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CONNES-AMENABILITY OF BIDUAL AND
WEIGHTED SEMIGROUP ALGEBRAS

MATTHEW DAWS

Abstract

We investigate the notion of Connes-amenability, introduced by Runde in [10], for bidual algebras
and weighted semigroup algebras. We provide some simplifications to the notion of ao W C-virtual
diagonal, as introduced in [13], especially in the case of the bidual of an Arens regular Banach
algebra. We apply these results to discrete, weighted, weakly cancellative semigroup algebras,
showing that these behave in the same way as C*-algebras with regards Connes-amenability of
the bidual algebra. We also show that for each one of these cancellative semigroup algebras
1'(S, w), we have that I' (S, w) is Connes-amenable (with respect to the canonical predual co(S))
if and only if /! (S, w) is amenable, which is in turn equivalent to S being an amenable group, and
the weight satisfying a certain restrictive condition. This latter point was first shown by Grgnbak
in [6], but we provide a unified proof. Finally, we consider the homological notion of injectivity,
and show that here, weighted semigroup algebras do not behave like C*-algebras.

1. Introduction

We first fix some notation, following [2]. For a Banach space E, we let E’ be its
dual space, and for 4 € E" and x € E, we write (i, x) = p(x) for notational
convenience. We then have the canonical map xg : E — E” defined by
(kp(x), u) = {u,x) for w € E’,x € E. For Banach spaces E and F, we
write B(E, F) for the Banach space of bounded linear maps between E and
F; we write B(E, E) = B(E); we write T’ for the adjoint of T € B(E, F).
We use the notion of Banach left &/-modules, right modules and bimodules as
in [2].

A linear map d : &/ — E between a Banach algebra ./ and a Banach
&f-bimodule E is a derivation if d(ab) = a - d(b) +d(a) - b fora,b € A.
For x € E, we define §, : &/ — Ebyd,(a) =a-x —x-a.Thené, isa
derivation, called an inner derivation.

A Banach algebra o/ is amenable if every derivationd : &/ — E’to a
dual bimodule is inner. For example, a C*-algebra &/ is amenable if and only
if .o/ is nuclear; a group algebra L'(G) is amenable if and only if the locally
compact group G is amenable (which is the motivating example). See [14] for
further discussions of amenability and related notions.
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Let E be a Banach space and F a closed subspace of E. Then we naturally,
isometrically, identify F’ with E’/F°, where

Fe={uek :{(ux)=0 (x € F)}.

DEeriNITION 1.1. Let E be a Banach space and E, be a closed subspace of
E'. Let g, : E” — E"/E? be the quotient map, and suppose that 7z, o kg
is an isomorphism from E to E’.. Then we say that E is a dual Banach space
with predual E,.

When . is a dual Banach space with predual &/, which is also a submodule
of /" we say that & is a dual Banach algebra.

For a dual Banach algebra ./ with predual &7, we henceforth identify &/
with &7,. Thus we get a weak*-topology on .2/, which we denote by o (%, .%4,,).

As noticed by Runde (see [10]), there are very few Banach algebras which
are both dual and amenable. For von Neumann algebras, which are the motiv-
ating example of dual Banach algebras, there is a weaker notion of amenablity,
called Connes-amenability, which has a natural generalisation to the case of
dual Banach algebras.

DErFINITION 1.2. Let &/ be a dual Banach algebra with predual «/,. Let E
be a Banach &/-bimodule. Then E’ is a w*-Banach </ -bimodule if, for each
wu € E’, the maps a-p

o — E, a|—>{
w-a

are o (, o) — o (E’, E) continuous.

Then (A, &,) is Connes-amenable if, for each w*-Banach &/-bimodule
E’, each derivationd : &/ — E’, whichis o (<, &/,) — o (E’, E) continuous,
is inner.

Given a Banach algebra &/, we define bilinear maps /" x &/ — /' and
A x A" — A by
(O-pw,a)=(P,n-a) {(u-®,a)=(dP,a-u) (deAd" nueAd acd).
We then define two bilinear maps [J, ¢ : &” x " — " by
(@O, u) = (D, ¥-u) (PO, u) = (¥, u-P) (O,W e uesd).

We can check that [] and ¢ are actually algebra products, called the first and
second Arens products respectively. Then k4 : &/ — 2" is a homomorphism
with respect to either Arens product. When [ = {, we say that &/ is Arens
regular. In particular, when &/ is Arens regular, we may check that &/ is a
dual Banach algebra with predual &/’
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THEOREM 1.3. Let & be an Arens regular Banach algebra. When &/ is
amenable, " is Connes-amenable. If k() is an ideal in " and A" is
Connes-amenable, then < is amenable.

Let o/ be a C*-algebra. Then f is Arens regular, and " is Connes-
amenable if and only if o/ is amenable.

ProoF. The first statements are [10, Corollary 4.3] and [10, Theorem 4.4].
The statement about C*-algebras is detailed in [14, Chapter 6].

Another class of Connes-amenable dual Banach algebras is given by Runde
in [11], where it is shown that M (G), the measure algebra of a locally compact
group G, is amenable if and only if G is amenable.

The organisation of this paper is as follows. Firstly, we study intrinsic
characterisations of amenability, recalling a result of Runde from [13]. We
then simplify these conditions in the case of Arens regular Banach algebras.
We recall the notion of an injective module, and quickly note how Connes-
amenability can be phrased in this language. The final section of the paper then
applies these ideas to weighted semigroup algebras. We finish with some open
questions.

2. Characterisations of amenability

Let E and F be Banach spaces, and form the algebraic tensor product £ ® F'.
We can norm E ® F with the projective tensor norm, defined as

]| =inf{Z el llyell = =" xe ®yk} weEQ®F).
k=1 k=1

Then the completion of (E® F, || - ||x) is E ® F, the projective tensor product
of E and F.

Let .o/ be a Banach algebra. Then ./ ® & is a Banach &/-bimodule for the
module actions given by

a-b®c)=ab®c, (bQRc)-a=bQca (ae A, b@ceARA).

Define Ay : A Q A — oA by Ay (a®b) = ab. Then A 4 is an &/-bimodule
homomorphism. Let M € (.&/ ® .2/)" be such that

a-M=M-a, A,(M)-a=kya) (a € A).

The M is a virtual diagonal for &/. It is well-known that </ is an amenable
Banach algebra if and only if ./ has a virtual diagonal.
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DEFINITION 2.1. Let &/ be a dual Banach algebra with predual .2Z,, and
let E be a Banach «/-bimodule. Then x € o WC(E) if and only if the maps

%
A — E, a-x.
ar—>{
xX-a

are o (¥, o,) — o (E, E’) continuous.

It is clear that c WC(FE) is a closed submodule of E. The /-bimodule
homomorphism A . has adjoint A’ , : &' — (& ®.47) . In[13, Corollary 4.6]
itisshownthat A’ (/) € o WC((A ®./)"). Consequently, we can view A’
asamap .o/, — o WC((/ ® o7)'), and hence view A", asamapo WC (A ®
) — A, = o, denoted by Ay.Let M € cWC (4 ® ££)') be such that

a-M=M-a, aAy(M)=a (a € A).

The M is a 0 W C-virtual diagonal for < .
THEOREM 2.2. Let &/ be a dual Banach algebra with predual .. Then the
following are equivalent:
(1) o is Connes-amenable;
(2) « has a o WC-virtual diagonal.

Proor. This is [13, Theorem 4.8].

In particular, we see that a Connes-amenable Banach algebra is unital
(which can of course be shown in an elementary fashion, as in [10, Proposi-
tion 4.1]).

3. Connes-amenability for biduals of algebras

Recall Gantmacher’s theorem, which states that a bounded linear map T :
E — F between Banach spaces E and F is weakly compact if and only if
T"(E") C kp(F). We write %' (E, F) for the collection of weakly compact
operators in B(E, F).

