be analytic if it has a power series expansion in m
variables in a neighborhood of every x € U.

We shall need the following two well-known lemmas about analytic func-
tions of several variables:

LeEMMA 4.4. Let U be a connected, open subset of R". If f,g : U — R"

are two analytic functions which coincide on a non-empty, open subset V of
U, then f = g.

LEMMA 4.5. Let U € R™ be open and let f : U — R™ be an analytic
function for which the Jacobian #(x¢) = det f'(xo) is non-zero for some
xo € U. Then f is one-to-one in some neighborhood V of xo, and the inverse
of flv is analytic in a neighborhood of f(x).

LEMMA 4.6. Let u be a probability measure on [0, 00), and define

*® 5
4.3) h(s) :/0 s2+—uzd,u(u), s > 0.

Then h is analytic on (0, 00). Moreover, if u is not a Dirac measure, then for
all s > 0,

0 < h(s) < % and H(s) < @ — 2h(s)?.

Proor. Since

1 [ 1 1
h(s) = - du, 0,
() 2,/(; <s+iu+s—iu) H 0z

h has a complex analytic extension

h:{zeC|Imz>0}—C

given by the same formula. In particular, / is an analytic function of s € (0, c0).
If i is not a Dirac measure, then u # &, and so h(s) > O for all s > 0.
Moreover,

oo S2
h(s) = —d 1, 0.
sh(s) /0 T nwu) < s >
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Finally, for s > 0,

067 = [ [ s e dne)
o 001 s 2 s 5
| a<<sz+uz> () awaues
o0 S2
:/o &+ W
o0 S +u 2 o) SQ 2
(/o (52 + u2)? “(”)"'/0 mdu( ))

s
( )

B (s) < —= —2h(s)?,

N =

| —

Hence,

and equality holds if and only if the product measure  ® w is concentrated on
the diagonal {(u, ) | u > 0}. But this would imply that p is a Dirac measure.
Thus, if w is not a Dirac measure, then

h(s) < %—Zh() s>0

LEMMA 4.7. Let p be a probability measure on [0, 00) which is not a Dirac
measure, and put

1 1

S| 2 00 2
h(n) = ( / —zdmu)) and  ho(n) = ( f uzdu(u)) ,
o u 0

1

with the convention that 00~ 2 = 0. Then 0 < A () < Ao () < oo.

Proor. Clearly, A;(u) < 0o, and since @ # &g, A2(t) > 0. The lemma is
then trivially true if A;(u) = 0 or Ap(u) = +o00. Thus, we can assume that
A1(), Aa() € (0, 00). Then, by the Schwartz inequality,

o) ([, : /°° 1 :
MG </o dn (”)) (0 2 (”)>

R |
Z/ u—dp() =1,
0 u
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and equality holds if and only if for some ¢ € (0, 00), 5 = cu holds for u-a.e.
u € [0, 00). However, this can not be the case when  is not a Dirac measure.

LEMMA 4.8. Let 1, A (1) and 1o () be as in Lemma 4.7, and let h be as in
Lemma 4.6. Then put

1
k(s,t) =(s —t)| — — t), 0,1 eR.
(s,1) = (s )(h(s) s+> s >
Then k is an analytic function on (0, 00) x R. Moreover, for t > 0 the map
s > k(s,t) is a strictly increasing bijection of (t, c0) onto (0, 00), and for
t = 0 the map s — k(s,t) is a strictly increasing bijection of (0, 00) onto
(1 ()%, A ()?).

