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EXTENSIONS OF C*-ALGEBRAS AND TRANSLATION
INVARIANT ASYMPTOTIC HOMOMORPHISMS

V. MANUILOV* and K. THOMSEN

(Dedicated to the memory of Gert K. Pedersen)

Abstract

Let A, B be C*-algebras; A separable, B o-unital and stable. We introduce a notion of transla-
tion invariance for asymptotic homomorphisms from SA = Cy(R) ® A to B and show that the
Connes—Higson construction applied to any extension of A by B is homotopic to a translation
invariant asymptotic homomorphism. In the other direction we give a construction which produces
extensions of A by B out of such a translation invariant asymptotic homomorphism. This leads to
our main result; that the homotopy classes of extensions coincide with the homotopy classes of
translation invariant asymptotic homomorphisms.

1. Introduction

The excision properties of the E-theory of Connes and Higson hinges on a
fundamental construction, introduced in [4], which associates an asymptotic
homomorphism SA — B to an extension of the separable C*-algebra A by
another o -unital C*-algebra B. This construction transforms an extension into
something which seems to be of a different nature, in much the same way as
the Busby-invariant transforms extensions, viewed as short exact sequences of
C*-algebras, into x-homomorphisms. Both constructions have turned out to be
very useful for the study of extensions of C*-algebras, and in this way also for
many other purposes. But while it is easy to see that the Busby-invariant holds
all relevant information on the extension, it is far more difficult to decide how
much information is lost when considering the asymptotic homomorphism
arising from an extension, rather than the extension itself. This question is
quite intriguing because the approach to the study of extensions which is based
solely on the Busby-invariant, i.e. the approach developed by Brown, Douglas
and Fillmore in [3], and later in higher generality by Kasparov [8], is now
known to have serious deficiencies: It may not have a group structure, [2],
not even in cases where the homotopy classes of extensions do have such a
structure, [10]. In our previous work, [11], [13], we have been able, in certain
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cases, to determine exactly which structure the asymptotic homomorphism
arising from the Connes-Higson construction encodes. But the general case
has escaped us, and the results of the present paper show why. As we shall
explain the asymptotic homomorphism SA — B has a property which has
been overlooked so far; it is namely translation invariant in the sense that a
shift in the parameter of the asymptotic homomorphism corresponds exactly
to a shift of the same amount in SA. This observation shows that the parameter
of the asymptotic homomorphism is not just a structureless dummy, whose
only raison d’étre is to approach infinity without actually getting there, but
that it has a serious relationship to the C*-algebra S A on which the asymptotic
homomorphism is defined, at least when it arises from the Connes-Higson
construction. Besides making this observation precise, we will show that this
additional structure of the asymptotic homomorphism is exactly what is needed
in order to recover the extension, showing that there are no more surprises to
be uncovered.

Let A and B be C*-algebras. We say that a one-parameter family of maps,
Y = (Y1)ier : A — B, is an asymptotic homomorphism when (¥;)e[1,00) 15
(in the usual sense, [4]) and lim;_, o, ¥ (a) = O for all a € A. v is uniformly
continuous when the function ¢ — 1;(a) is uniformly continuous for all
a € A, and equi-continuous when the family of maps ¢, : A — B,t € R, is.

Let T = (t;),¢r be the action of R on SA = Cy(R, A) by translations,

(@) = f(r =), feSA,

and consider an asymptotic homomorphism ¥ = (Y¥,);cr : SA — B. We say
that v is asymptotically translation invariant when lim;_, o ¥;—s(f) — ¥ o
7;(f) =0foralls € Rand all f € SA, and translation invariant when 1 is
equicontinuous, and

wt 0Ty = WI—S

for all ¢, s € R. Two (asymptotically) translation invariant asymptotic homo-
morphisms, ¢ and Y, are homotopic when there is a (asymptotically) trans-
lation invariant asymptotic homomorphism ® : SA — IB(= C[0,1] ® B)
such that ev; o®;, = ¢, and evgo®d, = , for all t € R, where ev; : IB — B
denotes evaluation at s € [0, 1]. We denote by [[SA, B]]. the set of homo-
topy classes of translation invariant asymptotic homomorphisms SA — B,
and by [[SA, B]], - the set of homotopy classes of asymptotically translation
invariant asymptotic homomorphisms SA — B. There is then a natural map

[[SA, B]l: — [[SA, Blla,--

It will be a corollary of our main result that this map is an isomorphism of
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abelian semigroups when A is separable and B o-unital and stable. In a forth-
coming paper [14] we show that [[SA, B]]; is not a group in general.

2. From extensions to translation invariant asymptotic
homomorphisms

Let A and B be C*-algebras; A separable, B o-unital. The multiplier algebra
of B will be denoted by M (B) and the generalized Calkin algebra M (B)/B
by Q(B).Lety : A — Q(B) be an extension. We choose

a) a strictly positive element by € B such that 0 < by < 1,

b) a continuous and homogeneous lift s : A — M (B) of ¥, and

c) asequence hg < h; < hp < .- of functions in Cy(0, 1],
such that
d) h,y1h, = h, for all n,
and the sequence u, = h,(by),n =0, 1,2, ..., has the properties
1) lim,_ o u,s(a) —s(a)u, =0foralla € A, and
i) lim,_, u,b = bforall b € B.

This is possible by the arguments that prove the existence of quasi-central
approximate units, [1]. {u,}52 is a unit sequence in the sense of [11] and [12].

We set Ag = /ug and A, = /u, —u,_1,n > 1. A crucial observation is
that thanks to d) we have that

2.1) AiAj =0,  when|i—j|>2.
Let
(2.2) h<tHh<th<--

be a sequence in [0, oo[ such that
i) lim,_ o0 t, = 00,
iv) lim, o0 t, — t41 = 0.
The following lemma appears in [12].

LEmMMA 2.1. For any norm-bounded sequence {m;} € M(B), and for any
k € N, the sum Z;X;o Ajm;Aj converges in the strict topology to an element

of M(B), and o
Z AjmjAjyp
j=0

< sup [lm;]|.
J
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Furthermore, Z;io AjmjAjx € B when lim;_,  ||m;|| = 0.

For each r € R, define ¢, : SA — B by
o0
2.3) 0 ()= Ajs (f—1)) A
j=0

The sum converges in norm because lim; _, o s ( f@ - tj)) =0, cf.Lemma?2.1.
Since s is homogeneous and continuous at 0, there is an L > 0 such that
Is(a)|| < L||a]| for all a € A. It follows that

lo: (O < LI
for all f and ¢, cf. Lemma 2.1.

