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THE SPHERICAL MAXIMAL FUNCTION ON THE
FREE TWO-STEP NILPOTENT LIE GROUP

VERONIQUE FISCHER*

Abstract

We consider here the free two step nilpotent Lie group, provided with the homogeneous Koranyi
norm; we prove the L”-boundedness of the maximal function corresponding to the homogeneous
unit sphere, for some p.

1. Introduction

This article is organized as follows. As introduction, we collect some results
and methods of work on singular maximal functions corresponding to averages
over dilations of a fixed surface on a nilpotent Lie group. We also present our
main result.

Then we define precisely the free two-step nilpotent Lie groups, maximal
L?-inequality and the square functions used here (Section 2).

Next (Section 3), we prove L”-maximal inequalities corresponding to Kor-
4nyi homogeneous spheres, assuming L2-boundedness of our square functions.
This hypothesis is proved in Section 5, with the help of the Plancherel formula
and spherical functions; these notions are recalled in Section 4.

1.1. Some maximal functions on nilpotent Lie groups

On the Euclidean space. Stein proved L”-maximal inequalities for Euclidean
spheres; that is the supremum of the averages over the spheres centered at a
point defines an operator on the space of smooth functions, called “the max-
imal function corresponding to Euclidean spheres” (or more simply “the spher-
ical maximal function”); and this operator extends to a bounded operator on
LP(R"). Here p > n/(n — 1), n > 3 (sharp result). Bourgain showed the case
n = 2 [1]; the case n = 1 is vacuously true.
For the proof in [14], [16], Stein uses:

(i) complex interpolation for the analytic continuation of the family of con-

volution operator with kernel given by x — 2(1 — |x |2)‘i_1 /T (),
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(i1) the well known L”-boundedness of the standard maximal function (cor-
responding to the Euclidean balls) [2],

(iii) the L2-boundedness of some square functions (with the help of the Eu-
clidean Fourier transform and estimates for special functions).

But Stein gave another proof of the same result in Corollary 3 of [15, XI§3],
where he also presented the case of variable manifolds. The method is based
there on oscilatory integrals operators and on curvature: in fact, the curvature
of the unit Euclidean sphere S” is closely related to the Fourier transform of
the probability measure of S” [15, XI§1].

On Heisenberg groups. M. Cowling offered [3] an alternative approach
to Stein’s first work on R”; he adapted it on the Heisenberg group H” for the
Koranyi norm: he obtained the L” (H")-boundedness of the spherical maximal
function, p > (2n + 1)/2n (sharp result).

Still on the Heisenberg group H* = C" x R, Nevo and Thangavelu con-
sidered the case of the complex spheres {(z,0) € C* x R : |z| = r}, and
showed [19, §3.6] that the corresponding maximal function is L”-bounded for
p > (2n — 1)/(2n — 2). He adapted previous works of Nevo on “ergodic”
maximal inequalities on some Lie groups (see [8], [11]), where the proofs
are based (for the global part) on classical study of maximal functions for
semi-groups [13, I1I§3], and on L2-estimates of square functions with spectral
calculus (spherical functions).

The optimal range for p is p > 2n/(2n — 1); this was proved recently by
Narayanan and Thangavelu [10].

On nilpotent Lie groups. Miiller and Seeger obtained [9] also this optimal
range for p in a study which concerns more general surfaces (with a non van-
ishing rotational curvature) in “non-degenerate” two-step nilpotent Lie groups.

In a still unpublished work [12], the maximal functions on stratified group
associated to hyper-surfaces with a non vanishing rotational curvature, were
also studied by adapting Stein’s second proof of the Euclidean case [15, Co-
rollary 3 in XI§3]; it yields to their L”-boundedness with p > n/(n — 1),
where n > 3 denotes the topological dimension of the group. In particular, it
covers the case of the Kordnyi spheres in groups of Heisenberg type, with a
sharp range for p, and so includes the result of Cowling [3] on H".

1.2. Our main result

Let N, be the free two step nilpotent Lie group with v generators, provided as
a stratified group, with the Koranyi norm. Let .2/ denote the spherical maximal
functions. We recall the definitions of these objects in Section 2.