Proor. Clearly, k is analytic. Moreover,

(4.4) Koy = —— o2+ 1)
' s ST T ( +h(s)2)'

For s € (0, 00), we get from Lemma 4.6 that

ok, s (hs)
a(s,O)_h(S)z( = 2h(s) h(s)>>0,

and 8k( : 1
— = —— > .
3 UV T ey T8

Since the right-hand side of (4.4) is an affine function of # € R, it follows that
ok
4.5) a—(s, t) >t, s >0, tel0,s].
s

Hence, s — k(s, t) is a strictly increasing function of s € (¢, 0o) for every
t€[0,00).Fors >t >0,

N ak N
(4.6) k(s,t) = / —(s',t)ds' > / tds' =t(s —1t).
¢ 08 t

Hence, whent > 0,
lim k(s, t) = oo,
§—>00
and
lin}r k(s,t) =k(t,t) =0.
s—>1

Thus, s +— k(s, t) is a bijection of (¢, co) onto (0, 00).
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Next, consider the case t = 0. We have already seen that s +— k(s, 0) is
strictly increasing on (0, 0o). Note that for s > 0,

1 —sh(s) _ n(s)

K0 =50 T de)

where

00 I/t2 o) 1
n(s):/(; ﬁdu(u) and d(s):/O ﬁdu(u).

u? u?
By the monotone convergence theorem,

lim n(s) =1,
s—0+

lim d(s) /"O : dp(u) :
im d(s) = —duu) = ——,
5—0+ 0 u? H A1 (u)?

o0
lim s2n(s) = / W2 dp () = Ja ()’
S—> 00 0

and 5
lim s“d(s) = 1.
§—> 00
Hence,
lim k(s,0) = A1 ()%,
s—0+
and

lim k(s, 0) = A»()>.
§—> 00

This shows that s — k(s, 0) is a bijection of (0, co) onto ()q (w2, Az(u)z).

DEerFINITION 4.9. Let u, A1 (1) and A, () be as in Lemma 4.7, let /2 be as in
Lemma 4.6, and let k be as in Lemma 4.8. For A, t € (0, 00), let s(X, t) denote
the unique solution s € (¢, 00) to the equation k(s, t) = A (cf. Lemma 4.8),
and for & € (A;(u), A2(n)), let s(A, 0) denote the unique solution s € (0, co)
to the equation k(s, 0) = A

LEMMA 4.10. The function (7, t) — s(X, t) is analytic in (0, 00) x (0, 00).
Moreover, for & € (A (), Ax(w)),

4.7 lim s(A,t) = s(A,0).
t—0+

PrOOF. Let
Q={(s,1)eR|0<1 <s)}.
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According to Lemma 4.8, k is a strictly positive, analytic function in 2. Let

F(s, 1) = (Vk(s, 1), 1), (s,1) € Q.

Then F is analytic in €2, and by Lemma 4.8, F' is a one-to-one map of €2 onto
(0, 00) x (0, 00). Moreover, its inverse F~! : (0, 00) x (0, 00) — Q is given
by

F7'Out) = (0,0,  s5,t>0.

The Jacobian of F is

0 1 ok
F(F)(s,t) = avk(s»l) = Z\/k—(s—,t)g(s’ 1),

which by (4.5) is strictly positive for all (s, #) € Q. Hence, by Lemma 4.5, F~!
is analytic in (0, co) x (0, oo). In particular, s(A, ¢) is analytic in (0, 00) X
(0, 00).

Now, let Ay € (A;(u), A2(n)) and put s = s(Ag, 0). Then k(sp, 0) = k(z),
and by the proof of Lemma 4.8, % (s9, 0) > 0. Let

Fo(s, 1) := (Vk(s, 1), 1).

Fp is then analytic in some neighborhood Uy of (sg, 0). Moreover, _# (Fy)(so, 0)
# 0, and therefore, by Lemma 4.5, Fj has an analytic inverse F(;1 in a neigh-
borhood Vjy of Fy(sg, 0) = (X9, 0). Clearly, FO_I(A, t) = F~'(x, t), whenever
(A, 1) € VoN[(0, 00) x (0, 0)], and Fo_l(k, 1) € Q.

