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DIMENSION GROUPS ASSOCIATED TO B-EXPANSIONS

TERESA BATES, TOKE MEIER CARLSEN and SOREN EILERS*

(Dedicated to the memory of Gert K. Pedersen)

Abstract

Completing work by Shultz on one hand and by Katayama, Matsumoto, and Watatani on the other,
we prove that a priori different dimension groups associated to S-expansions in fact coincide.

1. Introduction

Two different constructions associate dimension groups to S-expansions. Here,
a dimension group ([9], [10]) is an ordered abelian group which is unperfor-
ated and has the Riesz properties, and S-expansions ([18], [17], [1], [19]) are
elements of {0, ..., [B] — 1}No of the form

(bu)neny = (LBTE (X)Dnen,

with x € [0, 1), where B > 1 is fixed and T} is the B-transformation
Tg:[0,1) = [0,1)  Tp(x) =pBx —[Bx].

The terminology is motivated by the observation

o0
X = anﬁ_n_l
n=0

and we shall work mainly with the closure of the set of all such g-expansions
which is denoted as the B-shift X g, thinking of this as a symbolic representation
of orbits under Ty as indicated in Figure 1.

The first such construction, considered in [12], involves the fixed point
algebra #g° for the so-called gauge action of the C*-algebras associated by
Matsumoto to any shift space ([14]). As noted in [5, Corollary 3.3], in this

case the two different ways to build such C*-algebras coincide, but the reader
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FIGURe 1. B=15/2

may still find the alternative presentations in [3] and [6] useful. This fixed
point algebra is an approximately finite (or “AF”, cf. [2]) C*-algebra, and its
ordered K-group is a dimension group.

The second construction, introduced in [20] and studied further in [21], is
a special case of a direct construction valid for any interval map, specialized
to the map Ty defined above.

Since dimension groups with distinguished order units and unital AF al-
gebras are in 1-1 correspondence ([9], [8]) it is just a matter of perspective
whether or not one considers the dimension groups or AF algebras, as made
clear in [15] and [7]. We shall choose the former as it harmonizes with our
proof.

Setting off from the work of Katayama et al we shall work with the ordered
Ko-group of the fixed point algebra #2° and denote it by (Ag, Ay) where A
denotes the cone of positive elements in Ag. The importance of this object
(cf. [15], [16]) stems from the fact that it is a conjugacy invariant for the
underlying shift space, and that it generalizes the dimension groups used in
the classification of shifts of finite type up to shift equivalence.

In fact, we shall work with a triple comprising the dimension group, the
automorphism 74 acting on it, and a distinguished order unit for the dimension
group. The collection (Ag, A;, 1g) is referred to as the dimension triple of Xg

(cf. [13] and [16]; notice however that in [16] the automorphism 17 !is used
in place of 7p).

By [21, Proposition 10.6] the two constructions give the same dimension
groups when the f-shift is sofic (cf. [13]). This is seen by comparing expli-
cit computations of the dimension groups in [21, Proposition 10.3] and [12,
Theorem 6.1]. But since the dimension group of the fixed point algebras of
the C*-algebras associated by Matsumoto to the B-shift Xz is only determined
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as a group in [12], the problem of determining whether the dimension groups
coincide in general has been left open.

It is the purpose of this note to compute the ordered dimension group in
the non-sofic case, thus proving that the two dimension groups coincide in this
case as well. This is achieved by a direct computation in combination with
a result of Ito and Takahashi ([11]) proving, roughly speaking, that a certain
sequence of numbers #%, (x) grow as " uniformly in x. Apart from importing
that result, we are thus able to provide a self-contained proof.

We need to point out a minor inconsistency in [12] of relevance to our work.
In the proof of Case 1 of [12, Theorem 1] it is stated, correctly as proved in
[12, Corollary 4.6], that the dimension group in the non-sofic case is always
isomorphic to a sum of infinitely many copies of Z. However, in the statement
of [12, Theorem 1] it is claimed that the dimension group is isomorphic, as a
group, to

Z[B. 1

and while this is true for most 8, it fails for instance for rational 8 such as
B = 3/2 where all elements are divisible by 6.

2. Preliminaries

The real numbers will be denoted by R, the integers by Z, the positive integers by
N and the non-negative integers by Ny. We will denote integers by i, k, [, m, n
and b.

