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REGULARITY BELOW THE CONTINUOUS
THRESHOLD IN A TWO-PHASE PARABOLIC
FREE BOUNDARY PROBLEM

KAJ NYSTROM

Abstract

In this paper we study free boundary regularity in a parabolic two-phase problem below the
continuous threshold. We consider unbounded domains < R"*! assuming that 32 separates
R*+! into two connected components Q! = Q and Q? = R"+! \ Q. We furthermore assume that
both ! and Q2 are parabolic NTA-domains, that 2 is Ahlfors regular and fori € {1, 2} we define
! (Xi, 7, -) to be the caloric measure at (Xi, ') € Q defined with respect to Q. In the paper
we make the additional assumption that ' ()A( ifi ), fori € {1, 2}, is absolutely continuous with
respect to an appropriate surface measure o on 9<2 and that the Poisson kernels &’ Xi i) =
do' (X', 1, )/do are such that log k' (X, ', -) € VMO(do’). Our main result (Theorem 1) states
that, under these assumptions, C, (X, t) N d<2 is Reifenberg flat with vanishing constant whenever
(X,t) € 8Q and min{f', 72} > t + 4r2. This result has an important consequence (Theorem 3)
stating that if the two-phase condition on the Poisson kernels is fulfilled, 2! and £ are parabolic
NTA-domains and 9€2 is Ahlfors regular then if €2 is close to being a chord arc domain with
vanishing constant we can in fact conclude that €2 is a chord arc domain with vanishing constant.

1. Introduction

In this paper we study a free boundary regularity problem for a parabolic
two-phase problem below the continuous threshold. We consider unbounded
domains Q C R"! assuming that 9 separates R"*! into two connected
components Q' = Q and Q%> = R"*! \ Q (this is made more precise in
Definition 3 below). We furthermore assume that both Q! and Q2 are parabolic
NTA-domains and our notion of parabolic NTA-domains is defined at the
beginning of section 2 below. As is described below the bounded continuous
Dirichlet problem for the heat equation always has a unique solution in this
type of domains. Let (X, ¢), X = (xg, ..., X,—1), ¢ € Rdenote a point in R"*!
and for given r > O set C.(X,1) = {(Y,s) : |¥Y — X| < r, |t —s| < r?}.
For fixed (X, 7) € © we let w(X, 7, ) denote the parabolic measure (in this
paper this measure is refered to as the caloric measure) for the heat equation
obtained from the maximum principle and the Riesz representation theorem.
Let A(X,t,r) = C,.(X,t) N 02 whenever (X,?) € 92 and r > 0. Given
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(X f)eQlet(X,1) €9 and suppose | X — X|2 < A(f—1t) forsome A > 2.
In [11] itis proven that w(X,7,)is, in the setting of parabolic NTA-domains,
a doubling measure in the sense that there exists a; = a;(n, A) such that if
f —t > 8r? then

a)()A(, f, AX, 1, 2r)) < ala)(f(, f, AX,1, r)).

Fori € {1,2} welet (X, ) € Q' and define w! (X!, 7!, -) and w?(X2, 2, ) to
be the caloric measures defined w.r.t. Q! and Q respectively. For a Borel set
F C R"! welet F, 3 F denote the closure and the boundary of F respectively,
and define o (F) = f pdo,dt where do, is n — 1 dimensional Hausdorff
measure on the time slice F N (R" x {t}).

DEFINITION 1. Let © be a connected open set in R"*!. We say that 9Q
satisfies a (M, R) Ahlfors condition, M > 4, if for all (X,t) € 0Q2 and
0<r <R,

c(dQNC (X, 1) < Mr"t!.

Using the fact that Hausdorff measure does not increase under a projection
we deduce that for0 < r < R, (X, t) € 0%,

€)) /2" <o(@QNC (X, 1) < Mr!,

whenever Q2 separates R"*! and satisfies a (M, R) Ahlfors condition.

In the following we define a notion of two-sided NTA-domains with Ahlfors
regular boundary. For the technical definition of our notion of parabolic NTA-
domains we refer the reader to the beginning of section 2 below.

DEFINITION 2. If Q is a connected open set in R"*! such that dQ separates
R"*+! into two connected components Q' = Q and Q2 = R"*'\ Q and Q' and
Q? are parabolic NTA-domains then we call © a two-sided NTA-domain. If,
in addition, 9<2 satisfies a (M, R) Ahlfors for some R > O then 2 is called a
two-sided NTA-domain with Ahlfors regular boundary.

In the following we will assume that Q2 is a two-sided NTA-domain with
Ahlfors regular boundary and that o' (X*, 71, ), for i € {1,2}, is absolutely
continuous with respect to the surface measure o. We define Poisson ker-
nels as k' (X', 7, ) = do' (X', #,-)/do. The regularity assumption that we
will impose on the Poisson kernels is that log k' (X', f',-) € VMO(do) for
i € {1,2}. VMO(do) is the space of functions of vanishing mean oscil-
lation defined w.r.t. the measure do. To properly define this space we let
a =a(A(X,t, p), f)denotethe average of f = logk! (X', ', )on A(X, 1, p)
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with respect to 0. Then we say that f € VMO(do) provided for each compact
K CcoQn{{,s):s <i'},

r—0 (X,t)eK
O<p<r

lim sup o (A(X,t, p))_I/ |f(Y,s) —a|do = 0.
A(X,t,p)

We are interested in understanding the implications of this condition on the
regularity of the ‘free boundary’ 0€2. To formulate our main theorem we need
to properly introduce the notion of §p-Reifenberg flat domains.

DEFINITION 3. If Q is a connected open set in R"*! then we say that 9
separates R"*! and is §p-Reifenberg flat, 0 < 8y < 1/10, if given any (X, t) €
092, R > 0, there exists a n dimensional plane P = f’(X ,t, R), containing
(X, t) and a line parallel to the  axis, having unit normal 7 = 7(X, ¢, R) such
that

((Y,s)+ri € CR(X,1): (Y,s) € P,r >8R} C R,
{(Y,s) —rne Cr(X,1): (Y,s) € ]3’,» >8R} C R”+l\Q,

For short we say that 92 separates R"*! when the last two conditions hold for
some J.

Note that if 92 separates R"*! in the sense of Definition 1, then a line
segment drawn parallel to 72 and with endpoints in each of the sets stated in the
definition, also intersects 0€2. We will often refer to €2 as being a §p-Reifenberg
flat domain if 9€2 is §p-Reifenberg flat. We pose one more definition.

DEFINITION 4. Let 2 be a connected open set in R+ (X,1) € 9, and
r > 0. We say that C, (X, t) N 92 is Reifenberg flat with vanishing constant
in the parabolic sense, if for each € > 0, there exists pgp = pg(€) > 0 with
the following property. If (5(, f)e C (X,t)N3Rand 0 < p < py, then there
exists a plane P'(X, 1, p) containing a line parallel to the  axis such that the
statement in Definition 3 holds with R, §g, P replaced by p, €, P’.

We are now ready to state our main theorem.

THEOREM 1. Assume that 2 is a two-sided NTA-domain with Ahlfors reg-
ular boundary. Let ()A(i, Yy e Q, fori € {1,2}, * < t' and assume that
wi(}A(i, f',2), fori e (1,2}, is absolutely continuous with respect to o on
92 and that the Poisson kernels k' ()A(", ) = dot (Xi, t',)/do are such
thatlogk! (X', ', -) € VMO(do). Then C,(X, t) N 3K is Reifenberg flat with
vanishing constant whenever (X, t) € 9Q and > > t + 4r2,

To formulate an important consequence of Theorem 1, giving a theorem
(Theorem 3) on free boundary regularity beyond the continuous threshold, we
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recall that through the works in [17], [9] it has become clear that from the
perspective of parabolic singular integrals and caloric measure the parabolic
analogue of the notion of Lipschitz domains, explored in elliptic partial differ-
ential equations, is graph domains Q = {(X, 1) € R"*! : xo > ¥ (x, 1)} where
Y =¥ (x,t) : R" — R has compact support and satisfies

(2 [W(x,t) — ¥ (y, )| < bilx —yl, x,y R, teR,
(3) Di/zw € BMOR"), ”Di/zl/f”* < b, < 00.