LEmMA 3.1. Let E be a dual Banach space with predual E,, let F be a
Banach space, and let T € B(E, F'). Then the following are equivalent, and
in particular each imply that T is weakly compact:

(1) Tiso(E, E,) —o(F', F") continuous,
(2) T'(F") € kg, (Ey);
(3) there exists S € W'(F, E,) suchthat ' = T.

Proor. That (1) and (2) are equivalent is standard.
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Suppose that (2) holds, so that we may define S € B(F, E,) by kg, o S =
T o k. Then, for x € E and y € F, we have

(x, SM) = (T"(kr(), x) = (T (x), y),

so that S = T. Then S"(F") = T'(F") C «g,(E,), so that S is weakly
compact, by Gantmacher’s Theorem, so that (3) holds.

Conversely, if (3) holds, as S is weakly compact, we have kg, (E,) 2
S"(F")y = T'(F"), so that (2) holds.

Itis standard that for Banach spaces E and F, we have (EQ F)' = B(F, E’)
with duality defined by

(T,x®y) = (T(y), x) (T € B(F,E),x®yecE®F).

Then we see, for a,b,c € o and T € (4 Q@ A) = B(A, "), that (a -
T,b®c) = (T(ca),b)and that (T -a,b ® c) = (T(c),ab) = (T(c) - a, b)
so that

(1)

(a-T)«c)=T(ca), (T-a)lc)=T(c)-a (a,ce A, T: A — A).

Notice that we could also have defined (E ® F)' to be B(E, F'). This
would induce a different bimodule structure on 8 (, '), but we shall see in
Section 4 that our chosen convention seems more natural for the task at hand.

PrOPOSITION 3.2. Let &/ be a dual Banach algebra with predual <. For
TeRBA, A= (AR A, define maps ¢, ¢ - A & oA — ' by

¢r(a®b)=Try@) b, pr(a®@b)=a-T(h) (a®beARA).

ThenT € cWC(B(A, A")) if and only if ¢, and ¢; are weakly compact and
have ranges contained in k o, ().

PrOOF. For T € B(, ') = (4 @ ), define Ry, Ly : A — (4 @
&) by Rr(a) = a-T and Ly = T - a, for a € /. By definition, T €
oWC(B (4, ")) if and only if Ry and Ly are o (A, ) — o (B(A, '),
(o/ ®.9/)") continuous. By Lemma 3.1, this is if and only if there exist ¢, ¢; €
W (AR s, oA,) such that ¢, =Rrandg, = L.

Fora ® b € &/ ® o/ and ¢ € o/, we see that

(¢, or(@®b)) = (Rr(c),a®b) =(c-T,a®Db)=(T(bc),a)
= (T'k(a), be) = (T'ky(a) - b, c) = ($-(a ®b), c),
(c,p(@a®b)) =(Lr(c),a®b) =(T -c,a®b) =(T(D),ca)
= {

a-T®b),c)={p;(a®Db),c).
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Thus k., o ¢, = ¢ and Ky, o ¢ = ¢;. Consequently, we see that T €
oWC(B (L, ")) if and only if ¢, and ¢; are weakly compact and take values
in oA, (JZf*)

The following definition is [13, Definition 4.1].

DEeFINITION 3.3. Let &/ be a Banach algebra and let E be a Banach .2/-
bimodule. An element x € E is weakly almost periodic if the maps

a-x,
o — E, ar—){
xX-a

are weakly compact. The collection of weakly almost periodic elements in E
is denoted by WAP(FE).

LEMMA 3.4. Let &/ be a Banach algebra, and let T € RB(A, ') =
(AR . Let ¢y, ¢y : AR — A beasabove. ThenT € WAP(B(A, A'))
if and only if ¢, and ¢; are weakly compact.

PrROOF. Let Ry, Ly : &f — RB(, ') be as in the above proof. By defin-
ition, T € WAP(%A(, &")) if and only if L7 and Ry are weakly compact.
We can verify that

¢, oky =Ry, ¢joky =Lr, Ry okygy =¢r Ly okysgwy =1
which completes the proof.

COROLLARY 3.5. Let o/ be a unital, dual Banach algebra with predual <A,
andlet T € B(A, A") = (A & ). The following are equivalent, and, in
particular, each imply that T is weakly compact:

(1) TeoWC(B(A, A));
(2) T(A) Sk (), T' (kg (H)) Cicey, (i), and T€ o WC(B(A, A'));
() T(A) Sk (), T' (kg () Sk, (i), and T € WAP(RB (A, A")).

ProoOF. Let e, be the unit of &7, so that for a € &/, we have T(a) =
¢i(ey ® a) and T'ky(a) = ¢,(a ® ey), which shows that (1) implies (2);
clearly (2) implies (1).

As &7, is an &/-bimodule, (2) and (3) are equivalent by an application of
Lemma 3.4 and Proposition 3.2.

THEOREM 3.6. Let & be a dual Banach algebra with predual sf,. Then &/
is Connes-amenable if and only if o/ is unital and there exists M € (o & /)"
such that:

) M,a-T—T-a)=0forac AdandT € cWC(W (AL, A"));
(2) ki, A7, (M) = ey, where ey is the unit of .
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PROOF. As c WC((/ ® .2/)')' is a quotient of (o/ & .o¢)", this is just a
re-statement of Theorem 2.2.

When & is an Arens regular Banach algebra, /" is a dual Banach al-
gebra with canonical predual &/’. In this case, we can make some significant
simplifications in the characterisation of when .2/” is Connes-amenable.

For a Banach algebra ¢/, we define the map k. ®«k.y : A DA — A" Q4"
by

Ky @Kkp)a®b) =ky(a) ®ky(b) (@@be AR A).

We turn .«/” ® 2" into a Banach .¢/-bimodule in the canonical way. Then «; ®
K. is an &/-bimodule homomorphism. The following is a simple verification.

LEMMA 3.7. Let of be a Banach algebra. The map
ty B(A, A = BA", A", T— T,

is an &/ -bimodule homomorphism which is an isometry onto its range. Fur-
thermore, we have that (k. @ K.y) oty = Ig(y. ). Define poy - A" A" —
(o ® oA)" by

(g (D), TY=(T",7) (ted"@A"TecRBHA A= (ARA).

Then py is a norm-decreasing &f-bimodule homomorphism which satisfies
Pt © (Kt @ Key) = K@

For a Banach algebra ./, it is clear that %" (<, /') is a sub-/-bimodule
of B(oA, ') = (AR A).
THEOREM 3.8. Let & be an Arens regular Banach algebra such that <"

is unital, and let T € B(A", L") = (4" @ L") . Then the following are
equivalent:

)T € oWC(RB(A", A")), where we treat B(A", A" as an A" -
bimodule;

) T=S8" forsome S € WAP(W (AL, A")), where now we treat W (A, A")
as an < -bimodule.

ProoF. We apply Corollary 3.5 to /", so that (1) is equivalent to T’ being
weakly compact, T (L") C kg (L), T' (ke (")) C kep(H'), and T €
WAP(B(L", o). Thus, if (1) holds, then there exists Ty € W' (A", ")
suchthat T = ko o Ty, and there exists Ty € W' (", «") suchthat T ok oyr =
kg oTi.Let S = Tooky € W (A, A"). As before, we can check that §" = T
and that §” = T. We know that the maps Ly, Ry : " — B(AL", A",
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defined by L7(®) = T - ® and Ry (®) = & - T for & € ", are weakly
compact. Define Lg, Rs : &/ — B(, ") is an analogous manner, using
SeW (A, A" ForaecA,S -aeW (A, A),soforV e " andb € A,

(S~ a)'(¥),b) = (¥, (S-a)(b)) = (¥, S5(0) - a)
=(a-W,S(b) = (S ¥),b).