The B-shift space introduced above (the reader is directed to [12] or [11]
for a more detailed definition) will be denoted by Xg, and o will be the shift
mapping on Xg. The alphabet {0, 1, ..., [B] — 1} of Xz will be denoted by a,
and we will denote a letter of a by a. We will denote the lexicographic order
on both n-tuples a”, infinite sequences a™° and finite words of arbitrary length
a* by >. The set Xy has a maximal element under this order (cf. e.g. [12] or
[1]) which we shall denote by ¢. Other elements of X g will be denoted by 7, &
and . If n € Xg and n € Ny, then we will by »,, denote the n + Ist letter of
1. We denote the language of Xg by W, elements of W by u and the length of
these elements by |u|. If k € {1,2, ..., |u|}, then u; will denote the kth letter
of u. Let for n € Ny the set W,, be given by

Wp ={ue€W|lul=n}.
We then have (cf. [1, p. 136]) that the following identity holds:

W, ={ujuz--u, € a” | ugttpqy -~ -ty <8182+ Suy1— forall 1 <k < nj.
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For a set A, we will by 1,4 denote the characteristic function of A. We write,
for n € Xg,
Pu(m) ={u € W, | un € Xg}

and call this set the set of pasts of length n for n. Equality of n-pasts induces
the n-past equivalence relation which will be denoted by ~,,, and [n], will be
the n-past equivalence class of n. We will by Qx, denote the space

Vn e Ng:x, ~n xn+1}

{([xn]n)neNo € 1_[ Xﬂ/ ~n

l’lENo

which is a projective limit of the set of n-past equivalence classes, cf. [4, 2.5].
Elements of 2x, will be denoted by x, y and ([x,]1)nen,- SO x, will always
denote an element of Xg and not an element of a. We define an order > on
C(Qx,, Z) by letting f > gif f(x) > g(x) forall x € Qx,. We write f > g
if f > gand f # g If x = ([xu]u)nen, € Qx, and a € Pi(x)), then
([axn+1]n)nen, will belong to Qx,. We will denote this element by ax. We use
A to denote the map on C(S2x,, Z) given by

MHE) = Y flax)

aeP(x1)

for all x = ([x,]u)nen, € Qx, and all f € C(Rx,, 2), cf. [4].

We may by [15], [16], and [4] compute (Ag, A;{) as the limit of the inductive
system (C(S2x,, Z), A)nen, Of abelian groups. If (k) nen, denotes the sequence
of maps «, : C(Qx,,Z) — Ag given according to the universal property of
inductive limits, such that x,, 1| o A = k,, for all n € N, then we denote by Ag
the positive cone of Ag defined by

Ag = {ka(f) I n € No, f =0}

The automorphism 74 on Ag is then defined by requiring that Tg ok, =k, 0 A

for all n € Ng. The element k(1 Qxﬁ) is a distinguished order unitin (Ag, A;)

corresponding to the unit of the fixed point algebra, and we denote it by 14,.
Forl > n, let W,ﬁ be the set

W,i:{uew,,

uuy--- Uy +1)ew }
uiy -+ (up+1) ¢ Wforn—Il <k <n '

Of course the elements will fail to be in W when u,,_; or u; equals [8] — 1.
When [ = n the first condition is considered vacuously true.
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LEMMA 2.1. Foralln,l € Ng withl < n, we have

W= {ugoty - oy | u e W),

ProOF. If u € W°

n—I[>

then ujus -+ (u,—; + 1) € W and
ugoly - - - ({k—l—(n—l) +1)e¢Ww for n—1<k<n.

Thus {ugogy - &1 |u € WP_} € WL
Ifu e W,i, then uyuy - u,_; € W,?_l, and u, 1 Upy_j1o- Uy = ol -
§1—1 because if w,_jpyuy_jy2- - ur = G081 G4y forn — 1 +1 <
k <nandupy < Ckt1—(n—i+1)» then ujuy - -- (ugy; + 1) € W. Thus W}i -
{ugotr - G1 lue W ).

Let for n € Xg and n € No, D, (n) be the set

{1e{0,1,....,n} | n <o (D).

LEMMA 2.2. Letn € Xg and n € Ny. Then P, (n) is the disjoint union of
those W,{ Jorwhichl € D, (n).

PROOF. Since {W!}_ is a disjoint partition of W,,, it is enough to show
thatif/ € {0,1,...,n}and u € W,ﬁ,then un € Xgif and only if n < al(2).

It follows from Lemma 2.1 thatif/ € {0, 1, ...,n},u € W,’l and n < o'(¢),
then un € Xg. If, on the other hand, / € {0, 1,...,n},u € W,i and un € Xg,

then 1
So¢1- - Goin=0""(un) <¢,

and so n < o/ (¢).

The following notation will be useful: For x = ([x],)nen, € S2x,, we define
Pu(x) = Pa(x,), and for x, y € Qx,, we write x ~, y if #,(x) = P, (). If
n,& € Xg and n € Ny, then we will by [, €], denote the subset

x€Qx, |Fe€eXp:n=<e=<&and P,(e) = Pp(x)}

Ofoﬁ.

