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OUTER ACTIONS OF A DISCRETE AMENABLE GROUP
ON APPROXIMATELY FINITE DIMENSIONAL
FACTORS 1I, THE III,-CASE, A #0

YOSHIKAZU KATAYAMA and MASAMICHI TAKESAKI

(Dedicated to the memory of Gert K. Pedersen)

Abstract

To study outer actions « of a group G on a factor M of type III;, 0 < A < 1, we study first the
cohomology group of a group with the unitary group of an abelian von Neumann algebra as a
coefficient group and establish a technique to reduce the coefficient group to the torus T by the
Shapiro mechanism based on the groupoid approach. We then show a functorial construction of
outer actions of a countable discrete amenable group on an AFD factor of type IlI,, sharpening
the result in [17, §4]. The periodicity of the flow of weights on a factor M of type III, allows us to
introduce an equivariant commutative square directly related to the discrete core. But this makes
it necessary to introduce an enlarged group Aut(.M)p, relative to the modulus homomorphism
m = mod: Aut(M) > R/T’Z. We then discuss the reduced modified HIR-exact sequence, which
allows us to describe the invariant of outer action « in a simpler form than the one for a general
AFD factor: for example, the cohomology group H‘,;L"EB(G, N, T) of modular obstructions is a
compact abelian group. Making use of these reductions, we prove the classification result of outer
actions of G on an AFD factor M of type III,.
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0. Introduction

Thanks to these celebrated results: [2], [3], [4], [6] (see [27], [28], [29] for
detail), the investigations of cocycle conjugacy classification of actions of a
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group G on AFD factor have been finished with a series of works: [5], [7],
[12], [13], [14], [15], [19], [20], [24], [25] and [26] when G is discrete amen-
able or compact abelian. Its related topics of outer conjugacy classification of
outer acition began with [7], [12] and [20] and we give its outer conjugacy
classification in [16], [17] without any restriction.

In this article, we continue our investigation of outer conjugacy classifica-
tion of outer actions, say «, of a countable discrete group G on a factor M of
type III,, 0 < A < 1. Since the characteristic square of the factor M in [14],
[15] takes a simpler form, the outer conjugacy invariants for an outer action
a of G takes a simpler form than the general case which was completed in
the last work, [17]. But this does not mean that our task was completed in the
last work. We have to reduce the general theory to the seemingly easy case
of III;,, which requires more work. Once the work is completed, we see that
the final form in this particular case is simpler. A major hurdle for this is the
fact that the association of a discrete core M, a factor of type I, to a factor
M of type III; is not a functor. Accordingly, the group Aut(.M) does not act
canonically on M,. The obstruction to this is the presence of the modulus
mod(e) of a € Aut(M) ([8]). Instead, an enlarged group Aut(M)m, which is
a central extension of Aut(.M) by the integer group Z, acts on M ;. The Shapiro
machinery helps to relate the characteristic square to the reduced character-
istic square consisting of all Borel groups with compact abelian groups, in
fact, the circle group, on the crucial corner. To capture the Shapiro machine,
we need to work with groupoid cohomology to get a clear and natural picture,
which is done in the first section. An interesting feature of the case of type
II,, 0 < A < 1, is that the canonical two cocycle associated with the exact
sequence ([2]):

0 7>, R R/T'Z——>0, T =—logh,

which comes from the Gauss symbol [x], x € R, the integer n such that
n < x < n + 1, enters naturally to the theory. We will use the notation {5}
for the cross-section:

§=s+TZeR/TZ > {i}p =5 —T [%] e[0,T), seR
The case of type III; is even easier as its general theory is already reduced.
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To keep the size of this article down, we postpone the discussion of examples
to the subsequent paper, [18], in which the third cohomology groups of easy
cases are computed and the invariants of outer actions of such groups are
identified from their raw data.

1. Groupoid Cohomology
Shapiro’s Mechanism and Dimension Shifting

Cohomology theory in groups began with [9]. The reserach of cohomology in
field of operator algebra appeared in [12], [20], [22] and [23] which are related
with our project. Here we extend its theory, especially dimension shifting, to
a groupoid for the later use.

Let % be a groupoid with X = ¥© the space of units. We note that whenever
we consider a Borel groupoid, locally compact groupoid or measured groupoid,
we mean by a map always a Borel map or a measurable map. For a measured
groupoid, we ignore the difference on a null set. By a ¢-module ./, we mean
a field of groups x € X — A(x) € Grp such that

i) Each g € ¢ gives rise to an isomorphism o, € Iso(A(s(g)), A(r(g));
ii) The family of isomorphisms {«, : g € ¥} satisfies the chain rule:

Agh = agoap, (g, h) € 9P,

iii) If x = g € 9O, then o, =id € Aut(A(x)).

When each A(x), x € X, is commutative, then &/ is called commutative or
abelian. We assume that &/ is commutative. An n-cochain, n = 0, 1,2, ...,
means a function

E:(gl, .. 8n) €9 > E(gr, ..., gn) € At(g1)).

The set C (¥, &/) of n-cochains forms a group relative to the pointwise
product. The coboundary map 9, : C, (¥, &) — Cg‘f‘(fﬁ, &) is defined
by

(0,5)(80, 815 -+ &) = g (5(g1, ..., &n))

n—1
k=1
x H?(go, Gls s 8k=2s 8k—18k> Gktls Gki2s > &) "
k=0
1
X £(80, 815> 8-V € A(r(g0))-
As usual, we have

On o Bu1:2Zy (G, ) > {1} C 2 (G, ).
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We often suppress the suffix n of d,. Each element of the kernel Ker(d,),
denoted by Z! (9, %/, is called an n-cocycle and each element of the image
Im(d,-1), denoted by B, (¥, &), is called an n-coboundary. The quotient
group Z) (9, o)/ BL(Y, ) is called the n-th cohomology group of ¢ and
written H), (94, o) (See [1], [30] and [31] for the related topics).

For n = 0, we set

Ho (9. ) = 2(9. )
={€:x € X > £(x) € A(x) such that £(r(g)) = ag(§(5(g)), ¢ € 9}
Forn = 1,7.(9, o) consists of all maps & : g € ¥ > &(g) € A(r(g)) such
e Egh) = E@a G, (8.m) € G2,
and BL(9, o) consists of all those & € Z\ (¥, &) such that
E(8) = ag(n(s()m(x(g) ", g€y,

for some n : x € X > n(x) € A(x). Each & € Z.1(9, /) gives rise to the
perturbation ¢« of the action « on %/ given in the following fashion:

s () = E(@)ag(WE(Q) ™ € A(r(g)), u€A((g), g€9.

If ¢ € BL(9, o), then the perturbed action ¢« is conjugate to the original
action « under the group Int(&/) of “inner” automorphisms of .o/ .

For n = 2, each element § € 7Z2(9, <) is an .&/-valued function on 4®
such that

E(g, E(gh, k) = ag(E(h, k)E(g, hk) € A(r(g)), (8. h,k) e G9.

The cocycle £ is a coboundary if and only if there exists amapn : g € G —
1(g) € A(r(g)) such that

£(g, h) = ag(n(r)n(gh) ' n(g), (g.h) € 42.

Each cocycle & € Z2(9, o/) gives rise to the twisted semi-direct product
groupoid:

H=oA NG ={(u,g) €AXxG:ucArg),gec9)
such that
HP = {(u,g; v,hye ' xH : (g, h)e @(2)};

r(u,g) =r1(g), s(u,g) =s(g);
(u, g)(v, h) = (uag(v)é(g, h), gh), (u, g;v,h) € H.
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The original ¥-module ¢/ is then viewed as a normal subgroupoid of 7 and the
original groupoid ¥ is then identified with the quotient groupoid: ¥ = 7' /.o .
The action @ of ¢ on &/ is then nothing but the conjugation:

a) = (1,, 9w, x)(1,,8) ' € A(Y), g=(,8x €9,

where r(g) =y, s(g) = x and 1, is the identity of A(y).If § = d(n), then the
map:
3:8€9—> (@) g e

is an injective homomorphism of the groupoid ¥ into 7 which decomposes
A into a semi-direct product:

H=A XN, G

Forn = 0, 1, 2, the ¢-module .« does not have to be commutative to define
H. (¥, o/) as long as one is ready to give up the group structure on the cohomo-
logy space H. (9, <), n = 0, 1, 2. For n = 2, the cocycle identity, however,
should be replaced by:

ag(§(h, k)E(g, hk){E(g, ME(gh, k) =1, (g, h. k) € 99,

and the equivalence & = &’ of two cocycles & and &’ is defined by the existence
of n:g € 9+ n(g) € A(r(g)) such that

£'(g, h) = n(g)ag(n(h)E(g, Hn(gh)™", (g.h) e 9.

If the groupoid ¥ is a topological groupoid and .2/ admits a topological
structure such that all the operations are continuous, then we request that
cocycles are all Borel. To demand the continuity on cocycles is too restrictive
as seen in the group case. If ¥ is a measured groupoid, then all the identities
mean to hold almost everywhere relative to the relevant measure class.

PROPOSITION 1.1. Let o/ be a §-module. For each y € X = 49, let B(x)
be the set of all A(x)-valued functions on 4, = s~ (x) and set

B = U B(x) = {b 19— o suchthatb(g) € A(x),g = (y,g,x) € fﬁ}
xeX

Foreach g = (y, g, x) € 9, define the map B,: B(x) — B(y) in the following
fashion:

(Beb)(h) = ay(b(hg)) € A(Y), b e B(), (h,g) e¥?.
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Then for eachn = 2,3, ...,

H (9, %) = {1}.
More explicitly, if § € Z(G, B), thenn € Cg_l(fﬁ, B) defined by

n(g: 81,82, -+, 8&—1)

=a, (E((8): 8. 81+ 8n-1)) € AB(E). (8. 81+ gn1) € G".

gives

& =o0n.
Proor. The cocycle identity:

n
1 = ﬂgo(%‘(gla cte gn)) Hg(g(% gly 82’ crr gi72’ giflgia gi«l»l’ crr gn)(il)’

i=1

X E(80s > 8n1) T, (80, 81+ -+, 8n) €G"TD

gives

n
_ il
S(gl’ AR ] gn) = ﬂgol (HS(gOs gls g29 L] gi—27 gi—lgi: gi+11 . gn)( 1)

i=1

_1yn—1
Xé(g()?---?gn—l)( 1) )

which means that for each (g, g1, ..., g,) € @Gt with g = go,

E(g: 81,5 8n)

n
_ _ _1)i—1
=a,) <1_[S(ggo ' 80,8182+ 8120 8i18is Gits - gn) TV

i=1
x £(28 5 80, ...,gn])(l)”)

n
_ _1yi—1
=, ] (Hf(r(g); 881,82, ---58i-2,8i—18i> 8i+1, ---,gn)( D
i=1

X E(1(8); 8,815 -+ gn_l)(—n")
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Setting

n(g; &1+ &—1)
=o' (50r(g)i 8. 810 -  &n-1)) € AGS(R)):  neCy (Y. B),

we compute for (g, g1, ..., g,) € 97D with y =r(g)

On)(g; &1s---»8&n)
= ag, (1(2813 820 - -+ 8n))

n—1
< [Ine: g1, gic1s gigivts giv2r - @)
i=1

X (g 81,825 » gV

= o, (0, (E(y: 881820 -+ &)

n—1

_ (-1
< [T (E(vi g g1v-- - -1 81811 Git2r - -+ 8n))
i=1

_ -1y
x o, (6(v: g 81,821 gn-1))

= S(ga gla LI 7gl’l)'
This completes the proof.

Each A(x) is a submodule of B(x) for each x € X, hence we get an exact
sequence:

(1}, A() i Br) == C) —— (Il (r e X),

Ix

and another ¢-module €:

¢=JCw. ybAw) E BMAY). beBX). g=(.g.x) ¥

xeX

Symbolically we can write the exact sequence of ¢-modules:

X o B g X.
Take & € 7/(¥, /). With

(1+6)(85 81 - &n)
=&(g1,...,8n) € A(r(g1)), (8, 81y, 8n) €G"HD,
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we obtain a cocycle i.§ € Zg(Y, B) = By(Y, B) by Proposition 1.1. Thus
there exists a cochain n € CZ*] (9, PB) such that

Then set
C(x; 815 &n—1) = Jx((x; 815 -+ -5 &n—1))
=n(x; &1, .-, &-1)AKX) € C(x).
Since 9j = jo, we get ¢ € Z]’ﬁ_l(@, %) and naturally
HL(G, o) = H (9, €)
under the map: [§] € HL(Y, ) — [¢] € Hﬁ_l(fﬁ, €¢). Summarizing the
above discussion, we obtain:

PropPosITION 1.2 (Dimension Shifting). If{.sf, a} is a 9-module, then there
exists a natural G-module {€, vy} and a natural isomorphism:

HL(9, o) = HL N9, 6).