Here Dj /zw(x, t) denotes the 1/2 derivative in ¢ of ¥ (x, -), x fixed. This half
derivative in time can be defined by way of the Fourier transform or by
AV xs) =YX, 1)

t —
DipY(x,1)=c A s — 1372 ds

for properly chosen ¢. || - ||, denotes the norm in parabolic BMO(R") (for a
definition of this space see [11]). One can prove that the conditions in (2) and
(3) imply that ¥ (x, ) is parabolically Lipschitz in the following sense,

W) =¥l <Blx =yl +1r=s1"*)  x,yeR" t,seR

Under the smoothness assumptions on i stated in (2) and (3) it was proven
in [17] that the parabolic Poisson kernel is in a certain L? reverse Holder class
for some p > 1. In particular w(X,7,-)isan A® weight (with respect to o).
Finally we note that examples of [16] and [18] show that caloric and adjoint
caloric measure need not be absolutely continuous with respect to the surface
measure o in graph Lip(1, 1/2) domain.

In [11] the parabolic Poisson kernel was analyzed in domains not locally
given by graphs. In this situation the geometry was controlled by a certain
geometric square function, the boundedness of which implied that on every
scale the boundary contained ‘big pieces of graph’, graph with the regularity
stated in (2) and (3) (see [10]). A fundamental assumption in [11] is that 0€2
is §p-Reifenberg flat and satisfies a (M, R) Ahlfors condition but to properly
formulate the result in [11] we need to introduce some more notation and
concepts.

Let

d(Fi, Fy) =inf{|X — Y|+ |s —t]"?: (X, 1) € F1, (Y,s) € F}

denote the parabolic distance between the sets F, F, and for €2 (such that 92
separates R"*! and satisfies a (M, R) Ahlfors condition) we set

v(Z,t,r) = inf [r_"_3/ d({(Y,s)}, P)*do (Y, s)j| :
P IQNC, (Z,7)
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Here the infimum is taken over all n dimensional planes P containing a line
parallel to the ¢ axis. Let

dv(Z,t,ry=y(Z,t,r)do(Z, o' dr.

We say that v is a Carleson measure on [0Q2N Cg(Y, s)] x (0, R) if there exists
M < oo such that whenever (X, t) € 92 and C, (X, t) C Cr(Y, s), we have

4) v(IC,(X.1) N 92 x (0. p) < Myp"*.

The smallest such M; is called the Carleson norm of v on [02 N Cr(Y, s)] X
(0, R) and we write ||v||+ for the Carleson norm of v if the inequality in (4)
holds for all p > 0. The following two definitions can be found in [10] and
[11].

DEFINITION 5. 9€2is said to be uniformly rectifiable (in the parabolic sense)
if ||v||+ < oo and if (4) and (1) hold for all p > 0 and R > O respectively. If
furthermore 02 separates R*t! and is uniformly rectifiable, then €2 is called a
parabolic regular domain.

DEFINITION 6. €2 is called a chord arc domain with vanishing constant if
Q2 is a parabolic regular domain and

S)  sup [p"TD(IC, (X, )N x (0, p)] >0 as r— 0.
()g,z)easz
<p=r

To formulate the result in [11] which is relevant to the discussions in this
paper we for (X,t) € 02, and r, p > 0 define A(X,¢t,r,p) = {(Y,s) €
QY — X| <r, |s —t| < p?}. In this notation A(X, t,r) = A(X, t,r,7).
We say that (X, 1, is asymptotically optimal doubling if whenever K C
aQ N {(Y,s):s < f}is compactand 0 < 71, 7, < 1, we have

. o(AX,t,tir,2r)) . o(A(X, t, Tir, T2r))
lim sup = lim inf
r—0X.nek  O(A(X,1,71)) r—0X.nek  w(A(X,t,71))
=777

In [11]itis proven that if €2 is a parabolic regular domain with Reifenberg con-
stantdy = §o(M, ||v||+), sufficiently small, then w is an A weight. Alsoif Qis
a chord arc domain with vanishing constant and k(f(, f,) = a’a)()A(, f,)/do,
then log k(X ,f,-) € VMO(do). Furthermore in [11] the following theorem is
proven.

THEOREM 2. Let Q be a parabolic regular domain and put k(X,7,)
i

da)(f(, f,)/do. Ifco(f(, f,-) is asymptotically optimal doubling, l1og k()A(, 2
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€ VMO(do) and ||v||+ is small enough then (5) holds with 92 replaced by
any compact subset, F C dQ N {(Y,s) 1 s < f}.

Combining Theorem 1, Theorem 2 and Proposition 5.1 in [11] we can state
the following theorem.

THEOREM 3. Assume that Q2 is a two-sided NTA-domain with Ahlfors reg-
ular boundary and that 2 is a parabolic regular domain. Let (X', ') € I,
fori € {1,2}, 12 < ' and assume that the Poisson kernels k' ()A(i, i) =
dwi(Xi, t',)/do are such that logki(Xi, t',) e VMO(do) fori € {1,2}. If
V| is small enough and F is a compact subset of QN {(Y, s) : s < t}, then
(5) holds with 02 replaced by F.

The theorem states that the conditions logk! (X!, 7!, ) € VMO(do) and
log k2 ()2 2 1%,.) € VMO(do) can serve, from the perspective of Theorem 3,
as a replacement for the condition that w(X,f,) is asymptotically optimal
doubling.

Concerning related elliptic free boundary problems a classical result of Alt-
Caffarelli states (for the definition of all the concepts we refer to [1] and [14])
that if 2 C R" is §-Reifenberg flat with an Ahlfors regular boundary and if
logk € C%#(3Q2) for some B € (0, 1), then Q is a C'**-domain for some
a € (0, 1) which depends on 8 and n. Similar problems was studied by Kenig
and Toro, in the setting of domains not locally given by graphs, and in [14]
(see also [12] and [13]) the authors prove the following theorem which is the
analogue of the result of [1] assuming vanishing oscillation of the logarithm of
the Poisson kernel in an integral sense (VMO(do)) instead of in the classical
pointwise sense.

THEOREM 4. Assume that Q@ C R" is §g-Reifenberg flat for some small
enough 8y > 0 and assume that 02 is Ahlfors regular. If logk € VMO(do)
then 2 is a chord arc domain with vanishing constant, i.e., the measure the-
oretical normal 1 is in VMO(do).

Furthermore in [15], Kenig and Toro consider the elliptic version of the
two-phase problem we consider in Theorem 1 and Theorem 3. In particular
assuming that  C R" is a two-sided chord arc domain (meaning that ! and
Q? are NTA-domains and that 32 is Ahlfors) they prove ([15, Corollary 5.2])
that if logk! € VMO(do) and logk? € VMO(do) then firstly S is Reifen-
berg flat with vanishing constant and secondly €2 is a chord arc domain with
vanishing constant, i.e., the measure theoretical normal 7 is in VMO(do).

Our long term goal is to establish the parabolic version of Theorem 4 (which
can be refered to as a one-phase version of the two-phase problem we consider
in Theorem 1 and Theorem 3) but we note that the proofin [14] uses the import-
ant and deep result of [1] for elliptic partial differential equations. The potential
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generalization of these results to the heat equation is currently unknown and
these ‘free boundary’ type problems do in fact appear harder in the caloric
case. By imposing the two-phase condition log k' (X', 7', ) € VMO(do) and
logk2(X2, 72, ) € VMO(do) we do not need a caloric version of the result of
[1] and this is one of the main reasons we are able to make progress. Though
similar problems have been considered in [2], [3] under much stronger assump-
tions we want to emphasize that our main results, Theorem 1 and Theorem 3,
are completely new and that we are not aware of any competing results of this
type in the parabolic setting. Finally we note that in [20] a similar but different
problem concerning caloric measure and Reifenberg flatness is studied.