REMARK 2.3. It follows from the construction of €2y, and its topology that
C(Qx,, Z) is generated by (1(;,,1,)nex;.neN,» and it follows from Lemma 2.2
thatif n € Xg,n € Np and k,1 € {0, 1, ..., n} are such that ok@) < n <
o!(¢) and there existsno i € {0, 1, ..., n} such that 6%(¢) < 6% (¢) < o/ (0),
then

[, 0, = [0, 0" ()1, \ [0, ()1, = [0, &' ()1 \ [0, X () k.
So C(82x,, 2) is generated by (1j0,67(1), )neNo-
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The following result is from [12]. We include a proof for the sake of self-
containedness.

LEMMA 2.4 ([12, Lemma 4.4]). Letn,l € Ng withl < n. Then
A (Lo.oton,) = Gilay, + 10,01 @)l

Proor. It follows from Lemma 2.2 that if n,& € Xg and k € Ny, then
Pr(n) = P (&) if and only if Dy (n) = Di(§),soifa € aand x € Qy,, then
ax € [0, 0" (O],
< I <0' Q) : Dy(n) = Dy(ax41)
= (a<g V=g AFE <o) : Dyp1(§) = Dyst (Xs1))
= (@< Vva=gArxel0,6(O]),

from which the lemma follows.

We denote for every n € Ny the function A" (1 Qxﬁ> by f.

LEMMA 2.5. For every n € Ng and every x € Qx,, we have

fu(x) =#P,(x).

Proor. Easily proved by induction over n.

From this point onwards, we need to specialize to the case in point of non-
sofic Xg. As seen in [1, Proposition 4.2] and [12, Proposition 3.8(ii)] the sofic
case is characterized by ¢ being eventually periodic, and it is precisely through
the condition 0¥ (¢) # o/ (¢) for k # I that the property enters our proof below.

LEMMA 2.6. Letn € Ny.
(1) Foranyx,y € Qx,, if x ~ y then f,(x) = fu(y).
(2) If Xg is not sofic, then there exist x,y € Sx, for which x ~, y and
Jn1(X) # fur1 ().

Proor. (1) follows from Lemma 2.5. For (2) choose I € {0,1,...,n}
such that 6"*1(¢) < o!(¢) and such that there exists no k € {0, 1,...,n}
such that o"t1(¢) < o¥(¢) < o!(¢). It then follows from Lemma 2.2 that
Po(@"(0)) = Po(0'(£)) and Py 1 (01 () C Puy1 (0" (Z)). So if we let

x = ([xi]i)ien, € Qx,

and
y = (yilien, € S2x,.
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where x; = o"*!(¢) and y; = o/(¢) for every i € Ng, then x ~, y and

Jor1(x) > far1(0).

LEMMA 2.7. When Xy is not sofic, then we have for every n € Ny that

{va fl’ KR fn}
is linearly independent in C(Q2x,, C).

ProoOF. Thelemmais certainly true forn = 0. Assume that { fo, fi, ..., fu}
is linearly independent and that

bofo+bifi+ - +busifur1 =0.

Choose by property (2) of Lemma 2.6 two elements x, y € Qx, such that
x ~y yand fu41(x) # fut1(y). Then since

—biy1 fur1(x) = (bo fo + -+ + by fu) (%)
= (bofo+ -+ b f)) = —=bpi1 fr1(y),

b,+1 must be equal to 0, and therefore by = by = --- = b, = 0 by the
inductive hypothesis.

DEeFINITION 2.8. Let @ : @keNo Z — C(R2x,, Z) be the group morphism
defined by
Obo.br,. )= Y bif.

kENQ

The following result establishes a group isomorphism like in [12, Corol-
lary 4.3 & 4.6], but with a set of generators better suited for an analysis of the
positive cone.

PROPOSITION 2.9. The group morphism ® is an isomorphism when Xg is
not sofic.

Proor. That @ is injective follows from Lemma 2.7. It follows from Re-
mark 2.3 that in order to prove that ® is surjective, it is enough to show that
Lio.oncy, € P (Byen, Z) for every n € No, and since

(o(@7)) < o(D2)

this follows from Lemma 2.4.
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3. Computing the dimension triple

Let Mg = ZHGNO (n+ D, 771 (cf. [11, Corollary 3.6]) and for every x =
([x11)1en, € S2x,, let D(x) be the set {n € No | 0" (¢) > x,}. Define (cf. the
function £ : [0, 1] — Rin [17]) a function F on Qx, by

Fy=Mg" Y g
neD(x)

LEMMA 3.1. The sequence (B™" fu)nen, Of functions converges uniformly
on Qx, to F.