Thus, fora € &/ and ®, ¥ € /", we have that
(L (Ls(@))(®), W) = (S - a)"(®), ¥) = (P, S'(a - ¥)) = (S"(P) - a, ¥),

sothatty(Lg(a))(®) = §”(P)-a,andhencethatty(Ls(a)) =8S"-a=T-a =
T -ky(a) = Lt(ky(a)). Thus we have that Lg = (ko @ k) o Rt 0 Ky, SO
that L g is weakly compact. A similar calculation shows that Ry is also weakly
compact, so that S € WAP(W (&, «")). This shows that (1) implies (2).

Conversely, if (2) holds, then L g and Rg are weakly compact. As S is weakly
compact, T(H") = §"(A") C k(A and T' (kopr (")) = " (k. pr (L))
= kg (S'(H")) C ko (H'), and T is weakly compact. Thus, to show (1), we
are required to show that L and Ry are weakly compact.

Fora,b € &/ and ® € /', we have

((a-8)(®),b) = (P, S(ba)) = (a - S'(P), b).
Then, for ®, ¥ € &/” and a € <, we thus have
(Rs(pt (P ® W), a) = ((a-9)", @@ W) = ((a-S)"(¥), D)
=(V,a-S5(®)=(¥-a, S(D)
= (¥ O«ky(a), S(®) = (S'(P) - ¥, a).
Hence we see that R (p(® ® W) = S'(®) - W.LetU = R0 py - " ®

A" — ', sothatas Ry is weakly compact, sois U. Then, for &, ¥, " € &/”,
we have that

(UM, e@V)=(I,5(@) ¥) = (VTS (P)
= (§"(WOD), @) = (T S)(W), D),

so that U'(T) = T' - T, that is, U" = Ry, so that Ry is weakly compact.
Similarly, we can show that Ly is weakly compact, completing the proof.

THEOREM 3.9. Let &/ be an Arens regular Banach algebra. Then <" is
Connes-amenable if and only if &/" is unital and there exists M € (o & 1)
such that:
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(1) A", (M) = ey, the unit of 1",
2) (M,a-T—T-a) =0foreacha € o andeachT € WAP(W (A, A")).

Proofr. By Theorem 3.6, we wish to show that the existence of such an M
is equivalent to the existence of N € (&” ® /)" such that:

(N1) Ky A%, (N) = e

(N2) (N,®-S—S-®) =0 foreach ® € /" and each
SeoWC(RB(A", A)).

We can verify that 1y 0o A’ = A’ , o kg, so that (N1) is equivalent to
A"V (N) = eyr. For S € coWC(%B(", ")), we know that § = T" for
some T € WAP(W'(«/, «")), by Theorem 3.8. That is, the maps ¢, and ¢y,
formed using T as in Proposition 3.2, are weakly compact. Then, for & € 27",
¢, (P), () € B(, "), and we can check that

. (P)(a) =« T"(a- ), ¢(P)(a)=T(a) P (a € o).
Then ¢ (®)', ¢;(P)" € B(HA", ") are the maps
P(D) (W) =D -T'(W), ¢(P) (V) =T (P0OW) (Ve "),

where we remember that 77 (") C k(&) Consequently ¢, (P)", ¢;(P)”
€ B(", ") are given by

¢, (@) (V) =T"(WHP), @ 'W)=T"(V)-® (Ve

where /" is an ./”-bimodule, as /" is Arens regular. That is, ¢, (P)" = &S
and ¢, (®)” = S - ®. Hence (N2) is equivalent to

0= (N, (D) — $;(P)") = (N, Ly (¢, (D) — ¢;(P)))
= (ty(N), $,(P) — ¢)(P)),
foreach ® € /" and S € cWC (B (A", o/")). That is, (N2) is equivalent to
¢, (N)— ¢/ y(N) =0 (SeoWC(B(A", A"))).

As ¢, and ¢; are weakly compact, ¢, and ¢, take values in k. (2£'), and
so (N2) is equivalent to

0= (¢t (N) — &/t (N), k(@) = (U (N), ¢, (ky (@) — ¢y (k. (@))),

for each a € &/ and each S € cWC (% (", A")). However, ¢/ (ky(a)) —
¢/ (ky(a)) =a-T —T - a, so that (N2) is equivalent to

0=(y(N),a-T—T-a) (a € A),
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foreach T € W (&, ") such that ¢, and ¢; are weakly compact.

Thus we have established that (N1) holds for N if and only if (1) holds for
M =/ ,(N), and that (N2) holds for N if and only if (2) holds for M =1/ ,(N),
completing the proof.

We immediately see that o/ amenable implies that .2/” is Connes-amenable.
Furthermore, if < is itself a dual Banach algebra, then Corollary 3.5 shows
that if /" is Connes-amenable, then .o is Connes-amenable: notice that if e o~
is the unit of .&/”, then

(i, (er)a, ) = (e - a, ks, (L))
= (k(a), ko, (W) = (a, ) (a €A, pnedy),

so that k,, (e) is the unit of ..

4. Injectivity of the predual module

Let o/ be a Banach algebra, and let E and F be Banach left .«/-modules. We
write yAB(E, F) for the closed subspace of B(E, F) consisting of left 2/-
module homomorphisms, and similarly write B, (E, F) and % (E, F) for
right /-module and 27-bimodule homomorphisms, respectively. We say that
T € yAB(E, F) is admissible if both the kernel and image of T are closed,
complemented subspaces of, respectively, E and F. If T is injective, this is
equivalent to the existence of S € B(F, E) such that ST = I.

DEFINITION 4.1. Let 2/ be a Banach algebra, and let E be a Banach left .«/-
module. Then E is injective if, whenever F and G are Banach left .2/-modules,
0 € 4B(F, G) is injective and admissible, and o € AB(F, E), there exists
0 € gB(G,E)ywithpob =o0.

We say that E is left-injective when we wish to stress that we are treating
E as a left module. Similar definitions hold for right modules and bimodules
(written right-injective and bi-injective where necessary).

Let .o/ be a Banach algebra, let E be a Banach left .2/-module, and turn
B(, E) into a left &/-module by setting

(a-T)®b) =T (ba) (a,be A, T € B(A, E)).

Then there is a canonical left &/-module homomorphism ¢ : £ — AB(, E)

given by
tx)(@)=a-x (a e, x €E).

Notice that if E is a closed submodule of /', then #B(/, E) is a closed
submodule of (A @ A) = B(A, '), and ¢ is the restriction of A, —
B(A, A to E.
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Similarly, we turn #(</ ® .o/, E) into a Banach .&/-bimodule by

(a-TYb®c)=Tbha®c), (T-a)b®c)=T0bQac)
(a,b,ce A, T € B(AR A, E)).

We then define (with an abuse of notation) ¢ : E — B(HA Q A, E) by
(x)a®b)=a-x-b (xeE a®bed®A),

so that ¢ is an .2/-bimodule homomorphism.

We can also turn #(&/, E) into a right &/-module by reversing the above
(in particular, we need to take the other possible choice in Section 3 leading
to different module actions as compared to those in (1).)

PROPOSITION 4.2. Let &f be a Banach algebra, and let E be a faithful Banach
left o/ -module (that is, for each non-zero x € E there exists a € o with
a-x # 0). Then E is injective if and only if there exists ¢ € yRB(RB (A, E), E)
such that ¢ ot = I.

Similarly, if E is a left and right faithful Banach &f-bimodule (that is, for
each non-zero x € E there exists a,b € o witha - x # 0and x - b # 0).
Then E is injective if and only if there exists ¢ € yBy(B(HA Q o, E), E)
such that ¢ o1 = If.

ProoF. The first claim is [4, Proposition 1.7], and the second claim is an
obvious generalisation.