LEMMA 2.2. (¢1)cR is a translation invariant asymptotic homomorphism.
Le.

A) (@1)1¢(0.00) 15 an asymptotic homomorphism,
B) ¢, 0t, = ¢;_s forallt,s € R,

C) lim;, _ @ (f) =0forall f € SA,

D) ¢ is equicontinuous.

ProoOF. B) is a trivial observation and C) follows from Lemma 2.1 since
limy— _ o s(f(x)) = 0, soitremains to prove A) and D). We begin with A): Let
f, g € SAandlete > 0. By uniform continuity of the map x — s(g(x)), there
isad > 0 so small that ||s(g(x)) — s(g(y))|| < € when |x — y| < §. Choose

N € Nsolarge thatt; —t;_; < § when j > N. Since lim,_, o s(k(t —¢;)) =0
forall j € Nandall k € SA, there is thena T € N so large that

‘ e(f) =) Aps (fe—1)) Aj|| <,

j=N

9i(9) — > Ajs (gt — 1) Aj|| <,
Jj=N

and

< €

0 (f9) =) Ajs (fet — 1) A
j=N
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when ¢t > T'. In what follows we use the notation a ~, b when |la — b| < €.
Then

0 (@) ~asiignze Y Ajs (f & —1)) Afs (gt — 1) A;
j=N

+ Z Ajs (f(t—1)) AjAj s (g — 141)) Ajp
j=N

+ Y A (Fa—1)) AjA s (8t —1-1) Ay
j=N+1

when ¢t > T. It follows from i) that if N is large enough, then
s [[A7 s o] <€ s[4 ]| <
xXe xXe

when j > N. So by increasing N if necessary, we may assume, thanks to
Lemma 2.1, that

[0.¢]

D A (F—1) Afs (gt — 1)) A,

j=N
+ ) A (= 1)) AjAj s (8 —111)) Ajy
j=N
+ ) A (f =) AjAjs (8¢ = 15-1) Ay
j=N+1
~e Y Ajs (e —1))s (gt — 1) A}
j=N
+ Y A (F@e—1)s (8¢ —111)) AjAT,
j=N
+ Y Ns (@ —1)) s (gG — 1)) AAT

j=N+1

when ¢ > T. It follows from ii) that

lim sup || A7 [s(f (x))s(g(x)) — s(f (x)g(x)]]| =0

j—o00 xeR
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so by increasing N further, and using Lemma 2.1 again, we can arrange that

D Ajs (fe—1))s (st — 1)) A}
j=N

+ Y A (G —1)s (8t — ti41)) AjAT,
j=N

+ Z AjS (f(l — lj)) s (g([ — tj—l)) AjAjz—l

j=N+1

~, Z Ajs (f(l‘ —t)gt — tj)) A;
j=N

o0

+ Z Ajs (f(t —1)g(t — tj+l)) A/A./Z'H
j=N

+ > A (f—1)gt — 1) AJAT .
J=N+1
when ¢t > T. By using iv) we can also arrange that
D Ajs (f—1)gt —17)) A

j=N
+ Z Ajs (f( =18t —111) AJ‘A?H
=N
+ Z Ajs (f(r —1)glt —1;-1)) AjA]{l
J=N+1
~. Z Ajs (f@—1)gt — 1) AJ3'
J=N

+ Z Ajs (f(t —1t)gt — 1)) AJ‘AJZ'+1
j=N

+ Z Ajs (f(t—tj)g(t_tj)) A]-A?,l

j=N+1
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whent > T. Since A; +A; AJZH +A; Af_l = A;, we can finally arrange that

D O Ajs (ft—1)gt — 1)) Al
Jj=N
+ YA (F—1)gt — 1)) A AT
j=N

+ D A (Fa—1)glt — 1) AjAT,

j=N+1
o0
~e Y NS (fet — 1) A,
Jj=N

when ¢ > T. All in all it follows that there is a T € R so that

0 () (&)~ fi+lghLerse ¢ (fg)

for all t > T. The asymptotic linearity and self-adjointness of ¢ follows in the
same way.

D):Lete > 0. Foreachx € A,8 > 0,let B(x,6) ={a € A : |la—x| < 6}
Since K = f(R) is a compact subset of A, and s is continuous, there are

finite sets, {x1,x2,...,xy} € K and {61, 8>,...,05} < 10, 1[, such that
K C UlN:1 B(x;,8;) and a, b € B(x;,26;) = |Is(a) —s(b)|| < e foralli. Set
8 = min{éy, &3, ..., Sy}. It follows then from Lemma 2.1 that when g € SA

and || f — gl < 6, then [lg;(f) — ¢ (g)| < € forallz €R.

The next aim is to show that up to homotopy of translation invariant asymp-
totic homomorphisms, ¢ depends only on .
2.1. Independence of the choice of {t,};2,

When {#,}7° ) is another sequence in [0, oo[ such that iii) and iv) hold, we
define ®} : SA — B by

O(f) =D Ajs (f(t =ty — (1= 1)) A;.

j=0

To see that [0,1] > A — CIDf(f) is continuous, let ¢ > 0 be given.
Since lim;j_ o t; = limj_ tjf = 00, there is an N such that H @?(f) -
S o Ass(f(t = aty — (1= 01))A;| < € forall € [0, 1]. Since [0, 1] 5
A Z,N:o Ajs(f(t — A — (1 - A)t]f))Aj is clearly continuous, we see that
[0, 1] 3 A > ®*(f) is continuous.
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We can then define ®; : SA — IB(= C[0, 1] ® B) such that

D, (f)0) = D} () =D Aps(ft = rty — (1= M)A,

j=0

The arguments that proved Lemma 2.2 show that ® = (®,), R is a translation
invariant asymptotic homomorphism. It clearly defines a homotopy of transla-
tion invariant asymptotic homomorphisms connecting the translation invariant
asymptotic homomorphisms arising from the two choices of sequences {t,}7°
and {1,122 .

2.2. Independence of the choice of unit sequence

Let g0 < g1 < g < --- be another sequence of functions in Cy(0, 1] such
that d) holds, and v, = g,(bg),n =0, 1, ..., satisfies i)—ii). We can then find
a third sequence ko < k; < ky < ---in Cy(0, 1] such that d) holds and the
sequence w, = k,(bp),n = 0,1,2, ..., also satisfies i)—ii), and at the same

time that
Wplhy = Up, WUy = Uy

foralln. Setd, = I—Z;inH 2=/.n=0,1,2,... anddefine W, € C[0, 1]®
B such that

Uy, A€ [Oa dn]’
W, s B A€ [dy, dyi1]
- Up Wy, ns Un ’
n( ) dn+1 - dn dn+1 - dn !