Pullback, Reduction and Induction

Let 9 be a groupoid with Y = 9. Suppose that f is a surjective map from
a space X onto Y (if applicable, we assume that the map f is Borel).
Then we have a fibration of X:

. » e
x=Jxom, xom=r"0yevr

yey X(y2)

Then we set X(y1) X(v3)
G= |J (X@x%& <X,
(y,2) €Y XY

7 1 -1 2 .

where Z7 =17 (z) Ns™(y), (z,y) € Y. We v TR 3

then define the range and the source maps and
the product in & as follows:
1(z, h,x) =z, s(z, b, x) = x;
(&N hx)=(z,8h, %),  (g.h)ed?,
2 € X(r(g),y € X(s(g)) = X(r(h)), x € X(s(h)).
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DEFINITION 1.3. The groupoid ¥ is called the pullback of ¢ by the map
f and denoted by f*(F).
The map:

fioi@hx)eb— fulz,h,x)=(f(2),h, f(x)) eI

is a groupoid homomorphism of ¥ onto 7.
If f;,i = 1,2, are maps from X; onto Y, then we have the fiber product
X = X x X, relative to f; and f;:

X ={(x1,x2) € X1 x Xz : filx1) = f2(x2)},
and the map f : x = (x1,x2) € X > f(x) = fi(x)) = fo(x2) € ¥ which
makes the following diagram commutative:

XL)Xl

| Al f=fien = e
X, — " Ly

The pullbacks & = f*(¥), 41 = f[ (), % = f;(I) and  form the
commutative diagram:

g —r g
prz*l fu*l f=/fiepr; = f2°pr,.
G —L g
Let Y C X be a subset such that the saturation [Y] = X, i.e.,
[Y]=s-17'(Y) = X,

equivalently for every x € X there exists g = (v, g, x) € Ysuchthaty € Y.
If applicable, we assume that the set Y is a Borel subset of X.

DEFINITION 1.4. In the above setting, let ¥y be the set of all those g € ¥
such thatr(g) € Y and s(g) € Y, i.e,,

Gy =1 ' (Y)Nns(Y).
ProrosiTION 1.5. If Y is a subset of X such that X = [Y], then there

exists a surjective map f : X +— Y such that 9 is naturally isomorphic to the
pullback groupoid f*(Gy).
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Proor. Consider the map
ssger ! (¥) > x=s(g) e X
and its cross-section (if applicable, we take a Borel cross-section y)
yixeXm ykx) er V),
such that y(y) = yif y € Y. Set
fx)=r(y(x)) €Y, x € X.
We claim ¢ = f*(9y). Foreach (z, g, x) € f*(%y), set

n(z,8.x) =y@) 7 'gy(x) € ¥
which makes sense because

s(y@ ) =1(y(@) = f(x) =1(g) € ¥;
r(y (x)) = f(x) = s(g).

For each ((z, g, ), (v, h, x)) € f*(%y)?, we get
7((z, 8 Y)(y, h, X)) = 7(z, gh, x) = y(2) "' ghy (x)

=y@ gy My ) hy(x)
= 7T(Z,g, y)n(yyh’x)'

Hence the map 7 is multiplicative. The inverse 7 ! is given by:

72 g 0) = @y@gy) L), (z.gx) e
This proves the assertion.

Similarly, if % is an # -module, (not necessarily commutative), then the
surjective map f : X — Y also gives rise to the pullback f*(#)-module
& = f*(R) in the following way:

®(z,8.x)

Alx) ——— A(z)
| | cevew=rwn.
B(f(x)) —2— B(f(2))

where B is the action of # on Z.
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DEerINITION 1.6. i) If # = %y,Y C X, and the map f is given by
Proposition 1.5, then the above ¥-module f*(%) is called the induced 4-
module and written &/ = Ind?f B or of =Indyyx %.

i) If &/ is a Y-module, then

dy = JA)

yeY

is naturally %y-module, which will be called the reduced module over ¥y or
the reduced %y-module.

PropPosSITION 1.7. If X = [Y], then every G-module &/, not necessarily
commutative, is obtained from the reduced Gy-module fy as the induced
module.

The proof is exactly the same as Proposition 1.5, and we leave details to the
interested reader.

ProrosiTiON 1.8. If Y C X and X = [Y], then the embedding map
iyl gy < 9

gives rise to the pullback map, i.e., the restriction map, with the following
properties:

iy :§ €2,(9, A) > & =Ely € Z,(Gy, Ay);
fieiy(§) =& modBy(Y, ), §e€Z,(9, A);
iy fi () =& modB,(Yy, ), §&€Z,(Gy,dy);
iy:Hy (9, o) = Hy(Gy, Sy),
where f is the map of Proposition 1.5 and the map f, : G —> Gy is given by
f@) =y@gr)™ g =(z¢8x) €9

PRrROOF. In view of the last two propositions, we may and do assume that
the groupoid ¥ and the ¥-module .o/ are both obtained as ¥ = f*(9%y) and
& = f*(sly). In this setting, we get A(x) = A(f(x)) and oy, () = ida(y), the
identity map on A(x), for every x € X.

Forn =0, each & € Zg(fﬁ, )isamapé : x € X — &(x) € A(x) such

that
§(r(g)) = az(6(s(8))), g€eY.

The restriction &y satisfies the same identities for ¥y and £ (x) = &y (f (x)), x €
X. Hence &y € 72(%y, <ly).
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Ifn e Zg(%y, &ly),then& = f ¥ satisfies, foreach g = (z, fi(g),x) € 9,

g=v@ " ful@)y ),

and

£(z) = n(r(fi(8) = ar((f (X)) = (X)) = ag(§(x)).

Hence we get & = fin € Z2(9, o).

Since £(x) = &(f(x)),x € X, forevery £ € Zg (9, o), we conclude that
Hg (Y, )= Hg (9y, <fy) under the isomorphism iy.

The case n = 1: Each & € Z(L(g, &f) satisfies

£(gh) = §(@ay(§(h)), (g.h) e 42,

The restriction &y satisfies the same identity, so that it is a cocycle in
7L (%y, ly). Now choose &y € ZL (Gy, ofy) and set

£(z, 8. %) = (fIEy)(z, 8. %) =&y (Y (@)gy(x)™).

For each pair g = (z, g, ), h = (¥, h, x) € G, we have

§(gh) = &y (f:(gh)) = &y (f:(8) fu(h))
= &y (f+(8)Br.ip) Gy (fu () = E(Q)ag (§(R)).

Hence f*(&y) € ZL(9, ).
Suppose &y = iy (§). We then compare & and féy. For g = (z, g, x), we
write f.(g) = (f(2), fu(g), f(x)) = y(2)gy (x)~" € Gy and compute:

(I =E(r@ey() ™) =Er@E@r®™)  (asay) =id)
=E(y ()@ (E(y(0)7h)
= E(y ()E@)ag (o, (Ey () 7))
=E(y (@)@ (E(y (N 7").

Hence the above calculation becomes:

(fF6)(8) = E(r (2)E(Qag (E(y () 7).

Therefore we get § = f*é mod BL(9, ).
Forn =2,3,..., we use the dimension shifting, Proposition 1.2. From the
construction of {€, y} from {.</, '}, it follows that the reduced ¥y-modules
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¢y and .fy are related in the exactly same way as the original modules ./ and
€ are. Hence we have by mathematical induction:

H, (9, ) = H;fl (9,¢)= H;l,fl(gy, Cy) = H, (Gy, dy).
Tracing the isomorphims, we conclude that the isomorphism is indeed given
by f} andi}.

REMARK 1.9. Inthe case that Y is a singleton set {yo}, the reduced groupoid
@y is a group, say H. The associated principal groupoid ¥, the equivalence
relation groupoid given by the orbit structure of 4, is transitive. This is precisely
the conventional induction procedure and also the Shapiro mechanism. This
case is also relevant to us in the case of a system based on a factor of type III;,
as will be seen in the later sections.

DEFINITION 1.10. A normal subgroupoid N of 4 is a field
(N)cr ') ns'(x): x € X}
of groups such that

N(y) =gN(x)g™", (v,g,x) €Y.

For a commutative ¢-module ./ with trivial action of /", we can define the
group 7, (%, &', &) of characteristic cocycles (A, ) as in [24] and the group
Ao (Y, N, ) of characteristic invariants. Each (A, u) € Z,(9, /', ) gives
rise to an exact sequence of ¢-modules equipped with cross-section 3:

©: X A &=l gy N 2 N —— X
where
:(m,x) € Nx) = s(m,x) = (1,,m) € &(x) = A(X) Xgu, N(x);
s(m,x)s(n, x) = u(m, n; x)s(mn, x) = puy(m,n)3(mn, x);
Uz (3(g7 mg, X)) = A(m; z, g, )3(m, 2),  (z,8,%) €9, (m,x) € N(x).

Conversely, if we have an exact sequence of ¢-modules:

€ X o g Iy X

then a cross-section $ (if applicable, we take a Borel cross-section) of the map
J gives rise to &/-valued functions A on /' %, 9 = {(m, g) € /' X ¥ : s(m) =
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r(g)} and p on &/ @ such that

s(m,x)3(n,x) = u(m,n; x)3(mn, x), (m, x), (n,x) € N(x);

1

o x(3(g7 mg, x)) = Am; z, g, x)3(m, 2), ((m, x), (2, g, X)) € Ny X G,

and the pair (A, n) falls in the group Z, (9, N, &/). We denote the collec-
tion of the conjugate classes of exact sequences by Xext(¥4, A, &) and each
exact sequence a crossed extension of &/ by . The group multiplication in
Z.(9, N, o) reflects to the following operations in Xext(¥, A", &):

i) For any two crossed extensions &, & € Xext(¥, /', &):

& X R X;

&: X oA s Ly X
the product crossed extension & is defined to be the quotient module of
the fiber product:
E=&*&

={(e1,e2) € & x & = jiler) = ja(e)}/{(i1(a), ir(@™")) 1 a € ).

ii) The inverse €~! is then given by:

& X of LaeIi@ D) o N X

ProrosiTiON 1.11. If Y C X is a subset of X such that X = [Y] =
s(t™'(Y)), then with the map f of Proposition 1.5 the maps f} and i}, give
isomorphisms between Ay (G, N, &) and Aoy (Gy, Ny, Sly) which are the in-
verse of one another.

ProoF. First, we may and do assume that o/ = Ind} % and ¥ = f*()
with B = ofy and ' = Gy. Also the normal subgroupoid A" is a ¥-module
and therefore it is conjugate to the induced ¥-module Int;} (#) with M4 = Ny
as a ¥-module. However, it is not entirely trivial to relate the structure of the
inclusions: # C 9y and &/ C 9. We have to study the way that the entire
groupoid ¥ is related to the reduced one ¥y. As ¢ = f*(%y), we have

G = {2} x H] ) x {xh;

Gr = {x} x AL < x) =y ()T H Sy (0

N@) =y @) 'N(f )y x) = {x) x M(f(x)) x {x}.
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Hence we have /' = f*(.#).

Now every & € Xext, (¥, N, &) conjugate to a crossed extension of the
form f*(F) with #F € Xexty (K, M, RB) and & is given as F = &y. It is
straightforward now to see that f*(%#;) = f*(%,) if and only if & = %,.
Hence the f; and i} are isomorphisms between A, (9, V', o) and A, (9y,
Ny, &y) which are inverse of one another.