Proor. It follows from Lemma 2.1, 2.2 and 2.5 that

) =#Pu(x) = Y #WL= Y #W),

LeDy (xp) 1eDy (xy)

foralln € Ng and x = ([xt]i)ren, € Qx,-

Let .
K = supi|~#W) — My'|.

iENO

According to the proof of [11, Corollary 3.6] we have K < oo. So for all
ne N() and x = ([xk]k)keNo € QX/; we have

1B7" fu(x) — F(x)]

Z ﬁfn#Wr(l)_l_Mﬂ—l Z B!

leDy (xy) leD(x)
< ( > ot ‘ﬁ""#W,?_l — Mﬂ_lD +B+ MY B
leDy, 1 (x,) I>n

< ( Y. BK/(n— l)) +B7+ M BT (B—1)

l€Dy—1(xy)
< K(Z ﬂ"‘"/i) +BT M BT/ (B—1) > 0
i=1

as n — o0. To see that the first term converges one may for instance for each
k majorize the first n — [n/k] terms by B/~ and the last [n/k] terms by 1/n.

It follows from Proposition 2.9 that the map

Y bifir Y bipt

kENo kENO
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is a well-defined linear functional from C(2x,, Z) to R when Xj is not sofic.
In the proof below, we use the notation Tg(1) = lim, ~; Tg(x).

LeEMMA 3.2. The functional v has the following two properties:
(1) If f, g € C(Qx,, L) and | > g, then Y (f) > ¥ (g),
(2) if f € C(Rx,, D), then (B™"A"(f))neN, converges uniformly on Qx, to
U()F.
Proor. That property (2) holds follows from Lemma 3.1.
Let f, g € C(Q2x,,Z) and f > g. It then follows from Remark 2.3 that
f — g can be written as a linear combination of elements of the form 1 ;) —
Ljo.0+ )y, With o/ (£) > o*(¢) and with all the coefficients positive. It follows
from Lemma 2.4 that ¥ (10 5/(¢),) = Té(l) for all I € Ny, and since (cf.

[11, Proposition 3.2]) o/(¢) > o*(¢) implies Tj(1) > T4 (1), we get that
¥ (f — &) > 0and thus ¥ (f) > ¥(g).

THEOREM 3.3. When Xg is not sofic, the dimension triple (Ag, Ag, Tg8) is
isomorphic to (Z[t, t™'], PCg, 1), where

PCs={peZit,t™ 1| p=0orp(B) >0},

and v 2 Z[t, t7'] — Z[t, t~"] is multiplication by t. Under this isomorphism,
the distinguished order unit 15, is mapped to 1.

ProoF. Forevery i € Ny, let ¢; be the group morphism from C(Q2x,, Z) to
Z[t, t~'] defined by

L,-<Z br fk) =Y bt

kEN() kGNQ

It follows from Proposition 2.9 that ¢; is well-defined and injective. Because
ti+1 o A = (; for every i € Ny, the ¢;’s induce a group morphism ¢ from Ag
to Z[t, t~']. Since ¢; is injective for every i € Ny, ¢ is injective. Further, the
following equality holds:

Juc@y,. 2y =211,:711.
iENO
Consequently, ¢ is also surjective and thus an isomorphism, and since ¢; o A =

wo; forevery i € No, we have thatto g = ot

Let Y bit* € Z[t,t7 '] with Y b p¥ > 0,and let f = > by fis. We
k=i k=—1 [

then have that m

V() =4 bip* >0,

k=—1I
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and since it follows from Lemma 3.2 that (87" A" ( f)),en, converges uniformly
on Qy, to Y (f)F, and F(x) > Mgl (since 0 € D(x) for every x € Qx,),
there exists ann € Ny such that Y ;" by fii4 18 a strictly positive function,

and hence m .
Z bt* = ll+n<z bkfk+l+n> € 1(Ap).

k=—I k=—1

Let us denote the linear functional p +— p(B) from Z[t,t'] to R by W.
If f € C(Qx,,Z) and f > 0, then ¥ (f) > 0 according to Lemma 3.2, and
since B"W o, = ¢ for every n € Ny, we have that W (¢,(f)) > O for all
n € Ng, which shows that L(A;) C PCg.

Finally, we note that ¢(15,) = 1o (fo) = 1.

COROLLARY 3.4. The dimension groups associated in [12] and in [21],
respectively, to any B-shift, coincide.

Proor. The sofic case was solved in [21, Proposition 10.6], and the non-
sofic case is got by comparing the previous theorem to [21, Proposition 10.5].

COROLLARY 3.5. The AF algebras 9'7500 and Fr, defined in [12] and in [7],
respectively, are isomorphic for any B.

Proor. The sofic case was solved in [7, Corollary 15.3], and the non-sofic
case is got by comparing the dimension group in the previous theorem, along
with the distinguished order unit, to that of [21, Proposition 10.6].
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