Wy, A€ [dyi1, 1]
Define &, : SA — I B such that

O, (f) =/ Wos(f =10V Wo+ D /W = Wi s(f(t—1;))y/W; — W1
j=1

The arguments of Lemma 2.2 show that & = (®,),R is a translation invariant
asymptotic homomorphism, so it gives us a homotopy of translation invari-
ant asymptotic homomorphisms connecting the translation invariant asymp-
totic homomorphisms arising from the two choices of sequences {u,};°, and
{wn)o2 . Using {v,};2, instead of {u,} 2 in the construction of ®, we get a
homotopy of translation invariant asymptotic homomorphisms connecting the
translation invariant asymptotic homomorphisms arising from the two choices
of sequences {v,}°, and {w,};2 . By transitivity of homotopy, we see that
the two translation invariant asymptotic homomorphisms arising from {v, }°2,

and {u,},2, are homotopic.
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2.3. Independence of the choice of strictly positive element b

Let bj, be another strictly positive element of B. Then
co(L) = Abo + (1 — 1)b,

is a strictly positive element of / B. Constructing an asymptotic homomorph-
ism SA — IB from ¢y as in Lemma 2.2, we obtain a homotopy of transla-
tion invariant asymptotic homomorphisms connecting two translation invariant
asymptotic homomorphisms SA — B; one arising from the construction by
use of by, the other by use of b;,.

2.4. Independence of the choice of section s

When s’ : A — M (B) is another continuous and homogeneous lift of ¢ we
can choose the sequence hg < h; < hy < --- such that

Jim sup 4 (s(/ () =5/ (F @) | =0

for all f € SA. It follows then (from Lemma 2.1) that

tlgfolo[z Aps(f =)A= Aps'(f (1 — fj))A/} =0
j=0

j=0
forall f € SA.

2.5. Homotopy invariance

Let ' : A — Q(B) be an extension weakly homotopic to vr. Then there
exist an extension W : A — (I B) with evaluation maps at the endpoints
coinciding with v and ¥/, respectively. Once more, constructing an asymptotic
homomorphism SA — I B from W as in Lemma 2.2 gives us a homotopy of
translation invariant asymptotic homomorphisms.

We can now summarize in the following:

THEOREM 2.3. The homotopy class of the translation invariant asymptotic
homomorphism ¢ of Lemma 2.2 depends only on the weak homotopy class of
Y in the set of extensions of A by B.

In other words, if we denote by Ext; (A, B) the (weak) homotopy classes
of extensions of A by B, the formula (2.3) gives rise to a map

CH, : Ext,(A, B) — [[SA, B]l..
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3. Relation to the Connes-Higson construction

In this section we show that up to homotopy C H () agrees with the Connes-
Higson construction C H (1), as it was introduced in [4].
Let

cone = {f € Cp(R) : tlir_n f@) =0, and tlim f(¢) exists },

and
I ={f €CyR): ziigcnoo f(¢) exist}.

Then the sum

oo
> Ah( - 1),
j=0

where the sequence {#;};cn was defined in (2.2), converges in the strict topology
to an element A;(h) € M(B) for all t € R and every h € I, cf. Lemma 2.1.

Note that A, : I — M (B) is a linear completely positive contraction for all
t. We claim that

3.1 Bim 4, (f)2(g) = ha(fg) = 0

for all f, g € I. To see this, observe that

(Z AFf(t— t,-)) (Z Alg(t — rj)) =Y ANF(t—1)g(t — 1))
Jj=0 j=0 j=0

+ Y NIAT F(—1)g(t = tisn)
i=0
o

+ Z A?Ajz'—lf([ —1;)gt — ;1)
j=1

(by (4.4)).
If ¢ is big enough,

sug|f(t —1))8(t —tip) — ft —1))8(t — )| <€
J=

and
Sull)|f(f —1))gt — 1) = f(t —1))gt —1)| < e.
Jj=
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Hence Lemma 2.1 shows that

M(HM(R) ~2e D ATF( — 1)t — 1))

j=0

o0
+Y AIAT f( 1)t — 1)
j=0

+Y NN f(— )8t — 1)
j=1

=1 (f8)

for all large enough ¢, i.e. (3.1) holds. Note that A, o 7y, = A,_;. Further-
more, it is obvious that lim; , o A;(f) = 0 for all f € § = Cy(R), and
that lim, , 1 A,(g)b = g(+oo)b for all b € B and all g € I. In fact,
lim;_, _oo A;(h) = h(—00), in norm. Furthermore, A;(f) — f(—o0)l € B
for all ¢, f. To sum up:

LEMMA 3.1. There is a completely positive and translation invariant asymp-
totic homomorphism » = (A;);cr : I = M(B) such that

1) a(h) =372 Ath(t — 1)), t R h e,

2) A (h) —h(—o0)l € B,t €R hel,

3) Moty = Ai_g, t, 5 €R,

4) lim;, o A;(h) = h(—00)1, h € 1,

5) lim; o A;(h)b = h(c0)b, h € I, b € B.

Since A is separable there is a compact subset X € A with dense span in
A.

LEMMA 3.2. The sequence hy < h; < hy < --- can be chosen so that
o0
(3.2) D A s@]l < oo
n=0

foralla € X, and

(3.3) s(a)— Y Ajs(@A; € B

j=0

Joralla € A.



142 V. MANUILOV AND K. THOMSEN

PrROOF. As is well-known there is a sequence §; > §, > §3 > ---in ]0, 1[
such that

beB, 0<b<l, ||bs(a) —s(a)b|| <6, VaeX
= |[vbs(a) — s(a)v/b|| < 27" Va € X.

If we therefore choose &, as we can, such that |u,s(a) — s(a)u,| < 8, for
alln € N and all a € X, we find that (3.2) holds. Note that

s(a) — Z Ajs(a)Aj = Z A?s(a) —Ajs(a)A; = Z Aj[Aj, s(a)],

j=0 j=0 j=0

for all a € A, with strictly convergent sums. It follows from (3.2) that the last
sum is convergent in norm when a € X, so that s(a) — Z;io Ajs(a)Aj € B
forall @ € X. Since s is linear modulo B and since X spans a dense subspace
of A, we conclude that s(a) — Z;io Ajs(a)Aj € Bforalla € A.