Non-Polish Groupoid

In many cases, we encounter the following situation:

i) Anergodic flow {4, R, 8} is given on an abelian separable von Neumann
algebra ». Let {X, m} be the measure theoretic spectrum of 4, i.e.,
{X, m} is a standard measure space such that A = L*(X, m);

ii) A Polish group H acts onthe flow {4, R, 6} viaa, i.e., @ is ahomomorph-
ismof H into the group Auty (A) = {0 € Aut() : 0-0; = 6;°0, 5 € R},
which gives rise to a joint action of H = H X R on 4. We denote it
by « also and by 6 if we restrict « to the action of R. We also use the
notations:

(@ )X) = f(Tlx),  feA=LYX,m),(g5)eH.

iii) A normal subgroup L of H contained in the kernel L C Ker () is given,
so that the action of H factors through the quotient group Q = H/L;

iv) The normal subgroup L is not closed, so that the quotient group Q
does not have a reasonable topological or Borel structure despite its
significance in the theory.

The action o of H on 4 gives rise to the action of é = @ x R which will
be denoted by o again. Now the groupoid 95 = X x Q is the groupoid
which is relevant to us despite the lack of a reasonable Borel structure on it.
In what follows, we consider the discrete topology on Q side and the usual
topological and Borel structures on R-side. Namely we are going to consider
those functions f on fﬁ@ such that the map: (x,s) — f(x,q,s) is jointly
Borel as a function on X x R for each fixed ¢ € Q. Namely, we consider the
product Borel structure of those on X and R and the discrete Borel structure on
Q. A typical example will be the automorphism group Aut(.M) of a separable
factor M as H and Cnt (M) as L and the flow {C, R, 6} of weights on M as
{4, R, 6}.

2. Model Construction II

Let {C, R, 8} be an ergodic flow to be fixed throughout this section. Let H be
a countable discrete group and « an action of H on the flow {C, R, 8}, i.e.,
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a homomorphism of H into the group Auty(C) of all automorphisms of C
commuting with the flow 6. Let {X, m} be the measure spectrum of C, i.e., a
standard o-finite measure space on which R acts as a one-parameter group of
non-singular transformations {7; : s € R}, so that

6, f(x) = f(T, '), feC=L"X,m),xeX,s €R.
We denote the action o of H on the space X in the following fashion:

o f(x) = f(xg), g€H, fecC.

When we consider the joint action of H = H x Ron X, denoted simply by «
also, we write

(@ /)x) = f(xg) = f(T7'xg),  g=(g,5) € H=H xR

Let L be a normal subgroup of H contained in the Kernel Ker(«) of «, i.e., L
does not act on C at all.

This section will be devoted to a construction of an action « of H on
a separable strongly stable factor M for any characteristic invariant x €
Ay(H, L, U(C)) such that

i) The flow of weights on M is conjugate to the flow {C, R, 6}, which will

be identified;
ii) The modulus mod(«) is precisely the preassigned action o on C of H;
iii) L = o~ (Cnt,(M));
v) X = x(a).

Here the strong stability of .M means that M = M ® R, with R an ap-
proximately finite dimensional factor of type II;. This is equivalent to the non
commutativity of the quotient group Int(.M)/ Int(M) of the group Int(.M) of
approximately inner automorphisms by the group Int(M) of inner automorph-
isms. ~

The joint action H on X gives rise to a standard measured groupoid # =
X x H such that

1y, =y s(y,8 =Yg, yeX,g=1(gs) € H=H xR,
(5, g h) = (. gh),  h=(h1)eH.
In order to shorten notations we write

g9 and he9 for (y,8) €9 and (x,h) €9
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respectively omitting the range y = r(g), x = r(h) € X. At the same time, to
specify the range and the source explicitly, we often write

(y,8,x) €9 for y=r1(y,g,x) and x =s(y, g, x), i.e., x = yg.
For each x € X, let K (x) be the isotropy group of x, i.e.,
K(x):{éeﬁ:x:xg}.

The map: x € X — K(x) € Sub(ﬁ ) is a Borel map from the standard Borel
space X into the standard Borel space Sub(H) of all closed subgroups of H
such that K (x) = K(T;x), s € R, x € X, since the flow 6 and the joint action
o of H commute. The ergodicity of 6 then implies that K (x) = K € Sub(H)
for some fixed closed subgroup K of H. Then of course, K is the Kernel
Ker(«) of the joint action o of H, hence it is a normal closed subgroup of H
which contains the normal subgroup L. Let /' = X x L denote the normal
subgroupoid of 4.

PROPOSITION 2.1. Let A be the unitary group U(C) of C. Then there is a
natural isomorphism: (A, u) € Zo(H, L, A) A, ) € 2, N, T) from
the group 7, (H, L, A) of characteristic cocycles onto the group Zv(fﬁ N, T)
of characteristic cocycles which maps precisely the group Bo(H, L, A) of
coboundaries onto the subgroup B(9, N, T) of coboundaries, so that it in-
duces a natural isomorphism:

x € Ay(H,L,A) > 5 € A9, N, T).

Proor. To each (A, u) € Za(ﬁ L, A), we want to associate a cocycle
(A, n) € 7(9, JV T). First, we realize (A(m, g), u(m, n)) form,n € L and
g = (g,9) € H as T-valued Borel functions over X so that the cocycle
identities hold almost everywhere and write them:

Alx;m; g) and p(x; m,n), xeX, mnel, and g = (g,s) € H.
Then set

A, m); (x,n) = p(x;m,n),  ((x,m); (x,n)) € /®;

MO m); (0, @) = Mm@, ((eym); (x, ) € 92,
Let us check the cocycle identity:

i) The 2-cocycle identity for u guarantees the 2-cocycle identity for
almost everywhere;
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i) Ifm = (zym,2) € N and (§ = (2.8 ¥),h = (3, /1, x)) € 92, then
y =zg,x = yh and
Am; gh) = A((z,m, 2); (z, gh, x)) = A(z; m; §h)
= Mz m; MzZ; & 'mg; h)
= A(z.m, 2); (2, . 28)A (28, §'m§. 28); (2§ h, x))
= Az, m, 2); (2, & YDAy, §'mg, y): (v, h, x))
= A(m; A 'mg; h).

iii) Form = (x,m, x),n = (x,n, x) € /N, we have

Am,n) = A(x;m,n) = p(x;n,n” ' mn)p*(x; m,n)

= fi(n, n" ' mn)i(m, n).

iv) Foreachm = (y,m,y) € /', g = (y, &, x) € 9, we have

Ams; A(n; PA(mn; §) = r(y; m; HA(y; n, HA(y; mn; §)
= n(yg; g 'mg; g 'ng)(y; m, n)

= (g 'mg; g 'ng)ii(m, n).

Therefore the pair (, Q) is a characteristic cocycle for {9, &'} with values in
T. The map: (A, u) € Zo(H, L, A) = (A, 1) € Z(¥9, N, T) is an injective
homomorphism.

Conversely, it is clear that if (A, Q) € Z(G, N, T) is given, then the pair
(A, n) defined by:

A m; g) = A((x, m, x); (x, §, x8))

B for xeX,geﬁ,m,neL,
u(x;m,n) = p((x, m, x); (x,n, x))

is an element of Za(ﬁ, L,A).
Finally, each cochain ¢ : m € L + c(m) € A gives rise to a T-valued

cochain: _
cx,m,x)=c(x;m)eT

The correspondences ¢ — ¢ and (A, i) +— ~():, [t) intertwines the respect-
ive coboundary operations. Accordingly, B, (H, L, A) corresponds exactly to
B(¥Y, A, T). This completes the proof.

LEMMA 2.2. There exists a model construction:

(b, ) € Zy(H, L, A) > {Mo(h, ), H, B}
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such that
1) Mo(X, p) is a separable von Neumann algebra of type 11,;

ii) The restriction of the action B*" of H 1o the center of Mo(A, w) is
conjugate to the covariant system {C, H, a};

iii) L = (B~ (Int(M(x, w)));
iv) There exists amap ug : m € L — ug(m) € U(M) such that

ug(m)ug(n) = w(m, n)ug(mn), m,n € L;
Bz (uo(g ™ mg)) = A(m; Sug(m),  §=(g,s) € H=H xR

Ifthe original group H is amenable, then the construction yields that the factor
Mo(A, ) is necessarily AFD.

PrOOF. First, we have the corresponding characteristic cocycle (1, i) €
Zo(G, N, T). Let Rg be an AFD factor of type II; and B a free action of the
group H = H x R on Ry. For each x € X, consider the u,-twisted crossed

product
RA,M(X) = ﬁo X B, L, x e X,

where py(m,n) = fi(x;m,n),m,n € L. Let {u(x;m) :m € L}, x € X, be
the u.-projective unitary representation of L in R; , (x) associated with the
twisted crossed product. Then we have

R u(x) = Ro vV {u(x;m) :me LY, x e X.
Foreach g = (v, g, x) € 9, set

ﬁ?y’f},x)(a) =pBz(a) for ae Ro;

Bils o (x; m)) = A(y; gmg™"5 v, & 0)u(y; gmg™),  melL.

It is routine to check that g** is indeed an action of the groupoid ¥ on the
Borel field {R, ,(x) : x € X} of factors of type II; and the von Neumann

algebra: o

MoOr, 1) = / Ry () dm(x)
X

accommodates the required action g** of H.
If H is amenable, then L is also amenable, which makes each R, ,(x)
approximately finite dimensional, and therefore My is AFD.

THEOREM 2.3. Let {C, R, 8} be an ergodic flow and o an action of a count-
able discrete group H on the flow, i.e., a is a homomorphism of H into the
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group Auty(C) of automorphisms of C commuting with the flow 6. Let L be
a normal subgroup of H contained in the kernel Ker(«a) of «, i.e., L does not
act on C at all. Consider the product group H = H x R whose joint action
on C will be denoted by «. Then we have a functorial model construction:

(A, ) € Zo(H, L, U(C)) = {M(, p), @}

such that

1) The restriction of the covariant system { ﬂ()», "w, H , @) to the center
is conjugate to {C, H, a};

ii) The von Neumann algebra M (X, w) is of type o, and admits a faithful
semi finite normal trace T which is transformed in the following fashion:

Toags=e"'T, (g 9)€H;

i) L = (@) (Int(M(, ) and M, 1) admits a map w** : m €
L — u**(m) € U(M) such that

utt(myut* (n) = w(m, n)u™"(mn),  m,n € L;
Gt m)) = A(gmg 'y g ut(gmg™),  (g.5) € H;

iv) To each f € Map(L, U(C)), there corresponds an isomorphism oy :
M, ) = MLy f, o, f) such that

of @t (m)) = fmu**(m),  meL;
of 5[;’;‘ . afl = &gi‘f’”aﬁ, (g,5) € H;
0f°0f =0xp. S, f2 € Map(L, U(C));
Toop =T, f € Map(L, U(C)).
Consequently, the restriction a** of @** to the fixed point subalgebra:
MO, 1) = MO, 1)’

is an action of the group H on a factor of type Il whose flow of weights is
precisely {C, R, 0} such that its modular characteristic invariant is given by:

Xm(@™) = [A, 1] € Ag(H, L, UC)).

Ifthe group H is amenable, then the factor M of the model {M (A, w), H, o’}
is approximately finite dimensional.

PrOOF. We continue the discussion in the proof of Lemma 2.2. Let R |
be an AFD factor of type I, equipped with a one parameter automorphism
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group {6, : s € R} scaling trace, i.e., T -6, = e~ °t, s € R, with 7 a faithful
semi-finite normal trace on R ;. We set

M, 1) = Mok, ) ® Roy and MO, 13 %) = Ry (X) @ Ror:

~ @ ~
M(A, p) = / M(A, p; x) dm(x).
b'¢
Let 6, be the modulus of the quasi-invariant measure m on X relative to the

groupoid ¥, i.e.,

_dm-g™h

Sm(y, &, X) im

(x). vegne9,

and set
pm(g) =5 +1og(6m(g)), g€ 9.

We then define an action {a?;ﬁ},x)} of ¢ on the field {ﬂ(k, u;x):x € X}

in the following fashion: with g = (y, g, x), & = (g, ) € H=H xR,

Ao
IB(y,g,x) ®bpm (y.3.%)
—_— >
Aop

MO, 13 x) = Ry ()RR M, 1Y) =R (DD Ro.1.

