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AF-EQUIVALENCE RELATIONS

MATS MOLBERG

Abstract

Let R = lim R, be the inductive limit of an ascending sequence of étale finite equivalence relations
—

R,, on the zero-dimensional space X. We prove that R is an AF-equivalence relation.

We start by stating the following theorem, giving the appropriate definitions be-
low. (Recall that an equivalence relation is said to be finite if every equivalence
class consists of finitely many elements.)

THEOREM 1. Let R = (R, 9) be an étale (countable) equivalence relation
on the zero-dimensional (second countable, locally compact) space X. The
following are equivalent:

(1) R is an AF-equivalence relation;

(i1) R is isomorphic to the étale equivalence relation Ry gy associated to a
Bratteli diagram (V, E);

(iii) R is the inductive limit of an ascending sequence of étale finite equival-

ence relations {(R,,, 9,)}, where R, is open in R, | for every n.

REMARK 2. The equivalence between (i) and (ii) is proved in [1]. The im-
plication (i) = (iii) is immediate. One would certainly expect that the converse
implication is true. However, it is somewhat surprising that a proof of this has
not appeared in the literature. It is the goal of this short paper to provide a proof
of the implication (iii) = (i). As will be apparent the proof is not completely
straightforward, but requires a careful analysis. Establishing the equivalence
between (i) and (iii) is very satisfactory, since it highlights the analogy between
AF-equivalence relations in the topological setting, with hyperfinite equival-
ence relations in the Borel and measure-theoretic settings. In fact, one may say
that (iii) would be the most “natural” way to define an AF-equivalence relation
R, since it explicitly exhibits the approximation to R by finite equivalence
relations.
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1. Introduction

We start by reminding the reader of the basic definitions concerning étale
equivalence relations. For details, cf. [1].

An étale equivalence relation, R, on the locally compact, second countable
space X is the topological groupoid associated to a countable equivalence rela-
tion R = (R, 9) on X, where the locally compact topology g on R makes the
range map, r : R —> X defined by r((x, y)) = x, a local homeomorphism,
i.e. for all (x, y) € R there exists an open neighborhood ﬁ(x,y) of (x, y) such
that

(1) 7(U.y)) is open in X;

2) r: ﬁ(x, y) —> r(ﬁ(x,y)) is a homeomorphism. (In particular r is an open
map.)

In groupoid language this is known as an r-discrete groupoid (see [2]).

It follows from the definition that if R" C R is an open subequivalence
relation, then R’ is again étale in the relative topology.

We will say that ﬁ(x,},) satisfies the étale condition at (x, y) (with respect
to r) if (1) and (2) holds. We also say that ﬁ(x, y) 18 an étale neighborhood of
(x, y). Clearly, if X is zero-dimensional, i.e. X has a basis of clopen sets, then
we may choose ﬁ(x, y) to be a compact open set. There is also a source map,
s : R —> X, where s((x, y)) = y. Since the inverse map, (x, y)~! = (v, x),
is a homeomorphism, the étale condition could equivalently be stated with
respect to the source map. Note also that the mapr x s : R — X x X,
defined by » x s((x, y)) = (x, y), is continuous, where X x X has the product
topology.

For x € X we denote the equivalence class of x assosiated to R by [x]g,
and the number of elements in its equivalence class is denoted by #[x]g. By
definition #[x]g will be at most countable, and if fi[x] is finite forevery x € X,
we say that R is a finite equivalence relation.

Let A = {(x, x) | x € X} be the diagonal in X x X (i.e. the unit space of
R, when regarded as a groupoid). It is a fact (see [1]) that when (R, J) is an
étale equivalence relation, then A is clopen in R, and the map (x, x) — x,
from A to X, is a homeomorphism.

We say that a subset A of X is R-invariant (or R-saturated) if x € A and
(x,y) € Rimplies y € A.

DEerINITION 1 (Compact étale equivalence relation). An étale equivalence
relation (R, ") on the locally compact, second countable space X is a compact
étale equivalence relation (abbreviated CEER) if R \ A is a compact subset of
R.
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The following result concerning CEERs holds, cf. [1, Proposition 3.2].

ProposITION 2. If (R, J) is a CEER on X, then
(i) T is the relative topology from X x X;

(1) R is a closed subset of X x X, and the quotient topology of the quotient
space X /R is Hausdorff;

(iii) R is uniformly finite (i.e. AN € N such that i[x]g < N forall x € X).

REMARK 3. Generally, for an equivalence relation R on X to be étale, the
relative topology from the product topology on X x X is too coarse. Also,
regarding (iii), there are easy examples of uniformly étale finite equivalence
relations not being CEER. (See Example 4 below.)