Let « : R — ]0,1[ be a continuous increasing function such that
lim;_ o k(t) = 0 and lim;_, o K (t) = 1. Set

o
v = Z AJZK([ —1).
=0

LEMMA 3.3. Assume that hgo < hy < hy, < --- is chosen so that (3.2) and
(3.3) hold. Then

a) lim;,_ v, =0,

b) lim;_, o v;b = b forall b € B,

¢) limy o vis(a) — s(a)v; =0 foralla € A,

d) lim, o g(vy)s(a) — g, ((gok)®a) =0 forall g € Cyl0, 1[, a € A,
where @; was defined by (2.3).

Proor. a) follows from Lemma 2.1 because lim,_, _o, k(x) = 0.
b) Let b € B and € > 0 be given. There is an N so large that uyb ~ b.
Since

N+1 N+1

lim v,uyb = lim A2k (t — t))unyb = A2unb = uyb,

im vy t_)ooz(; ik ( UN X(; JUN N
= ]:

we conclude that v,b ~3, b for all ¢ large enough.
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¢) Since s(a) — Z;io Ajs(a)A; € Bforalla € A, it suffices, thanks to b),
to show that

(3.4) lim v, (Z Ajs(a)AJ) - (Z Ajs(a)A,-)v, =0.
j=0 j=0

Lete > 0. Choose a§ > Ososmall thatx,y € R, [x —y] < § = |«(x) —
k(y)] < €,and let K € N be so large that #,., —t, < § whenn > K — 1. Set
K = 1—xandnote that 1 —v, = Y72 Aj& (1 — ;) A;j. Since lim, o K (x) =
Othereisa T € Rso large that || 1—v, — Z;ZK Af/%(t —tj)|| < ewhent >T.
It follows that

(1—uv) (Z Al,-s(a)AA,-)

j=0
oo
~Liale Y (ATR( — 1) + AF (Rt = ti1) + AT R(t — ti41)) Ajs(@)A;
j=K
o
~iLlale Y R(E—1)Ajs(@)A;
j=K

for all large enough ¢. Similarly, we find that

(Z Ajs(a)Aj> (1 =) ~apjage Y R(E— 1) Ajs(@)A,
Jj=0 j=K

for all large enough ¢. Hence (3.4) holds.
d) We may assume that a € X. Since s is homogeneous, we find that

0 ((gok)Qa)— (Z Af.gox(t—t,)>s(a) = ZgOK(t—tj)Aj [s(a), A;].
j=0 Jj=0

Since )72 I[s(a), A;]| < oo, it follows easily that
o0
,l_ifgo[@((g ok)®a)— (Z Ajgg ok(t— l‘j))s(a)] =0.
j=0

By Lemma 3.1, A, (h o k) = Z?io A]2.h o k(¢ — t;) gives us an asymptotic
homomorphism X : Cy(0, 1] — B. It follows that

{h€Co0 11 lim h(v)) = di(hok) =0}
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is a C*-subalgebra of Cy(0, 1]. Since it contains the identity function it must
be all of Cy(0, 1], so we conclude that

tlim [g(vl)s(a) - (Z Afg ok(t— fj))S(a):| = 0.
j=0

In conclusion: Let CH(y) : SA — B be the asymptotic homomorphism
arising from the Connes-Higson construction introduced in [4], i.e. an asymp-
totic homomorphism such that CH (y),(g ® a) = g(u,)s(a), g € Co(0, 1),
a € A, where (#;)¢[0.00) 15 @ quasicentral approximate unit and s : SA —
M (B) is a continuous lift for the extension ¥ : A — Q(B). Then CH (V) is
homotopic to a translation invariant asymptotic homomorphism (¢; )R-

REMARK 3.4. It should be pointed out that homotopic translation invariant
asymptotic homomorphisms need not be homotopic within the class of trans-
lation invariant asymptotic homomorphisms. In the forthcoming paper [14]
we show that there exists a translation invariant asymptotic homomorphism,
which is homotopy trivial as an asymptotic homomorphism. but non-trivial in
[([SA, Bll..

4. From translation invariant asymptotic homomorphisms to
extensions

In this section we construct an inverse of C H,.
Let By € Co(R) be a continuous function with support in [—1, 1] such that

4.1 Bo(t) > 0, tel]-1,1[,
4.2) 71 (Bo)T-1(Bo) = O

and

(4.3) T_1(Bo)Bo + B3 + 1 (Bo) o = Po-

One choice of Sy could be
0, 1] = 1,
o) =3 1+1, t€]-1,0],
1—1t, tel0,]1].

Wheni € Z,i # 0, set B; = v_; (Bo). Then {B;};cz is a partition of unity in
Co(R) such that B; is supported in [—i — 1, —i + 1]. Set o; = +/B;i, and note
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that
4.4) aia; =0, li —j| = 2.

Let ¢ = (¢:);,er : SA — B be an asymptotically translation invariant
asymptotic homomorphism. For convenience we assume that ¢,(0) = 0 for
all ¢. Then

4.5) i (‘L’,’(O(i()lj) ®a) =0 when |i —j| > 2,

for all @ € A. Let K be the C*-algebra of compact operators on [>(Z), and let
ejj, i, j € Z, be the standard matrix units in K.
Define &y : A - M (B ® K) by

Dy(a) = Z ¢i(ti(aiaj) ® a) @ e;;.
i,jeZ

The sum converges in the strict topology because of (4.5) and
supi,j”(pi(r,v(aiaj) ® a)|| < oo. Let gpggk : M(B ®@ K) - Q(B ® K) be
the quotient map, and set ® = gpgk o Do.

LEMMA 4.1. ® is an extension of A by BQK, i.e. ® € Hom(A, Q(B®K)).
PrOOF. Leta, b € A. We check that ®(a)®(b) = P (ab). Using (4.5) we
find that

4.6) || P(@)P®) — P(ab)|| <3 lim sup

K—o0 |i|=K, [k—i]<2

@i (ti(ojo) @ ab)

— ) ei(ti(iy) ® a)g; (zj (o) ® b) H

jez
Using (4.5) again we find that

> i (ciey) ® a)g; (xj (o) @ b)
jeZ
" 2 0w ® )i (@) ® b)
+ @i (ti(aioi—1) @ a) gi—1 (Ti—1(atj—10x) @ b)

+ @i (ti(oaig1) @ a) @ig1 (Tip1(aipr1ax) @ b)
= @i (af ® a)g; (ot—i ® b)

+ @i (ap—1 ® a) gi—1 (cpotk—i+1 @ b)

+ @i (apa1 ® a) giy1 (o1 @ b) .
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Since ¢ is asymptotically translation invariant, we have that

lim sup |¢i (@oa—1 ® @) ¢i—1 (@o—it1 @ b)
i 00 |k—i|<2
— @i (0a—1 ® a) ¢; (d—104—; @ b)| =0

and

lim sup ||90i (o1 ® a) @it (@oti—i—1 @ b)
i—00 [k—i|<2
— @i (oo ® a) ¢; (1o ® b) H =0.