Note that

(4.8) lim F ' (ho, 1) = Fy ' (Ao, 0) = (50, 0),
t—0+

and since the second coordinate of FO_l (Ao, t) is t, we conclude that FO_1 (Ao, 1)
€ , eventually as t — 0+. Hence,

(s0,0) = lim Fy '(ro,7) = lim F~'(xo, 1) = lim (s(Ro, 1), 1),
t—0+ t—0+ 1—0+

and therefore,
lil’(I)l s(Xo, t) = so = s(Ag, 0).
t—04

REMARK 4.11. We get from Lemma 4.10 that

4.9) 1il‘él s(A, 1) =0, 0 <A< A(w),
t—0+
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and

(4.10) lim s(.1) =400, A= a(w).
t—0+

Indeed, for fixed # > 0, > — s(X, t) is a monotonically increasing function of
M. Hence, if 0 < A < A;(u), then

limsups(A, ) < limsups(A', 1) = s}, 0),
t—0+ t—0+

forall A" € (A1 (), A2()).

But A — s()/,0) is the inverse function of s — +/k(s, 0), and hence
A s()/,0) is a bijection of (A;(u), A2(u)) onto (0, co). It follows that
lim sup,_,, s(A, 1) = 0, and this proves (4.9).

For & > X,(u), a similar argument shows that lim inf, o s(X, 1) = 400,
and this proves (4.10).

LEMMA 4.12. Let A > 0. Then
(1) lim; o (s(A, 1) —t) =0, and
(i) there exists a t;, > 0 such that whent > t, and s = s(\, t), then

VT +42h(s)? — 1
+ .

2h(s)

r=s

ProoF. Fix ¢t > 0, and put s = s(A, t). Then by Definition 4.9, s > t and
k(s,t) = A%. According to (4.6), k(s, t) > t(s — t). Hence,
}\'2

O<s—t<—.
t

This proves (i). With s and ¢ as above,

2 _ sl
A =k(s, 1) = (s t)<h(s) s+t>.

Solving this equation for 7, we get that ¢ is one of the two numbers

LoV +422h(s)?

h(s) 2h(s)

tyr =3¢

Ift =1t_, then |

s—t>—,
2h(s)
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and since ﬁ — 00 as s — 00, this can not hold for large ¢ because of (i).

Hence, t = ¢, for ¢ sufficiently large.
Combining the previous lemmas we get:

PROPOSITION 4.13. Let T € JM be an R-diagonal element, let . € C\ {0},
and define h(s) and h,(s) as in Lemma 4.2. Let pu = w1, and let s(|A|, t) be
as in Definition 4.9. Then

hi(s(A], 1) = h(?), t>0.

PRrROOF. According to Lemma 4.12,if ¢ > t);) and s = s(|A|, ), then

V14+4r2h(s)?2 -1
=5+ .

2h(s)

Since s(|A|, t) > t, we infer from Lemma 4.2 that for ¢ sufficiently large,
hy (1) = h(s(|A], 1)).

Hence, by Lemma 4.4 and Lemma 4.10, the same formula holds for all # > 0.

LEMMA 4.14. Let T be an unbounded R-diagonal element in M", let
A € C\ {0}, and let t > 0. With i = 7| and s(|A|, t) as in Definition 4.9 we
then have:
4.11)
A2

AT —AD(T =21 +1°1) = TGO _t)zA(T*T +s(Al, )1).

Proor. Since T is R-diagonal, T > cT for all ¢ € T. Hence, the left-hand
*

side of (4.11) depends only on |A|. It therefore suffices to consider only the
case A > 0. For A,t > 0, let

H(t) = {1og A(T*T + 1*1)

and
H; (1) = $1og A((T — AD*(T — A1) + 171).

Then with puy = pir-s1),
1 o0
Ht) =3 / log(u® + %) dju(u),
0

and

1 o
H, (1) = 5/ log(u® + 12) d iy ().
0
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Since T and T — A1 belong to A H and H, take values in R. Moreover, H
and H, are differentiable with derivatives H'(t) = h(t) and H,(t) = h; ().
Also, since T € M2,

1 [e'e) 2
@.12)  lim (H(1) —logt) = - lim / log(l + ”—) du@u) =0,
t—00 2 t—00 0 12

and similarly
(4.13) tlim (H,(t) —logt) = 0.
—00

Fix A > 0 and 9 > 0. There is a constant C such that

t
HA(Z):/ h,\(t/)dt’—l-C.