The main result of this paper is the L”-boundedness of .2/:
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THEOREM 1. Assume v > 4. The spherical maximal function f satisfies an
L?(N,)-inequality where 2h/(2h — 1) < p < 0o and h is the largest integer
suchthath <v(v —1)/4 — 1.

This result is new, but probably not sharp for the range of p. The group
N, does not fulfill the non-degeneracy condition of [9], and the surface is not
of the type studied there neither. It is not covered by the study [12] because
the curvature of the unit homogeneous sphere in N, vanishes “at the equator”,
v > 3.

Our proof follows the first method of the Euclidean case [14], i.e. the points
(1), (i), (iii); but the Euclidean norm is replaced by the Kordnyi norm and for
L?-estimates of square functions (i.e. for (iii)), we use the Plancherel formula
and the bounded spherical functions. This method for groups of Heisenberg
type (and always Kordnyi homogeneous spheres) gives aresultincluded in [12]
(see the French PhD thesis of the author [5]).

The rest of this paper is organized as follows. We start by setting defini-
tions and notations for the group, the spherical maximal function and square
functions denoted S/ (Section 2). We give then the proof of our main theorem
(Section 3), provided that some square functions S/ satisfy L>-estimates. Next
(Section 5) we prove this hypothesis, using the Plancherel formula and spher-
ical functions (notions recalled in Section 4).

2. Definitions and Notations

Here we set definitions and notations for the group, the spherical maximal
function and the square functions that we study.
In this paper, we assume v is an integer such that v > 2.

2.1. Free two-step nilpotent Lie algebras and groups

Let /, be the (unique up to isomorphism) free two-step nilpotent Lie algebra
with v generators; the definition using the universal property can be found in [7,
Chapter V §4]. Roughly speaking, ./, is a two-step nilpotent Lie algebra with v
generators X1, ..., X,, such that the vectors X, ..., X, and X; ; = [X;, X;],
i < j,form a basis of the vector space N,

We denote by 7" and &, the vector spaces generated by the families of
vectors Xi,..., Xy and X;; = [X;, X;], 1 < i < j < v respectively;
these families become the canonical bases of ¥ and &. Thus N, = V" & &
is a stratified algebra (see [6]), and & is the center of the Lie algebra A,.
Let z = v(v — 1)/2 be the dimension of Z and Q = v + 2z = v? be the
homogeneous dimension. We write v = 2v’ or 2v" + 1.

The connected simply connected nilpotent Lie group which corresponds
to A, is called the free two-step nilpotent Lie group and is denoted N,. We
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denote by exp : N, — N, the exponential map. In this paper, we use the
notations X + A € N, exp(X + A) € N when X € 7, A € Z. For an
element n = exp(X + A) € N, we define the dilations: r.n = exp(r X +r*A),

r > 0, and the (homogeneous) Koranyi norm: |n| = (| X|* + |A|2)‘l‘ (see [6]).

2.2. Some measures

The canonical bases of 7" and & induce Lebesgue measures on 7" and &
respectively, thus on .4/°, and a Haar measure dn on N,. In this paper, the L”
spaces over N, and the measure |E| for a Borel set E C N, are related to the
Haar measure dn.

We denote p the unique Radon measure on the unit homogeneous sphere
S1 := {n € Ny, |n| = 1} such that for each integrable function f on N,, we
have [6, prop.1.15]:

oo
(1) / f(n)dn :/ frn)dum)redr.
N r=0Js,
By uniqueness of (1), and with suitable changes of variables, we easily obtain:

(2) f(n)du(n)
M

1 z=2
= 2/ / / f(eXPtX +v(d - t4)Z) do(Z)doy(X)*~ (1 — 147 d.
0 v JSz

(where o,, denotes the probability measure on the Euclidean sphere S* C R").
It is still valid for any two-step stratified group.

2.3. Maximal L?-inequality

Here, we recall the definition of the maximal function associated to an operator
over N,, in particular of the spherical maximal function .2¢, and of the standard
maximal function .#; this is still valid for any stratified group.

