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ON THE FRACTIONAL PARTS OF
LACUNARY SEQUENCES

ARTURAS DUBICKAS

Abstract

In this paper, we prove that if fo, 11, 1, . . . is a lacunary sequence, namely, t,41/f, > 1 +r~!
for each n > 0, where r is a fixed positive number, then there are two positive constants c(r) =
max(1—r, 2(3r +6)_2) and & = &(1, 11, . . .) such that the fractional parts {£#,},n =0, 1,2, ...,
all belong to a subinterval of [0, 1) of length 1 — c(r). Some applications of this theorem to the
chromatic numbers of certain graphs and to some fast growing sequences are discussed. We prove,

for instance, that the number +/10 can be written as a quotient of two positive numbers whose
decimal expansions contain the digits 0, 1, 2, 3 and 4 only.

1. Introduction

Sequences of real numbers with ‘large gaps’ between their consecutive ele-
ments are usually called lacunary. In this paper, the sequence of positive real
numbers ty < t| < t, < --- is called lacunary if there is a real number a > 1
such that #,1;/t, > a for every integer n > 0. We begin with the following
theorem:

THEOREM 1. Let v be a fixed real number, and let r be a fixed positive
number. If ty < t| <ty < ---is a sequence of positive real numbers satisfying
tae1 = (1 +7r"Dt, forn =0, 1,2, ... then there is a positive number & such

that
{Et, + v} < min(r, 1 —23r +6)7?)

for each integer n > 0.

Throughout, for a real number x, we denote by [x], {x} and ||x|| the integer
part of x, the fractional part of x and the distance from x to the nearest integer,
respectively. In particular, x = [x] + {x} and ||x| = min({x}, 1— {x}) =
1/2 —|1/2 — {x}].

The study of fractional and integer parts of lacunary sequences is an old
and interesting subject. The first metrical results for the sequences {£a"},
n=20,1,2,..., where a > 1 were obtained by Weyl [25] and Koksma [17].
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Erd6s [14] raised an interesting question in this direction which was answered
independently by Pollington [20] and de Mathan [9]. It was also noticed by
Erdds that there is a direct connection between the distribution of fractional
parts and the chromatic number of the Cayley graph. This problem was studied
by Katznelson [16] and by Ruzsa, Tuza, Voigt [22].

Let T = {ty = 1,1, 1,...} be a lacunary sequence satisfying #,,/t, >
1 + !, and let G be an infinite graph, whose vertices are real numbers.
The vertices x and y are connected by an edge if and only if |x — y| € T. The
chromatic number of G, x (G), is the smallest number of colors needed to color
R such that vertices connected by an edge have different colors. In [22] it was
proved that x (G) > r and an upper bound for x (G) in terms of » was obtained.
Recently, Akhunzhanov and Moshchevitin [3] improved the upper bound to
x(G) < 27r? for r > 3. As shown in [22], the estimate x (G) < g follows
directly from the existence of & satisfying ||&¢,|| > q‘1 forn =0,1,2,....
By Theorem 1, there is a positive number £ such that ||£z,| > 1/9(r + 2)?;
this further improves the upper bound to

x(G) <9(r +2)*

foreachr > 1.

Another application of the theorem concerns the sequence f, = n*a”,n =
0,1,2,..., where a > 1 is a real number. Setting r := 1/(a — 1) and v :=
1 —s —max(1 — r, 2(3r 4+ 6)~2) we obtain the following corollary:

A

COROLLARY 2. Ifa > 1 and A > 0 are two real numbers, I = (s, s +
max(1 — r,2(3r + 6)72)) is a subinterval of [0, 1), where r = 1/(a — 1),
then there is a positive number & such that the fractional parts {(En*a"}, n =
0,1,2,... alllie outside I.