Io

Moreover, according to Proposition 4.13,
h; (1) = h(s(X, 1)), t > 0.

Puts(t) = s\, t)andu(t) =t —s(t). Thens(t) +u(t) = tands'(t) +u'(t) =
1. Moreover, by Definition 4.9,

1 _ 2
(s(t) — t)(h(s(t)) —s(t) + t) =\
Hence,
(t)( ! —u(t)) =)
AVITD)) ’
implying that
u(t)
h(S(t)) = m

It follows that

/ h,(v)dv

=/ h(s()(s'(v) +u'(v)) dv

fo

' / u(w)
= /to (h(s(v))s v) + mu (v)) dv

_ ! A 1 (22 +u)?
—Hmm—HmmH5m4E:R§)+?%(_Tr_)
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Hence,

A2+ (s(2) — 1)

for a constant C’. Recall that s(¢) —t — 0 as t — oo (cf. Lemma 4.12). It
then follows from (4.12) and (4.13) that C’ must be 0. This finally shows us
that 2

exp(2H,.(1)) =

1 e ,
Hy (6) = H(s () + 5 log<—> +C,

JEF A exp(2H (1)),

and this proves (4.11).

THEOREM 4.15. Let T € M* be R-diagonal, let i = ), and let s(|A|, 0)
be as in Definition 4.9.

@) If () < |A] < Aa(n), then

1
2

|A?

TR s op AT +s0Al 0)21))

AT — A1) = (

(i) If|x] < A (w), then AT — A1) = A(T).
(iii) If |A| = Aa(), then A(T — A1) = |Al.

PrOOF. The theorem is obviously true for A = 0. Moreover, as in the proof
of Lemma 4.14, it suffices to consider the case A > 0. Note that

(4.14) A(T —A1)* = lim A((T = AD*(T — A1) + £21).

Hence, (i) follows from Lemma 4.10 and Lemma 4.14. If 0 < A < Ay(w),
then by Remark 4.11, lim;— ¢+ s(A,¢) = 0. Hence, (ii) also follows from
Lemma 4.14. Now suppose A > Ay(w). Then s(A,t) — oo ast — 0+. The
right-hand side of (4.11) is equal to

As(h, 1)? A(T*T — s(x, 1)*1)
A2+ (s(h, 1) —1)2 s(A, 1)? ’

where the first factor converges to A2 ast — 0+, and the second factor
converges to 1 (cf. (4.12)). (iii) now follows from (4.11) and (4.14).

REMARK 4.16. Note that

1

ha(u) = ( /0 uzme(u))z 1Tl

and

mm:(/o u_zdun(u)) =[IT7"5",

=
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where || T~ ||, := +o0 in case ker(T) # 0.

THEOREM 4.17. Let T be an R-diagonal element in /M* with Brown measure
wr, and suppose [ 1| is not a Dirac measure.

(a) If ker(T) = 0, then
supp(ur) = {A € CLIT ', < Al < T2}

Moreover, the S-transform of w,rp is well-defined and strictly increasing
on (—1, 0) with

L e (1,00 = (1T, 1T 713),

and pr is the unique probability measure on C which is invariant under
rotations and satisfies

ur(BO. %t =1)")) =1, 0<t<l
(b) If ker(T) # O, let P denote the projection onto ker(T). Then

supp(ur) = {r € C| Al = [IT]2}.

Moreover, the S-transform of w,rp is well-defined and strictly increasing
on (t(P) —1,0) with

L e (@(P) =1,0)) = (ITI5>, 00),

and pr is the unique probability measure on C which is invariant under
rotations and satisfies

ur(BO. S (=D D)) =1, ©(P)<t<l.