ExaMPLE 4. Let X be some Cantor subset of [0, 1] containing the point %

and being symmetric around % 1.€. % —eeX & % +eeXfor0<e< %

Such a Cantor set can easily be constructed. Define R = A [ J{(x, 1 —x) | x €
X}. Observe that
1, ifx=1;
flxlr =
2, otherwise.

Giving R the relative topology J from the product topology on X x X, one
sees immediately that the étale condition fails at the point (2 2) as there is no
open neighborhood making the range map injective. However, this is the only
point causing problems, and R is easily made into an étale equivalence relation
by making the topology finer. Let I be the topology generated by Tl and A.
In fact, for any open neighborhood B € I of ( ) put U(l =8B M A.

Now U ) fulfills the étale condition for (2, 2). See Figure 1 for illustration.

DEFINITION 5 (AF-equivalence relation). Let {(R,, 7,)};2, be an ascend-
ing sequence of CEERs on a zero-dimensional (second countable, locally com-
pact) space X, so that the inclusion map of R, into R, is continuous for each
n. Let (R, 9) be the inductive limit of {(R,,, Tn)lee, with the mductzve limit
topology I ,i.e. R = Ul , R, and U e 7 if and only if U R, € F, for
every n. We say that (R, 9) is an AF-equivalence relation on X and we Write
(R,9) = lim(Rn, T,). (In this case one can prove that R, is open in R, 1,

i.e. R, € n+1,cf[]])

The following proposition, which is proved in [1, Proposition 3.12], will
simplify our proof in the sense that we will be able to focus exclusively on
(étale) finite equivalence relations, and show these are AF, in order to prove
our result.
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FIGURE 1. “Cantor-cross” equivalence relation.

PROPOSITION 6.
(1) Let R = lim R,, be the inductive limit of an ascending sequence of AF-

equivalence relations R, = (R,,J,) on X, such that R, is open in
R, 11 for each n (which one can show implies that the inclusion map is
a homeomorphic embedding of R, into R,.1). Then R = (R, J) is an
AF-equivalence relation on X.

(ii) Let R = (R, J) be an AF-equivalence relation on X, and let R C R

be a subequivalence relation which is open, i.e. R € 9. Then (R', J)
is an AF-equivalence relation, where I is the relative topology.

ExaMpLE 7 (Example 4 revisited). Going back to (R, 9") from Example 4
it is easy to establish that it is not CEER. However, it is an AF-relation. In fact,
let {U,}72, C X be a sequence of clopen neighborhoods of % satisfying the

following

(1) U, is symmetric around % foralln € N;
(i) U,y Cc U, foralln € N;
(i) (2, Un = {3},
Define, foralln € N, R, = A J{(x, 1 —x)|x € US}, anlet 7, be the relative

topology from the product topology on X x X. Figure 2 gives an illustration
of (R,, 7). Observe that the problem concerning the point % in Example 4
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FIGURE 2. CEER sub-equivalence relation of the “Cantor-
cross” equivalence relation in Figure 1.

is now eliminated. In fact it is easy to show that (R,, J,) is CEER for all n.

Also, it is clear, by the choice of {U,,}3° |, that R,1 C R,,andthat R, € I,

for all n € N. Now, (R, J) = lim(R,, ,), and hence (R, J) is an AF-
—

equivalence relation. This particular example gives one of the clues of how to

prove (ii1) = (i) of Theorem 1.

From this point on (R, ") denotes an étale finite equivalence relation on
the zero-dimensional (second countable, locally compact) space X. Sometimes
the 9 will be dropped, and we write R instead of (R, ).

Before getting on with the proof we need to introduce some notation and
terminology. For U,V C R, welet

UV ={(x,y) |3z (x,2) € Uand (z,y) € V)

U™ ={(.x) | (x.y) € U}.
For x € X let r~'({x}) = {(x, x1), (x, x2), ..., (x, x)}, Where x;, x, ..., Xk
are distinct elements of X, and we set x; = x. For each pair (x;, x;) € R,

choose a compact open neighborhood ﬁ(x,-,xj) of (x;, x;) satisfying the follow-
ing properties.

) ﬁ(xi,x,) satisfies the €tale condition at (x;, x;), i, j = 1, ..., k with re-
spect to both r and s;
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) r(Ugs, ) N7 (U, .x,) = @ whenever i # i’ and
S(Uai ) (15U x,)) = ¥ whenever j # j';
B) rUgx) =+ =r(Upyxp) = WU, 0) = - .. = Uy, ) for all i;
(@Y) (lNJ(x,,,xj))*l = ﬁ(xj,x,.) for all i and j;
(®)) ﬁ(x[,x/)ﬁ(x,-«,x,) = ﬁ(x[,xj) forall i, j/ and j.

X

FiGURE 3. Etale collection for [x]r = {x, y, z} drawn
as bold line segments.