For arational number a > 1, the fractional parts {£a"}, n > 0, were studied
n [15], [19], [21], [24] and, more recently, in [5]-[8], [10]-[13]. The case of
arbitrary a > 1 was considered by Tijdeman [23] who showed that there is a
positive & for which the inequality {£a"} < 1/(a—1),n =0, 1,2, ..., holds.
(Note that 1 —» = (a — 2)/(a — 1), so this result is a part of Corollary 2.)
Likewise, the next statement is a corollary of the theorem.

COROLLARY 3. Ifa > 1is a real number andr = 1/(a — 1), then there is
a positive number & such that |Ea" | > max((1 —r)/2, B3r + 6)72) for every
n=0,12,...

Some special cases of this corollary with sharper bounds (in particular, for
a = 3/2) have been treated in [21] and [12]. In [11] the best possible version
of such inequality was obtained for rational integers a, See also [8] for another
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best possible result for integer a > 1, where the answer is given in terms of
combinatorics on words [18].

The first inequality of Theorem 1, namely, {§#, + v} < r follows from the
next theorem.

THEOREM 4. Let v be a fixed real number, and letty <t <t < ---bea
sequence of positive real numbers. Then there is a positive number & such that
(et +v) <1, 372, 1! for each integer n > 0.

Indeed, in case t,, 1 /t, > 1+ r~!, wheren =0,1,2, ..., we get
o8} o
-1 —1\—j
oy 'Y A+ =r
j=n+1 j=1

so Theorem 4 implies the first inequality of Theorem 1.

Note that the only real solution of r = 1—-2(3r +6)2isry = 0.9748. . .,s0
r<1-2@r+6)2forr <rgandr > 1 —2@r+6)"2forr > ry > 0.97. As
shown above, forr < ry < 1, theinequality {£#,+Vv} < r of Theorem 1 follows
from Theorem 4 whose proof will be given in Section 3. In order to complete
the proof of Theorem 1 we will prove in Section 4 that, for r > ry > 0.97,
there is a £ > 0 such that {&1, + v} < 1 —=2Q@r +6)2forn =0,1,2,....
(In the proof of this part, we use the same method of nested intervals as that
of Akhunzhanov and Moshchevitin [3] which goes back to [9], [16], [20]; see
also [4].)

In the next section, we consider some applications and improvements of
the corollaries for the number ¢ = +/10. Finally, in Section 6 we will apply
Theorem 4 to t, = n!.

2. Decimal expansions of numbers related to +/10

The expansions of algebraic numbers in integer bases (in particular, decimal
expansions) is another old subject of interest which is related to the distribution
of fractional parts of powers. See, for instance, [1], [2] for a recent progress
on complexity of such expansions.

It is well-known that each real number ¢ can be written in the form g +
0.618283 ... = & + ;- g;/10/, where ¢ = [{] € Z and g1, g2, 83, .- €
{0, 1, ..., 9}. (If we ban an infinite string of 9, then such a decimal expansion
of ¢ is unique.) We say that the decimal expansion g + 0.g;g283 ... € R has
digits in the set D if {g{, g2, g3, ...} € D.

Let u be a fixed integer in the set {0, 1,...,9} and let D, be the set of
five consecutive integers u, ..., u + 3, u + 4 modulo 10. For instance, Dy =
{0,1,2,3,4} and Ds = {0, 1, 2, 8, 9}.
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THEOREM 5. Let u be a fixed integer satisfying 0 < u < 9. The number /10
can be written as a quotient of two positive numbers whose decimal expansions
have digits in D,.

Note that Corollary 2 implies that there is a positive number & such that
{£10"?} < (V10 4+ 1)/9 = 0.462475 .. .. The next corollary improves this
bound to 4/9 = 0.444444 . . ..

COROLLARY 6. Let u be a fixed integer satisfying 0 < u < 5. Then there is
a positive number & such that u/9 < {102} < (u + 4)/9 for each integer
n=>0.

As for the distance the nearest integer, Corollary 3 implies that there is a
positive £ such that [|£10"/2]| > (v/10 — 2)/2(+/10 — 1) = 0.268762.. ... We
improve this constant to 3/11 = 0.272727 . . ..