%80

Then we have for each a € ﬁ(k, w)and g = (g, s) € H
A, A,
e @ = [ (@ @) ) dmy)
= / 'cy(oz?v’g’x)(a(x))) dm(y)
A
dry ooy 5.0 -
= / —L "D £ (X)), &, x) dm(x)
X dfx
- / PO T (1)) (. §. x) dm(x)
X
= f e TR D (@(x))8m (. . x) dm(x)
X

= / e 1. (a(x))dm(x) = e’ 1t(a).
X

Therefore the trace transformation rule of the integrated action a*" of H on
M2, : _ N
Tolgs=¢€ T, (g,5) € H,
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follows. The rest of the assertions in the theorem follow easily now. This
completes the proof.

COROLLARY 2.4. Suppose that G is a countable discrete group with a pre-
assigned normal subgroup N and that {C, R, 6} is an ergodic flow. Let o be an
action of G on the flow {C, R, 8} such that N C Ker(w), i.e., a homomorphism
of G into the group Auty(C) of automorphisms commuting with 6 which maps
N to the identity. So the action « factors through the quotient group Q = G/N.
Fixacross-section s: Q +— G of the quotientmapr: g € G +> gN € Q. Then
for any modular obstruction cocycle [c, v] € ng:, (G, N, U(C)), there exists
an outer action o of G on an infinite factor M with N = o~ (Cnt,(M)) such
that the associated modular obstruction Oby, () is precisely the cohomology
class Oby (o) = [§,v] € HY'L(G, N, U(C)).

If G is amenable, then the construction of {M, G, «} yields that M is
approximately finite dimensional.

ProoF. Denote the unitary group U(C) by A for short and H=HxR
Let [c] = 9([&,¢])) € Hj(G, T) be the image of the cohomology class [&, v]
under the map 8 : HY'S(G, N, A) — H3(G, T) of [17, Lemma 2.11]. Consider
the resolution system:

]l — M —— H(c) =5 G——1

of the cocycle ¢ € Z*(G, T). As m5([c]) = 1in H3(H, T), we have Inf([£, v])
=n;-0(&,v]) =1 € H(H,T) 1~n the modified HJR-exact sequence, so
that we can find x = [A, u] € Ay(H, L, A) such that [§, v] = §(x) by [17,
Theorem 2.7]. Now Theorem 2.3 yields the existence of a covariant system
(M, H, a**"} such that L = (a«**)~!(Cnt,(M)) and x () = x. With g, a
cross-section of g, we set

_
Og = ) on M, geqgG,

to obtain the outer action o of G on M such that Ob,, (o) = [£&, v]. This
completes the proof.

3. Reduction of Invariants for the Case of Type III,, 0 <A <1
First, fixing 0 < A < 1, we set
(3.1) T = 27 /(logh) >0 and T'=—log) > 0.

Let © = L®(R/T'Z) and A = U(C). The action 6 of the real line R on
T = R/T’Z is by translation.



OUTER ACTIONS OF A DISCRETE AMENABLE GROUP . .. 97

LEMMA 3.1. In the above context, the first cohomology group H}) (R, A) has
the following structure:

i) HY(R, A) =R/TZ;

ii) The following exact sequence splits:

I — By(R, A) —— Z;(R, A) == R/TZ —— 0
Z

Proor. 1) This follows from Proposition 1.8 by setting ¥ = {0} € X =
R/T’Z. Because

Gy ={0} x T'Z, A©)=T and HNT'ZT)=TZZ=R/TZ

ii) The notation [x], x € R, stands for the Gauss symbol, i.e., the unique
integer n such thatn < x < n 4 1. Set

(3.2) c(s,t,x) = exp (iT’s ([%} — [x;—/ t])) , s, t,x €R,

and observe that the function c(s, ¢, -) is periodic in the last variable x with
period 7', so that it can be viewed as a function over X = R/ T’Z. Furthermore,
we have

c(r+s,t,x) =c(rt,x)c(s, 1, x);
cirys+t,x)=c(r,s,x)c(r, t,x +s);
c(T,t,x)=1.

Thus {c(s, -, -)} is a one parameter subgroup of Zé (R, A) with period T'. Hence
the map: sy € R/TZ — c(s7,-,-) € Zé(R, A) is a cross-section 3, of the
map 77 : Z)(R, A) = H}(R, A) =R/TZ.

COROLLARY 3.2. If M is a separable factor of type 11, 0 < A < 1, then
the association of extended modular automorphism to each s € R/TZ with
T = —2n/(log A) and ¢ € Wy(M):

(5. 9) € R/TZ x Wo(M) > 0 ;| € Cnte(M)

is equivariant in the sense that if o is an isomorphism of M onto another factor
N, then

[ -1 _ _alp) :
(3.3) U0 oy 0 = Ogs () st € R/TZ.

Sz
In fact, for each ¢ € (M), there exists a non-singular positive H € C,
such that with p = (H -),

p _ 9
Os = Os,6r)

s €R,
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where sy =s +TZ e R/TZ

ProoF. The last lemma shows that {3,(s7)} is a one parameter subgroup
of Zé(R, A) with period T. Hence for each ¢ € sI‘So(i/il), {uy,(s7) : s € R} =
{b,(37(s7)) : s € R} is a one parameter subgroup of U (M) N D with period
T (for notations, see [28, p. 458]) and {o_;’;(m : s € R} is a one parameter
automorphism group of M with period 7" which leaves M, pointwise invariant.

Fix ¢ € Wy(M) and take a non-singular positive k € C, such that Ad(k~'T)
= o7, sothaty = ¢(k-) is a faithful semi-finite normal weight with a}” =id.
Then it follows that 17 belongs to the center C, (in fact it generates C). With
h € @ such that T = 17, we have

0p (h™"k" ") = dp(h™"Y") = 5,(3r), s €R.
Hence we get
d (U, (S7)) = 5,G1) = dQp(h "k 9™), s eR.

This means that v(s) = u,(S7)h" k@™ € U(M), s € R. Now as k € C,,
v(s) and H¥ commute, consequently so do ¢ and v(s). Hence {v(s)} is a
periodic one parameter unitary group in the centralizer M, with period T such

that
G:)Z(S-T) = Ad(v(s)) 00’;//, s €R.

Since both afz ) and o;/’ leave M, pointwise invariant, {v(s)} is contained in
the center C,. Thus there exists a non-singular £ € @, such that v(s) = £°*.
Therefore the operator H = k¢ € C, gives a faithful semi-finite normal weight
p such that o/ = crfz @ S € R, as required.

The equivariance of crfz (i) follows from that of the Falcone-Takesaki cross-
section by,:

ol o = Ad(b,(3,()).  §eR/TZ;
a(by(57(5)) = byeg-1((32(5))).
This completes the proof.

THEOREM 3.3. If M is a separable factor of type 111,, then the intrinsic
invariant ® (M) lives in the group:

AAut(M)y, Cnt(M), T) = Amod xo (Aut(M) x R, Cnt (M), U(C)),
where

Aut(M)m = {(@, 5) € Aut(M) x R : mod(a) = 7 € R/T'Z},
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and {C, R, 8} is the flow of weights on M, i.e., C = L*°(R/T’'Z) and 0 is the
translation with T' = — log A.

Proor. This is simply restating Proposition 1.11 with ¥ = {0} € X =
R/T'Z. We leave the detail to the reader.

Before going any further, we need to discuss the structure of the third
cohomology group H*(Qm, T). So let Q,, be a discrete group equipped with
a distinguished torsion free central element zo. We denote by Z the cyclic
subgroup generated by zo, which is isomorphic to the integer group Z under
the map: n € Z +— z; € Z. We denote the quotient group Qn,/Z by Q. The
elements of Q, are denoted by p, ¢, 7 and so on and their quotient images
will be denoted by plain p, ¢, r and so on. The quotient map: QO +— Q will
be denoted by 7, S0 p = T (P), ¢ = Tm(G), r = T (F). A cross-section &y,
of the exact sequence:

| —>Z—— OQne= 0 —— |

“m

gives rise to an element n € Z>(Q, Z) such that

n(p,q)é

Sm(pP)om(q) = 2, m(Pq), pP.q € Q.

DEFINITION 3.4. A cocycle ¢ € Z3(Qm, T) is said to be standard if there
exists a d. € C*(Q, T) such that

c(pzy, Gz4, 7z5) = do(q, r)"c(p, 4, F)

for each m,n, £ € Z and p, q,7 € Qn. We denote the group of all standard
3-cocycles by Z2(Qm, T). The cochain d. is called the d-part of the standard
cocycle ¢ € Z2(Qm, T).

Needless to say, the above definition makes sense only when we fix the
distinguished element z, in the center ofNQm. This element will stand for the
automorphism 67 on the discrete core M, of a factor M of type III;, which
scales the trace by A.

THEOREM 3.5. i) Each ¢ € Z>(Qm,T) is cohomologous to a standard
cocycle cs € Z3(Qm, T).

ii) The d-part d. of a standard cocycle ¢ € 72(Qm, T) is necessarily a
cocycle, i.e., d. € 7Z>(Q,T) and c-part c¢(p, q, 1) satisfies;

c(z0,q,7) =dc(q,r).
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iii) A standard cocycle ¢ € 7*(Qm, T) is a coboundary if and only if there is
a function f € C*(Qm, T) with ¢ = 3¢, f satisfying

f(pzy,qzy) = f(z0. )" f (P, q);
f@ ) fE ) = f&@3™ 9);
f(p,H=f1,9) =1

forall p,q € On.
More precisely, there exists an element f € C*>(Qm, T) such that the func-
tion f(p, ) of the second variable factors through the quotient map ., and

c(p,q,r) =99, /)P, q.7);

de(q.r) = f(z0.7)f (20, @) f 0. qr)"";
F(pzg, Gz) = f (20, " £ (P, §);
@G fEg, 9 =™, @)

forany pairq,r € Qand q,r € Qun withq = wy(q), r = (7).

Choose and fix a cocycle ¢ € Z*(Qn, T). Consider the von Neumann al-
gebra A = £°°(Qy,) of bounded functions over Qy, and let B be the unitary
group B = U(A) = T¢, which generates an exact sequence of compact
abelian groups:

m?

| —>T—1>B ’:> C——1
The exact sequence splits so that the group C is identified with the subgroup
of B consisting of all T-valued functions on Q;, whose value at the identity
1 € O is 1. The map j is given by:

S
UHp) = f €B.
0%
The translation action of Qp, does not leave the subgroup C invariant, but the
little twisted action given by
f@p)

(s G = ——== 7G) fecC,

is consistent with the right translation action @ of Q, on B as seen below:

(s )@ _ f(gp)

VD@D =000 = 76

= (> J ()@, feC.
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The action a,, will be denoted by 6. The fixed point subgroup C? will be
denoted by L, which is the subgroup consisting of those functions f € C such

that
3 f = (0f)f ' = Constant € T,

equivalently

f(Pzo) = f(P) f(z0), p € Qn.

Therefore,on E = j~!(L), the coboundary operator dy becomes the evaluation
of the value of a function f € E at 79, i.e.,

¥ f = f(z0), feE.

The cocycle i,c € Zg(Qm, B) is cobounded by the element u = u, €
Cg(Qm, B) defined by:

u(x;ﬁ’q)ZC(x’ﬁvé)v xaﬁ’éeQma
as seen below:
l=c(p,q,")c(xp,q,F)c(x, pg,F)c(x, p,gric(x, p,q);
c(p,q,r) =c(xp,q,r)c(x, pqg,r)c(x, p,gric(x, p, q)
= (apu)(x; G, Pu(x; pg, 7) ux; p, GHulx; p,§)~"
= (a5 (u(G, u(pg, P) ' u(p, gHHup, §)~ " (x)
= (g, u)(x; p,q, 7).
In fact, we have

H, (Om, B) = {1}, n=12....

As ¢(1,g,7) = 1, the element u(q,7) € B,q,7 € Qn, belongs to C. But
to distinguish u(g, 7) € C from u(g,r) € B, we will denote u(q,r) € C by
J«u(q, 7). Since (3¢, jsu(p,q,7))) = j(c(p,q,7)) =1, j.(u) is an element
of Zi(Qm, C), which gives rise to an exact sequence:

1—>C—>C>«a,,-*uQm:_’:tsz—>1
(a, p)(b, q) = (ac;(b)(jsu)(p, q), Pq), a,beC,p,q € On;
7(a, p) = p, s(p) = (1, p),
so that

Je@ (P, §)) = nc(p,§) = 3(P)s(@)3(pg)"', .G € Om-
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The action a5 € Aut(C) of p on C is given as the restriction of the inner
automorphism Ad(3(p)) € Int(C X j,» Om). The coherence of the action 5
on B and Ad(3(p)) on C intertwined by 7 gives rise to an element (A, u) €
Zo(C Hg ju Om, C, T) such that

a;(3;(3(p) 'as(p)) = ra, p)3j(a), (a,p) € C Xy ju Om;
ula,b) =1, a,beC.