The rest of the paper is organized as follows. In section 2 we in section list
some basic estimates for solutions to the heat — adjoint heat equation in para-
bolic NTA-domains. These estimates are then complemented by an estimate
based on an exploration of the condition log k()A( ,t,-) € VMO(do). In sec-
tion 2.2 we clarify the notion of Green function with pole at infinity and the
associated caloric measure. In section 3, which is at the heart of the matter,
our regularity assumptions on the kernel k' (X', 71, -) is explored in a blow-up
argument. In the limit we encounter a problem of classification of what we
refer to as global solutions to a specific two-phase free boundary problem. The
section ends with a theorem giving us the appropriate classification and finally
it is shown that Theorem 1 is a consequence of that classification theorem.

2. Estimates of caloric functions in parabolic NTA-domains

Recall from [17, ch. 3, section 6] that 2 C R™*! is an unbounded parabolic
nontangentially accessible domain, NTA-domain for short, if 92 separates
R**! and if the following conditions are satisfied for some A, y > 100. Given
(X,t) € 02 and r > 0 there exist

A(X, 1) = (U(X, 1), 11(X, 1) = (U1, 11) € QN Co(X, 1),

A(X, 1) = (Ux(X, 1), (X, 1) = (Un, 1) € RN C,(X. 1),

AX(X, 1) = (Ni(X, 1), (X, 1)) = (N1, 1) € R\ Q)N C.(X, 1),

A(X. 1) = (No(X. 1), (X, 1)) = (N2, 1) € (R Q) N C, (X, 1),
such that

A <min(t, — 1,1 — 1) < A2,
A2 < min(t, —t,t —11) < e
r/x < min [d({(N;, 7;)}, 0), d({(U;, t;)}, 92)] .
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Here d(-, -) denotes the parabolic distance defined in the introduction. As in
[JK1] we refer to these conditions as the corkscrew condition. Next suppose
Ui, 5) € Qi = 1,2, with (s, — 51)* > y~'d({(Uy, 1)}, (U, 52)}). We
say as in [JK1] that {C,, (X}, t,»)}l1 is a Harnack chain from (U, s1) to (Ua, 57)
with constant y provided there exists c¢(y) > 1 such that

o (U, s1) € C\ (X1, 11), (Up,50) € Cr(X1, 1), and C,,,, (Xiy1, tig1) N
C.(X;i,t;) #@fori =1,2,...,1 -1,

° C(V)_l d({(Xl’[l)},ag) S ri S C(y)d({(Xlall)}989)$ Wheni =
1,2,...,1,

ol — = c(y)_lriz,fori =1,2,...,1,

d({(U1, 5D}, {(U2, $2)}) )
min[d({(U1, 51)}, 32), d({(U2, 52)}, 321 )

o [ <c(y)log <2+

[ is refered to as the length of the Harnack chain. For (X,¢) € 0Q andr > 0
we define the following points located in €2,

AX. D =A XD,  AX.1)=A(X,0).

By A, (X, t) we will denote a point in €2 such that if A, (X, 1) = (A} (X, 1),
Al(X,t)) then AL(X,t) =t and d(A,(X,1), Q) ~r ~d(A,(X,1), (X, 1)).
The existence of such points is a consequence of the fact that €2 is a parabolic
NTA-domain and we will make use of these points throughout the section. If
(Y,s) € Qthen welet §(Y, s) denote the parabolic distance from (Y, s) to 2.

2.1. Basic estimates

In this section we state some basic estimates for certain solutions to the heat and
adjoint heat equation in parabolic NTA-domains. An outline of the proofs of
these lemmas valid in the current situation can be found in [17, ch. 3, section 6]
and [11]. Apart from these references many of the relevant ideas used in the
proofs can also be found in [5], [6] and [19]. In particular, in [19] all relevant
estimates are stated and proved, in Lip(1, 1/2) domains, in the general setting
of second order parabolic equations in divergence form.

Note that the characteristics of a parabolic NTA-domain is described by
the parameters A and y and hence basically all constants appearing below will
depend on these two parameters. L.e., below ¢ = c(A, y) but the constants
often also depend on other parameters and we will not always indicate the
dependence on A and y.

We start by a lemma on Holder decay at the boundary of non-negative
solutions vanishing on the boundary. The lemma is proved using standard
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comparison arguments and the fact that the complement of 2 is uniformly
“fat’.

LEMMA 5. Let @ C R"™! be a parabolic NTA-domain with parameters
Aand y. Let (X,t) € 0Q2 and suppose that u is a non-negative solution to
either the heat or the adjoint heat equation in Q N Cy, (X, t) which vanishes

continuously on 02 N Cy, (X, t). Then there exists « = a(A,y), 0 < a < 3
and ¢ = c(A, y) > 1 such that whenever (Y,s) € QN C,(X, 1)

d({(¥, 5)} {(X, t)})T

r

u(Y,s) §c|: sup u(Z, ).

(Z,1)eQNC, (X, 1)

The next lemma is a standard Carleson type lemma.

LEMMA 6. Let u, Q and (X, t) be as in the previous lemma. If (Y,s) €

Qﬂcr/z(X, 1), then _
M(Ys S) S Cu(Ar(X9 t))

when u is a solution to the heat equation while
u¥,s) < cu(A,(X,1))

when u is a solution to the adjoint heat equation in Co.(X,t) N Q.

Given (Y, s) € @, let G(-, Y, s) denote Green’s function for the heat equa-
tion in €2 with pole at (Y, s). That is

ad
gG(X, t,Y,s) — AG(X,t,Y,s)
=46((X,t) —(Y,s)) in Q and G =0 on 0%2.

Here § denotes the Dirac delta function and A is the Laplacian in X. We note
that G(Y, s, -) is the Green’s function for the adjoint heat equation with pole at
(Y,s) € Q (ie. —%G(Y, s,)— AGY,s,) =8 —(Y,s)). Let w, ® be the
corresponding caloric and adjoint caloric measures for the heat — adjoint heat
equation in 2. We note that w(Y, s, -), @(Y, s, -) are the Riesz measures asso-
ciated with G(Y, s, -), G(-, Y, s) by way of the Riesz representation theorem
for sub caloric — adjoint caloric functions in R\ {(Y, 5)} (see [4]). From
this theorem we have that
d¢
pdw(Y,s, ) = / G(Y,s, -)(A¢ — —) dZdr
a9 Q ot
for all ¢ € CB’"(R"+1 \ {(Y, s)}). A similar formula holds for &. Estimates for
caloric —adjoint caloric measure in terms of the Green’s function and vice versa
are given by the following lemma. The proof follows by standard arguments.
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LEMMA 7. Let 2 and (X, t) be as in the previous lemma. Let A > 100 and
assume that (Y,s) € Q with |Y — X|*> < Als — t| and |s — t| > 4r>. There
exists ¢ = c(A) > 1 such that if s > t, then

G, s, A(X, 1) < oY, s, AX, t,7/2) < cr"G(Y, s, A.(X,1))
while if s < t,

G (A (X, 1), Y, 5) <Y, s, AX,t,r/2)) < cr"G(A,(X,1),7,5).

Next we have the following backward Harnack inequality.

LEMMA 8. Let 2 and (X, t) be as in the previous lemma. Let A > 100 and
assume that |Y — X|*> < Al|s —t| and |s —t| > 5r2. There exists c = c(A) > 1

such that _
G(Y,s,A.(X,1) <cG(Y,s,A(X,1))

when s > t while if s < t, then

G(A,(X,1),Y,s) <cG(A.(X,1),Y,5).

Combining the previous two lemmas the doubling property of caloric —
adjoint caloric measure can be proven.

LEMMA 9. Let 2, (X, t), (Y, s) and A be as in the previous lemma. Then
o*(Y,s, A(X,t,1r)) < c(A)o*(Y,s, A(X, t,1/2))

where @* = w when s > t while * = ® whens < t.