Let us start with the definitions of dilations for subsets, distributions and
operators over N,. Letr > 0. The r-dilationof E C N,isr.E = {r.n,n € E},
and if E is a measurable set, we have |r.E| = r?|E|. The dilation F, of
a distribution F on N,, is given for a test function f on N, by (F,, f) =
(F, f(r.)) where f(r.) : n+— f(r.n). The r-dilation 7, of an operator 7 on a
dilation invariant space of function on N, is given for a function f by: 7,..f =
(T f(r.)) (r~'.). For a convolution operator with an integrable function or a
measure, the r-dilated operator coincides with the convolution operator with
the corresponding r-dilated function or measure.

Let T be an operator on a dilation invariant space of function on N,. We
define the maximal function associated to T: I : f +— sup,_, |7,.f|. We say
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that I satisfies an L?-inequality (or T satisfies an L” maximal inequality, or
g is LP-bounded) if there exists a constant C = C(T, v, p) > 0 such that for
all smooth compactly supported functions f on N, (or equivalently the class
L?(Ny), the Schwartz class & (Ny) ...), wehave: [T .1, < C I fll»-

The maximal spherical function &/ is the maximal function associated to
the convolution operator with the measure p (see (1)). The aim of this paper
is to establish L”-inequalities for 7.

Let ./ denote the standard maximal function, i.e. the maximal function
associated to the characteristic function of the unit homogeneous ball B, :=
{n € Ny;|n| < 1}. During the proof of our main result, we will use the
well known L”-inequalities (1 < p < 00), satisfied by the standard maximal
function .4 [2]. We will also need the following corollary:

COROLLARY 2. Let m : Rt — R™ be a decreasing function and F :
N — RY be defined by F(n) = m(|n|), n € N,. Suppose F € L'. The
maximal function associated to the convolution operator with F satisfies L? -
inequalities, for 1 < p < oo.

2.4. Square functions

For j =1, 2, ..., we define the following operator, called the square function
S/, by:

S (f)n) = \//oo|a!<f su)[’s2-1ds,  fe SN, neN,
s=0

We will have to show that for some j, the square functions S/ satisfy L2-
estimates:

ie 3C=C, ))>0 VfeSWN,) |8.f|.=<C|f].-
In Section 5, using the Plancherel formula and spherical functions, we will
obtain:
THEOREM 3. We assume v > 4. The square functions S/, j = 1,...,h,
satisfy L?-estimates, where h e N, 1 < h < (z — 2)/2.
3. Proof of L”-maximal estimates for o/

Here we will prove that the L?-boundedness of some square functions S/
implies the L”-boundedness of &7, for some p. We summarize this fact in the
following Theorem:

THEOREM 4. Ifthe square functions S/ satisfy L*-estimates, then the spher-
ical maximal function &f satisfies L -estimates, where:
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a) j=land2 < p <ooifv>2,
b) l<j<h<(Q—-2)/2and2h/2h—-1) < p <o0ifv>2.

This proof extends naturally to any stratified Lie groups. Furthermore The-
orems 3 and 4 imply Theorem 1. In this section, we denote N, = N.

3.1. Proof of the LP-case, p > 2

Here we prove Theorem 4.a): we assume that the square function S! is L2-
bounded and we prove the L”-boundedness of &/, p > 2.

We follow the Euclidean process [15, XI§1]. For f € & (N), we have:
1 t
o £ = 5 [ a2 pnds
= Jo
1 [ 1 [
3) == f 0597 g * f(n)ds + — / 593, (py * f () ds.
19 0 19 0

We compute t¢ = |B(n, t)|/|B;|, where B(n,r) = {n' € N, Inn' 7' < r}is
the homogeneous ball with radius r, centered at n, and with change in polar
coordinates (1):

| B1]

f(n//) dl’l”.
|B(n, t)| Jpwm.n

1 ! 0-1
—Q/O 05 s+ f(n)ds = Q—2H_

Because of Holder’s inequality, the last expression in (3), is majorized by
(20)~'28'. f(n). Finally, we gather:

|B1| " ” 1
t . =~ d p—
e . f ()| < Q|B( D] B(n’t)f(n ydn" + NeTe)

Taking the supremum over ¢, we have the following pointwise estimate:

St.fn).