Again, there exists a similar characterisation for right modules. The above
result is useful, as it allows us to work with .o/ and not its unitisation (which
is the usual approach).

Let &/ be a dual Banach algebra with predual %Z,. It is simple to show (see
[13]) that if .o, is bi-injective, then &/ is Connes-amenable. Helemskii showed
in [8] that for a von Neumann algebra 2/, the converse is true. However, Runde
(see [13]) and Tabaldyev (see [15]) have shown that M (G), the measure algebra
of alocally compact group G, while being a dual Banach algebra with predual
Co(G), has that Cy(G) is a left-injective M (G)-module only when G is finite.
Recall that Runde (see [11]) has shown that M (G) is Connes-amenable if and
only if G is amenable.

Similarly, itis simple to show (using a virtual diagonal) that if ./ is a Banach
algebra with a bounded approximate identity, then 2/ is amenable if and only
if o' is bi-injective.

Let E and F be Banach left .o/-modules, and let ¢ : E — F be a left
&/-module homomorphism which is bounded below. Then ¢ (E) is a closed
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submodule of F, so that F/¢ (E) is a Banach left &/-module. Hence we have
a short exact sequence:

¢

0——>E___2F—> F/¢p(E) —— 0.

P
If there exists a bounded linear map P : F — E such that P o ¢ = I, then
we say that the short exact sequence is admissible. If, further, we may choose
P to be a left .«/-module homomorphism, then the short exact sequence is said
to split. Similar definitions hold for right modules and bimodules.

PROPOSITION 4.3. Let of be a Banach algebra, let E be a Banach left s -
module, and consider the following short exact sequence:

0— > E fp_z B(A, E) —— B(A, E)JI(E) ——> 0.

Then E is injective if and only if this short exact sequence is admissible and
splits.

PRrROOF. See, for example, [14, Section 5.3]. Notice that when &/ is unital,
the short exact sequence is certainly admissible.

PROPOSITION 4.4. Let of be a unital dual Banach algebra with predual <4,
and consider the following admissible short exact sequence of < -bimodules:

A

2 0—— ot -2 - oWC((A ®A))
——> oWC(H ® A))/A () — 0.

Then & is Connes-amenable if and only if this short exact sequence splits.

ProoF. Notice that A’ certainly maps <, into o WC ((«/ R A)) =
oWC(B(A, ")), and that Corollary 3.5 shows that we can define P :
oWC(B(A, H)) > by P(T) =T(ey) forT € cWC(B(AL, A)).

Suppose that we can choose P to be an .&/-bimodule homomorphism. Then
let M = P'(ey),sothatfora € of and T € cWC(AB(A, A")),

(a-M—M-a,T)=(y, P(T-a—a-T))={a—a, P(T)) =0,

sothata-M — M -a. Also A", (M) = (P o A’ ) (ey) = ey, so that M
is a o WC-virtual diagonal, and hence &/ is Connes-amenable by Runde’s
theorem.

Conversely, let M be a 0 W C-virtual diagonal and define P : c WC (% (<,
")) — ' by

(P(T),a) =(M,a-T) (ae A, T e o WC(B(A,A).
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Let (a,) be a bounded net in &/ which tends to a € &/ in the o (%, ,,)-
topology. By definition, a, - T— a- T weakly, foreach Te cWC(B(, A')),
so that (P(T), ay) — (P(T), a). This implies that P maps into %/, as re-
quired. Then, for u € <,
{a, PAL, () = (M,a- A, (w) = (M, Aya-w)
= (ex,a-p) = (a,n) (a € A),

so that PA’, = I, . Finally, we note that
(P(a-T - -b),c)y=M,ca-T-b)y=b-M,ca-T)
=(M-b,ca-T)=(P(T), bca)
={a-P(T)-b,c) (a,b,ce A, T € WC(B(A,A"))),
so that P is an .&/-bimodule homomorphism, as required.

Let ./ be an Arens regular Banach algebra. By reversing the argument
Theorem 3.8, we can show that A’ : &/ — ZB(of, &/") actually maps into
WAP(W (£, &4")). Furthermore, if &/” is unital, then we may define P :
WAP(W (A, ")) — A by

(P(T),a) = {ey, P(a)) (ae A, T ¢ WAP(W (A, A))).
Then we have that

(PA (), a) = (eqr,a-p) = (u,a)  (aed,pesd)

PROPOSITION 4.5. Let &/ be an Arens regular Banach algebra such that
" is unital, and consider the following admissible short exact sequence of
&/ -bimodules:

Ay
3 0—— ' __ -- > WAP(W (L, L")

— WAP(W (o, ")) /AN (A') —— 0.

Then 4" is Connes-amenable if and only if this short exact sequence splits.

Proor. This follows in the same manner as the above proof, using The-
orem 3.9.
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5. Beurling algebras

Let S be a discrete semigroup (we can extend the following definitions to locally
compact semigroups, but for the questions we are interested in, the results for
non-discrete groups are trivial). A weight on S is a function w : S — R, such
that

w(st) < w(s)w(t) (s,t €9).

Furthermore, if S is unital with unit ug, then we also insist that w(ug) = 1.
This last condition is simply a normalisation condition, as we can always set
&(s) = sup{w(st)w(t)~' : t € S} foreachs € S. Fors,t € S, we have that
w(st) < o(s)w(t), so that

o(st) = suplw(str)w @) i r e S}
< sup{@w(trw@r) ™ i r e S} = d(s)d(1).

Clearly @(us) = 1 and &(s) < w(s) for each s € S, while &(s) >
w(s)w(ug)~', so that & is equivalent to w.
We form the Banach space

1S, ) = {(ag>ges C C: gl ==Y lagla(s) < oo}.

ges

Then [!(S, ), with the convolution product, is a Banach algebra, called a
Beurling algebra. See [1] and [3] for further information on Beurling algebras
and, in particular, their second duals.

It will be more convenient for us to think of /' (S, @) as the Banach space
I'(S) together with a weighted algebra product. Indeed, for g € S, let §, €
1'(S) be the standard unit vector basis element which is thought of as a point-
mass at g. Then each x € ['(S) can be written uniquely as x = des x40, for
some family (x,) € Csuch that | x|| = des |x,| < 0o. We then define

w(gh)

e = oem)

6g*w6h:6g*8h:8ghgz(gvh) (g,heS),

and extend  to /' (S) by linearity and continuity.

For example, if w and & are equivalent weights on S, then define v :
1'(S, w) — 1(S, ®) by ¥ (8;) = &(s)w(s)~'8,. As w and & are equivalent, v/
is an isomorphism of Banach spaces. Then ¥ (§; * &) =
w(sHw () o) 'dst)w(st) 18y = ¥ (8) x ¥ (8,), so that ¥ is a homo-
morphism.
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For a set I, we define the spaces c(/) and [°°(]) in the standard way. We
write (e;);¢; for the standard unit vector basis of co(/) (or its image in [*° (1)),
so that (d;, e;) = §; j, the Kronecker delta, for j € I.

For a semigroup S and s € S, we define maps L, R, : § — S by

Li(t) =st, R;(@)=ts (red).

If, for each s € S, L, and R; are finite-to-one maps, then we say that S is
weakly cancellative. When L and R, are injective for each s € S, we say
that S is cancellative. When S is abelian and cancellative, a construction going
back to Grothendieck shows that S is a sub-semigroup of some abelian group.
However, this can fail to hold for non-abelian semigroups.

PrOPOSITION 5.1. Let S be a weakly cancellative semigroup, let w be a
weight on S, and let s{ = 1'(S, w). Then co(S) C I1°(S) = o' is a sub-A-
module of ', so that 1' (S, ®) is a dual Banach algebra with predual cy(S).