COROLLARY 7. There is a positive integer & such that ||E10"?| > 3/11 for
each integer n > 0. Moreover, with the same & we have ||£10"?| > 1/3 for
each integer n > 0, unless there exists an integer h > 0 such that the decimal
expansion of the number (h 4+ 3/1 1)+/10 contains no digits 0,1, 8, 9.

Apparently, thereisnoh € N for which the decimal expansion of the number
(h+3/11)+/10 does not contain the digits 0, 1, 8, 9. This would follow from a
natural (but out of reach) conjecture which claims that every irrational algebraic
number is normal in every integer base. If so, then the decimal expansion of
an algebraic irrational number (in particular, (h + 3/1 1)4/10) has infinitely
many digits equal to 0.

Naturally, Theorem 5 and Corollaries 6 and 7 can be stated for the number
/b in base b, where b > 5 is an integer (see Section 5). However, we will
conclude with one more statement in base 10, where the cubic root of 10 is
considered instead of the square root.

THEOREM 8. Let u be a fixed number in {0, 1, ...,9}. There is positive
number & such that the digit u does not appear in the decimal expansions of
the numbers &, £10'/3 and £10?/3.

All results stated in this section will be proved in Section 5.

3. Proof of Theorem 4

Let ko > v be an integer. Set T, := t, Z;iwr] tj_l forn = 0,1,2,... and
Iy = [(ko — v)/ty, (ko — v + Ty)/tp]. It is clear that {¢ty + v} < T for each
¢ € Iy. Suppose we have n closed intervals I,,_; € I,,_» € --- C Iy, where
I =[(kj —v)/t;, (kj —v +T;)/t;], k;j € Z, such that for each ¢ € I, the
inequality {¢#; + v} < T; holds forevery j =0, 1,...,n — 1. We claim that
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there is an interval I, = [(k, — v)/t,, (k, — v+ T,)/t,] € I, with k, € Z,
such that {¢¢, + v} < T, foreach ¢ € I,.

Note that {¢t, + v} < T, if and only if there is an integer k, such that
kn = é‘tn +v = kn + Tn, that iS, § € [(kn - U)/tn’ (kn - v+ Tn)/tn] =
I,. Clearly, I, € I, if and only if (k, — v)/t, > (k,_1 — v)/t,—1 and
kn—v+T)/ty < (ky—1—Vv+T,—1)/tya—1. Setting s, := (kp—1 —V)t,/ty—1+V,
we see that these inequalities hold if

Sp = kn =< (knfl —v+ Tnfl)tn/tnfl +v—- Tn =S, + L.

Here, we used the equality ¢#,7,,—1/t,—1 — T, = 1. The interval [s,, s,, + 1] is
of length 1, so it indeed contains an integer k,, as claimed.

This proves that, for every ¢ € I,, we have {¢f; + v} < T; for each
Jj = 0,1,...,n. The number § = N1, satisfies the required condition:
{¢t, +v} < T,forn =0, 1,2, .... Clearly, £ is positive, because so is the left
endpoint of Ij.

4. Proof of Theorem 1
In the sequel, let

g =17/ + Dlogr +2)] + 1,
wi=2/9r +2)72,

V2r(r + DA+ 2/ +2)72)

§:=vww+ rer+1)= 12

Note that w < 0.03 and § < /2/3 < 1/2 for r > 0.97.

We will construct the sequence of closed nested intervals Iy, Iy, I, .. .,
where |I,,,| = §/rtg, (11| stands for the length of 1), 1,1 C I,, foreachm > 0,
and {¢t, +v} <1 —wforevery¢ € I, andn = —1,0,1, ..., gm — 1. (For
convenience, an additional term _; := #,/(1 +r~") is added to the sequence.)
The proof is by induction on m.

We begin withm = 0. Note that§/r < 1/2r < 0.52 < 1 —w forr > 0.97.
Hence we can take any subinterval of length §/rty < &/rt_; of the interval
[(k_y —v)/t_1, (kg —v+1—w)/t_1] of length (1 —w)/t_;, where k_; > v
is an arbitrary integer.