It follows that

lim sup Z ©; (rl- (aiaj) ® a) ®; (tj(ozjozk) ® b)
i—>o0 lk—i|<2 4
jez
— Qi ((aoaéak_i + Olootzlolk—i + aoa%ak—i) ® ab) H =0.
Since ozoozgo:k,i + aoailak,i + aoozfozk,i = 17; (0;o;) by (4.3), we see that

4.7) lim sup

i—>00 [k—i|<2

Zfﬂi (zi(cietj) ® a) @; (7 (@ju) ® b)
jez

— @i (1 (o) @ ab) ” =0.
By using that lim,_, o, ¢;(f) = O forall f € SA, we find easily that

(4.8) lim sup

i—>—00 |k—i|<2

Zfﬂi (zi (i) ® a) ¢; (7 (@) ® b) H
jez

= lim sup |¢; (ti(cioe) ® ab)| = 0.

i—>—00 |k—i|<2

By combining (4.6), (4.7) and (4.8), we conclude that ®(a)® (b) = ®(ab). It
can be shown in a similar way that @ is linear and self-adjoint. Thus & is an
extension of A by B ® K.

The extension @ of Lemma 4.1 will be denoted by I (¢). It is clear that the
construction gives rise to a well-defined map

I :[[SA, Blla, — Ext;(A, B®K)

such that I[¢] = [1(¢)].

REMARK 4.2. At first sight it may seem odd that 7 (¢) only depends of the
‘discrete part’ of the asymptotic homomorphism ¢; i.e. of ¢, z € Z. This is not
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so strange because a discrete translation invariant asymptotic homomorphism
¥, as defined in the obvious way, determines a unique element in [[SA, B]], -
via the formula

Vi = Y[ 0 Ty

REMARK 4.3. We want to point out that the / construction, considered as a
map [[SA, Bll... — Ext,(A, B ® K), can be wrapped in other, maybe more
familiar guises: As pointed out in Remark 4.2 there is nothing lost in thinking
of ¢ as a translation invariant discrete asymptotic homomorphism, and then the
discrete version of the M -construction from [7] gives us a Z-extension E of SA
by Co(Z, B). The crossed product E x Z is then an extension of C(T) @ K® A
by B®K. The pull back of this extension along the homomorphism a — e®a,
where e € C(T) ® K is a projection which generates Ko (C(T) ® K) ~ Z, gives
us an extension of A by B ® K which is homotopic to / (¢). Alternatively, the
I map can be realized via the genuine M-construction, using crossed products
by R.

5. The main result

In this section we prove our main result by showing that / and C H; are the
inverses of each other when B is stable.

LEmMMA 5.1. Let s : B — B ® K be the stabilizing *-homomorphism,
s(b) =b®eqy, andlets : Q(B) — Q(B ® K) be the embedding induced by
s. Define s, : Ext;, (A, B) — Ext, (A, B ® K) such that s.[¢] = [§ o ¢]. Then

the diagram
Ext;, (A, B) —=— Ext,(A, B ® K)

ol

[([SA, Blla,

commutes.

ProOF. We adopt the notation from above and from Section 2. Lety : A —
Q(B) be an extension. Then I o C H;[¢] is represented by the map

®(a) = qm(z Y Ajeiaj(—t)s(a) ® el-,->.

i,jeZ k=0

We may assume that there is a compact subset X € A with dense span in A
such that

o0

(5.1) o4 s@]] < oo

k=0
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for all a € X, cf. Lemma 3.2. Let A : I — B be the completely positive
asymptotic homomorphism A, (k) = Z;io Ajz.h(t —t;), cf. Lemma 3.1. Then

qB®K<Z > Ajiaj(—t)s(a) ® eij) = qm(z 2oee)s(a) ® eij).

i,jeZ k=0 i,jel

Since limy_ o0 ty — tx+1 = 0, there is an N € N so large that [ty — f41| < N
for all k. Since « is supported in [—1, 1], it follows from (2.1) that

o
Ji(ao)hj(c0) = Y AfATarg(i — t)aro(j — 1) =0
k,1=0

when |i — j| > N + 3. Hence

Sl}P“)»o(OéiOlj) — Mol ho(e)|| = SI}P“M (ctoctj—i) — hico)hi(etjy) |
J J

tends to O as i tends to +o0. It follows that

%@K(Z 2o(0tie)s(a) ® eij) = CIB@K(Z Xi (o)A (@o)s(a) ® e,-,-).

i,jeZ i,jel

Set
V=Y Jole)® ey € M(BRK),
ieZ

where the sum converges in the strict topology. By using that Y, _, A (2)* =
1, with convergence in the strict topology, we see that VV* = 1 ® ey €
M (B ® K). Note that

V¥ (s(@) ®eo) V = ) hilawo)s (@) (o) ® eij.
i,jeZ

It follows from (5.1) that lim; _, o A; (ag)s(a) — s(a)r;(cg) = O foralla € X.
Since lim;_, _ A; (ag) = 0, we conclude that

V¥ (s(@) ®eon) V = Y hi(cwo)hj(0)s(a) ® ey
i,jeZ

Vv 1-vv*

modulo B ® K for alla € X. Then U = (I—V*V v

is a unitary such that

(5:2)  qmyeK) (AdU o (q:(a) O)) = My (BsK) (s(a) ® eo O)

) e My)(M(B ® K))
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for all a € X. Since X spans a dense set in A, (5.2) holds for all a € A. Now
the lemma follows because U can be connected to 1 in the strict topology, by
a path of unitaries in M (M, (B & K)).

LEmMMA 5.2. Let ¢ = (¢1),;cr : SA — B be an asymptotically translation
invariant asymptotic homomorphism. It follows that there is a homogeneous
equi-continuous and uniformly continuous asymptotic homomorphism =
(Y1)ier : SA — B such that

D) limy o0 ¥ (f) — ¢ (f) = 0 forall f € SA,

2) 1im, oo sUpyx 1V« (f) — Y (1, ()| = O for all f € SA and all
compact subsets K C R,

3) lim_ oo ¥, (f) = 0 forall f € SA.