The fixed point subalgebra 4 is identified with 8 = ¢>°(Q) and therefore
the fixed point subgroup BY is identified with U(B) = T<, the compact
abelian group of all T-valued functions over Q. Set K = B?/i(T) C L = C?.
We then have the following:

LEMMA 3.6. There exists a cross-section 3: Qm +— C Ha,j. ) Qm such that
the element 7 = 3(z9) commutes with 3(Qy,). Hence the associated cocycle
Ny = g, & takes values in L and therefore 1, € Zﬁ(Qm, L).

Proor. Since H*(Z, T) = {1}, we may assume that ¢|zz = 1. Hence the
restriction u|z is a cocycle. Hence there exists v € C'(Z, B) such that u| =
dzv. Extending v to Q,, and replacing u by (3, v)~'u, we may and do assume
that the restriction u|z of u to Z2 is trivial, i.e., u(zy', z5) = 1. Hence we have
3(zg) = 9(z0)™. Set z = 3(zp). Now we look at the action 6 = Ad(z) on

5(]3) mgeog =~ . m S\\=2(5.Mm\,—m
0" (3(p)) = ju(zy, p)3(pzy)z
= j(u(zy, pupzy, 25" N3 (P).
S . - - _ -
T wEm = u, D "), h e OmmeZ;
b(p,m,n) = 6,,(v(p, ) v(p, m)v(p,m +n)~".
We claim:

b(ﬁ? y ) € 22(27 T)
The cocycle property is obvious. So we check if b(p, m,n) € T:

J(p,m+n)s(p) = 0" (3(p)) = 0" (j ((p, n)3(p))
= j@O" ((p, n)v(p, m)3(p);

J O™ (p, m)v(p, mv(p,m+n)~") = 1.

thus b(p, m,n) € T. The triviality H>(Z, T) = {1} entails the existence of
a(ﬁ? ) € Cl (27 T) such that b(ﬁv ) ) = aza(ﬁv ')’ i'e-’

On (0 (B, W)V(P, m)v(p,m +n)~" = a(p, m)a(p, m)a(p,m+n)~".
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Setting _ I
w(p,m) =a(p,m)” v(p,m) € B,
we get 3 N ~
w(p,m+n) =0"(w(p,n)w(p, m)
and

m

Z"s(p)z™" = jw(p, m)s(p).

Once again the triviality H} (Z, B) = {1} gives the existence of a(p) € B so
that w(p, m) = 6" (a(p)~"a(p). Hence we get

"3(p)z" = j(w(p, m)3(p) = jO" (a(p) Ha(p)3(p);
Z"jla(p)s(p)z™" = j(a(p)s(p).
Therefore, z and $(p) = j(a(p))$(p), p € Om, commute.

PrOOF oF THEOREM 3.5. 1) With the last lemma, we replace the cochain
u € C2(Qm, B) by the cochain it € C*(Qn,, B) given by:

i(p. q) = a(p)a@(@)u(p, Pa(pq)~" = wdg,a)(p.q).  p.4 € Om.
which still cobounds the cocycle i, (c) € Z3(Om, B). Now as
l1L(é7 F) = .](”.t(q’ F)) S La
i(g,7) e E=j~"(L) C Band
u(xzo; q,7) = u(x; q,r)u(zo; q,r);
dp(u(q,7)) = u(zo;q,7) € R/TZ; xX,q,7 € On.
0" (g, r)) = ulzo; q,7)"u(q, r).
The calculation:
(G2 Fz) = 8(Gz0)5(Fz)3(Grzg ™!
= 5(q)2"3(M)Z" (3(gH" )™
= S@FP3EH
= I‘]'L(é'a ’:)7
shows that

i) the cocycle 11, is the pullback 7% (ng) of a cocycle 11,? €72(0, L);
ii) there exists f € C>(Qm, T) such that

i(p,q) = f(p, )8, (p. @), P,d € Oms P = 7Tm(P), ¢ = Tm(§).
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Therefore with v(p, g) = éj(ug (p, q)) we have

c(p.q,7) = (39, 0) (P, q,7) = (39, )P, G, 7) (g, Tn (W) (P, q,T)
= (30, /)(P. . P (g, Mv(p, gr)iv(p, 9v(pg.r)} ™"
= (30, /) (P G. P (g, Mv(p, gr){v(p, @)v(pg, r)} ™"
= (90, /)P, q,F)es(p, G, T)

where

cs(P.4.7) =a;(v(g, rNv(p, gr)fv(p, @v(pg, 1)} ~'= @g, 15 )P, G, 7).

Now the original cocycle ¢ is cohomologous to ¢s. We then obtain the following:
es(Pzgs G255 F20) = @ - 0" (v(g, r)v(p, gr){v(p, @)v(pg, )}

= ;0™ (v(g, r)v(g, 1) Hes(p, G, 7)
= U(ZO; q9 r)mcs(ﬁ’ q’ ’7)

Hence d.(q, r) = v(z0; g, r) gives the d-part of c.
ii) Suppose that ¢ € Z3(Qn, T) is standard. Then we have

dc(q’ r) = C(Z()’ 69 F)’ C(Z()v ’q.‘a F) = C(Zoﬁv 67 F)C(ﬁv é’ F)
Therefore we compute for p, g, 7 € Q,,:

de(q,r)d.(pq,r)d.(p,qr)d.(p, q)

= c(z0, 4, 7)c(z0, pq.7)c(zo, P, qr)c(zo, P, G)

= (20, 4. F)c(z0 pGzg" """, F)e(zo, Py G725 ") (Zor Pr §)

= C(Z()7 éa F)C(Z()v ﬁé? f)C(Z(), ﬁ, éF)C(ZQ, ﬁ? C})
= C(ﬁv é, f)C(Z()ﬁ, év F)C(Z()a ﬁéa F)C(ZO’ ﬁa é’:)C(ZO, ﬁa é)
= 09, (0)(20, P, q,7) = 1.

Hence we conclude that d. € Z>(Q, T).
iii) Suppose that ¢ = dg, f, f € C%(Qm, T), is standard with d-part d. We
then compute:

(B4 d(g,r)"c(p, g, 7) = Bf)(pzy, Gz, Fzh)

= f(Gzp, Fz5) f(Pazp™, 7z8) £ (P, GFzp ™) f (Pl Gz
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Setting p = 1, we get
d(q,r)" = @), 42, F20) m,n, L ez,
= Gz, Fz5) £z, F2b) f Gl Gt F (2, qz)
Setting ¢ = 7 = 1, we obtain the cocycle property of f|z:

1= f(z0, 25 f@™, 25 £, 20T F @, 2,

Since H?(Z, T) = {1}, there exists g € C!(Z, T) such that

m—+n

£ 20) = 88 p)g ™.
Extend g to the entire Oy, and replace f by (d¢, g) f to get
fzy,zp) =1, m,n € Z.
Settingg = 1,7 = 1 and m = 01in (3.4), we get
L= £, 20) F (52, 2) £ (B, 257V (B, 26);
f(B. 25t = (0" ®id) f)(B. 20) f (B. 20)-

Hence the cochain: k € Z — f(-, zg) € B is a cocycle, thus the triviality
Hé (Z, B) = {1} gives the existence of g € Cé(Qm, T) such that

f(p.z0) = g(pzdg(p)~".

As a constant multiplication on g does not affect on the above identity, we may
and do assume that g(1) = 1. Observing

1= f(z0,20) = g(z5 g ™"
gt =gy =g(h=1, ntleZz,

we get L L 1 V4 1 ¥4 1
f(p,zo) = 8(zg)” 8(Pz0)g(P)~ = 99,,8(P>20)" -

Now with f" = fdg, g, we obtain
fl(p.zy) = 1; c=20g,f

By replacing f by f’, we may assume f(p, z5) = 1 and ¢ = dg,, f.
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Since f(p, z;) = 1, for triplet (p, zi, ) in (3.4), we get
f (@5, @) f (P2, @) f(Ps 209) [ (P, 20) = (P, 25, q) = 1;
f(pzp, @) = f(z5,9) f (P, 29)
and for triplet (p, g, z;;) in (3.4), we obtain
£(q,z20) (PG, z0) [ (P> Gz0) [ (P> q) = ¢(p, G, z0) = 1;
f(p,qz0) = f(P,q)

whichimplies that f(p, ) is invariant with respect to z; in the second variable.
For triplet (zg, z5, ¢) in (3.4), we also get

f(z0,9) f (2525, 9) f(zg» 209) f (255 20) = c(zq'5 20, G) = 15
F@.DfEy.q) = fig™, .

We conclude that if ¢ is a coboundary on Qp,, then there is a function f €
C%(QOm, T) with ¢ = dp,, f such that for all p, g € O,

f(pzs. qz8) = £ (5. D f (P, §);
@ rEy.a = fg™ ;
fp, Hh=fd,q9)=1.

This completes the proof of the theorem.
We apply Theorem3.5 to the situation:

i) the group Q is the quotient group G/ N of a discrete group G by a central
normal subgroup N;

iil) m:G — R/T’Z is a homomorphism which factors through Q, i.e.,
Ker(m) D N so that m = m -, employing the same notation m for the
homomorphism from Q to R/T’Z induced from m € Hom(G, R/ T'Z);

iii) the group Qy, is given by:
On={p=(p,s)e0xR:m(p)=sp =s+T'ZcR/T'Z},
hence the quotient map my, is precisely the projection map
T =pry:p=(p.s) € Omi>peQ

to the first component;
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iv) the distinguished central element zg is given by:
z20=(1,T") € Om.

In this setting, we make the following:

DEFINITION 3.7. The standard coboundaries BS(Qm, T) in ZS(Qm, T) are
given by:

(3.5) B2(Om, T) = dg, (m5(C*(Q,T))) C B*(Qum, 1.

The standard third cohomology group H2(Qm, T) is defined to be the quotient
group:

(3.6) H} (O, T) = Z2(Qm, T)/ B2 (Qm, T),

which is a compact abelian group.

The reason for this smaller coboundary group comes from the fact that
when we perturb an outer action o, g € G, on a factor M, we do not allow
a perturbation by Cnt,; (M) but by Int(:M). So even if we consider an outer
action of the bigger group G, on the discrete core M4, we can not use all of
U (M) but only U(M).

The d-part d. of each ¢ € Z2(Qn, T) is an element of Z>(Q, T) and also
eachv € Hom(N, R/TZ) givesrise to anelementof Z*(Q, T): (¢, r) € Q% —
v(1.(q, r)) € R/TZ under the identification of §7 € R/TZ and ¢'T* € T, s €
R. Hence we define ZS(Qm, T) *s Homg (N, R/TZ) to be the subgroup of
ZS(Qm, T) x Homg (N, R/TZ) consisting of all those elements (c, v) such
that

3.7 de(q,r)=v(ny(q,r)), q.r € Q.

Here the fiber product depends on the cocycle n;, € Z*(Q, L) explicitly and
therefore on the cross-section 3: Q — G of 7.

THEOREM 3.8. Fix 0 < A < 1 and set

2 2
T=——0r, T'=— = —log\ and X =R/T'Z.
log A T
Let G be a group equipped with a central subgroup N. For a homomorphism
m: G — X such that Ker(m) D N, consider the joint action of G = G x R
on X given by:

To(x)=x—ép+m@) eX, (g5 ¢€GC,



108 YOSHIKAZU KATAYAMA AND MASAMICHI TAKESAKI
and the action o ofa on C = L*(X) given by:
g f(x)=f(T,/x), xeX=R/T'Z feC.

The action of R alone denoted by 0 is the transitive flow with period T’ and
gives Hé(R, A) = R/TZ where A = U(L*(X)). Define Q = G/N and
Omn = {(p,s) € OQ xR : m(p) = s7 € R/T'Z}. Define the subgroup
Bﬁl‘f; (G, N, T)tobethe subgroup onS (QOm, TYyxsHomg (N, R/ TZ) consisting
of all those elements (c, v) of the form:

(3.8) c=dg, () f) and v=1,
for some f € C2(Q, T) and form the quotient group:

(3.9) HY.(G,N,T) = (Z}(Qm, T) % Homg (N, R/ TZ))/ BX.(G, N, T).

m,s

Then there is a natural isomorphism:

HW(G, N, A) = HI(G, N, T).