PrROOF. For g, h € S and a = (a,)ses € ['(S, w), we have

(eg - 8 a) = (eg. S *a) = (eg, Y a8 Q(h,8)) = Y a;Q(h,s).

seS {seS:hs=g}

As S is weakly cancellative, there exists at most finitely many s € S such
that hs = g, so that e, - §; is a member of ¢((S). Thus we see that ¢y(S) is a
right sub-./-module of /', The argument on the left follows in an analogous
manner.

Notice that the above result will hold for some semigroups S which are
not weakly cancellative, provided that the weight behaves in a certain way.
However, it would appear that the later results in this section do not easily
generalise to the non-weakly cancellative case.

Following [3, Definition 2.2], we have the following definition.

DEFINITION 5.2. Let I and J be non-empty infinite sets, andlet f : I xJ —
C be a function. Then f clusters on I x J if

lim lim f(x,, y,) = lim lim f(x,, y.),
n—00 m— o0 m—00 n— 00

whenever (x,,) C I and (y,) € J are sequences of distinct elements, and both
iterated limits exist.

Furthermore, f O-clusters on I x J if f clusters on I x J, and the iterated
limits are always 0, when they exist.

From now on we shall exclude the trivial case when our (semi-)group is
finite.
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THEOREM 5.3. Let S be a discrete, weakly cancellative semigroup, and let
w be a weight on S. Then the following are equivalent:

(1) 1'(S, w) is Arens regular;

(2) for sequences of distinct elements (g;) and (hy) in S, we have

lim lim Q(g;, i) =0,

j—o0 k—

whenever the iterated limit exists;
(1) 20-clusterson S x S.

Proor. That (1) and (2) are equivalent for cancellative semigroups is [1,
Theorem 1]. Close examination of the proof shows that this holds for weakly
cancellative semigroups as well. That (1) and (3) are equivalent follows by
generalising the proof of [3, Theorem 7.11], which is essentially an application
of Grothendieck’s criterion for an operator to be weakly compact. Alternatively,
it follows easily that (2) and (3) are equivalent by considering the opposite
semigroup to S where we reverse the product.

In[1]itis also shown thatif G is a discrete, uncountable group, then!' (G, w)
is not Arens regular for any weight w. Furthermore, by [1, Theorem 2], if G is
a non-discrete locally compact group, then L'(G, ) is never Arens regular.

We shall consider both the Connes-amenability of I'(S, w)” and ['(S, ®)
(with respect to the canonical predual ¢ (S)) as, with reference to Corollary 3.5
and Theorem 3.8, the calculations should be similar.

PROPOSITION 5.4. Let I be a non-empty set, and let X C [*°(1I) be a subset.
Then the following are equivalent:

(1) X is relatively weakly compact;

(2) X is relatively sequentially weakly compact;

(3) the absolutely convex hull of X is relatively weakly compact;

4) ifwedefine f : I x X — Cby f(i,x) = (x,8;) fori € [ and x € X,

then f clusterson I x X;

Proor. That (1) and (2) are equivalent is the Eberlien-Smulian theorem;
that (1) and (3) are equivalent is the Krein-Smulian theorem. That (1) and
(4) are equivalent is a result of Grothendieck, detailed in, for example, [3,
Theorem 2.3].

It is standard that for non-empty sets I and J, we have that /! (1) RINJ) =
I'(I x J), where, fori € I and j € J, 8 ® 8; € I'(I) ® I'(J) is identified
with 8, j) € I"(I x J). Thus we have (I'(I) @ ['(J)) = B (1),1®°())) =
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NI x J) = 1° x J), where T € B('(I),1>®(J)) is identified with
(T(,‘,j)) € [*°(I x J), where T(i,j) = (T (), 51>

For a non-empty set /, the unit ball of /' (1) is the closure of the absolutely-
convex hull of the set {§; : i € I}, so that for a Banach space E, by the
Krein-Smulian theorem, amap T : I'(I) — E is weakly compact if and only
if the set {7T'(6;) : i € I} is relatively weakly compact in E.

PROPOSITION 5.5. Let S be a weakly cancellative semigroup, let @ be a
weight on S, and let o =1'(S, w). Let T € B(A, ") be such that T (/)
Keos)(co(8)) and T' (k. () € key(s)(co(S)). ThenT € W (A, A'), and T €
WAP(W (A, ")) if and only if, for each sequence (k) of distinct elements
of S, and each sequence (g, h,,) of distinct elements of S x S such that the
repeated limits

(4) m im (T (83,), 8,g,),  1im 1im € (ky, gm)
(5) lim im(T (84, ,)» 8g, ), limlim (A, ky)

all exist, we have that at least one repeated limit in each row is zero.

Proor. That T is weakly compact follows from Gantmacher’s Theorem
(compare with Corollary 3.5). To show that T € WAP, by Lemma 3.4, we are
required to show that the maps ¢, and ¢; are weakly compact. We shall show
that ¢; is weakly compact if and only if one of the repeated limits in the first
line (4) is zero; the proof that ¢, is related to (5) follows in a similar way. We
have that

®1(Sg,m) = P1(8g ® 8p) = 84 - T'(8n) (g.hes).
By Proposition 5.4, ¢; is weakly compact if and only if the function

Sx(Sx8) = C (k (g h) > (8 T(Gn), &)
= (T(8n), Skg)2(k, 8) (8, h.k eS)

clusters on S x (S x ). As T is weakly compact, the function
Sx8—=>C (gh)—>(T@).8)  (ghel)

does cluster on S x S.
Let (k,) be a sequence of distinct elements of S, and let (g,,, 4,,) be a
sequence of distinct elements of § x § such that the iterated limits

(6)  Lim lim(7 (85,,), 8k, g,,)S2 (kns gm),  TmIim(T (8p,,), 8k, g, )2 (K, &)
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exist. We now investigate when these iterated limits are equal.

Suppose that (g,;) has a constant subsequence, so we may suppose that
gm = g for all m. By moving to a subsequence if necessary, we may also
suppose that lim,, Q2 (k,, g¢) = «, say, and that (k,g) is a sequence of distinct
elements (as S is weakly cancellative). Then

tim Hm (7 (81,), 8t,,) 2 (ks €)= 1im @ (K, §) Hm(T (). 81,)
=« lilgn linrln(T((Shm), Sk,g)
=« lin11n li}ln<T(5hm)a Sk,g)
= lim Hm (T (8, ), 8,5, )2 (ks &),
where we can swap the order of taking limits, as T is weakly compact.
Alternatively, if we cannot move to a subsequence such that (g,,) is constant,

then we may move to subsequence such that (g,,) is a sequence of distinct
elements, and such that the iterated limits

lim lim 2 (k,, gn), limlim Q(k,, gm),

lim im(T (8y,,), Sk,g,)» HmILm(T(5y,,), Sk,g,.)

all exists. As T(&f) C keys)(co(S)), we have that
{g €S :|{T(8),384)| = €} is finite (e >0,h el).
Consequently, and using the fact that S is weakly cancellative, we see that

lim<T(6hm)7 (Skngrn) = O

for each m. Hence the iterated limits in (6) are equal if and only if we have
that at least one repeated limit in (4) is zero.

PROPOSITION 5.6. Let S be a discrete, unital, weakly cancellative semig-
roup, and let w be a weight on S such that & = 1'(S, w) is Arens regular.
Then WAP(W (A, A")) = W (A, A").

ProoF. Let T € W' (o, o). We can follow the above proof through until
the point at which we use the fact that 7 (/) C ., s)(co(S)). However, as
1'(S, w) is Arens regular, by Theorem 5.3, we have that

lim lim  (ky., g) = lim lim © (ky., gm) = O,

so that the iterated limits in (6) must be 0, implying that ¢; is weakly compact.
In a similar manner, ¢, is weakly compact.
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THEOREM 5.7. Let S be a discrete weakly cancellative semigroup, and
let w be a weight on S such that s{ = 1'(S, w) is Arens regular and " is
unital with unit ey». Then 4" is Connes-amenable if and only if there exists
Me (ARA) =1%(S x S) such that:

(1) (M, (fen$2(8, 1) (g.myesxs)=(ex, [)for each bounded family (f;)ges;
(@) (M, (f(hk, g)S2(h, k)—f(h, kg)S2(k, 8))g.mesxs) = Oforeachk € S,
and each bounded function f : S x S — Cwhich clusters on S x S.