1 1
0)) VfeSN) ﬂ.f§Q|Bl|/%.f+ES S

The standard maximal function . satisfies L?-inequalities , in particular for
p = 2 [2]. As the square function S ! is assumed to be L?-controlled, the
inequality (4) leads to an L2-inequality for .o/. But .o/ satisfies also an L>-
inequality (because the measure y is finite). By classical real interpolation, we
obtain the L”-boundedness of &, for p > 2. Theorem 4.a) is thus proved.
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3.2. Overview of the proof of the L?-cases, p < 2

Here we prove Theorem 4.b). We start with a choice of an analytic family of
operators A%, the same as in the Euclidean case [14], [16], see (i) of Subsec-
tion 1.1. A° coincides with the convolution operator with kernel 1. Provided
that the square functions S/, 1 < j < h, satisfy L’-estimates, we prove that
A% satisfies L”-maximal inequalities, for e > 1 with 1 < p < oo (Sub-
section 3.4), and for Ra > —h + 1 with p = 2 (Subsection 3.5). To obtain
these maximal inequalities, we will use Corollary 2, and the following estimate
“uniformly in y € R, locally in x > 0” for the I" function [20, page 151]:

VYla,b] C [0,00[ IC >0 Vxela,b] VyeR

e Byl

5 c! —_
©) STarinl -

From these maximal inequalities, with interpolation (Subsection 3.6), we will
deduce Theorem 4.b).

3.3. Analytic family of operators

Let define (as in the Euclidean case, see [14] or Subsection 1.1) for o €
Q\(=N):

21 — 2 a—1
ma(r) — ﬁ’ r Z 0,
I (e)
and
p*(n) = m*(|n|), neNn.

For Ra > 0, the function p* is radial and integrable; we denote by A* the
convolution operator with kernel ©%; itis a L”-bounded operator for 1 < p <
00.
Let j,h € Nsuchthat) < j < hand 1 < h > Q/2; we define also the
operator By ; for f € ' (N),andn € N, by:

1
By ;(f)(n) =/ m () eI (f % ) (n) dr.
r=0

PROPOSITION 5. The family of operators {A%, Ra > 0} is analytic, and
admits an analytic continuation over {fie > 1 — (Q — 2)/2} as operators on
F(N). The operator A° coincides with the convolution operator with kernel ji.
Forfa > 1—hwithh < (Q—2)/2, A* can be written as linear combination
of the operators By ;, 0 < j < h.
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ProoOF oF ProPOSITION 5. With the change in polar coordinates (1):

o ! 2 2 a—1 0-1
A f— r:()m(l —r) (f*p,r)r dr
NI 0-1 :
= [aF(a)(l —77) E(f*ﬂr)r :|r=0

) ) 1 0-1
_/,_an(a)(l —r7) 0 <—_2r(f*“’)r ) dr,

after integrating by parts. The endpoint terms equal zero, and oI" (o) = I' (@ +
1); we easily obtain on one hand for &« = 0: A°. f = f * u, and on the other
hand after expanding the derivative: A* = —1/2(B1,1 + O B1).
Recursively, using % integrations by parts, we easily compute that the oper-
ator A” coincides with a linear combination of the operators By ;, provided that
the endpoint terms equal zero, so as long as 7 < (Q — 2)/2 and N > 1 — h.

Now we establish some L”-maximal inequalities on A“. We denote by 2/
the maximal function associated to A (see Subsection 2.3).

3.4. LP-maximal inequalities for Ra > 1
In this subsection, using Corollary 2 and estimation (5), we prove:
PROPOSITION 6. For 1 < p < 0o, we have:

Vb>1 Vxel[l,b] 3C>0 VyeR VfeF(N),
| f] = € 1]

Lr

PROOF OF PROPOSITION 6. For x > 0, and f € & (N), we have:

x+i x+i F(}C) X X
AT FL < 1 f ] ] = | )Ilfl*u < ceMAT fl.