The joint action of @;: O x Ron X = R/T’Z is transitive. But the
coboundary group Bi’S(Q, A) = 95 (C?(Q, A)) is smaller than the regular
coboundary group SQ(CZ(Q , A)) for the third cohomology group Hi(é, A).
Soitis not clear whether the straightforward Shapiro machine works or not. We
have seen that for the relative cohomology group A, (H, L, M, A) the Shapiro
machinery works in Proposition 1.11. So we begin by looking at a resolution
system 7g : H — G with L = ngl(N) and M = Ker(7g), so that ¢ €
Z3%(G, N, A) is of the form ¢ = §(A, u) for some (A, u) € Zo(H, L, M, A).
Let E = E(A, ) € Xext(ﬁ , L, M, A) be the corresponding crossed exten-
sion equipped with a cross-section &; : L — E such that

p(m, n) = 3;(m)3;(n)s;(mn)~", m,n € L;

A(m, h,s) = ap(3;(h~'mh))s;(m)~", (h,s) € O.

Let p be the groupoid homomorphism of ¢ = X x H to the stabilizer subgroup
Hy = {(h,s) € H: m(h) = §7v}, where the map m : H — R/T’Z is defined
to be the pullback m = m - 7 of the corresponding map m of G by n. The
map p is explicitly written in the form:
(3.10)

PG, hs) = (hys — (3 —m() + 3}y + () € Hny (G hys) € .
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In fact, we have

p(y, hk,s+1) = (hk,s +1—{y —m(hk) + 5§ + i}, + {I}7)
= (h,s —{y —m(h) + §}p + {V}1)
x (k,t —{y —m(hk) + 5 + i}, + {y — m(h) + $}7)
=p(y, h,s)p(Gh, k1)  with h = (h,s).

LeEmMA 3.9. If p is a homomorphism of F to a group K, then for any
c € 7'(K,T), the pullback p*(c) defined by:
(3.11) 5 y y o y y y
P& hi, ..o hy) =c(p(X, h1), p(thi, ho), ..oy p(Xhy -~ hy_y, hy))

is an element of 7, (%7, T)andif f € C""Y(K,T), then
(3.12) 870" (f) = p* (O f)
where p*(f) € C" (9?, T) is given by

(3.13) (0 )G htyeey hyey)
= f(p(X, h), p(xhy, hy), ..., p(Xhy - -hy_2, hy_1)).
Hence p* gives a homomorphism of H" (K, T) to H, (9? , ).
This follows from a direct calculation. We leave it to the reader.

ProOF oF THEOREM 3.8. First, since p(y, fz) = h for every h e H,, we
have i*<p* = id |23y, 1) Where i is the embedding map o) in Proposition 1.8.
Next, choose (¢, v) € Z2"(Q, A) and assume that the systemng : H > G
gives a resolution of d(c, v) € Z*(G, T) by (A, u) € Zo(H, L, M, A) so that
([c], v) = §([1, n]) by the modified HIR-map:

8:Ag(H, L, M,A) — H(G, N, A).
This means that if 3; is the cross-section of the crossed extension:
E=EQ, u) e Xexty(H, L, M, A)

associated with (A, ), the cocycle (c, v) is given by:

c(p, G, 7) = az(3;(mplg, N3 ML(p, gr){s;(mL(p, 9)3 (L (pg, r)}
v(n) = [A(%((n); (1,)] € Hy(R, A) = R/TZ,
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for p = (p,s5).G = (q,7),7 = (r,u) € O andn € N where 3, is a cross-
section of the quotient map 7. By Proposition 1.11, with (Ao, o) = i(A, p) €
Z(Om, L, M, T) we have

(h, 1) = p*(ho, o) modB(Q, L, M, A).
Therefore we may replace (A, u) by p*(Xo, (o), i.e., we may assume that

w(y;m,n) = uo(m,n) €T, m,n € L;
AG:m, k) = ro(m, p(3, k), meL, heH, yeX=R/TZ

With Ey = E(\g, o) € Xext(Hy, L, M, T), we have E = p*(E)), i.e.,
E=AxEy/{(a,a):aecT}
admits a cross-section s;:m € L + [39(m)] € E such that

3;(m)3;(n) = p(m, n)s;(mn);
o (5 (h™ ' m)(3) = Ay m, )3 m) () = @) . 1 (so(h™'mh)).

Now let us compute, based on the fact that the L-valued cocycle n; does not
depend on the R-variables:

(p*c”)(p, G, T3 y)
=0, p). PGB P p(FPG. T))
= &y 5 S0P, @), (PG, ISP (T, P), PP GF))
X {somL(p (3, ), PGP PN30 L (0 (Vs ). p (PG, 7))}
= (a3(3;(mr(g, 3 (p, grN{s; (L (p, )3 (pg, TN} ()
=c(p,q, 73 y).

Suppose that ¢® € B2(Qn, T), i.e., for some f € C*(Q, T) we have

B, q. 7 = flg.nflpg.r)f(p,qr) f(p.q);
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Then we have for ¢ = p*c?:

*)VP, G, 73 9) = f@mo(G D, ), Tm(p(Y PG, 7))

X f@m(p (s PIAm(P (Y, P)), T (P (Y P, G7)))
X f@m(p(y, P)), Tm(p(yP, O p(yPq,7)))

X f@am(e(, P), (0 (YD, 4)))
= f(a.nf(pa. ") f(p.ar) f(p. @)
= g (pry f)(P. 4. 73 ¥),
where pr| is the projection map of é to the first component Q, so that p*c® €

35(C*(Q.T)) C a5(CHQ, A)). If p*c” € d5(C*(Q, A)), i.e., if there exists
f € C*(Q, A) such that p*c® = aéf, then for each p, g, 7 € Q,, we have

c(p,q.7;9) = f(g,r;y+m(p)—8) f(p,qr: ) f(p.q; ) f(pg.r;y)

= f(q.ri ) f(p.qr: ) f(p,q: ) f(pg,r;y).
Hence we get
(P, 4, 7) = c(p,q.7: 0) = (39,7 (f))(P. G, )
where fo(p,q) = f(p,q;0). Thus we conclude ¢y € dp, (77 (C*(Q, T))).
Consequently, we get

H (0, A) ZH(Qm, T).

We want to compare the d-part d. of ¢ and the d-part d° = d.o of c°.
In terms of ¢ and ¢, d, and d° are given by the following:

dc(s; q,r) = c((1, ), (g, 0), (r,0)
=0,(3;(nz(q, r)%; (1, gr){s;(n. (1, 9)3; (nz (g, )}
= 6,(3;(nL(g, r))3;(nL(g, )~
=r(np(g,r),s);
de(s;q,r;y) = A(ysnp(q,r), s) = ro(mer(q,r), p(y,1,s))
= ro(r(g,r), s —{y + s}y +{y}p)

= <V(nN(q’r))’ [)’;‘/5] a [%D

= exp (iT’ (g, Mz ([Tl] - [y;s]»
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dl(q,r)=c((1,T), (g, 0), (r, 0))
= 0 (3;(n(q, 1))3;(n (g, 1)) = ho(ng(q, ), 20)
=v(np(g, r)) = exp(—iT" {v(n.(g,r))}7)
=d.(T";q,r;0)

where the duality pairing of R/ TZ and its dual Z will be denoted by

(s, m) = Tmr for meZ

and § € R/TZ and we write v(m), m € N, for Tl for short.

Hence (c, v) is in Zg‘S(Q, A) x; Homg (N, R/TZ) if and only if (c°, v) is
in Z3(Qm, T) *s Homg (N, R/ T2).

Now we suppose (c, V) € Bgf‘;(G, N, A) i.e., there exists f € Ci(Q, A)
such that for each p = (p, s),q = (¢, 1), 7 = (r,u) € é we have

(B4 7: ) = f(@.rs 3P f(poar: D F P a: N F(pa.133)
de(s.q.7:9) = Fq.ri ) f(q.ri 5 —$).
Then we have, for each p, §, 7 € Om,
(5, q.7) = c(p. 4. 7; 0)
= f(q,r;0)f(p,qr;0) f(p,q;0)f(pq,r;0);
dq.r) = f(q.r;0)f(q.r;0) = 1.

Thus we get (c°,v) € BX%(G,N,T). Conversely, suppose (¢’ v) €
BY.(G, N, T),ie.,v=1and for some f € cx0,M),

P, G.7) = fq.rfpg, N fp,ar)f(p.q), D:q,7 € On.

Since we have seen already that ¢ = p*c? is cobounded by pr} f, we have
(c,v) € B(G, N, A). This completes the proof.

The Map o
We now want to identify the map
3:HS(G, N, A) ZHY.(G, N, T) —— Z*(G,T)

of [17, Theorem 2.7] in terms of H?ﬁ]tu (G, N, T). To this end, we need notations
to shorten mathematical expressions. We use nz(p, q) for the Z-valued two
cocycle nr (m(p), m(q)), p, g € Q. Wealsouse nz(g, h) fornz(mw(g), m(h))
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omitting the map 7. Also the element zo = (1, T’) appears both in Gy, and
Om. So we have

— ) — _ 5 )
Pg = Z(r)lz(p q)pq; gh — Zgz(g )gh,

where g = (g, {m(g)}7) € G, g € Gand p = (p, {(m(p)}7) € On.
LEMMA 3.10. Fix (¢, v) € Z2(Qm, T) s Homg (N, R/ TZ). With

(3.14) ny(g) =3(r(g)g ' € N, geG,
and _

D(m) = T Vi e T, meL,
set

(3.15) cG(g h k) = vy (k)" ENe(p, g, 7), g h keg,
where p =1(g),q = m(h),r = m(k). Then cg € Z°(G, T). The map:
([c],v) € HY'.(G,N,T) — [cc] € H(G,T)

is precisely the map 0 of [17, Theorem 2.7].

PROOF. Since ny(g)g = 3(m(g)), g € G, where 3 : Q — G, we have for
each pair g, h € G:

ny ((g), w(h)) = 5(m(g))s(w(h))s(w(gh)) ™"
= ny(g)gny (h)h{ny (gh)gh}™
=ny(g)gny(h)g 'ny(gh)~".

We compute for g, h,k, ¢ € G with p = n(g),q = n(h),r = m(k) and
s=m)

c(q.r,5)c(pq.r.5)c(p.qr,5)c(p.q.r5)c(p, q.7)

— C(é, ’7’ E)C(Zallz(l’sq)pé’ ’j’ 5)6'(]3, Z(;uz(q,r)é};’ 5)

x c(p, 4. 29" "FS)e(p, G, F)
= d.(m(k), T(£))"*&" = (v(ny (w(k), T (L)), nz(g, b))
= (ny (K)kny Ok "ny (ke)~)" "
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and proceed to obtain the calculation:

c(h, k, 0)cg(gh, &, O)cg (g, hk, €)cg (g, b, kO)cg (g, h, k)
= p(ny (0) "R e(g, 7, 5)D(ny (£) 260 e(pg, F, 5)
x D(ny (€)M e(p, g7, §)
x D(ny (k€)1 &M e(p, G, Fs)
x D(ny (k)" Me(p, g, 5)
v(ny (K)kny (O)k'ny (ke)~1nz&m
X f;(nN(g))ﬂlz(h,k)D(HN(E))nz(gh,k)
% D(ny (€))7 EHR b ())&

X D(ny (k)70

N (nN (f)) —nz(h,k)+nz(gh,k)—nz(g,hk)+nz(g,h)

= 1.