Proor. We use Theorem 3.9 and Proposition 5.6. For f = (fg)ees €
[°°(S), we have

(Ay(f), 8, ®8n) = (f. 8en)2(8.h) (8. h €,

sothat A’ (f) = ((f, 8¢n) (g, h))(g.myesxs € I7(S x S). As f € [*°(S) was
arbitrary, we have condition (1).

For T € B(A, "), we treat T as being a member of [*°(S x §). Then T
is weakly compact if and only if the family ({7 (8,), 81)) (g.n)esxs clusters on
S x S.Fork € S, we have

(8 T =T - 8,8 @ 8n) = (T (8pk)» 84)S2(h, k) — (T (81), Sig) 2 (k, ).

Thus we have condition (2).

Notice that if S is unital with unit u g, then the unit of ./ (and hence .&/") is
34, In this case, condition (1) reduces to (M, (fen2(g, 1)) (g.nesxs) = fus-

THEOREM 5.8. Let S be a discrete unital semigroup, let w be a weight
on S, and let o/ = 1'(S, w). Then </ is amenable if and only if there exists
M e (4 ® o) =1%(S x S) such that:

(D) (M, (fenS2(g, h))(g,nesxs) = fus, where us € S is the unit of S, for
each bounded family (fg)qess

(2) (M, (f(hk, g)S2(h, k)—f(h, kg)S2(k, 8))g.mesxs) = Oforeachk € S,
and each bounded function f : S x § — C.

Proor. This follows as above, but by using a virtual diagonal in place of a
o W C-virutal diagonal.

Notice that condition (2) of Theorem 5.8 is strictly stronger than condition
(2) of Theorem 5.7.

THEOREM 5.9. Let S be a discrete, weakly cancellative semigroup, let w
be a weight on S, and let o/ = 1'(S, ) be unital with unit e . Then S is
Connes-amenable, with respect to the predual cy(S), if and only if there exists
M e (A QA) =1°(S x S such that:
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(D) (M, (fen$2(8, 1)) (g.mesxs) = (ew f) for each family (fg)ges € co(S);

(2) (M, (f(hk, g)S2(h, k)—f(h, kg)S2(k, 8))(g.nmesxs) = Oforeachk €S,
and each bounded function f : S x S — Cwhich is such that the map

T € B, "), defined by (T (85), 6,) = f(g, h) forg, h € S, satisfies
the conclusions of Proposition 5.5.

ProoF. We now use Theorem 3.6.

We shall now characterise when ! (S, w) and [' (S, w)” are Connes-amen-
able in terms of properties of S and w. For a discrete group G, a weight w on
G and h € G, define J, € B(°°(G)) by

In(f) = (freQh, oM™ A Ho(h™) g
(f = (fg)geG € ZOO(G))‘

Notice then that, for f € [*°(G), we have

175 ()l = sup | faglo(hg)w(9) ' w(g ' A Hw(g™) ™ < | fllomaw k™),
8

so that Jj, is bounded. Define &(g) = w(g)w(g~") for g € G, so that & is the
auxiliary weight considered in [6]. If we identify [°°(G) with (G, ®') by
the map (x)gec H> (xgc?)(g)‘l)geg, then J, is simply the operator induced
by left-translation by 4 on [®(G, &~ !).

DEerFINITION 5.10. Let G be a discrete group, and let w be a weight on G.
We say that G is w-amenable if there exists N € [°°(G)’ such that:

(1) (N, (R(g, g*I))geg) = 1, where Q is defined by w, and hence
(Q(g, g_l))geG is a bounded family forming an element of [*°(G);

(2) J,(N) =N foreachh € G.

By the remark above about J;,, we see that G is w-amenable if and only if
[*°(G, w) has a non-zero, left-invariant mean. Notice that if w is identically 1,
then this condition reduces to the usual notion of a group being amenable (we
usually require that N is a mean, in that N is a positive functional on [*°(G),
but by forming real and imaginary parts, and then positive and negative parts,
we can easily generate a non-zero scalar multiple of a mean from a functional
N satisfying the definition above).

THEOREM 5.11. Let G be a discrete group, let w be a weight on G, and let
o =1'(G, w). Then the following are equivalent:
(1) & is Connes-amenable, with respect to the predual cy(G);
(2) o is amenable;
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(3) G is w-amenable.

Furthermore, if & is Arens regular, then these conditions are equivalent to "
being Connes-amenable.

PrOOF. Itis clear that (2) implies (1). When &/ is Arens regular, (2) implies
that .«/” is Connes-amenable, and /" Connes-amenable implies (1). We shall
thus show that (1) implies (3). That (3) implies (2) follows from the equivalence
of (3) and (2) established in [6, Theorem 3.2].

If (1) holds, then let M € [°°(G x G)' be given as in Theorem 5.9. Define
¢ 1°(G) = (G x G) by

fo 1g= h L
W) dem) =178 F (f = (fy)eec € I17(G)),
0 :g#h,

and let N = ¢’'(M) € [*°(G)’. Then we have

(g, g )eeq) = (Bn,g-182(8, 1)) (g.neGxG = (Ogh,ecS2(g, 1)) (g.m)eGxGo

where § is the Kronecker delta, so that

(N, (2(8, 8 ))gec) = ege = 1,

by condition (1) on M from Theorem 5.9; clearly (8¢, ¢)¢ec € co(G).
Fix k € G and f € [*°(G). Define F : G x G — Cby

F(h, g) = 8gni foo k™ Hao(h)™". (g, h € G).

Then we have |F(h,g)l < |fello®llothk Hllwm|™" <
| £ llool@w (k)| | (k~1)|, so that F is bounded. Let T : &/ — ./’ be the op-
erator associated with F. For g, h € G, we have that F(h, g) # 0 only when
gh = k, so that T (&) C ¢o(S) and T/ (ko (F)) C c¢o(S). Furthermore, if
(k,) is a sequence of distinct elements in G, and (g, k) is a sequence of
distinct elements in G x G, then lim,, lim,,, F'(h,,, k&) = 0. This follows, as
for ng fixed, ky,gmhm = k only if g, h, = kn‘o Ik, so if this holds for all suffi-
ciently large m, we have that k,, g,,h,, # k for sufficiently large m and n # ny.
Similarly, lim, lim,, F (h,,k,, g») = 0, so that F satisfies the conditions of
Proposition 5.5.

Notice that

(D (f))s 8en)) = Sgneq (Jk(f), 8g)
= Sgheq fre® kg)w(g) ' (g k Haw(g™) ™"
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Thus we have
F(hk, g)S2(h, k) — F(h, kg)S2(k, g)
= Somi i foo (K)o (hkk™ Yo (hk) ™' Q(h, k)
— Skgh i frg@ () (k™D () ™' Q(k, ¢)
= Sgheq fz = Sgheo frg@ (k™ Ho (W) o (kg)w(g) ™!
=(d(f) — b)), 8g.m))-

So, by condition (2) from Theorem 5.9, we have that

(N, f= () =0,
which, as f was arbitrary, shows that N = J/(N), as required.

ExaMPpLE 5.12. If § is a semigroup which is not cancellative, then it is
possible for I'(S) to be unital while S is not. For example, let S be Z with
adjoined idempotents # and v such that uv = vu = 0 and un = nu = vn =
nv = n forn € Z. Then § is a weakly cancellative, commutative semigroup
without a unit, but e = 8, + 8, — & is easily seen to be a unit for /! (S). Indeed,
S is seen to be a finite semilattice of groups, so by the result of [5], I'(S) is
amenable.