For the induction step m — m + 1, let us suppose that there exist intervals
I, C I,—1 C ... C Ipsuch that {¢t, + v} < 1 — w for every ¢ € I,
andn = —1,0,1,..., gm — 1. It remains to show that there is an interval
Iy+1 C I, of length §/rtg(n41) such that {¢7, + v} < 1 — w for each ¢ €
Iniiandn = gm,gm+1,...,g(m+ 1) — 1. Write I, = [v, v']. For each
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nef{gmgm+1,...,g(m+1)— 1}, let S, be the set of points of the form
(k —v —w)/t,, where k € Z, in the interval [v — w/t,, v']. There are at most
1 + w + t,|1,,,| such points; at most 1 + #,|1,,| of them belong to the interval
L,.

Let J, be the union of all intervals (s, s + w/t,), where s € S,,. For each

point ¢ of I,, which is outside the union of intervals Uﬁgﬁl)_l J, we clearly

have {¢t, + v} < 1 —w. So it remains to show that 7,, — uﬁi”’gﬁ,”*‘ J,, contains
a closed interval of length §/7t4(u+1y. The sum of lengths of all intervals in

U1, does not exceed

g(m+1)—1 gim+1)—1
S Ut wttallnhw/ty = gwllyl +wd+w) Y 1
n=gm n=gm
w(l + w) — .
< gwl|ly| + gZ(l +rh)
Tom =

= gw|ly| + w(l +w)(r +1)/tgn
=(gw+wl+wyr(l+r)/é|l,l|
= (gw + 8)|1,].

The length of the remaining part in 7,, (which is a union of closed intervals,
possibly degenerate intervals [v, v] of length zero) is greater than

1| = (@ + &) L] = (1 = gw = &) Ln| = (1 — gw —8)8/rtgm.
The number of intervals in Uﬁ(z"gfnl)_l J, that have non-empty intersection
with [, can be bounded above by

g(m+1)—1 gim+1)—1
Y U+t =g+ Y &
n=gm n=gm

o
< &+ nltgonin y (A +rH7
j=1

=8+ rtg(m+1)|lm|-

Hence the set I, — Uﬁg'g;ll)_ljn is an interval from which at most g +
rtg(m+1)|Lm| Open intervals are removed. Thus it consists of at most 1 + g +
Ttemt1) Il = 1 4 & + 8tg(m+1)/tem closed intervals.

We claim that at least one of them is of length > §/7,(,,41). Clearly, this is
the case if ((1 —gw —8)8/rtgm) /(1 + g + 8tguns1)/tam) = 8/rtgm+1), thatis,
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tom+1)(1 — gw — 28) > tg, (1 + g). Using to(my1)/tem = (1 + r~1)¢ we see
that the required inequality holds if

gw+25+ g+ DA +r"H¢ <1,

Estimating (1+r71)g > (1+r71)(7/2)(r+1)]0g(r+2) > e(7/2)10g(r+2) — (r+2)7/2
and g + 1 < (7/2)(r + 1) log(r + 2) + 2, we obtain (g + 1)(1 +r~ 178 <
((7/2)(r + 1) log(r +2) +2)(r +2)~7/2. Next, using g < (7/2)(r +1) log(r +
2) 4+ 1 and expressing w, § in terms of r, we deduce that the required inequality
holds if

70r + Dlog(r +2)+2 7(r+ Dlog(r +2)+4
9(r +2)? 2(r +2)72
22+ @/ +2)2)(r2 +r)
+ <
3(r+2)
By an easy computation we see that this inequality holds for every r > 0.97;

in fact, the maximum of the left hand side in the interval [0.97, 00) occurs at
approximately » = 12.2. .. and is equal to 0.9907 ... ..

1.