ProoF. By definition, dur(A) = %Vz(log A(T — Al))dl (in the distri-
bution sense). Hence, u7 can be determined from Theorem 4.15 in the same
way as [9, Theorem 4.4.] is obtained from [9, (4.5)]:

Using the same notation as in [9], we define functions f, g : (0, c0) — R
by

o0 1
f) =/0 mdﬂm(w),

and = L)
T
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Moreover, for A € (||T! ||2_2, ||T||§), let v(X) denote the unique v € (0, co0)
such that g(v) = A%. Then, in our notation,

f =t(A+’T*T) ) =vhv™),

and

g(v) = v“( - v_l) =k, 0).

1
h(v—1)
Hence, 1

v(d) = SL0)

and it follows that the formula (4.15) in [9],

| [ ) 1 A2
log A(T — 1) = 5/0 log(1 4+ v7w )du|r(w)+§10g(—1+vzkz>’

re (T ||2_2, ||T||%), is equivalent to the one in Theorem 4.15 (i). The rest
of the proof of Theorem 4.17 is identical to the second part of the proof of [9,
Theorem 4.4], since boundedness of 7' is not a necessary assumption in the
latter.

REMARK 4.18. Let T € .#* be R-diagonal. Then supp(uu7) € o (T), and
according to Theorem 4.17,

supp(ir) = (A € CLIIT I3 < Al < T2}

Moreover, by arguments similar to the ones given in [9, proof of Proposi-
tion 4.6], one can show that

(a) if 0 < |A| < ||T_1||2_1, then A € o(T) iff T does not have a bounded
inverse, and
(b) if [A] > ||T|l2, then A € o(T) iff T is not bounded.

5. Properties of z = xy~!

Let # = L(F4) be the von Neumann algebra associated with the free group
on 4 generators. According to [17] or [18], ./ is a Il -factor generated by
a semicircular system (s, 52, $3, 54), i.e. the s;’s are freely independent self-
adjoint elements w.r.t. the unique tracial state T on .#, and s; has distribution

1
dug (t) = I Va4 =12 1_2(1) dt, 1<i<4.
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Put s1+1is §3+is4

and =
NG V)

Then # = W*(x, y), and (x, y) is a circular system in the sense of [18]. Also,
by [18], |y| has the distribution

X =

2
dpy () = p 4 —12 1y (1) dt.

In particular, ker(y) = 0. In this section we will study the unbounded operator
Z=Xxy

as well as its powers 7", n = 2,3,.... We will need the following simple
observation:

LEMMA 5.1. Let (i,),2, and p be probability measures on R with densities
(f)o2, and f, respectively, w.rt. Lebesgue measure. If f, = f a.e wrt.

Lebesgue measure, then i, = weakly.

ProOF. Recall that u, —> p weakly iff for all ¢ € Co(R),

5.1) lim | ¢du, :/d)du.
R R

n—oo

Clearly, it suffices to consider ¢ € Co(R) with0 < ¢ < 1, and for such ¢, (5.1)
follows for such ¢ by application of Fatou’s Lemma to each of the sequences

of integrals ([ ¢.f» dm):il and ([z(1 — @) fy dm)zil.
THEOREM 5.2. Let (M, t) and z = xy~! be as above.
(a) z is an unbounded, R-diagonal operator.

(b) The distribution of z is given by

2 1
5.2 d t)y=——1 t)dt.
(5.2) Mz (2) T 0,00) (1)

(c) Forpe(0,1),z,z7' € LP(M, 1), and

(5.3) lzlly = 1z~ 17 = [cos (%)]_1 < .

(d) z,z7" € M*, and the Brown measure of 7 is given by

1

(5.4) du.(s) = md&

where ds = dRe s d Im s is Lebesgue measure on C.
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PRrROOF. (a) Let x = u|x| and y = v|y| be the polar decompositions of x
and y. Then, according to [18], u, |x|, v and |y| are *-free elements, and © and
v are Haar unitaries. In particular, x and y are R-diagonal and so is y~! (cf.
Proposition 3.6). Moreover, y~! has polar decomposition

y =ty = vy
which implies that y~! is affiliated with W*(y). Hence, x and y~! are *-free,
and it follows from Proposition 3.8 that z = xy~! is R-diagonal with

Fpe ) = Sy s O o0, 1€ (=1,0).