In [6, Theorem 2.3] it is shown thatif /' (S, w) is amenable for a cancellative,
unital semigroup S and some weight w, then S is actually a group. We shall
now show that this holds for Connes-amenability as well.

THEOREM 5.13. Let S be a weakly cancellative semigroup, let w be a weight
on S, and let o/ = 1'(S, w). Suppose that o is Connes-amenable with respect
to the predual co(S). If S is cancellative or unital, then S is a group.

PROOF. As.#/ is Connes-amenable, let M € (/®.%/)" be asin Theorem 5.9.
Then ./ is unital, with unit e.; = (a,)ses € ['(S, w) say. For now, we shall
not assume that e, has norm one, as the standard renorming to ensure this will
not (a priori) necessarily yield an /! (S, ®) algebra for some weight &. Suppose
now that S is cancellative. We see that

D asda Qs h) = eqx 8y =8 =Sy xeq = ) _aduQhs)  (heS)

seS seS

In particular, for each & € S there is a unique (as S is cancellative) u, € S
such that huy, = h (so that huph = h* implying that u,h = h), and we have
that auha)(uh)_1 = 1. We also see that a;, = O foreach s € S such that sh # h,
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that is, s # uj. However, h was arbitrary, so that S is unital with unit ug, and
ey = w(us)d,, where we can now assume that w(us) = 1 by a renorming.

Now suppose that S is a unital, weakly cancellative semigroup, so that the
unit of &/ is §,,;. Suppose that s € S has norightinverse. Define F : Sx§ — C
by

F(h,sg) =0, F(hs,g) =

Q(g,hs) :gh=ug,
{(g ) 8 s (@ heS)

: otherwise.

To show that this is well-defined, suppose that for g, &, j, k € S, we have
that h = js, sg = k and kj = us. Then s(gj) = kj = ug, so that s has a
right inverse, a contradiction. Then F is bounded, solet T : & — &/’ be the
operator associated with F. Then F(a, b) # 0 only when ba = s, so as S is
weakly cancellative, we see that T'(&f) C ¢o(S) and T’ (k. () € co(S).

Suppose that for sequences of distinct elements (k,,) € S and (g, hy) C
S x §, we have that

lim Km(T (8,). 8, ¢,) = lim lim F (7. kngm) # O.

Then, for some N > 0 and € > 0, for each n > N, lim,, F(h,,, k,gn) >
€. Hence, for n > N, there exists M,, > 0 such that if m > M,, then
k,gnh, = s (as otherwise F(h,,, k,g,) = 0). This, however, contradicts
S being weakly cancellative. Similarly, if lim,, lim,,, (T (8,,«,), 8,,,) # 0, then
we need g,,h,,k, = s for all n, m sufficiently large, which is a contradiction.
Thus T satisfies all the conditions of Proposition 5.5.

Then, for g,h € S, if gh = ug, we have that Q(h, s)Q2(g, hs) =
wh)'w(g)™! = Q(g, h), so that

Q l’l . I’l: s
F(hs, 8)Q(h,s) — F(h,sg)Q(s, g) = { (g.h) :g us

: otherwise.

Hence condition (2) of Theorem 5.9 implies that (M, (8¢1,.;€2(g, 1)) (g, n)esxS)
= 0, which contradicts condition (1) of this theorem. Hence every element of
S has a right inverse.

By symmetry (or by repeating the argument on the left) we see that every
element of S has a left inverse, and that hence S must be a group.

We hence have the following theorem, which shows that weighted semig-
roup algebras behave like C*-algebras with regards to Connes-amenability.

THEOREM 5.14. Let S be a discrete cancellative semigroup, and let v be a
weight on S. The following are equivalent:

(1) 1Y(S, ) is amenable;
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(2) 1'(S, ) is Connes-amenable, with respect to the predual cy(S);

Ifl (S, w) is Arens regular, then these conditions are equivalent to (S, w)’
being Connes-amenable. These equivalent conditions imply that S is a group.

This result extends the result of [12], where it is shown that M (G), the
measure algebra of a locally compact group G, is Connes-amenable if and
only if G is amenable. This follows as, for discrete groups G, M (G) = ['(G).

ExAMPLE 5.15. Let w be the weight on Z defined by w(n) = 1 + |n| for
n € Z. By Theorem 5.3, &f = 1Y(Z, w) is Arens regular. For m,n € Z and
f = (ap)rez € [°(Z), we have that

1+ |n+m|

O+ > 9n) = {f: Sem 2 m)) = fuem A=

Suppose that M Ok y(8,,) = k. (a) forsomem € Z, M € [*°(Z) anda € .
Then (M, 8, - f) = (f, a) foreach f € [°°(Z), so by letting f = k. z)(ex) €
co(Z), we see that a = ), _, ax8i, where a, = (M, 8,, - k¢ z)(ex)). However,
8 - Keo@) (k) € Keyzy(co(2)) foreach k € Z, soif M € ¢p(Z)°, thena = 0.

Consequently, if M k. (8,,) € k() foreachm € Zand M € [*°(Z),
then 8, - f € 2z (co(Z)) for each m € Z and f € [*°(Z). However, if
1 € [*°(Z) is the constant 1 sequence, then

1 1
lims,, -1, 8,) = lim ——ntml :
n o (I+n)(A+|ml) 1+ |m]
sothatg, -1¢ Keo(2) (co(2)).
We hence conclude that .o/ is not an ideal in /", and so we cannot apply
Theorem 1.3 in this case.

Unfortunately, for the viewpoint of finding a counter-example to the con-
jecture that &/ is amenable if and only if &/” is Connes-amenable, it is not
possible for ' (S, @) to be both amenable and Arens regular.

THEOREM 5.16. Let G be discrete group, and let w be a weight on G. Then
I'(G,w) is amenable if and only if G is an amenable group, and
sup{w(9)w(g™") : g € G} < oo

Proor. This is [6, Theorem 3.2].

PrOPOSITION 5.17. Let S be a discrete, unital semigroup, and let w be a
weight on S such that &/ = 1(S, w) is Arens regular. Let K > 0and B C S

be such that for each g € B, g has a right inverse g=' (which need not be
unique), and w(g)w(g™") < K. Then B is finite.
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PrOOF. For g € Band & € §, we have
w(@wh) = w@whgg™) < w(@whg)w(g™") < Ko(hg),

so that Q(h, g) > K~'. Suppose now that B is infinite. Then we can easily
construct sequences which violate condition (2) of Theorem 5.3, showing that
&/ is not Arens regular. This contradiction shows that B must be finite.

5.1. Injectivity of the predual module

Let S be a unital, weakly cancellative semigroup, let w be a weight on §, and
let o/ = 1'(S,w), o, = co(S). Then B(A, ) = B, co) = [®(cp) C
[*(S x S), where we identify T : o — &/, with the bounded family
({85, T(8:)))s.)esxs- Let ¢ + B(A, o) — S, so that ¢ is represented
by a bounded family (My)scs € B (A, &) using the relation

(8, 0(T)) =(M;,T)  (s€S8TeRBA A)).
Suppose further that ¢ is a left .2/-module homomorphism. Then

(7) (85, ¢(T)) = (bu,, @85 - T)) = (Mug, 65 - T)
=(M;,T) (s€S,TecRBA A)),

so that M, = M, - 6, for each s € S. We see also that ¢ maps into c¢(S) (and
not just /°°(S)) if and only if

lim (M, 6, -T) =0 (T € B(A, A)).

§—> 00

Conversely, if condition (7) holds, then for s, € S and T € B(A, ),
we have that

(85, (8 - T)) = (M, 8, - T) = (Myg, 85 - &, - T) = Q(s,1){M, T)
= Q(s, 1) (81, 9(T)) = (&5, 8, - ¢(T)).