Let (X,t) € 02, p > Oand R > 0. u > 0 is said to satisfy a strong
Harnack inequality in Cg(X, t) N 2 provided that u is a solution to either the
heat or adjoint heat equation in Cg(X, t) N Q and
u(X,7) < iu(X,7) whenever (X,1),(X,7) € C,(Z, 1)

and Cy,(Z,7) C Cr(X, )N Q.
Here &, 1 < A < 00, is independent of C»,(Z, t) C Cr(X, )N 2. For (X, 1),
p as above and A > 0 we define
Fi(X.t,p) =QN{(Y,5): |Y = X? < Als — 1], |s — 1] = 50°, 5 > 1},
FA(X.t.p) =QN{(Y.9): [Y = XP < Als—1], |s — 1] 2 5p% s <1}

Using Lemma 7, Lemma 8 and Lemma 9 one can prove that if (Y,s) €
FX(X, t, R) then G(Y, s, ) satisfies a strong Harnack inequality in Cg (X, )N
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Q while if (Y,s) € I',(X,t, R) then G(-, Y, s) satisfies a strong Harnack
inequality in Cg(X, 1) N Q. Moreover, A depends only on A once the NTA-
constants A and y have been chosen. Using the notion of strong Harnack
inequality the following two comparison lemmas can be proven.

LEMMA 10. Let u, v > 0 be continuous in Co, (X, 1) N Q, u = v = 0 on
A(X, t,2r) and assume that u and v both are solutions either to the heat or
the adjoint heat equation in Cy,. (X, t) N Q. If u, v satisfy a strong Harnack
inequality in Cy,.(X, t) N Q2 for some X > 1, then

u, ) <c(7\)”(0) in Cor(X.1)NQ
v(¥,s) — (D) R '

Here U = A, (X, t) when u, v are solutions to the heat equation while U =
A, (X, t) when u, v are solutions to the adjoint heat equation in Q2N Cy, (X, 1).

LEMMA 11. Under the same hypotheses as in Lemma 10 there exists y =
y(A),0 <y <1/2, and c = c(X) = 1, such that whenever 0 < p < r/2 then

u(Z,t)v(,s) B

S Z D uT.5) 1| <cp/r)Y  for (Z,7),(Y,s) € C,(X, 1) N Q.

In the following we will assume that Q C R"*! is a parabolic NTA-domain
with Ahlfors regular boundary. Let (}A( , ) € Q and define w()A( ,f, ) to be the
caloric measure defined w.r.t. 2. In the following we will assume that w ()A( L1,
is absolutely continuous with respect to the surface measure o. We define
the Poisson kernel as k(X, 7, ) = dw(X,1,-)/do and we will assume that
log k(}A( ,f,-) € VMO(do). We start by exploring the information contained
in this condition.

LEMMA 12. Let Q C R"*! be a parabolic NTA-domain with Ahlfors regular
boundary. Assume that (X, t, -) is absolutely continuous with respect 10 the
surface measure o and that the Poisson kernel k(X ,t,-) = dw (X, f,-)/do is

such that .
logk(X,t,-) € VMO(do).

Then given € € (0, 1) there exists a constant C = C (e, n, 2, A) such that for

all (X,t) € 02, r < ry, |X—)A(|2 < A(f —t) for some A > 2, f —t > 8r?
and E C A(X,t,r),

C_1< o(E) )1+€< (X, 7, E) <c( o(E) )1‘6
U(A(Xatar)) - (,()(X, i\,A(X,[,l")) - U(A(X,[,r)) .
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ProoOF. Let p = e landlet E C A(X,t,r) and A(X,t,r) be as in the
statement of the lemma. Note that the restrictions on the points (X, ) and ()2 )
imply control of the doubling constants of the caloric measure. Also note that
the information on 2 entering into the constant C = C(e, n, 2, A) is simply
the NTA-parameters and the constants appearing in the Ahlfors condition.
In the following we write k(Y, s) = k(X,7,Y,s), w(E) = o(X, i, E). By
Cauchy-Schwarz we have

1/p
w(E) = / k(Y,s)do(Y,s) 5(/ [k(Y, $)]” do (Y, s)) o (E)\-/P.
E AX,1,r)

As a consequence of the John-Nirenberg inequality, as d€2 satisfies a condition
of Ahlfors type w.r.t. the surface measure, (see for instance the discussion above
Theorem 2.1 in [14] as well as [7], [8]) the assumption logk € VMO(do)
implies that if 1 < p < oo the following reverse type Holder inequalities are
true,

1/p
</ [k(Y,s)]" do(Y, S)>
A(X,1,r)

< Clo(AX,t,r)]"/P ! / kY, s)do(Y,s),

A(X,t,r)
1/p
(/ [k(Y,s)] P do(Y, S))
A(X,1,r)

< Clo(A(X,t,r)]V/P! / [k(Y, )] ' do(¥,s).

A(X,t,r)

Combining we get
w(E) =/k(Y, s)do(Y,s) < Co(E)""VPa(AX, 1, NP w(A(X, t,71)).
E

This completes the proof in one direction. The second direction is proved
similarly.

2.2. The Green function and caloric measure at infinity

In this section we will clarify the notion of Green function with pole at infinity
and the associated caloric measure.

LEMMA 13. Let Q2 be a parabolic NTA-domain. Then there exists a unique
function u (unique modulo a constant) such that u is a non-negative solution
to the adjoint heat in 2 and such that u vanishes continuously on 02.
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In fact a similar result holds for the heat equation. The function u, in the
statement of the lemma, should be refered to as the Green function with pole
at +infinity. By 4+ we refer to the ‘infinity’ in the positive direction of time.

ProOF. There are two steps in the proof, the uniqueness and the existence.
We start by proving the existence. We let (X, ) € 02 and let R > 0 be a large
positive number. Assume that ()A(, 1) e FX(X, t,100R) and let K C R"*! be
a fixed compact set. Assume that R is so large that K N 2 C Cr(X, t). Using
Lemma 6, the fact that if (X, 7) € [ (X, , 100R) then G(X, 7, -) satisfies a
strong Harnack inequality in Cg(X, t) N 2 and Lemma 10 it follows that if
(Z,1) € KNQ,then

G(X.1,Z,7) < CxuaG(X. 1, A|(X,1)).
In particular this implies that if (X, 7) € T'} (X, 7, 100R) then

G(X,1,Z,7)
sup — < Ckn.a-
zonekne G(X, f, Ai1(X, 1))

Let (X;,7) € TI(X,1,2/R) for j = 1,2,... and define for (Z,7) €
Cr(X.)NQ A
G(X;,1;,Z,7)

I/lj(Z, 'L’) = ~x .
G(X;, 1, Ai(X, 1))

Then {u;} is a set of positive adjoint caloric functions in Cr (X, ) N2 vanishing
on dQ2. Furthermore, we can assume that {u;} is a uniformly bounded set
of functions on Q2 N Cg(X, t). By the Arzela-Ascoli theorem there exists a
subsequence {jk} such that {u H } converges to a non-negative solution z = iig to
the adjoint heat equation in 2 N Cg (X, t). If we choose a sequence of numbers
R; such that R; — oo and pick a diagonal subsequence we can conclude that
there exists a subsequence {ji} such that {u; } converges to a non-negative
solution u, to the adjoint heat equation in €2, uniformly on compact sets of
Q. Furthermore, u., vanishes continuously on 02 and (A (X, 1)) = 1.
Left is to prove uniqueness. Let u and v be two function fulfilling the
statement of the lemma and assume that u (A (X, t)) = v(A(X, t)) for some
point (X, t) € 0€2. Under these assumptions we want to prove that u = v.
Let p and R be fixed numbers such that 0 < p < R/2. Using the same
argument as in the proof of Lemma 8 (see the proof of Lemma 3.11 in [11])
one can prove that # and v satisfy a strong Harnack inequality in Cg(X, ) N
Q with a constant A which only depends on the characteristics of the NTA-
domain and the dimension n. Using Lemma 11 we therefore get that whenever
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(Z,7), (Y,s) € Cp(X, 1) N then

u(Z,t)v(,s) B y
N | = e
Hence if we put (Y, s) = A (X, t) then
u(Z, 1) B Y
" (Z. D) 1| <c(p/R)

whenever (Z, 1) € C,(X, 1) N Q. Letting R — oo completes the proof.