IM'(x +1iy

uniformly in y € R, locally for x > 0, because of (5). It yields to &/*+7. f <
Ce?Mlof* | f1. Now, For x > 1, u* satisfies the hypothesis of Corollary 2, and
the maximal function &/* is L?-bounded, 1 < p < oc.

3.5. LP-maximal inequalities for o < 0

In this subsection, we fix & = 1,2, ... and we prove:

PROPOSITION 7. If the square functions S/, j = 1,..., h satisfy L*-
estimates, then for all segments [a, b] C] — h + 1, ool, there exists a constant
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C > 0 such that:

Vxela,b] YyeR VfeS(N), | f|,=cCce|f],.

This proposition is implied by the following lemma, which states estimates
for the maximal function %;; ; associated (see Subsection 2.3) to By ;:

LEMMA 8. For all segments [a, b] C] — h + 1, ool, there exists a constant
C > 0 such that for all x € [a, b] and for all y € R, we have:

(6) Viel® | f]. < e f]

(7) VfeSWN) |50 f| < sy,

The proof of Lemma 8 is based on Corollary 2, known formulae for I" and
estimation (5).

PrOOF OF LEMMA 8. Because of the change in polar coordinates (1), we
compute that B is the convolution operator with kernel given by: n
u¥t(n)|n|=2", n € N. Then we proceed as in the proof of Proposition 6 to
obtain inequality (6).

Let us prove inequality (7). For f € & (N), we have:

l .
(Byj),-f = f m* )y T ) f s )y
r=0

Thus because of Holder’s inequality, (%, if )% is majorized by the product of

1 [ee)
R 2 ; 2 2j-1
sup/ |rf 247100, f % urr]‘,rzr,| dr < / 107, f * o |77 dr
t>0 Jr=0 r’'=0

; 2
= (87(N)",
(with the help of change of variable ' = rt) and the integral:
2(x+h—1)

1 1 2
/ |ma+h(r)rQ—1—2h—%|2dr </ a-r) p20-1-4h g,
r=0 N r=0 |F(Ol + h)|2

This last integral equals with the change of variable r’ = r2, then with known
formulae concerning the I" function [17, §1.7 (4) and (5)]:

/1 (1 — )2t wdr’ 1TQx 42k — DI(Q —2h)
B —— g 4 _ = =
r=o |C(a+h)? 2 2 [Tl@+mPTCx+0)
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Because of estimation (5), this term is bounded up to a constant, locally in
x > —h + 1, uniformly in y € R, by e?”!. We obtain inequality (7).

This ends the proofs of Lemma 8 thus of Proposition 7.

3.6. Interpolation

The maximal function o/ = 2.2/° (Proposition 5) satisfies an L*>°-inequality
because the measure p is finite. We have proved in Propositions 7 and 6,
that the family 2/¢ satisfies L”-maximal inequalities. Using linearisation and
interpolation of an analytic family, we obtain that the maximal function .2/°
satisfies L?-inequalities for (2h)/(2h — 1) < p < oo as long as the square
functions S/, 1 < j < h satisfy L>-estimates and 1 < h < (Q — 2)/2 (so
v > 3).

We have proved Theorem 4.b). This achieves the proof of Theorem 4, and
thus of our main theorem, provided that we show Theorem 3. The last section
(Section 5) is devoted to this, but we start (Section 4) by recalling our tools:
the Plancherel formula and bounded spherical functions.

4. The Bounded Spherical Functions and the Plancherel Formula

Here we present the tools that we will need in the proof of Theorem 3: the
Plancherel formula and bounded spherical functions on N,. For this results,
we refer the interested reader to [5].

4.1. Action of O(v)

With the canonical basis, the vector space & can be identified with the vector
space of skew-symmetric v x v-matrices M;".
The group O (v) acts on 7;, ~ R” and &, ~ M;* by auto-morphisms:

o) x ¥, — 7, q oWy x %, — %,
an .
(k, X) —> k.X (k, A) —> k.A = kAk™!
We get easily k.[X, X'] = [k.X,k.X'],k € O(v), X, X' € V. So, O(v) acts
(by auto-morphisms) on the Lie algebra ./}, then on the group N,.