The distribution of |x|? has density

1 /4—1t
d,l,Lmz(t) = E T 1(0)4)(1‘) dt,

and thus yumz is given by

1
yﬂmz (t) = 1 + t
for all ¢ in a neighborhood of (—1, 0) (cf. [9, example 5.2]). Since |y~!| =
ly*|~! > ly|~! > |x|~!, we get from Proposition 3.13 that

1
Sy gt) = ————=—1, 1€ (=1,0).
="l Yumz(—l —1)
Then
t
(5.5) yﬂmz t) = 1T te(—1,0),
and

2
Ko () = %lzza):—(L), t e (—1,0).

t
141t 141t

The inverse function of x,, , is then

—J=u
14+ /=u’

ue (—OO, O)a

w“mz () =

and it follows that

1 1 1
(5.6) G“\z\z i) = X (1 + llfumz (X)) = m, A< 0.
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Let /w denote the principal value of the square root of w for w € C\ (oo, 0].
Then both sides of (5.6) are analytic in C\ [0, co). Thus, (5.6) holds for all
A € C\ [0, 00), and it follows that for r > 0,

1 1 1 1 1
57 —— lim ImG, ,¢+iv)=——Im| —— | = ———.
5.7) T u—>0+ e € ) b4 (l +i\/f> Tt +1)

For g € (0, 1),

oo ph-l b
(5.8) / dt = — ,
o 1+t sin(Br)

(cf. [12, p. 592, formula 613]). The right-hand side of (5.7) therefore defines
the density of a probability measure, and then, by Lemma 5.1, the probability
measures

1
— Im GMH2 (t +iu)dt, u >0,
T .

converge weakly to

rr
7/ttt + 1)

as u — 0+. Hence, by the inverse Stieltjes transform, d.2(¢) is given by
(5.9), and then

(59) 1(0,00)(t) dt,

2 1
d t)=———1 t)dt.
iz (£) s 0,00) (1)

This proves (a) and (b).
In order to prove (c), note that according to (5.8),

2 [ P 1 [~ wr D\T!
T(Izl”):_/ d’:_/ C = {sin (T2
7 Jo 1+1¢2 7o 1+w 2

proving (c). Since L?(M,t) € M*, p > 0, z,z~' € M*. According to
Theorem4.17, u, is then the unique probability measure on C which is invariant
under rotations and satisfies

w(BO. S, = 1)7)) =1, 0<t<l

Then by (5.5),
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that is, 5

U, (B, r)) = r> 0.

,
1+r2’
Hence, ;—r;LZ(B(O, r)) = (143%)2 and combining this with the fact that u, is
invariant under rotations, we find that 1, has density w.r.t. Lebesgue measure
on C given by

1 2r 1 1

= — P} 0’
2mr A +122 7 (1+r2)2 r=

where r = |s|, s € C\ {0}. This proves (d).

LEMMA 5.3. Let i be a probability measure on [0, 00) and, as in section 5,

put 0

s

h(S) = '/(; sz_i_—uzdu(u), NS (0, OO)
Then for 0 < p < 2,

e ¢]

o 2 . (mp -
(5.10) /0 u™” dpu) = = sin (7)/0 s~Ph(s) ds.

Proor. By Tonelli’s theorem,

00 L 00 o] Sl—p
/Os h(s)a’s:/0 (/0 sz_i_—uzds)d,u(u).

Letting s = ut%, we find (using (5.8)) that

00 1-p 1 00 t7£ 1
/ S ds= —u"’/ i dt = T [sin <7r_p)] u’.
0 S2+M2 2 0 1 4+t 2 2

This proves (5.10).

THEOREM 5.4. Let (M, T) and z be as in Theorem 5.2, and let n € N.

(a) 7" is an unbounded R-diagonal operator.