LEMMA 14. Let Q be a parabolic NTA-domain and let (X, t) € 092. Then
there exists a unique doubling Radon measure w such that o (A(X,t, 1)) =1

and a non-negative solution u to the adjoint heat in 2 vanishing continuously
on 9K such that for all ¢ € CS° (R"F1)

o(Y,s)dw(Y,s) = / u(Y,s)(A —0,)¢(Y,s)dY ds.
aQ Q

w is refered to as the caloric measure for Q2 at +infinity and normalized at
(X, 1).

PrOOF. Again there are two steps in the proof, the uniqueness and the
existence. In this case we start by proving the uniqueness. l.e., we assume
that there exist two measures w; and w; as in the statement of the lemma and
such that w; (A(X, £, 1)) = w(A(X, 1, 1)) = 1 for a point (X, ) € Q2. We
want to prove that w; = w;. Let u; and u, be related to w; respectively w;
according to the statement of the lemma. Using Lemma 13 we can conclude
that there exist constants «; and «, as well as a function u such that u; = «o;u.
Here u is a non-negative solution to the adjoint heat in €2 such that u vanishes
continuously on 9. Le., for all € C°(R"H1)

Y, s)dw;(Y,s) =«a; / u(Y,s)(A —o5)p(Y,s)dY ds.
a0 Q
From this we can we conclude that
o' [ (Y. s)de(Y,s) =a;' | $(Y,s)dan(Y,s).
a0 FT9)

Choosing ¢ as the indicator function of A(X, ¢, 1) and using the normalization
of w; and w, we get that «; = a,. Therefore u; = u, and w; = w,.
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To prove the existence we argue as in the proof of Lemma 13. We let
(X, 1) € 9 and define R > 0 to be a large positive number. Let (X;, ;) €
FX(X, t,2/R) for j = 1,2, ...and define for (Z, ) € Cr(X, 1) N Q

G(X;, i, Z, 1)
GX;. 5, A/(X, 1)

uj(Z,7) =

Let ¢ € C°(Cgr(X, 1)) and let as usual a)(}z‘, fj, -) be the caloric measure
defined with respect to (X, 7). Then

fmmz, 0GX;, i, Av(X, ) Vdo(X;, 1, Z, T)
- /Qu,(z, (A —3)¢(Z, T)dZ d.
Defining measures
duj(Z,7) = G(X;. §;, Ay(X, 1) dw(X;, £, Z, 1)

we can conclude that
/ P(Z,v)du;(Z,7) = / ui(Z,t)(A —0)9(Z,t)dZdr
aQ Q

for all ¢ € C{°(Cr(X,1t)). Using Lemma 7 and the fact that G()z'j, fj, 9
satisfies a strong Harnack inequality in Cgr (X, ¢) N 2 we have that

o(X;, G, AX, 1, R) _ R"G(X;, §j, Ar(X, 1))

GRXj. 0. AlX.1)  GXj. 0 Al(X. 1)
~ R”uj(Z, t)

forall (Z, v) € Cr(X, t)NK2. {u;}is, asin the proof of Lemma 13, a uniformly
bounded set of functions on € N Cr(X, ). Hence the sequence {u;} is a
uniformly bounded set of measures on Cg(X,t) N 92 and therefore there
exists a subsequence {;Ljvk} and a Radon measure p such that,

| sz va o~ [ szoauzo,
Q2 Q2

forall ¢ € C°(Cr(X, 1)) as k — oo. If we again choose a sequence of num-
bers R; such that R; — oo and pick a diagonal subsequence we can therefore
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conclude that there exists a subsequence {ji} such that {u; } converges to a
Radon measure w such that for all ¢ € C(?°(R”+1),

/ ¢(Za T)d,LL]k(Z, ‘E)—> ¢(Za 'L')d,LL(Z, t)s
aQ 9Q

as k — o00. Repeating the argument of Lemma 13 we can also conclude that
{u, } converges, uniformly on compacts subsets, to a non-negative solution u,
and for all ¢ € C°(R"H1)

¢(Z, 1) du(Z, 1) = / Uoo (Z, T)(A — 3)p dZ dr.

a2 Q

Define woo = u/m(A(X,t, 1)) and Uy = us/M(A(X, ¢, 1)). Then for all
¢ c C(c)x)(Rn+l)

/ ¢ (Z,7)dw(Z, t)=/uoo(Z, (A —09)pdZdr.
aQ Q

This completes the existence part of the proof. Left is to prove that we is a

doubling measure. Butif (X, 7) € 9Qandr > 0, then it follows from Lemma 9
that

o X, b, AX, 1,2

o (AK, 7, 2r)) < liminf — 2 Ki e AKX 1,27)

oo p(A(X, 1, D)G(XG,, 1, Ai(X, 1))

< Climinf — X lio AX, 1,7/2))
Jrk—>00 M(A(X, t, 1))G(Xjk’ [jk’ A (X’ [))
< Cox(A(X,T,1)).

This completes the proof.

3. A blow-up argument and the classification of global solutions

In the following we let €2 be a two-sided NTA-domain with Ahlfors regular
boundary. Let (X;,1;) € 92 — (X, 1) € 92 and assume that (X, 7) = (0, 0).
For a sequence {r;} of real numbers tending to zero we define,

Q=07 (X = X)), r 2t — 1)) : (X, 1) € Q}.

This section is devoted to the analysis of these blow-ups by making use of our
assumption on the caloric Poisson kernels k' (X', 7', -) and we will therefore
also assume that ; < 7% < 7' for all j.
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3.1. Blow-ups

Recall that the parabolic distance between the two sets F, F; is defined as
d(F|, B) =inf{|X = Y|+ |s—t|'"?: (X, 1) e Fi, (Y,s) € F,}.

Based on this we introduce the parabolic Hausdorff distance between two sets
Fi, F, as

D(Fy, F;) =sup{d(x, F>) : x € Fi}+sup{d(F;,y) : y € F}.

In the following we will consider uniform Hausdorff convergence (in the metric
induced by the parabolic Hausdorff distance) on compact sets. To define this
properly we consider a sequence of closed sets {F;};, F; C R""!. We say
that F; converges to a closed set F C R"*! in the parabolic Hausdorff distance
sense, uniformly on compact subsets of R"*!, if for any compact set K C R**!
and any € > O there exists jy > 1 so thatif j > j, then

D(F;NK,FNK) <e.

Furthermore a sequence of open sets {E;};, E; C R""!, is said to converge to
an open set E C R"*! in the parabolic Hausdorff distance sense uniformly on
compact subsets of R**! if R"*! \ E; — R"*! \ E in the parabolic Hausdorff
distance sense uniformly on compact subsets of R"*!.

In the following blow-up argument we will explore the information con-
tained in the condition log k()A( ,t,-) € VMO(do). To do so we define a kernel
kj on 0€2;, related to the Poisson kernel k on 9€2, as

o (AX;, t:, rNk(X, F, X: + 7Y, t: +r2s)
kj(Y,s)z VAR JA h J VRERS/ i
w(X,t, AXj, 1, 1))

We will refer to k; as the Poisson kernel on 0€2;. We also define

O’(A(X]7t]’r]))G(X’ f’ Xj +er’ [j +rj2t)

ui(Z,t) = —
! rio(X, 1, AX;, t;.77))

whenever (Z, 1) € ;. Then u; is adjoint caloric in €2; outside of its pole
and it is zero on 9€2;. u; can be refered to as the Green function associated
to the kernel k;. Finally we define the associated caloric measure through
dw; = k;(Y,s)do;(Y,s) and we note that for arbitrary Borel sets E C R+l

w](E) = /;kj(Y, S) dO’j(Y, S) = Fj_n_IO'(A(Xj, lj, }"j))CT)](E)
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where
o(R.7.((Z.7) € 02 (Z = X))/rj. (x —17)/r}) € E})
(X, 1, AX;, ;1))

@, (E) =

We will start by proving the following two lemmas.