5. Fractional parts of powers of +/10

PrOOF OF THEOREM 5. Fix u in {0, 1,...,9} and sett, = 10"%, v = —u/10
in Theorem 1. Note that 0.4625 > 1/ (/10 — 1). It follows from Theorem 1
that there is a positive £ such that {£10"/2 — u/10} < 0.4625 for each integer
n > 0. Hence {£10* — u/10} < 1/2 and {(6+/10)10* — u/10} < 1/2 for each
integer k > 0. Thus the only digits that can appear in the decimal expansions
of & and ém areu andu + 1, ..., u +4 modulo 10, that is, those belonging
to D,. This proves Theorem 5.

PrROOFOFCOROLLARY 6. Fixuin {0, 1, 2, 3,4, 5}. By Theorem 5, thereis a
positive number & such that both & and & V10 have the digitsu, u+1,...,u+4
in their decimal expansions only. Thus the smallest possible value for {£10*}
and {(+/10)10%}, k > 0, is O.uuu ... = u/9 and the largest value is (u +
4)/9 (The largest value (u + 4)/9 = 1 is not attained for u = 5, because
a decimal expansion cannot end by an infinite string of 9.) It follows that
u/9 < {102} < (u + 4)/9 for each integer n > 0.

By considering the integer base b > 5, we will combine a part of Theorem 5
and a part of Corollary 6 into the following statement:

THEOREM 9. Let b > 5 be an integer which is not a square, and let u <
b—[b/(vb—1)]— 1 be a fixed non-negative integer. Then the number /b can
be written as a quotient of two positive numbers whose expansions in base b
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have digits in {u,u+1,...,u+ [b/(\/E — 1)1} only. Furthermore, there is a
positive number € such that {£b"/?} < [b/(vb — 1)1/(b — 1) for each integer
n>0.

The last inequality improves the upper bound {£b"/2} < (1 ++/b)/(b — 1)
which comes from Corollary 2 in case [b/ (Wb—1)] < 14++/b. (This inequality
can be false; b = 10 is the smallest integer which for which this inequality
holds.) The proofs of both statements of Theorem 9 are exactly the same as
those of Theorem 5 and Corollary 6. By Theorem 1, observing that there is
a positive number & such that {£b"? —u/(b — 1)} < 1/(«/5 — 1) for each
integer n > 0, one can derive easily that the b-adic expansions of & and £v/b
cannot have digits other than u, u +1,...,u 4+ [b/ (\/E — 1)]. The details are
left to the reader.

PrOOF OF COROLLARY 7. By Theorem 1 again, there is a positive number &
such that 0.2687 < {£10"/2} < 0.7313 for each integer n > 0. Thus 0.2687 <
{£10F} < 0.7313 and 0.2687 < {(g@)lok} < 0.7313 for each integer
k > 0. It follows that the numbers & and “;‘«/ﬁ have only digits 2, 3,4,5,6,7
in their decimal expansions. Furthermore, each digit 2 in such an expansion
should be followed by the digit 7. Indeed the next digit cannot be smaller than
6; but if it is 6, then the next digit must be either 8 or 9, a contradiction. So
each 2 must be followed by 7. Similarly, upper bounds show that each digit 7
must be followed by 2.

We thus arrive to the following two alternatives. Either the numbers £ and
£+/10 have only digits 3, 4, 5, 6 in their decimal expansions or those digits are
2,3,4,5,6,7 and at least one of the numbers &, ém is equal to

g+0.g1...8n272727 .. = g+ 5L 4. 4 Bm

= (h+3/11)107",

10 10’"+11~10’” (h+3/11)
where i and m are non-negative integers. In the first case, there is a positive
integer £ such that 0.3333... = 1/3 < {£10"/?} <2/3 = 0.6666. . ., so that

1£107/2|| > 1/3 for each integer n > 0.