ProoF. Let X ={f € C,(R, B) : lim,, o f(t) =0}and Xg={f € X :
lim,_, f(¢) = 0}. Define an automorphism 6, of X such that 6,(f)(¢) =
f( — x), and note that 6, leaves X globally invariant, so that 8, induces an
automorphism of X/ X, which we denote by 6, again. Let &y : SA — X be
the map @y (f)(¢) = ¢, (f).Letqg : X — X/ X, be the quotient map, and note
that ® = g o @y is then an equivariant x-homomorphism. Let Xr denote the
C*-subalgebra of X consisting of the elements f € X for which x +— 0, (f)
is continuous. It follows from Theorem 2.1 of [16] that ®(SA) < g (XRr).
Let L : g (Xg) — Xg be a continuous and homogeneous right-inverse for
q : Xgr — g (Xr), and set Y, (f) = L o ®(f)(1). Then ¥ = (Y1),cr 1s
an equicontinuous and homogeneous asymptotic homomorphism such that
lim; _, o0 %(f) - (pt(f) =0, lim,, (1 (f) = 0 and

(5:3) Tim i (5 () = Yi-s(f) = 0

for all f € SA and all s € R. The uniform continuity of v follows be-
cause L o ®(f) € Xgr. And then 2) follows from (5.3), the uniform continu-
ity and the equicontinuity of i, as follows: By uniform continuity there is
8 > 0 so small that sup,cg [Vi—x(f) — Y-, ()l < € when |[x — y| < 4.
By equicontinuity of ¢ there is for each s € K, a §; € ]0, 5[ such that
sup,eg 1V (T(F)) — V(T ()| < € when |s'—s| < 8. Let Is; — 38y, 5; +84 .
i = 1,2,..., L, be a finite subcover of the cover |s — 8;,5 + &[, s € K,
of K. Choose T > 0 so large that ||1/f,_s,.(f) — ¥ o1, (f) ” < ¢ for all
i=1,2,...,L,whent > T. It follows then that

sup [, —s (f) — ¥ (T (S < 3e€

sekK

whent > T.
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It follows from Lemma 5.2 that we can always replace an asymptotically
translation invariant asymptotic homomorphism with one which has the proper-
ties spelled out in Lemma 5.2; namely, uniform continuity and equicontinuity.
Property 2) of Lemma 5.2 is then automatic.

LEMMA 5.3. Let ¢ = (¢:),cr : SA — B be an equi-continuous and
uniformly continuous asymptotically translation invariant asymptotic homo-
morphism, and let M C S A be a pre-compact subset. It follows that

1) limtﬁfoo SupxeM ”@T(x)” = 0

i) Forall e > 0, thereisa T > 0 such that
lg:(x) = < llx — yll +€

forallx,ye Mandallt > T.

iii) Forall € > 0, thereisa T > 0 such that
lor ()@ (v) — @ (x| < €
Jorallx,y e Mandallt > T.
iv) Forall € > 0, thereis a T > 0 such that
llor(x) + @i (y) —p(x +y)ll < €

forallx,y e Mandallt > T.

v) For any € > 0, and any compact subset K C R, thereisa T > 0 such
that
sup [lg;—s (x) — @ (zs (X))l < €
seK
forallx e M andallt > T.
PrOOF. Left to the reader.

LEMMA 5.4. The diagrams
Ext, (A, B ® K)

/ lcm

[([SA, Blls,e ——> [[SA, B® Klla,

S
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and
Ext, (A, B ® K)

/ lcm

[[SA, Bll: —— [[SA, BQKI]l;

S

both commute.

PROOF. As in the previous proof we will adopt the notation from above and
from Section 2. Let ¢ = (¢;),cg : SA — B be an asymptotically translation
invariant asymptotic homomorphism. By Lemma 5.2 we may assume that ¢
has the properties spelled out there (for ). Set A(a) = Zi’ jez @i (Ti(0joj) @
a) ® e;j. Let ¢ be a strictly positive element in B. Then

b= 227”'0 ® eii
ieZ

is a strictly positive element of B ® K which we may use to construct
CH . (I (¢)). However, we consider instead

by = ZZ"” ® ejj,
ieZ
which in general is not an element of B ® K, only of M (B ® K). But by has

the following two properties: by®y(A) € B ® K and lim;_, bg x = x for all
x € B®K. We can therefore find a sequence hy < h; < hy < --- of functions
in Cy]0, 1] such that

(5.4) hys1hy, = hy

for all n, and the sequence u, = h,(by),n =0, 1,2, ... has the properties

a) lim,_, o u,®o(a) — ®og(a)u,, =0foralla € A, and
b) lim,_ o u,x = x forallx € B ® K.
Set Ag = Jug, Ay = Ju, —u,_1,n > 1. The arguments from Section 2.3

show that CH; o I[¢] is represented by a translation invariant asymptotic
homomorphism ¢ : SA — B ® K such that

(5.5) Tim [%(f ®a) — Dola) Y AZf (1 - t,»)] =0.

j=0
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Note that we can choose the sequence {7;}72, in [0, c0) at will, as long as

lim;_, ot = oo and lim;_, o tj41 — #; = 0. This freedom is used as follows:
Foreachi €0,1,2,3, ..., set

ji =min {k: b (27 =1},

It follows from (5.4) that j; < j;y; and from b) that lim; ., , j; = 0o. We can
therefore choose {#;}72, such that lim;_,» #;;, — #; , = 0. With this choice, it
follows from (5.4) that

(5.6) D> AIf(t—t)

Jj=0
=3 (1= hj 21 @7) £ = 1,) + hj 1 Q7T F = 1, 20) e,
ieZ

ifweseth_ | = 0. Sets; = t;,, € Z, and note that lim; , 1o |s; — 5;—1| = 0
and lim;_, 4 5; = o0. It follows from (5.6) that

tlgglo[z A f(—1)) — Z f@— Si)eu] =0
j=0

ieZ

for all f € Cy(R), and then from (5.5) that

ll_i)TgO[Wz(f ®a) — Z i (ti (i f(t —57)) ®a) @ eij:| =0,
i,jel
forall f € Co(R),a € A.Let 8 : R — R be a continuously differentiable
decreasing function such that (i) = s; = 1;, foralli € Z, i < 0, while
B(x) = —x, x > 0, and such that 8’ is bounded. The last condition can be met
because lim;_, 4+ |5; — s;i—1| = 0. Then

(.7 Jim [«Mf ®a) = Y ¢ (u (oo [t = BO)) @) ® e,.,.] =0.
i,jeZ

Indeed, we claim that

(5.8)

lim sup [o; (v (eie; £t = 5:)) ® a) — i (7 (i £t = B())) ®a) | = 0.