Hence ¢ belongs to Z(G, T).
Since

ot n) @) = cwn), t, %) = vn)F1-1#D
=<\')(”)a|:x+ti|—|:i:|>, t,xeR, neN,
T/ T/

we compute the element a appeared in (2.23) in [17] as follows;

(0, (a(g, h)a(g, M) (x)
= & (1 iy (7 (g), (7)) (X)
x {20 (1 v (8)) (E)atg (4, (15 iy (1)) (1) 20 (25 v (gh)) ()}

. X+t X
= <v(nN(n(g>, 7 (h))), [ - } - [F]>
Ao [77]-[7)

x <o(nN(h)), [x — {m(Tg/)}T’ u t] - [—x - {r;,(g)}rb

<o [ ][ )
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since ny (r(g), w(h)) = ny(g)gny(h)g 'ny(gh)~! and v is G-invariant,

x—{m(@lyr ]_ [ x+t—{m(g)}

= st {17 7D oy CF 1D

x—{m(g)}pr +1

= ﬁ(nN(h))([%’]_[#])\')(nN(h))([%]_[%])

’

which shows that the cochain a ought to be of the following form:

x x={m(g)} 7
a(g, h)(x) = v(ny(h)) [ 1-[—= D

Now we examine the proof of [17, Theorem 2.7], in particular the proof of
Lemma 2.11. The split property of the exact sequence:

1 B, Zy ——=H,=R/TZ — 1

Sz

allows us to choose f = 1in [17, (2.20)].
We compute the map 9 as follows:

(0c)(g, h, k) = c(m(8), w(h), w(k))(x)(dga™)(g, h, k)(x)
x—{m(g)} s —{m()} 7/ x—{m(@)}yr
= c(m(g), w(h), N(k))(X)f)(nN(k))([ " =)
st Dy (L2525
« oy oy FI7])
= c(7(g), w(h), (k) (x) exp(—iv(ny (k))nz (g, h))

X \.)(nN (h’ k))([%],[“*(m;fmr/ ])

|=

~

Therefore we obtain the image of ¢ under the map 9 by evaluating at O:

—{m(g))ys ]

c(p,q,7) = c(m(g), w(h), (k) (0)v(ny (h, k))*[ el
(0c)(g, h, k) = c((g), w(h), (k) (0)D(ny (k))&

—m@lg ]

x v(ny(h, k))‘[ 7
=c(p,q, F)v(ny (k) "z&n

Summarizing the above arguments, we describe the modified HJR-exact
sequence of [17, Theorem 2.7] in terms of cohomology groups with the coef-
ficient group T in the following:
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THEOREM 3.11. There is a commutative diagram between the modified
Huebschmann-Jones-Ratcliffe exact sequences of H and Q,:
H(G. T  —— HHT)
|
H2(H,T) -B& s A(H, L, M, A) 2> HY"(G x R, N, A) 2% H3(H, T)
H |l |l
H2(H, T) S0 A(Hp, L, M, T) 225 HU(G, N,T)

anl

H(G,T)  ——H(H,T)

I[lme

H3(H,T)

where the maps related to the group Qn, are indexed by Q.
DerINITION 3.12. The second four term exact sequence:

Resg,, Inf Infon

H2(H, T) 2220 A(Hp, L, M, T) 2225 HO(G, N, T) =2 g3(H, T)

will be called the reduced modified Huebschmann-Jones-Ratcliffe exact se-
quence or simply the reduced modified HIR-exact sequence ([11], [12], [21]).

REMARK 3.13. The advantage of the reduced modified HIR-exact sequence
over the non-reduced one is that all the groups involved are obviously compact,
while the non-compactness of the coefficient group A in the non reduced one
forces us to prove the compactness of the cohomology group by examining
the group of cocycles and coboundaries.

4. Outer actions of a Countable Discrete Amenable Group on an
AFD Factor of Type III,, 0 <A < 1

We first apply the result of the last section to the outer automorphism group
Out(M) by taking Out(M) as G and Hé(R, U(L>®(R/T’Z))) =Z=R/TZas N:

THEOREM 4.1. Suppose that M is a separable factor of type1II;, 0 < A < 1.
The intrinsic modular invariant Oby, (M) lives in the group:

Obpm (M) = ([c], va) € HY (Out(M), H). T),

where Hé is the image {o; : s € R} of the modular automorphism group
{of : s € R}, ¢ € Wy(M), in the quotient group Out(M) = Aut(M)/ Int(M),
vy Is the identity map of Hé onto itself, and m is the modulus map m: & €
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Out(M) — mod(¢) € R/T'Z. The group HI'@nL‘ﬁj(Out(M),Hé,T) is a non-
separable compact abelian group.

In view of [17, Theorem 3.2], there is nothing left for the validity of the
assertion. But we want to identify the cocycle ¢ € Hf (Outy g (M), T) directly,
where

@1 Outyy(Mm = {(p,5) € Outr (M) x R: m(p) =i},
Before going further, let us fix notations for quotient maps:

7 Out(M) — Out,ﬁg(ﬂ),
7 : Aut(M) — Out, (M) = Aut(M)/ Cnt, (M),
o : Aut(M) +— Out(M) = Aut(M)/ Int(M),
T = 7 o 7.

Fix a generalized trace ¥ € Ly(M) so that o}p = id. The one-parameter
unitary group {1/’ : t € R} generates a von Neumann algebra 4" isomorphic
to L*®(R) and the non-commutative flow 0 restricted to AY is identified with
the translation p:

(o f)(x) = f(x+1),  feL™R), x,teR.
We identify 4AY and L°°(R) and 1 is then given by the function:
Yx)=e, x €R.

The center € of M is then represented by the fixed point subalgebra (A )%
of AV, i.e., the subalgebra of periodic functions with period T’. We refer [28,
Exercise XII.6, p. 455] for detail.

Lemma 4.2. If € Wo(M) is a generalized trace, i.e., a faithful semi-
Jfinite normal weight with period T and ¥ (1) = oo, then M and uy (S7) =
by (37(57)), s € R, generates the discrete core M.

i) The periodic one parameter unitary group {uy (st) : s € R} is repres-
ented by the following function after AV is identified with L™ (R):

42) uyGix) = exp(iT’ (i)y [%D - <s [%D xeR,§eR/TZ

which is also represented as a function of ¥ in the following form:

| .
(4.2") uy(s) =exp (iT’s [ ;% wi|) = ZX_I"SX(MH’M](w), seR

neZ
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where X1 ,01(Y) means the spectral projection of W corresponding to
the half open interval (A", A"].

ii) The cocycle 37(5) is cobounded by uy (s) in U(AY) relative to 6:

43) 8,6, 0 x) = <s [x H} - [i]> § €R/TZ, x €R:

T T

1ii) Aut(M)m acts on the discrete core ﬂd, ie., if (a,s) € Aut(M), then
O, - a leaves My globally invariant.

Proor. The claims (i) and (ii) follow directly from [10] with sign change
in the coboundary operation dg. So we prove only (iii). First, observe that if
(e, s) € Aut(M)p, then 6; - o acts on the center C trivially, i.e., it acts as the
identity since the actions mod(«) and 6, cancel each other on C. Hence there
exists u € U(M) such that 6; - (1) = upu*. Thus we get

O o a(uy (57)) = s -t (Z )»_i"SX(Wl,x"](‘/f))

neZ

= > A g O, - a ()

neZ

= Z )\,_ins X(}L’HI,A”] (u’(//u*)

neZ

= U (Z )\._inSX()VnHy)‘n](w')) I/t*

neZ

= uuy (Sp)u*.

Hence 0, - a(uy (57)) € MV {uy (S7) : §7 € R/TZ}Y' = MNd. This completes
the proof.

The generalized trace ¥ givesrise to the semi-direct product decomposition:
4.4) Cat, (M) = Int(M) x,v (R/TZ).

We are going to use the notation o3, s € R/TZ, for the element of Cnt, (M)
corresponding to an element s = sy = s+ TZ € R/TZ.

LEMMA 4.3. )Iti is possible to choose a cross-section u:m € Cnt (M) +—
u(m) € ‘UO(M) - Md such that u(m) € U(M) if m € Int(M) and

4.5) u(osm) = uy (S)u(m), s €R/TZ, m e Cnt(M).

ii) There exists a cross-section g € Out(M) — o, € Aut(M) such that
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a) Each a,, g € Out(M), transforms  to a scalar multiple of V¥, i.e.,
o, (Y) and r are proportional. Consequently o, and oV commute;

b)
(4.6) Qog =0} cay,  §€R/TLZ
¢) The associated Int(M)-valued cocycle ni, has the property:
4.7) Nin (038, 0ih) = Nin(g, h), g, h € Out(M), 3,1 € R/TZ,
so that it is the pullback w*(ng) of an Int(M)-valued two cochain ng €
C2(Outy (M), Int(M)).

Proor. 1) First choose a Borel cross-section u:m € Int(M) — u(m) €
U (M) of the adjoint map Ad: v € U(M) +— Ad(v) € Int(M). Then extend
the cross-section by setting:

u(osm) = uy (S)u(m), s €R/TZ, m e Int(M).

This gives a cross-section with the desired property.

ii) For any o € Aut(M), a (1) is another generalized trace on M. Hence
there exists a scalar i € R and a unitary v € U (M) such that Ad(v) -« () =
wir. In fact, p is can be chosen to be e!m4@lr Hence it is possible to a
representative o, of g € Out(M). With this in mind, we select first a cross-
section p € Outy g(M) — «, € Aut(M) of the quotient map 77: Aut(M) —
Out; g (M) = Aut(M)/ Cnt, (M) such that

a) The weights o, () and v are proportional, i.e., o, () = emodPlr oy

b) The quotient map mp: Aut(M) +— Aut(M)/ Int(M) maps o, exactly
into the cross-section image 3(p) € Out(M) of p which has been fixed
already.

The cross-section « generates a Cnt,(M)-valued two cocycle:
48)  nu(p.@) =ape0g-a,l €Cnt (M), p.g € Outrg(M).
Then we have

70 (e (P 4)) = 7o (o) (0tg) 7o (@,)) = $(p)3(q)3(pq) "'
=ny(p.q).  p.q € Outyg(M).

Therefore, the semi-direct product decomposition: Cnt, (M) = Int(M) X,v
R/TZ gives a decomposition of n,:

Ne(pr @) = 1a(p. ONin(p. @), p.q € Outy (M),
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where n;(p, q) € Hé and nj,(p, q) € Int(M) commutes with {U;p; s € R}.
Now decomposing each g € Out(M) in the form:

g = my(g)s(1(g)),

and writing s(g) € R/TZ for ny (g) € Hé, we set

o = ajfg) “Ox(g) € Autl, (M) = {a € Aut(M) :a-0) =0} -a,s €R}.
Observing for each pair g, h € Out(M) that
gh = my (g)s(m(g))my; (h)3(m (h))
= My (&) My (h)$((g))$( (h)),  as Hy C Center of Out(M),
= My (Q)my (Wns (7 (g), 7w (h)$(m (gh))
= my (gh)s(m(gh));
iy (&) (h) = myg (gh)ns (r(g), w(h) ™,

we compute:

Qg oy = A:/(/g) ° U (g) ° 036,) o O (h) = Us}fg)ﬂ'(h) ° O (g) ° O (h)
=0} s * Na(T(8), T(R)) = n(eny
= 0}y < (T (@), ()™ < N ((8). (1)) * ey
= Nin ((8), () = Oy * (e
= Nin(7(8), 7 (h)) - otgy

Therefore, the map a: g € Out(M) +— o, € Aut:/, (M) is indeed an outer
action of Out(-M). Furthermore, 1, (77 (g), 7 (7)) belongs to the group Int(M)N
Aut:// (M) which is given by the normalizer N (M) of the centralizer My, of
Y. From its construction, n;, satisfies the requirement of the lemma. This
completes the proof.

Before going into the last step, we need the following:

LeEmMmaA 44. 1) Ifa € Autﬁ/,(gM), then a leaves  relatively invariant, so
that we have k € Hom(Aut:/, (M), R) such that

(4.9) a(y) =Y, a e Aut) (M),

and o and 0_y ) agree on AV, in particular on uy (s), s € R/TZ;
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ii) If (o, s) € Auty, (M), then

s — k(ot)>

(4.10) (@ = 0,) Gy ()uey (D)*) (x) = <z‘, -

in particular the left hand side is constant in x € R, i.e., the unitary uI/,(i), ie
R/TZ, is an eigen operator of a - 6.