In the second case, suppose, for instance, that £+/10 = (h + 3/11)107".
(The case when & = (h + 3/11)10™™ can be treated similarly.) Then & is
irrational, so its decimal expansion does not contain the digits 2 and 7, because
otherwise £ should be of the form (4’ + 3/11)10™ too. Hence, on replacing
£ by & = £10™, we obtain that {£'10%} € [1/3, 2/3] for each integer k > 0

and that {(£+/10)10%} takes only two values, namely, 0.2727 ... = 3/11 and
0.7272 ... = 8/11 for each integer k > 0. Hence

I€'10"2| € {3/11}U[1/3,1/2]

for each integer n > 0.
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It follows that in both cases there is a positive & for which ||£10"?| e
(3/11}U[1/3,1/2],n = 0, 1,2, ..., which yields the inequality ||£10"/2| >
3/11, as claimed. Note that, with this &, using £+/10 = (h +3/11)107" we
can write (h+3/11)+/10 = £10”*". From the fact that the decimal expansion
of & contains the digits 2, 3, 4, 5, 6, 7 only, we conclude that there is an integer
h > 0 such that the decimal expansion of (h 4+ 3/11)~/10 contains no digits
0,1, 8,9. If such A as claimed in Corollary 7 does not exist, then the second
alternative cannot occur and so the stronger inequality ||£10"/2|| > 1/3 holds
for each integer n > 0.

PROOF OF THEOREM 8. Fix u in {0,1,...,9} and set t, = 10"3, v =
—(u 4+ 1)/10 in Theorem 1. Note that 0.9 > 1/(10'/3 — 1). It follows from
Theorem 1 that there is a positive £ such that {£10"3 — (u + 1)/10} < 0.9
for each integer n > 0. The number & satisfies the conditions of the theorem.
Indeed, since {£10¥ — (u + 1)/10} < 0.9, {(£10'/3)10* — (u + 1)/10} < 0.9
and {(£10*3)10F — (u + 1)/10} < 0.9 for each integer k > 0, the digit u
cannot appear in the decimal expansions of &, £10'/3 and £10%/3.

6. Fast growing sequences

Let us apply Theorem 4 tot, =rirp...r,, where 1 <ryg <r; <rp, <...1s
an arbitrary sequence of positive real numbers satisfying r, — oo asn — oo.
Since

00 00 00
—1 —1 —J
T, =1ty E tj = E (rn+lrn+2---rn+j) < E Tt =1/(rn+l -1,
j=n+1 j=1 j=1

Theorem 4 implies that there is a £ > 0 such that
{Erory ...+ v} < 1/(rpe1 — 1)
forn =0, 1,2, .... In particular, for any n € [0, 1], there is a £ > 0 such that
lim {Ergry ...} =n.
n=>00

Likewise, on applying the above result to r, = n, we derive that there is a
& > Osuchthat {én!+v} < 1/nforn =1,2,.... Next, putting v = 1/2, we
derive that there is a & > 0 such that

{gnl) e (1/2,1/2 + 1/n)

foreachn = 2, 3, .. .. (Plainly, such & should be irrational.) In particular, this
implies that ||En!|| > 1/2 — 1/nforeachn = 2,3, .. ..
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On the other hand, we claim that, for any real £, the inequality
Entl] < 1/2 —1/2(n + 2)

holds for infinitely many n € N.
Indeed, writing, for eachn € N, é€n! = x, + 1/2 + z,,, where x,, € Z and
zZn € [—1/2,1/2), we have

4+ 1) 4 1/2 4 20) = X1 + 1/2 + 2011

Hence
n+ Dxy +n/2 — X441 = 2p41 — (0 + Dz,.

Itfollows that |z,,+1 —(n+1)z,| > 1/2foreachoddn. Ifboth |z,| < 1/2(n+2)
and |z,41| < 1/2(n + 3) hold, then

1/2 < |zpp1l + (n + Dlza| <1720 +3) + (n +1)/2(n + 2)
=M’ 451 +5)/2(n*+5n4+6) < 1/2,

a contradiction. So either |z,| > 1/2(n + 2) or |z,41] > 1/2(n 4+ 3). Con-
sequently, forany M € N, the inequality ||én!|| = 1/2—|z,| < 1/2—1/2(n+
2) holds for at least M positive integers n of the set {1,2,...,2M}.
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