Hence ¢ is a left &/-module homomorphism.
Notice that ¢g(S x S) C B(A, H,), so that co(S x §)° € B(A, A.,) .

DEFINITION 5.18. Let G be a group and w be a weight on G such that for
eache > 0, the set {g € G : w(g)w(g™") < €'} is finite. Then we say that
the weight w is strongly non-amenable.

PROPOSITION 5.19. Let G be a group, let w be a weight on G such that
w is not strongly non-amenable, and let ¢ : B(A, cy(G)) — co(G) be a
left o/ -module homomorphism. If ¢ is represented by (M) g as above, then
M, € co(S x S)°.
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ProOF. We adapt the methods of [4] to the weighted, discrete case. As

w is not strongly non-amenable, there exists some K > 0 such that the set

Xk ={g€G:w(gw(g™!) < K}isinfinite. Let M = M, and suppose that

M & co(G xG)°,sothatforsome g, h € G, wehavethatd := (M, e 1)) # 0.

We shall henceforth treat e(, ) as a member of Z(Z, co(G)), noting that for
kegG,

Qt, k) :s=g,t=hk!,

(85, (O - e(gm)(81)) = {0

: otherwise.

We claim that we can find a sequence (g,),cn of distinct elements in G such

that o
(M -8y, eem)l = K 1p=2=m=n| (n # m),

w(g)o(g,) <K  (neN).

We can do this as ¢ must map into ¢o(G), so that for any T : &/ — ¢o(G),
we have limg_, (M - 8,, T) = 0. Explicitly, let g; € Xk be arbitrary, and
suppose that we have found gy, ..., g¢. Then notice that the sets

(s €G: (M- 81g,en)| > K272 1 < < k),

(s €G: (M-8, 1., eqm)| > K 2727 kF=ml | < m <k}

8m S’

are finite, so as Xk is infinite, we can certainly find some x;;.

Then, for x = (x,) € [®°(N), define T, : &/ — ¢o(G) by setting
(8, Tx(5hg;l)> = an(hgn_l, gn) forn > 1, and (6, T, (6;)) = O otherwise.
Then clearly T, does map into co(G), and || 7y || < ||x||. Notice thatfors, ¢t € G,

we have
{an(t, g :s=g.t=hg!

: otherwise,

(837 Tx (8t)> =

= %8s, (8, - €0 (8).

Define Q : [*°(N) — ¢o(N) by
(6n, Q(x)) = (M, 8,1 - T) (n €N,

so that Q is bounded and linear.
Letng > 1 and let x = e,, € co(N) € [*°(N). Then, T, = 8gn0 " €(g,h)» SO

that
T (50, Q) = (M 51 - To) = (M, 81 - (B, - e(em)

82(g,." s &ny) :n = n,

Q(gn_lv gno)<M'egn’lgnoae(g,h)> n #I’l().
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Define Q| € %(co(N)) by

01x) = (g, " gn)xn),oy & = (xn) € co(N)).

Then, as each g, € Xk, Q) is an invertible operator. Let Q5 be the restriction
of Q to ¢o(N), so that Q> € PB(co(N)) and Q> = §0; + § 030, for some
03 € B(co(N)). Thus Q3 = 8§71 0207" — L,(n), so that for x € co(N), we
have that

1Q3(0)|l = sup [(8,, 8 ' 207" (x) — x)|

= sup
n

D X (80,87 0207 (em) — em)

= sup| > xw (g, gm) '8y gn) (M 8yt eqen)
m#n
< K7'sup Y 277" Mo (gae (g, < lxl/2.

n m#n

Consequently Q3 — Iy is invertible, so that Q> Q1_1 is invertible, showing
that Q, is invertible. However, this implies that O, ! QO :I®°(N) > ¢p(N) is a
projection, which is a well-known contradiction, completing the proof.

THEOREM 5.20. Let G be a countable group, let w be a weight which is not
strongly non-amenable, and let o/ = 1'(G, w). Then co(G) is not left-injective.

PRrOOF. Suppose, towards a contradiction, that co(G) is left-injective, so
that there exists M = M, € %B(f, o/,)" as above, with the additional condi-
tion that

B = (8¢, DA (en)) = (M, 85 - Ny(en)) = QUhg™", &) (M, Al (epg1))
=Q(hg™" )M, Bsrng1 (s, D)) sneaxa) (8. h € G).
This clearly reduces to

5g,u(; = <M7 (ast,gQ(si t))(s,[)GGXG> (g € G)

As G is countable, we can enumerate G as G = {g, : n € N}. Then, for
gn€G,let X, ={g1,..., 81} € G.Define Q : [*°(G) — RB(H, co(G)) by

(86, Q0)(3)) = Q(s,1) Y X8y (5,1 € G, x €17(G)).

8<X,



244 MATTHEW DAWS

Then, for each t € G, as X, is finite, we see that Q(x)(5;) € ¢o(G), so Q is
well-defined. Clearly Q is linear, and we see that for x € [*°(G),

E XgBst.q

8€X,

Q) = sup 2(s, 1)

s,teG

<sup Y Ixl =Ilxl,

5.1€G {geX, g=st}

so that Q is norm-decreasing. Then, for 2 € G, we have that

(8, Qen)(8)) = Q(s,1) D Sgnbrg =

{ (85, A (en)(8)) :heX,
geX;

th & X,

Leth = gy, sothat {r €¢ G : h & X;} = 1{gn € G : h & X, } =
{81, 82, -, &no—1}- We hence see that Q(ey,) — A’ (eg,) € co(G x G). By the
preceding proposition, we hence have that I.;g) = ¢ o A, = ¢ o (Qlcy))-
However, this implies that ¢ o Q : [*°(G) — ¢¢(G) is a projection onto ¢y (G),
giving us the required contradiction.

We have not been able to establish if ¢¢(S) can ever be a left-injective
I'(S, w)-module for some semigroup S and weight w. However, Helemskii’s
theorem about Connes-amenable von Neumann algebras does not hold for
weighted semigroup algebras.

THEOREM 5.21. Let S be a discrete, weakly cancellative semigroup, let »
be a weight on S, and let f = 1'(S, ). When S is unital, or S is cancellative,
co(S) is not a bi-injective &/ -bimodule.

PrOOF. Suppose, towards a contradiction, that cy(S) is bi-injective. Then
&/ is Connes-amenable, so that Theorem 5.14 implies that &/ is amenable, and
that S = G is an amenable group. By [16, Corollary 2] there exists a positive
character ¢ on G (that is, a group homomorphism to the multiplicative group
of positive reals) such that ¢ is equivalent to w. Thus /' (G, ) is isomorphic to
I'(G, ¢), and as ¢ is multiplicative, it follows that /' (G, ¢) is simply /! (G) (as
the €2 associated with ¢ is identically 1). The result now follows from results
in [4].

6. Open questions

We state a few open questions of interest:

(1) Let &/ be an Arens regular Banach algebra such that /" is Connes-
amenable. Need .o be amenable?

(2) This is true for C*-algebras. Can we find a “simple” proof?
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(3) Let o be a dual Banach algebra with predual .27, and suppose that .2/,
is bi-injective. Is &/ necessarily a von Neumann algebra or the bidual of
an Arens regular Banach algebra % such that & is an ideal in &/ ?

(4) Let S be a (weakly cancellative) semigroup, and let w be a weight on
S. Classify (up to isomorphism) the preduals of /' (S, ), and calculate
which preduals yield a Connes-amenable Banach algebra.

(5) This question was asked by Niels Grgnbak. In most of our examples,
it is obvious that when &/ is a Connes-amenable dual Banach algebra,
there is 8 C &/ which is weak*-dense and amenable. Is this always
true?
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