We call the set {U(x - )}l j=1 an étale collection (for [x] = [x]r), and denote
it by U[x It is easy to see that U is an equivalence relation contained in R.
The existence of an étale collect1on follows in a straightforward way from the
étaleness of R. We refer to [1] for details. (See Figure 3 for an illustration of
an étale collection where k = 3.) Also, to an étale collection for [x] = [x]g,
we define the associated étale neighborhood of [x], denoted by U, to be the
disjoint union (we use “|_|” to denote disjoint union)

k

Llr(ﬁ(x,-,xj)) = |_| U |_| Uy,

i=1 i=1 welx]

=~

where Uy, = r (U, ). (Note that by (3), r(Us,.x)) = r(Ux, ) for j, j' €
{1, ..., k}.) We may thus suggestively write Uj,; = r(Uy)). For later use we
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note that if z € Uy, then #[z]z > f[x]g, which is an immediate consequence
of the definition of an étale collection. Keep in mind that U [x] 1S a compact
open subset of R, and U,,,i = 1, ..., k, and Uy, are compact open subsets
of X. Furthermore, ﬁ[x], in the relative topology from R, is a compact étale
equivalence relation on U|,}, and so by Proposition 2 (i) the topology on Uy
is the relative topology from Upy) X Ulyj.

2. Proof of (iii) = (i) of Theorem 1

We will first assume X to be compact. (The locally compact case will be
dealt with afterwards.) By Proposition 6(i) we may assume that R = (R, )
is an étale finite equivalence relation on X. We will henceforth denote the
R-equivalence class [x]z of x by [x].

Fix x € X and some étale collection l~][x] for [x], and define

R = R, = UalJ (R (Ut x Vi)

It is easy to see that R’ is a subequivalence relation of R. We note that
R (U, x U, is an open subset of R, as it is the inverse image of U, x U,
under the contmuous map r x s. As a consequence we have that R’ i 1s an open
subequivalence relation of R, and hence étale in the relative topology. By

construction we get that Uy, = r(ﬁ[x]) is an R'-invariant subset of X.

Now choose, for all x € X an étale collection U of [x]. By compactness
of X, there exists a finite set {Upyy, . . ., Upony} such that (J/_, Upoy = X.
Define

m
= ﬂ RU[.r(fn'
i=1

LEMMa l. R = N Rﬁ[ o is a compact and open subequivalence relation

of R.

i=1

PROOF. Since R is a finite intersection of open sub-equivalence relations of
R, we only need to show that Ris compact.

Let {(x,, yn)}i2, C R. Since X is compact we can find a subsequence,
which we again will denote by {(x,, y»)},2, such that X, — xandy, — y
in X. We want to show that (x,, y,) — (x, y) in R which will prove that R
is compact. Choose an i € {1, ..., m}, such that x € U, Then there exists
N € Nsuchthat {x,},2 y C Ujxo).Since R C Ry, andsince Uiy is Ry, -
invariant, we have that {y,};° y C U,o. Furthermore, U} is compact, so
y € Uly,). Since ] (x7 has the relative topology from Uy, X U[,@1, this implies
that (x,, y,) — (x, y) in Rg{x(i)], and hence in R.
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We now need to show that (x, y) € ﬁ, or, equivalently, (x, y) € Rgh ™ for
all j = 1,..., k. Fix j. Then, since U}, is Rﬁ ) —invariant the only two
possibilities are that x, y € Uj,»), orx,y € U[ Wy Ifx y € Uy, then, by
the above argument, (x, y) € Rﬁ[x 0y Ifx,ye U[ Wy then certainly (x, y) €
Ufiny X Ufiy- We know already that (x, y) € R, and so(x,y) € Rﬁ[.xu‘n' This
finishes the proof of the lemma.

We introduce some terminology. Let d be some metric on X compatible
with the topology of X. Let x € X, with [x] = {x1,..., x}, and let Ux] =
{U(x, xj)}l i=1 be some étale collection for [x]. Then we define |Uj,| (called

the diameter of Uy, = |_|l  Uy,) to be the maximum of the diameters of
U, = r(U(x, )» i =1,...,k, thatis
|Upyl = max{diameter(U,,) | i =1, ..., k}.

Now let a finite number of étale collections {U x0) i =1,...,m} be given
suchthatJ/, U0 = X. We say that % = {Upeo | i = 1, m}is afull set
of étale collections and that Rj; = (I, RU[ 0 is the CEER associated to .

We define the diameter of 027, denoted |JZZ|, tobe max{|Uj,oy| | i =1,...,m}.
We want to construct a nested sequence

RiCR,CR;C---CR

of compact and open subequivalence relations of R, such that R = |77
Then clearly

nl

(R, T) =1lim(R,, T,)

where J,, denotes the relative topology on R,, and so R = (R, J) is an AF-
equivalence relation on X. This will finish the proof for the case where X is
compact.