t—>ooi,jeZ

To see this, let ¢ > 0 and observe that T; (ozl-ozjf(t — s,-)) = apaj_; f(t —57)
is a pre-compact set in Cy(R). By i) of Lemma 5.3 there is a K < 0 such that

(5.9 loi (zi (e f(t —s)) @a)| <€
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foralli < K. Similarly, it follows from Ascoli’s theorem, cf. e.g. Theorem A 5
on page 369 of [15], that

{7 (i f(r — B(-) :i €Z,1 €R}
= {oo i f(t — B — ) i €Z,1 €R]}

is pre-compact in Cy(R). By using i) of Lemma 5.3 again, we may assume, by
decreasing K if necessary, that also

(5.10) loi (i (i £t = B()) ®a)| < e

for all i < K. It follows from the uniform continuity of f, and the fact that
lim; .00 SUP, 1 17 |5i — B(x —i)| = 0, that

lim sup Ho&o(xj_,-f(t —si) —aoaj— f(t — B(- — i»” =0.

i—00 t,]

It follows therefore from ii) of Lemma 5.3 that there is an L > 0 so large that
A1) i (zi (i £t = 5)) ® a) — ¢ (wi (i f (1 = B()) @ a)| < €

when i > L. Since

lim sup H‘[, (oeoejf(t—s))”_hm sup Hr, (aozjf(t—ﬁ()))“ 0,

1—>00 K<i< o0 K<i<L

we conclude from (5.9), (5.10) and (5.11) that (5.8) holds. Hence (5.7) holds.

To proceed it is useful to apply the following statement, which is an abstract
version of Ascoli’s theorem. In fact, the proof is identical to the standard proof
of Ascoli’s theorem, as presented for example in [15]. Alternatively, it can be
deduced from the version of Ascoli’s theorem on page 81 of [9].

THEOREM 5.5. Let K be a locally compact Hausdorff space, X a Banach
space, and Cy(K, X) the Banach space of continuous X -valued functions on
K that vanish at infinity, with the norm || f || = sup {|| f (k) || : k € K}. A subset
M C Cy(K, X) is pre-compact (i.e. M is compact) in Co(K, X) if and only if

a) {f(k): f € M}iscompactin X forallk € X,

b) M is equi-continuous, i.e. for all € > 0, every k € K has a neighbour-
hood V such that || f (k) — f(K')|| < € forallk’ € V and all f € M,

c) the elements of M vanish equicontinuously at infinity, i.e. for all ¢ > 0
there is compact subset C C K such that || f(k)|| < € forall f ¢ M
andallk € K \ C.
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Set now B; (x) = AB(x) — (I — A)x, and note that sup;, .o 1 1851 < oo. It
follows then from Theorem 5.5 that for any f € SA = Cy(R, A), the set

{oooj—i f(t = Bo(- —i)) 1 ji €Z,1 €R, 1 €[0,1]}

is a pre-compact set in SA. We claim that as a consequence of this we have
that
(5.12)

lim sup sup
1—00 i keZ re[0,1]

> o (1 (cuioy £t = B(OD)) 05 (77 (gt — Bi()))

jez

— ¢i(t (i fet — B()))) H =0

forall f, g € SA.
To see this, note that by iii) and iv) of Lemma 5.3, there is a K > 0 such
that

5.13) | Y ¢ (u (e f 6 = B(D)) ¢ (57 (gt = Bi(-))

jez

— i (Ti (Oliakfg(f - ,BA('))))

<e€

forall A € [0,1],k € Zwheni > K. Since € > 0 is arbitrary, (5.12) will
follow if we can show that there isa T > 0 so large that

(5.14) i (zi (i £t = Br(-))) | < €

foralli < K+ 1andall X € [0, 1] when ¢t > T. Since

(5.15) {aoej—i f(t = B(- —i)) i, j€Z,t €R,A€0,1]}

is a pre-compact set in SA by Theorem 5.5, it follows from i) of Lemma 5.3

that there is a L < 0 such that (5.14) holds for all # € R and all A € [0, 1]
when i < L. Since

Tim sup {|ao(5)ej-i () (¢ = Buls =) s s € (=1, 1 L =i = K} =0,
the equi-continuity of ¢ at O ensures that

lim sup {|¢; (v (cvie; f(r = B(D))| : A € [0, 1], L <i <K} =0.

—>00
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We can therefore find 7 > 0 such that (5.14) holds, proving (5.12). Similar
arguments show that
(5.16)

lim sup sup
1—>00i,jeZ 1e[0,1]

@i (ti (cia; £ (1 = Br())) + i (ti (ictjg(r — Bi(+))))
— @i (i (i (f + 1g) ¢ — Br(+))) H =0,

and that
(5.17)

lim sup sup
t—00,jeZ re[0,1]

@i (ti (cict; £ (2 = Br(-))Y))
—¢j (v (ict; £t = B (D))

=0,

forall f,g € SA, u € C.Fort € R, define &, : SA — IB by

(M) =Y ¢i (1 (ciey £t = Bi())) ® ey

i,jel

The continuity in A follows from another application of Theorem 5.5 and ii) of
Lemma 5.3. To see that that lim,_, o, ®,(f) = O use first the pre-compactness
of (5.15) to find a K < 0 such that

(5.18) sup g1 (zi(@ie £ 1 = )| =< e
Jst,

when i < K. Then observe that there is a ¢ € R such that 8, (x — i) > ¢ for
allx € [0,1],all x € [—1, 1] and all i > K. It follows that

lim [ sup [eoej—i f (1 = Bul- — i))”] =0.

t—>—ool, i>g

The equi-continuity of ¢ at O implies then that

lim [ sup | (i (aioy f (2 — ﬁx('))))”] =0.
I=—ool, i>k

Combined with (5.18) this shows that lim,_, o, ®,(f) = 0, as desired. To-
gether with (5.12), (5.16) and (5.17) we see that (®,),cg : SA — IB is an
asymptotic homomorphism. We claim that & is translation invariant. The al-
gebraic condition, that ®,_; = &, o 1, is trivially satisfied, so it remains
to show that ® is equi-continuous. To prove this, let C € SA be a compact
subset containing the set (5.15). Let € > 0. By equi-continuity of ¢ and com-
pactness of C there is a finite set g, g»,..., gy € C and a § > 0 such that
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Ui{h € SA: |h—gill < 4} 2 C, and sup, llg;(h) — ¢,(g))| < € when
lh — gill < é. It follows sup, || P, (h) — ®;(f)|| < 3€ when |h — f|| < g,
proving that ® is indeed equi-continuous. Thus & gives us a homotopy of trans-
lation invariant asymptotic homomorphism which thanks to (5.7) connects

with the translation invariant asymptotic homomorphism ¥ : SA — B such
that ,
V() =Y o (u (e £t +)) ®eyj,
i,jeZ
f € SA. Note that
Z oi (ti (i f(t + ) @ eij = Z Grii—n (o f(1 + - — 1)) ® €.
i,jeZ i.jez