LEMMA 15. Let 2 be a two-sided NTA-domain with Ahlfors regular bound-
ary. Let (X;,1;) € 0Q — (X, 1) € 9 and assume that (X, 1) = (0, 0). Fora
sequence {r;} of real numbers tending to zero we define,

Q=07 (X = X)), r; 2t — 1)) : (X, 1) € Q}.

Then Qj — Qo and 0Q2j — 0 in the parabolic Hausdorff distance sense,
uniformly on compact subsets of R™!, as j — oo. Furthermore, Q. is a
two-sided NTA-domain with Ahlfors regular boundary.

LEMMA 16. Let Q; and Qo be as in Lemma 15. Then uj — uo uniformly
on compact subsets, us, is a positive adjoint caloric function in Qs and
Uoo = 0 0n 0Qu. Moreover w; — wo, weakly as Radon measures and for all
d) c Cgo(Rn+1)

oY, s)dws (Y, s) = / Uso (Y, s)(A — 05)p(Y,s)dY ds.

a2 Q

In particular wy is the caloric measure of Qo at infinity.
We start by proving Lemma 15.

ProoFOFLEMMA 15. Note thatforeach j > 1, (0,0) € 9€2; and C;(0, 0)N
Q; # . Using this we can conclude that given a compact set K C R"*! there
exists a subsequence {j,},, such that K N 9% ; and K N Qs converge in
the parabolic Hausdorff distance sense. We can therefore exhaust R**! by a
sequence of compact sets in order to ensure that there exists a subsequence
{Jjm}m such that 3Q2; and €2; converge in the parabolic Hausdorff distance
sense uniformly on compact sets. Hence by an appropriate relabeling we can
conclude thatas j — 00, Q; — Qq, Q2; — X in the parabolic Hausdorff
distance sense uniformly on compact subsets of R"*!. In analogy with the
proof of Theorem 4.1 in [14] we want to prove that 02, = X and that Q4
is a two-sided NTA-domain with Ahlfors regular boundary.

Note that since w is a doubling measure we have that for any compact set
K c R, sup;-; @;(K) < Ck. Hence arguing as in the proof of Lemma 14
there exists a sul;sequence (which we relabel) such that @; — @« in the sense

that
/q&d&)j — /qbdcboo
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for all ¢ € CS°(R™™!). We will start by proving that the support of @« equals
Y. To do this we let (2 ,T) € Xoo. Again by construction there exists a
sequence (Z;, t;) such that (Z;, 7;) € 92 and

(Zj. %) = ((Z; = Xp)/rj. (t; —t))/1]) > (Z. ).

FurtpermoreAfor every r € (0, 1) there exists jo > 1 such that for j > jy,
d(Z;, 7)), (Z,1)) <r/2and d((Z;, Tj), (X}, 1;)) < Cr; for some large C =
C(Z 7). As w is a doubling measure,
B(Co(Z, %))
o(X. 1, ((Z,71) €9Q: (Z = X))/rj. (x — 1))/r}) € C.(Z, D))
o (X, f, AX;. 1. 7)))

(X, 1, Cr,p(Z;, 7)) o(X,i,C
> >

i ri2(Zj, 7))
T oX AKX ) o(X, 1, Caey (25, 1))

> C(r, O).

This implies that if (Z,%) € To then (Z, 7) is in the support of @eo. Left is
to prove the other inclusion. Le., in this case we start by assuming that (Z, 7)
is in the support of @,. We want to prove that there exists (Z;, 7;) € 92 such
that . N

(Z;, T) == ((Zj = X)) [rj, (5 — 1)) [1]) = (Z,%).

If this is not the case then there exists € > 0 and jo such that for any sequence
(Zj, tj) € 0Q as above d((Z;, 7)), (Z 7)) >eif j > ]0 In particular in this
case Ce/z(Z ) N0 = 0. If we take ¢ € COO(CE/Q(Z 7)) we then get as
®j —> (s that

O=/¢(Y,s)dc?)j(Y,s)—> /d)(Y,s)dd)oo(Y,s).

Le.,

/qb(Y, $)dws(Y,s) =0

forall ¢ € C§° (CG/Z(Z, 7)). This contradicts the assumption that (Z,7%)isin
the support of v. Le., (2 ,T) € T and we can conclude that the support
of  coincides with . Also note that trivially w; — @« and the support of
Wwoo coincides with X,

We now prove that 02,0 C Xoo. To do this we let (Z,7) € 0Qy =
Qo NRA1\ Q. and note that given € > 0, thereexist (Y, s) € QLoocNC(Z, T)
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and (IA/, s) € [R"“A \ Qo] N Ce(Z ,_r). There also exist sequencies of points
(Y;,s;) € Qand (¥}, 5;) € [R"™\ Q] such that

(Y,5) = ((Y; = X)) /rj, (s; — 1))/ 1]),

(Y. 8) = ((Y; = X)) /1y, §; — 1) /r}).
Let/; be the parabolic line connecting (Y}, s;) and (?j, §;) and pick (Z;, 7j) €
1;N32. As 92 separates R at least one such point exists. As {(Z; — X;)/r;};

as well as {(z; —1;)/ rjz} ; are bounded sequences there exist a subsequence
(which we relabel) such that

((Zj — X)/15, (5 — 1) /1]) > (Z, %) € Zne.
Furthermore as
d(((Z; — X))/ rj, (tj — tj)/rjz)7 ((Y; — X)) /rj, (s — tj)/rjz))
<r7'd((¥;. ). (¥;.5))
we can conclude, by letting j — oo, that
d((Y.5), (2, %)) <d((Y.s), (Y. §)) < Ce
for a universial constant C. By the same line of thought
d(Z,7).(2,%)) <d((Z.7), (Y. ) +d((Z, %), (V. §))
<d((Z,7), (Y, $) +d((¥.,5), (¥, 5)
< Ce.

In total we have proved that for any (Z, t) € 92 and for any € > O there
exists (Z, T) € Yo suchthatd((Z, 1), (2, 7)) < €. This argument proves that
(Z, 7) is in the closure of the set X,. But the closure of the set X, equals,
as we have proven above, the closure of the support of w,. The latter equals
the support of w as the support is closed. Based on this we can conclude that
(Z,1) € X and that 0Q2,, C Xo.

Left is to prove that X, C 0. We let (2 ,T) € Y. By construction
there exists a sequence (Z;, t;) such that (Z;, 7;) € Q2 and

(Zj, ) == ((Z; = X))/ ry, (5 — 1) [r]) = (Z, ).

In order to argue as in the proof of Theorem 4.1 in [14] we start by fixing M
and by considering arbitrary p > 0. As €2 is a two-sided NTA-domain we can
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assume that there exist points A, (Z;, 7;) € €2 and Apr/. (Z;, 1)) € R+1 \§
such that if M is large enough then

Corim(Ap(Zj, 7)) C R, d(Ay,(Z;, 7)), (Zj, T7)) < pry,
Corm (A, (Z;, 7)) CR™INQ,  d(A,,(Z;, 7)), (Z), 1) < prj.

By applying the blow up argument we can therefore construct A;(p) € 2; and
A;j(p) € R"1\ Q; such that

Com(Aj(p) C 2, d(A;(p), (Z;,T))) < p,
Com(Aj(p)) CR™ING;,  d(A;(p), (Z;, %)) < p.

Going to the limit we can conclude that, for every p > 0, there exist points
As(p) € Qo and Ay (p) € R™1\ Q such that

Coint(Ass(0)) C Roor  d(Ans(p), (Z,1)) < p,
Com(Ans(p)) CR™N\ Qo d(An(p), (Z, 7)) < p.

If we let p — 0 we can conclude that (2, 7) € 094, and hence that £, C
0. In total we have proven that o, = 0Q24..