Assume we have constructed

RiCR,C---CR,CR

where each Ry = Rg;, is a compact and open subequivalence relation of R
associated to some full setjéz « of étale collections, and such that the diameter
of U is less than % ie || < % Using Lemma 1 we can clearly construct
R, with these properties. So assume n > 1. We want to construct R, such
that Rj; = R, C Ryt C R, and R, to be associated to a full set %, of
étale collections, i.e R, = RgZZn+], such that |%,,1| < ﬁ

Let % {U[xm i=1,...,m,}. Forevery y € X pick an étale collection
U[y C R for [y] such that
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() Uyl < 75

(i) If z,w € [y] and (z, w) € U < x> where U( 0 )

i=1,...,m,,then U(Z,w) C Ux,io,x,('))’ where U(z,w) € Uy

€ U0 for some

The existence of ﬁ[y] satisfying (i) and (ii) follows easily from the étaleness
of R.

Now choose at full set of étale collections %n+1 = {UDm i=1,...,m,1}
such that every U[yu)] satisfies (i) and (ii), and let R, = R% be the com-
pact and open subequivalence relation of R associated to u - (In the sequel
we use x’s and y’s when we refer to sets associated to %, and %, re-
spectively, in order to facilitate the reading.) We claim that R, C R,4;. In
fact, let (x, x’) € R,. Suppose x € Ujyoy for some i € {1,...,m,;1}. Now
Upyin = 5oy Uy, and so x € Us for some § € [y@]. There exists some
jef{l,...,m,} such that

yeUpo = r(ﬁ[x(/)J) = |_| Uz.

Xe[x(]

Hence (,)) € U 5 for some ¥ € [x]. By condition (ii) above we get that
Us 5 C Ugx),and so

Us = r(Us.5) C r(Uzz) = Uz C Upoy.

Since x € Uy, we get that x € Us. Hence there exists X € [x(] such that
(x, f’) € Al{(;g), since (x,~x’) € ng)]. Also, since y € Uy C g; we geif that
(¥,y) € Uiy for some y € [y] = [y®]. By condition (ii), Usy» CUg%-
S~ince x € Uyand (x, x') € Ug ., étaleness of U ;3 implies that (x, x') €
Ui So (x,x") € Uy C Ry -

If we had assumed at the start that x ¢ Uy, then our argument would
yield that also x” & Uy, and so (x, x') € R ﬂ(UW,) X Ufap C Rﬁ[},m]' We

mpy

conclude that (x, x") € Ry41 =Rz, =();2]' R Ty, N

We now prove that R = |, R,. Let (x,y) € R, and let V|;; C R be
an étale collection for [x], with Vj;; = r(V[y}). Then x € V,, where V|, =
|_|w€[x Vy. Let € = distance(x V¢). Then € > O since x € V, aind V, is
clopen. Choose N so large that < €. Now assume x € U = r(Upoy) for
some étale collection U, 0] € % ~> i €{l,...,my}, where Ry = R . Then
x € Uz forsomeX € [xP], where Upi = |_|Z6 L]
%, we get that Uy C V,. In particular, X € V[,;. Since both V[x and U [x(] are
étale collections, and x, X € Vi, () Upop, itfollows that f[x] = #[X] = #[x@].

U.. Slncedlameter(U~) <
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(Cf. the observation we made when we introduced the definition of an étale
collection.) This, combined withx € Uy C V., implies that 7~ ({x}) C ﬁ[xm],
and so (x, y) € U0y

If we had assumed that x ¢ Uj,«, the above argument would yield that
y & Upop. In both cases we may conclude that (x, y) € R,7h_ o This proves
that (x, y) € Ry = Ry, , and thus the proof is complete for X compact.

If X is locally compact, there exist a sequence of compact and open subsets
{V,}2, of X, such that X = |2, V, and V,, C V,,4 for every n. Let R, be
the subequivalence relation of R defined by

R, = {Rﬂ(v,, x V,,)} Ua

where A is the diagonal of X x X. Since R (\(V,, x V,) is the inverse image
of V,, x V,, under the continuous map r x s, we get that R, is open in R, and
so R,, in the relative topology, is an étale equivalence relation on X. Clearly

o0
Rlchc---cR,,cRn+1c---cR:URn
n=1

00
n=1°

and so R is the inductive limit of { R, } i.e. R = lim R,,. Since V,, is compact,

and R ((V, x V,,) clearly is an étale finite equivalence relation on V,,, we get
by our result above that R ()(V, x V,) is an AF-equivalence relation on V,,.
This implies that R, is an AF-equivalence relation on X. By Proposition 6 we
conclude that R is an AF-equivalence relation. This completes the proof of
(iii) = (i) of Theorem 1.
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