Let € > 0. Since ¢ is equi-continuous at 0 there is § > 0 such that ||x| <
8 = sup, |l¢:(x)|| < €. Since f vanishes at infinity there is a K > 0 such
that || f(s)|| < 8 when |s| > K — 1. It follows that |aj—; f(t + - — i) < 8
when |t — i| > K, and hence that

D i (i (i f (1 +9))) ® ey
i,jeZ
' - Z Griiion (oot [T+ — 1)) @ e

i,jeZ,|t—i|<K

< 3e.

It follows from Theorem 5.5 that
{Oloolj_,'f(f +-—i):teR,i,je Z}

is a pre-compact subset of SA, so we can apply v) Lemma 5.3 to conclude that

Z Prvi—n (cooj—i f( +-— 1)) ® e
i, jez i—il<K
- Z o (v (i F (1 + ) ® e

i,jJeZ,|t—i|<K

<e€

for all ¢ large enough. Since ” T (a,»ajf(t + -)) || = ||a0aj_,»f(t + - — i)|| <$
when |t — i| > K, we find all together that

for all ¢ large enough. It follows from Theorem 5.5 that

<T7e

V() =Y o ( (i f+9)) ®eij

i,jeZ

{r,(aiaj)f :teRi,je Z}
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is a pre-compact subset of SA, so we conclude from i) of Lemma 5.3 that

im Y g o (s £+ ) © e =0,
i,jel

It follows that if we set
J(f) = Z 2 (Tt(ai“j)f) ® eij,
i,jel

then ¥ = (¥,)ier : SA — B is a translation invariant asymptotic homo-
morphism which asymptotically agrees with ¥’ and hence in particular is
homotopic to ¥'.

Now define a continuous path {,Bi’\}iez, A € [0, oo[, of partitions of unity in
Co(R) such that

Br()=ol(+1), ix=1, B =al(-—1, i=<-1,

and ~
Br()=1- (a?(+2) +a%(-—1).
i=1
Set .
ol =B, ael01]
and
Olilzo, 1#0, aé:l
Note that
ata} =0,  i—j|=2,
and
(5.19) PNCAR T
jeZ

forallA € [0,1]and k € Z. Fort € R, A € [0, 1], set

V(HM) =D o (u(efa)) f) e

i,jeZ
Since f vanishes at infinity we have that

im sup {|[7 (o e) £ : j €Z,2 €10, 17} =0,
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so the continuity of ¢, at O ensures that for any € > 0, there is a K > 0 such
that

<e€

H%(f)(x) - Y a(u(ed) f)@e;

i,jel-K,K]

for all A. Since A +— Zi,je[—K,K] (p,(r, (a;\a})f) ® e;; clearly is an element
of IB ® K, we conclude that ¥, (f) € IB ® K for all + € R. Since the above
approximation to W, ( f) can be made uniform in any compact subset of R, we
see that t — W, (f) is continuous. We claim that ¥ = (W,),.g : SA — [Bis
an asymptotic homomorphism. It follows from Theorem 5.5 that

{ufa})f:1eR,i,jeZ rel0 1]}

is a pre-compact subset of SA. We can therefore conclude from i) Lemma 5.3
thatlim,_, _», W,;(f) = Oforall f € SA. If we apply iii) and iv) of Lemma 5.3
instead of i), and use (5.19) we find that lim;_, oo ¥V, (f)¥,(g) — ¥, (fg) =0
for all f,g € SA, and similar considerations regarding linearity and self-
adjointness show that W is an asymptotic homomorphism. Similarly, an obvi-
ous application of v) of Lemma 5.3 shows that W is asymptotically translation
invariant. Thus W gives us a homotopy of asymptotically translation invariant
asymptotic homomorphisms connecting ¥” to s o ¢ and we have established
the commutativity of the first triangle. To obtain it for the second, it suffices
to note that W is translation invariant when ¢ is; the algebraic condition,
v, o = ¥, o 1, is trivial, and the equi-continuity follows from the same
considerations we presented for ® above.

By standard arguments s, : Ext,(A, B) — Ext;(A, B ® K) and s, :
[[SA, Bll,.: — [ISA, B ® K]],.r are both isomorphisms (of semigroups)

when B is stable, so Lemma 5.1 and Lemma 5.4 yields the following:

THEOREM 5.6. Let A and B be C*-algebras, A separable, B o -unital and
stable. Then [[SA, Bll,.: ~ [[SA, Bll: as abelian semigroups, and

CH, : Ext,(A, B) — [[SA, B]l:

is an isomorphism.

Proor. It follows from Lemma 5.1 and Lemma 5.4 that C H; : Ext, (A, B)
— [[SA, Blla.r is an isomorphism. It follows from Lemma 5.4 that the dia-
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gram

Ext, (A, B ® K)

([SA, Blla,- [[SA, B ®K]l,
— |
J’ Sy x

[([SA, Bll: [[SA, B ® Klla,«

commutes. Since the two s,-maps are both isomorphisms, we conclude that
the map [[SA, Bl]l; — [[SA, Bll... also is.

It should be pointed out that translation invariance occurs in other forms
in other (related) constructions: In [5] Higson bases a proof of the Atiyah-
Singer index theorem on the construction of an asymptotic homomorphism
T = (T?)4ep1.00) - Co(T*M) — K (Lz(M)), where M is a smooth manifold
without boundary, equipped with a smooth measure, and 7*M is the cotangent
bundle of M. Since every vector space carries a canonical action t by the mul-
tiplicative group R™, viz. 7, (x) = sx, so does T*M and in turn also Co(T*M).
It is easy to see that Higson’s asymptotic homomorphism is asymptotically
translation invariant in the sense that

lim |7%(a) — T®5(a)| =0
w—> 00

for alla € Co(T*M) and all s € RT. The same is the case of many of the
asymptotic homomorphisms constructed in [6].

As a final remark, let us point out that [[SA, B ® K]]; is known to coincide
with the E-theory group E(SA, B) in at least two cases: When A is nuclear
and when A is a suspension. It remains unclear exactly how widespread this
coincidence is.
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