By essentially repeating the argument above for the proof that ., C 924,
we realize that Q., defines a two-sided NTA-domain. What remains is to
prove that dQ., is Ahlfors regular. Let j > 1 and let F C R"*! be a Borel
set. Also let F, dF denote the closure and the boundary of F respectively.
We define o;(F) = /mej do;(t) dt where doj(t) is the n — 1 dimensional
Hausdorff measure on the time slice F N 3€2; N (R" x {t}). Similarly we define
Ox(F) = f FR39., dos (1) dt where dos (1) is the n—1 dimensional Hausdorff

measure on the time slice F N 92y N (R" x {z}). Let (2, 7) € 0Q4 and let
r > 0. By construction there exists a sequence (Z;, 7;) such that (Z;, 7;) € 0Q
and

(Z;. %) = ((Zj — X)) /rj. (x; — 1)) /1)) > (Z. 7).
Note that by the Ahlfors regularity of 3€2; we get
0;(Co(Z, D) = 0}(C,yazy izt s T))
< C(r+4d((Z;, %), (Z, )",

Hence .
liminf 0;(C,(Z, 7)) < Cr"™'.
j—o0o
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Therefore as

05o(CH(Z, 7)) < lim inf 0;(C.(Z, 7)) < Cr"F!
J— 00

we have the proof in one direction.

To focus on the proof in the other direction for (Z ,T) € 04 we let
A= A(Z,%) = (ANZ, %), %), A = A, (Z,%) = (A*(Z, t), ) be points
such that A € Qu, A € R\ Q. and d(A, 392) ~ r ~ d(A, (Z, 7)),
d(A, 3Q00) ~ 1 ~d(A, (Z,7)). Define A* = (A*(Z, 1)+ AX(Z, ©))/2, 7).
Let M be a large positive number. Let P be the plane, which contains a line
parallel to the time-axis and the point A* and which is perpendicular to the
line A — A. By n(Z, t) we denote the orthogonal projection of (Z, 7) to the
plane P. A simple geometric argument gives that 7(C,(Z, %) N Q) contains at
least the projection of a parabolic cylinder C, (X, ) for some universial M

and for some point (X,7).An easy consequence of this is that
0xe(C(Z,8)) = C7'r" .

This completes the proof of the lemma.

To continue we proceed with the proof of Lemma 16.

ProOOF OF LEMMA 16. Recall that from the argument of proof of Lemma 15
it follows that w; — s and that the support of w, coincides with 3€2,. Let

¢ € CER™!\ (X, 1) and define ¢ (Y. s) = ¢ (' (¥ — X)), ;s = 17)).
By the Riesz representation formula we have

¢; (Y, s)dw(X,1,Y,s) = / G(X,i,Z, 1) (Ap; — d.¢,)dZ d.
Q2 Q
If we let (X;, 7)) = (r;'(X — X;), r; *(f —1;)), then by a change of variables,

/ ¢(Y,s)dwj()?j,fj,y,s):/ uj(Z, t)(Ap — d.¢)dZ dt
3%

Q)

where w; and u; were introduced above the statement of Lemma 15. Defining
u; = 0 on the complement of £2; we can conclude, using the same argument
as in the proof of Lemma 13, that {«;} is a uniformly bounded sequence on
compacts. By the Arzela-Ascoli theorem u; — u uniformly on compact
subsets and u, is a positive adjoint caloric function in 2, such that u,, =0
on 9€24. By weak convergence we can therefore conclude that

/ ¢(Y,s)dw(Y,s) = / Uso (Y, $)(A — 05)p(Y,s)dY ds
300 Qoo
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forall ¢ € C°(R™™).

In the following we will assume that @ C R"*! is a two-sided NTA-domain
with Ahlfors regular boundary and we define Q' = Q c R*™!, Q? = R"1\ Q.
Let (X', 7)) € Qi, fori € {1,2}, 72 < 7' and define o (X', ', ) to be the
caloric measures defined w.r.t. Q! and Q2 respectively. In the following we will
assume that o' (X', 7, -), for i € {1, 2}, is absolutely continuous with respect
to the surface measure . We define the Poisson kernels as k' (X, 7, ) =
do' (X', 71, /do.

LEMMA 17. Assume that log k' ()A(i, ',-) € VMO(do) fori =landi =2
and let a)j- — o' in the sense of Lemma 16. Then do!, = dw?, a.e. on 30
and there exists a universial constant C such that if (X, t) € 0Q2y andr > 0,

then '
o (AX,t,r) < Cr"th,

PrOOF. To prove the lemma we will prove that for all ¢ € CJ°(R"H),
¢ > 0, we have

pdol, = lim ¢pdw; = lim ¢ do;

300 I Jaq; I Jag;
= lim pdw’ = ¢ dw?
— jo— 00"
7= JaQ; 300

The second statement of the lemma also follows from this equality and the
argument used in the proof of Lemma 15. To do this we will only consider
i = 1 and we will in the following often instead of w (X, 7, -) = o' (X', 7', ")
simply write w(-).

In the following we will assume that Lemma 12 is valid with € = 1/4, i.e.,
there exists a constant C = C(n, 2, A) such that for all (X, ) € 92, r < ry,
X - XP<A(G—1),7f—t>82and E C AX,1,7),

C_1< o(E) )5/4< o(X,?, E) <C< o (E) )3/4
o(AX,t,r)) T oX,fAX,t,r) ~ \o(AX,t,r))

Let ¢ € CJ°(R"*!) and recall that in our blow-up argument we considered a
sequence of points (X, t;) € 92 — (f(, 1) € 92 and a sequence of scales {ri},
ri — 0, and we assumed for simplicity that (X, 1) = (0, 0). In the following
we will assume that supp ¢ C Cy (0, 0) for some M > 1 and that ¢ > O.
Let € > 0 be given. As log k(X, f,-) € VMO(do) there exists, by the John-
Nirenberg inequality, jo suchthatfor j > jo, thereexists G; C A(Xj, t;, Mr;),
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o(A(Xj,tj, Mrj)) < (1 +€)o(G;) and such that for every (Y, s) € G;

1
1o kdo < k(Y. s)
O'(A(X],t]yMr])) A(Xj,tj,Mr;)

1
<(+e kdo.
o (A(X, tj, M1j)) Jacx;..mr))

Here k = k(-, ) = k(}A(, f,-,-). We can also assume that (X, ;) € C1(0,0)
for j > jo. Using the inequality we have,
w(AX;, t, I"j) N Gj)O’(A(Xj, 1, Ml’j))

(I=e)= (AKX, 1, Mr)o (A, 5.7, N G)) — (I+e.

In the following Cj, will denote constants which depend on M and other para-
meters but are independent of j. Using these inequalities and the consequence
of the VMO condition stated above, the constant A can be chosen uniformly
and independent of j as r; — 0 and as the sequence (X, ¢;) converges to a
point located below (X, 7), we have

CI)(A(XJ, lj, rj))

O'(A(Xj,lj,rj))
_ oMK 1.1 NG | oA 4. 1) \ G))
U(A(XJ, tj,rj)) O(A(X],t],r]))
<+ E)O(A(XJ" I, r]') N Gj) w(A(Xja 1, Mrj)) CU(A(X]', t, l’j) \ Gj)
B U(A(Xj’tjirj)) G(A(Xj’tj’Mrj)) U(A(Xj,tj,rj))
< (1 +€)C()(A(X], tj, Mrj)) CL)(A(X/, t/, I"/) (O’(A(X], tj, r]) \ G]))3/4
B o(A(Xj, tj, Mr;))  o(AXj, t;,r)\  o(AX;,t;,717))
< (1 +€)C()(A(X,[],Mrj)) +Ce3/4M%("+1)M

O’(A(Xj,lj,Mi’j)) O'(A(Xj,tj,l"j))'
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By similar deductions

a)(A(X-,tj,rj)) - a)(A(Xj,tj,rj) ﬂGj)
O'(A(Xj,lj,rj)) B O'(A(Xj,lj,l’j))

o(AXj, 1, 1) o(AXj, t;, Mry))

— (- e)(l _ oA )\ G,-))w(A(X-, 1. Mr,)
G(A(Xj’tjarj)) G(A(Xj,tj,Mrj))

> (1—¢e

> (1—¢e)(1— CM’”‘@)G(A(X M)
J2 ] J

To continue we define G,- = {(rj_l(Y - X)), rj_2(s —1)); (Y,s) € G}, I:"] =
A(0,0, M)\ Gj. Using this notation we can conclude that for (Y, s) € f},

(I=el <kj(Y,s) <(1+e)];
where

oMK 5. m) o(AX;. 1, Mr)))
T e (AKX, 1, M) o(AX, 1, 77)

Based on the deductions above we get

T T o(AX), t, Mry))

w(A(Xj, 1, Mrj))

o(A(X;, t, M}’j))

3/4M3<n+1)“’(A(Xj’ I ’j))]
o(A(Xj, tj, 1))

[(1 +¢)

+€
< (1 + C€3/4M‘%("+l)).