Proor. If « is in Aut:/, (M), then its extension to M~, still denoted by «,
leaves 4 globally invariant and

(af)(x) = f(x —k(@)), feal xeR,
as seen below:
@) (x) = Y (x) = Ve = KD =y (x —k(@)).
The center € of M is generated by 7, so that it is identified with the subal-
gebra of periodic functions with period 7', i.e., C = (A0, By Lemma 4.2,
the periodic one parameter unitary group:

{u,/,(jT):s'T € R/ TZ} = {b]/,(;‘%z(jT))ZjT € R/ TZ}

is represented in 4 by the following functions:
. I ¢
uy (S5 x) = exp(lT s[;]), x,s €R,

which together with M generates the discrete core ﬂd. Since a € Aut/l/,(eM)
and 6_y ) both scales the generator Y of A" in the same way, they agree on
AY. Hence we get

(a(uy ($)))(x) = uy ($; x — k(@)

— exp (iT’ {5}y [X_Tk(“)]) . ieR/TZ
If (a, 5) € Auty, (M), then

(o= 05) (uy (1) (x) = uy (5 x +5 — k(@)

_ exp (iT’ (i, |:x +ST_, k(a)])
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and

(0 < 09) (uy (F)uy ()" (x) = uy (i5 x + 5 — k(@))uy (i x)

ool (5722 2)
= exp (iT’ {i}, S_Tﬂ> = <i, S_Tﬂ>

where the last pairing makes sense because s — k(o) € T'Z for (o, s) €
Aut:,, (M)m. This completes the proof.

Now the next lemma completes the proof of Theorem 4.1.

Lemma 4.5. If a cross-section u:m € Cnt (M) — u(m) € ﬂo(M) is the
one given by Lemma4.3, then the natural choices of u(g, h), g, h € Out(M)m,

andu(p,q), p = (p,s),q = (q,t) € Outy g(M)n, by
u(g, h) = u(nin(g, b)) € UM) and u(p,q) =u(q(p,q)) € Up(M)

give the following:
1) Qg o = Ad(u(g» h)) °Ughs
aj oo =Adu(p, q)) - opg.

ii) The associated cocycles ¢, € Z2(Out(M), T) given by:

cy (g, h, k)
= ot (u(h, k))u(g, hk){u(g, h)u(gh, k)}*, g, h, k € Out(M),

gives the cohomology class [c§,] € H3(Out(M), T) which is the intrinsic
obstruction Ob(M).

iii) The cocycle cy associated with the choice of u:
M (l;a q’ f)
= a; (g, Nu(p, gA)iu(p, §u(pg, M}, p,q,7 € Outyp(M)m

is a standard cocycle relative to the distinguished central element zo =
(1, T") € Out, g (M), and the d-part is given by:

d(g,r) = exp(T'{ns(q, )}p), ¢, 7 € Outy4(M),

so that o ~m o~ o
C.M(pZO » 420, rZO) = <n‘:’§(qa r)am)CM(p’ q, r)a

foreachm,n,t € Zand p,q,r € Outr’g(ﬂ)m.
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iv) The pair (c ., id) belongs to Zg (Outy g (M), T) *s Homouar) (Hé, H}))
and its cohomology class [c 4, id] in H®™ (Out(M), Hé, T) is in fact the

s,m
intrinsic modular obstruction Oby, (M).

PrOOF. We see immediately for each pair g, h € Out(M)

Og oy = nin(ga h) °cQgp = Ad(u(nin(g’ h))) °Ugp
= Ad(u(g, h)) > agn,

and for each pair p = (p,s), g = (¢,t) € Outf,g(ﬂ)m

ap Qg = 0, ey ° 0, ey = Os+1 cllp oty = Os+1 2N (Ps q) °Qpg
= Ad(u(e(p. q))) - a5z = Adu(p, q)) - ;.
Consequently, ¢, and ¢ are both three cocycles and the former gives the

intrinsic obstruction Ob(.M) in the cohomology group H*(Out(M), T). To see
the standardness of ¢, we just examine:

e (P, Gz, 7z
= a5 O (u(Gzp, F25)u(pzly, Fzo™)
x {u(pzy, Gzp)u(pgzy ™, Fzh))*
= O (u(q, r)u(p, gr){u(p, Q)u(pq, r)}*
= @y - (1 (g, U Cn (g, 1) Ju(p. g (p, u(pg, 1))

= (1:(g. ). m)atp (1 (g ) Crn(q. 1)

x u(p, qr)tu(p, @u(pg, )}’
= (n:(q, 1) )y (g, 1) )u(p, gr)u(p, Pu(pq, 1))’
= (ne(g. 7). m)ex (5. 4. ).

Since the d-part is given by the two cocycle n itself, the pair (c ,, id) belongs
to the fiber product 73 (Out; g (M)m, T) *5 Homouiar (Hé, Hé).

THEOREM 4.6. 1) If G is a discrete group and « is an outer action of G on
a factor M of type III;, 0 < A < 1, then the modulus m = my: g € G —
mod(g) € R/TZ of a, the normal subgroup N = N(a) = o~ ' (Cnt,(M)),
a homomorphism v,om € N — @&, € Hé = R/TZ and the “pullback”
[ca]l = a™([eu]) € Hﬁ}f;(G, N, T) of the intrinsic modular obstruction, to be
termed the modular obstruction of a, are outer conjugacy invariants of a.
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i) If G is a countable discrete amenable group and the factor M of type 111,
is approximately finite dimensional, then the invariants {my, N (), [Cq], Vo }
determines the outer conjugacy class of a. The group Hyy',(G, N, T) is a sep-
arable compact abelian group.

REMARK 4.7. The pullback in the theorem needs a qualification. As the
cross-section 3 : Out;g(M) — Out(M) is only guaranteed by the axiom
of choice, we have no idea if it consistent yith the map & : G — Out(M),
for example it can happen that 3(Out; 4(M)) N &(G) = {id}. Namely, we
cannot pull back the cross-section $ of Out, g(M). So we have to work with
a cross-section $ : Q@ = G/N +— G directly. But this does not change the
picture concerning t}}f’ modular obstruction Oby, (o). If we consider all cross-
sections of Out, »(-M) and form the group H*"(Out(M), Hé, T) as in [17,
p. 218], in which we locate the intrinsic modular obstruction, then one can
pull back Oby, (M) to form the modular obstruction Oby, (o) € H(G, N, T)
since cross-section of 0 + G can be carried to Out, »(M) as a part of a
cross-section of Out, g (M), i.e., we can have a cross-section $ of Out; g (M)
so that &~ ! (3(Out, ¢ (M))N = G, which enables us to pull back the structure
concerning Aut(M), Out(M) and Out, g(M).

THEOREM 4.8. Suppose that M is a factor of type I, 0 < A < 1,
and that  is a periodic faithful semi-finite normal weight with period T =
—2m/logA. Let m:a € Aut(M) — mod(w) € R/T'Z = Auty(C) be the
modulus homomorphism of Aut(M) to the automorphism group Auty(C) of
the flow of weights {C, R, 0} = {L**(R/T'Z), Translation} which is identified
with the quotient group R/T'Z, then the discrete core My gives rise to an
Aut(M)y,-equivariant commutative square of exact sequences:

1 1 1

~ 3.,
1 —— UM) — Ug(M) —= R/TZ—0
Uy

b,
] — Int(M) —> Cnt,(M) —2—> R/TZ — 0

oV

! l !

1 1 0
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where Uy (M) is the unitary normalizer of M in the discrete core My, i.e.,

Uo(M) = UM) N My = {u € U(My) : uMu* = M.

This is an easy consequence of the previous discussion, in particular Lemma
4.2.iii and so we leave the proof to the reader.

DEFINITION 4.9. The above exact square is called the reduced character-
istic square of M.
5. Outer actions of a Countable Discrete Amenable Group on an

AFD Factor of Type III;

The triviality of the flow of weights on a factor of type III; makes the charac-
teristic square very simple:

li
|

~ 0
| —— UM) —— UM) —><;_R—>0
(4

| al H

| —— Int(M) —> Cnty(M) === R — 0

(e

l Lo

1 1 0

|
l

Furthermore, the horizontal exact sequences split nicely. When we view R as
a central subgroup of Out(.M), we denote it by H}. We will identify H} and R
frequently to avoid heavy notations in the case of type III;.

THEOREM 5.1. Let M be a factor of type l11;. Fix a cross-section
S50 p € Outy (M) > 3,(p) € Out(M)

of the quotient map m: Out(M) +— Outf,g(gMN) = Out(M)/ Hé and the asso-
ciated R-valued cocycle:

nr(p, q) = 3(p)3(q)3(pq) ' € R=Hj, pP.q € Outf,e(ﬂ)-
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It is possible to select cross-sections a: g € Out(M) — a, € Aut(M) and
u:m € Cnty (M) — u(m) € U(M) so that

i) m = Ad(u(m)), m € Cnt,(M);

ii) the associated intrinsic modular obstruction cocycle c y takes the form:

eu(p,q,7) =exp(—=isnr(q, r))cou, , 40 (P, q, 1),

foreach p = (p,s),q,r € Outf,@(ﬂ) x R.
Let o be an outer action of a countable discrete group G on M with N =
a~(Cnt,(M)) and vy(m) = &, € R = Hé, m € N. Fix a cross-section
3: Q0 = G/N +— G of the quotient map w : G +— Q along with the associated
N-valued cocycle:

ny(p,q) = s(p)s(@)s(pg)"' €N, p.geQ.
Then the pullback cocycle cy of cy by a* takes the form:
ca(p, g, 1) = exp(—isva(nn (g, r))co(p, q,71),

for each p = (p,s),q,r € é = Q x R. Its cohomology class ([c,], Vo) €
HY"(G, N, T) is the modular obstruction Oby, () of o

ProOF. Fix a dominant weight ¢ on M and observe that
Aut(M) = Int(M)Aut, (M), Auty (M) = {a € Aut(M) 1 oo = ¢}.
Then we have

Out(M) = Aut(M)/ Int(M) = Aut, (M)/(Aut, (M) N Int(M)),
Out, g(M) = Aut(M)/ Cnt, (M) = Aut, (M)/(Aut, (M) N Cnt, (M),
U(M) = U(M) xz0 R.

The inyariance O = Q- A\a(u), u € ﬂ(M), of ¢ gives the decomposition
u = ve" for some v € U(M,) and s € R. Hence we get the decomposition:

Ad™! (Cnt, (M) N Aut, (M) = UM,) x R.

Therefore, we can choose a cross-section p € Outy g(M) — a, € Aut, (M)
such that

apoay = Ad((p, @)}, o ¥gs  V(P,q) € UMy), p,q € Outyy(M).

We then set
Otg = Us(g) ° Olﬂ(g), g c Ollt(d%),
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where p
8= Ug(g)fgn ((g)).

Setting

u(p.q) =v(p. ™", p=(p.s), §=1(q.1) € Outry(M) xR,
we compute the intrinsic modular obstruction cocycle:
cu(P,q. 1) = apu(q, Mu(pq, H{u(p, Pu(pq, r)}*
= o O, (u(q, r))u(pgq, r){u(p, Q)u(pq, )}’

= exp(—isnr(q, r)a,w(q, r)u(p, gr){u(p, Q)u(pg,r)}*
= exp(—isnr(q, ), (v(g, r)v(p, gr){v(p, ) v(pg, r)}*,

where the last step follows from the fact that ng is an R-valued two cocycle
over Out, y(M). Therefore, we conclude that

em(p,q,7) =exp(—isnr(q, r))cou, .40 (P, q, 7).

Now we look at oy - @, g, h € Out(M):
Uy = QU = O * s, (x(5)) * Oy * sy (x)
= Us(?g) s(h) ° Xsr (T (h)) ° Usy (w(h))
=04 s Ad((g). T(h))) « s, (i)
= T35 * Onnr (g, * AAQET (), (1) = s oy -
Also we observe:
gh =s(8)8x(m(8)) s(h)sx (w(h)) = s(8) s(h)37 (7 (8)) 85 (m (h))
= s(g) s(W)yyy (1(8)., 7(h)) 37 (7 (gh))
= 8(gh)s(w(gh)), g, h € Out(M);
s(g) + s(h) = s(gh) — nr((g), w(h)).
Plugging this into the previous computation, we get
g oo =Ad((m(g), m(h)) - cgp, g, h € Out(M).
Therefore, the intrinsic obstruction cocycle ¢ is given by the pullback:

C(g, hv k) = CoutT.Q(M)(n(g)’ T[(h)7 ﬂ(k)), g, h" ke OUt(M)’

of the restriction of the intrinsic modular obstruction cocycle c j; to the sub-
group Out; g (M). This completes the proof.
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