(b)
o S n—1 -1
(5.11) /O o e (0 = (s +sm) . s>0.
(c) Forp e (0, nzﬁ), 7" and z7" both belong to L? (M, ), and
(n + 1) sin(2)

nyp _ —nyp _—
(5.12) 12", = Iz""1, = sin (@02
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d Ifp (0, %) and . € C then ker(z" — A1) = 0. Moreover, (7" —

A"l e LP(M, ) with
(5.13) 1" = 2D, < 27"l

PRrROOF. According to Proposition 3.9, z" is R-diagonal. Moreover, since

n t !
SO = <_1_+t) , te(—1,0),
t n+1
Xnpe (1= I_Hy“'z”‘z (1) =— <_1_+t> ) 1€ (=1,0),
with inverse function
(—u)m
wﬂ«‘vn‘Z (M) = - 1 u e (_OO, 0)
) 1+ (—u)w

Hence, for A € (—00, 0),

1 1 1
(514) Gl‘“\z”\z ()\) = X (1 + WM‘Z"@ (X)) = )\‘(1 n (_)\‘)—ﬁ) .

Let

x5
h,(s) = ———d , 0, .
®) /0 e, 5 € (0,00

Then
iy —1
ha(s) = s T((PL+ ")) = =5 Gy, (=57 2 (s n sﬁ) .

This proves (b).

Since z = xy~!

, where (x, y) is a circular family, it is clear that z7" > "
*
for all n € N. Hence, ||z"]|, = [lz7"]|, for all p > 0. Note that for p > 0,
Iz7"10 = w(z7"1") = = (1E@)*[7P) = = (|"[77).

Thus, by Lemma 5.3, for p € (0, 2),

0]

0 2
(5.15) ||z—"||g:/O u ™" dpyo(0) = = sin (%)/0 s Ph,(s) ds.

By application of (5.11) we find that

o0 00 P I B e
/ s7Ph,(s)ds = / ——ds = / dt.
0 0o st 41 2 Jo 141
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Then by (5.15) and (5.8), for 0 < p < ﬁ,

-1
||Z_n||1’,’ = (n+ 1)sin (%) |:sin (n (1 — —(n 4—21)p))]
-1
= ((m+ 1)sin (%) |:sin (@)] ,

and this proves (c). Note that the right-hand side of (5.16) converges to oo
as p — %—. Hence, z7" ¢ anﬁ(‘/ﬁl, 7), and the same holds for z”". In

particular, z" is not bounded, and this proves (a). In order to prove (d), let
A € C\ {0}, and put

(5.16)

<t
hy () = —d - , t > 0.
(1) /0 7 e 2 (u) >

Then by Proposition 4.13,
hn 3 () = hy(su(JA], 1)), 1 >0,

where s, (|A[, t) is given by Definition 4.9 in the case . = ;. Note that,
according to Definition 4.9,

sn(|Al, 1) > ¢, t>0.
Moreover, by (5.11), A, is monotonically decreasing on (0, co). Thus,
hn,k(t) =< hn(t), t > 0.

It now follows from Lemma 5.3 that for p € (0, 2),
o0 o0
(5.17) / u_p d,l,l,‘zn_kl‘(u) E / u_p dlu/lzn‘(u).
0 0

According to (c), the right-hand side of (5.17) is finite for p € (0, #) Hence,

for such p, ker(z" — A1) =0, (" —A1)~' e LP(M, T), and
1" =AD" E < (12717
REMARK 5.5. Note that Theorem 5.4 (a) and (c) generalize Theorem 5.2

(a) and (c) to all n € N. It is not hard to generalize Theorem 5.2 (b) and (d) as
well. One finds that the distribution of |z"| is given by

sin(n”j)

2
dp (1) = =

2 2
T t(zm +2cos(-15) + z‘m>r

L0,00)(0) 41,
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and the Brown measure of z” is given by

1 s)i?
d/_LZn(S) = ——-— dResdIms.
nm (14 Is)3)

We leave the details of proof to the reader.
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12.
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