Furthermore,
L[ <(l-e'd-cM"te) .

In total it follows there exist two functions A(€) and B(¢) such that if j > jj
then
A(e) < I; < B(e).

Furthermore, A(¢) — 1 and B(¢) — 1 as ¢ — 0. Continuing we have

(I—E)ij d)dO'j f[ ¢kjd0‘j < (1+€)I]f ¢d0‘j.
Gj Gj Gj
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Note that

f qbdwj :/ ¢kjd0j :f ¢kjd0j+f ¢kjd0j
09 0Q2; G; F;

J J

<a +e>1,,-/é ¢ do; + ||pleow; (F})

<0+ e)],./ $do; + Cre | Plloo.
9%
Similarly

¢da)j Z/ ¢kjd0‘j > (I—E)I]/: ¢d0’j
Gj Gj

0Q2;
Z(I—G)Ij/ ¢d0j—(1—€)lj/:¢d0j
9% L
= (1=l /m ¢doj — Cu(l = €)lj€l|Plloo-

Based on this we can conclude that

/ pdw; < (1 +€)B(€)/ ¢ doj + Cye”*||§]l o
%y 9%

/ pdw; = (1 - 6)A(€)/ pdoj — Cy(l — €)B()€||Ploo-
99, aQ;

Hence
/ ¢ dws = lim ¢dw; = lim ¢do;.
Q00

Jj—>o0 9Q; Jj—>00 9Q;

LEMMA 18. Assume that logk' (X, ', ) € VMO(do) fori = 1 andi =2
and let a); — i, u; — u'_ in the sense of Lemma 16. There exists a constant

C such that for all (Y, s) € Q'
ul (Y,s) < C8L (Y, s).
PrOOF. Let (X,1) € 9Q, and r be such that A,(X,1) = (¥,s). By
Lemma 13 and 16, u’_ can be considered as the Green function with pole

at + infinity and o' as the associated caloric measure. By Lemma 7 and
Lemma 8, combined with Lemma 17, we have

V"Mi)o(Ar(X, t)) ~ a)éo(A(X, t,r) < cr
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Asr ~ (Séo(Y ,s) we can therefore conclude that there exists a universial
constant C such that u’ (Y, s) < C8. (Y, s) forall (¥,s) € QL.

3.2. Classification of global solutions and the proof of Theorem 1

LEMMA 19. Assume that the assumptions in Lemma 17 are fulfilled and, using
the notation of Lemma 16, u; — ulOO fori e {1,2). Define for (Y, s) € R"!,
U (Y,s) = ul (Y, s) —u2 (Y,s), whereul (Y,s) =0in Q% , u? (Y,5) =0
in QL. Then u is a linear function in the space variables and Q. is a half
space containing a line parallel to the time-axis.

PrOOF. Applying Lemma 17 we can conclude that !, = w2, and that for
all ¢ € CP(R™)

¢(Y,s)do (Y,s) = / ul (Y, s)(A — 3,)¢ (Y, s)dY ds.

QL Qi

Hence

/ Uoo(Y, 5)(A — 05)p (Y, 5)dY ds
Rn+l

:f ub (Y, 5)(A — 35)¢(Y, 5)dY ds
Q

1
=)

—/ Uz (Y, s)(A — 3;)p (Y, s)dY ds
QZ

=)

=0.

As U, is continuous, it is weakly adjoint caloric in R"*! and therefore adjoint
caloric in R"*!. By a change of the time direction we can assume that u, is
caloric in R"*!. We also note that u,(0, 0) = 0. By standard estimates for the
heat equation we have that

max |D4 Dl us(Z, )| <

max |Us(Z, 7).
C,2(0,0

rk+2l ¢, 0,0)

According to Lemma 15, Q. defines a two-sided parabolic NTA-domain,
and hence A!(X, 1) and A%(X, 1) are well-defined for (X,t) € 9Q and r >
0. Using this points of reference we have by the backward in time Harnack
principle in Lemma 8 that

max [uso(Z, ) < € max{u}, (A} (0, 0)), uZ,(A7(0, 0))}.

Using Lemma 7 and Lemma 8 we have

rug (4;0,00) | r'ui (A70,0)
a)})o(A(O, 0,7r)) a)go(A(O, 0,7r))
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Hence as ), = oZ, we can conclude that ul (A1(0, 0)) ~ u? (A2(0, 0)). Ac-
cording to Lemma 18 uoo (Ar (0,0)) < Cr. Intotal we can therefore conclude

that C
DY Dlus(Z,7)] < <<t
o) UoolL, T k+2l oo k21

L(A10,0)) <

By letting r — oo we get D Dluo(Z, 7) = 0 for all (Z, v) € R"*! and all
(k, 1) such that k + 2/ — 1 > 0. We can therefore conclude that u, is in fact a
linear function in the space variables and €2 is a half space containing a line
parallel to the time-axis.

We can now prove Theorem 1 using Lemma 19. As 9<2 separates R"+! there
exists, according to Definition 3, §o > 0 such that glven any (X,7) € 9%,
R > 0, there exists a n dimensional plane P = P(X f, R), contammg (X, 1)
and a line parallel to the 7 axis, having unit normal # = A(X, 7, R) such that

((Y,s)+rii € CR(X,7): (Y,s) € P,r >8R} C Q,
((Y,s) —ri € Cr(X,1): (Y,s) € P,r >8R} C R\ Q.

We therefore introduce the quantity

~ . 1 ~ o~ A ~ .
OX,1, R) ::Eiqu[&QﬂCR(X,t),PﬂCR(X,t)]
P

where the infimum is taken over all n dimensional planes P = 13()? ., R),
containing (X, 7) and a line parallel to the 7 axis. For any compact set K C R"*!
we also introduce -
Ok (R) ;= sup O(X,t, R).
(X,t)eK
If (X,t) € 02, r > 0, then the statement that C, (X, t) N €2 is Reifenberg flat
with vanishing constant in the parabolic sense is equivalent to the statement

that ) ~
lim O¢, (x,nnae(”) = 0.
r—0

To prove Theorem 1 we assume, using the notation of the theorem, that (X, ¢) €
9Q, 2 > t + 4r? and that

lim Oc¢, (x,nnaa(?) = B
F—0

for some g > 0. We intend to prove that this is impossible and that 8 = 0. Let
(Xj,t) € C(X, 1) N3, (Xj,1) — (X,7) € C,(X,1) N3 and let r; be a
sequence of real numbers tending to zero such that

hm O(X;, tj,rj) = B.
j—o00
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By a translation argument we can without loss of generality assume that
(X, 7) = (0, 0) and that (0, 0) € C,(X, t) N 3. Define the domains,

Q=" (X = X)), r 2 — 1)) : (X, 1) € Q).

Then according to Lemma 15 we can assume that Q) — Q , 8Q — 9QL in

the parabolic Hausdorff distance sense uniformly on compact subsets of R"*!.
Furthermore, Qo = Q! and Q2 = R"*! \ Q,, are parabolic NTA-domains
and 99, separates R"*!. We can furthermore apply Lemma 16, Lemma 17
and Lemma 19 in order to conclude that €2, is a half space containing a line
parallel to the time-axis. Still our assumption above give at hand that

00,0,1):=8>0

where ®4(0, 0, 1) is defined w.r.t. 924,. Clearly this is a contradiction and
we can conclude that C, (X, ) N d€2 is Reifenberg flat with vanishing constant.
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