A distribution or a left invariant differential operator on N, is said to be
radial, if it is O (v)-invariant.

4.2. Special functions

First, let set the notations for “our” Hermite, Laguerre and Bessel functions.
We denote:

e hy, 1 € N the Hermite-Weber functions on R given by [17, §5.5]:

h) = (U7 ) Te T H(x) where Hi(s) = (—1)e" (d/ds) e,
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e %,, the Laguerre function given by %, (x) = L%(x)e™2 where L is the
Laguerre polynomial of type 0 and degree n [17, §5.1],

e _#, the reduced Bessel function: _#,(z) := I'(ax + 1)(z/2) % J,(2), where
J 1s the Bessel function of type o > 0 [17, §1.71], [4, ch. II, L.1].

Now, we can give some spherical (or equivalently of positive type) functions
of (N,, O(v)). We denote:
e dk the Haar probability measure of O (v),

o for A = (A1,..., Ay) € RV, Dy(A) an element of &* identified with the
skew-symmetric matrix:

SWi
DyA):=| O 0 where J := [ 0 1].
A J -1 0
0)
((0) means that a zero appears only in the case v = 2v’ + 1.)
e X7, ..., X the dual base of X1, ..., X,,
e pr; the orthogonal projection on RX»; 1 & RXy;, for j = 1,..., v,

ZLthesetof A = (A1,..., hy) € RV suchthat A; > --- > A, > 0,

o M the set of (r, A) with A € L andr > 0if v =20 +1orr =0if
v =20,

P the set of (r, A, l) with (r, A) € M and [ € NV'.

For (r, A, 1) € &, we define the function ¢”A’l by:
¢r,A,l(n) Z/ @V,A,I,E(k‘n) dk, ne NU,
OW)
where ®"! is given by:
- . V' A
O M (exp(X 4 A)) = /T Xv XD (A1 A) il;ll 2 (?j| prj(X)|2).

The function ¢"*! is a spherical function of (N,, O(v)). In the rest of this
article, we identify a function ¢"*+!, with its parameter (r, A, [) € 2.
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4.3. The Plancherel Formula
Let (r, A) € /. Let define the representation (L%(RY), [T, A) € IQU by:

v

A ) .
[(n).f(y) = exp(i Z xajxaio1 + \/)»szjy,)e”x”’(DQ(A)’A)
rA X

2
o+ VAXL e+ \/)»Tﬂxzuul),

where f € L*(RY), (y1,...,y») € RV, n = exp(X + A) € N, with X =
> -1 % X
The group O (v) acts on N, thus also on N,. In particular, we denote:

Jj=1

k.TI(n) = 1k Ln), ke OW), neN,.
rA r,A

We denote n the measure on £ given by:

2 TG = A7 dhrdhy i =20,
= <

i=

J
dn(A) =
”lx? 05 =) dh by ifv =20+ 1,
1A T

i=

and by t the Lebesgue measure on R** if v = 20" + 1, and the Dirac measure
in0if v = 2v’. Let m be the measure on .4 x O (v) given as the tensor product
of 7, n and dk, up to a normalizing constant so that we have the Plancherel
formula:

THEOREM 9. m is the Plancherel measure of N,:

VieIWNy £l = / |k.TL A ()| dmr, ALK,

where |.|| ys denotes the norm of an Hilbert-Schmidt operator.

Forl = (I;,...,1y) € NV, let & € L>(R") be given by: &(y1, ..., yy) =
H}J':lhlj (y;). The vectors ¢, I € NV, form an orthonormal basis of L*(RY).
If f is radial, the Hilbert-Schmidt norm of IT(f), can be computed with this
basis, in term of spherical functions:

ProposiTION 10. Let f be a radial integrable function (or a radial finite
measure) on N,. We have:

A (f).q = (f, "D
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5. Square functions

This section is devoted to the proof of Theorem 3. Actually, we will prove
(Subsection 5.1) that the L?>-norm of square functions S/, j = 1,2,...,1is
bounded by the L*°-norm of:

S/ (¢) := \//oo|a_{'(us,¢>|2s2ﬂds, peP.
s=0

In this section, ||.|| denotes the L?(N,)-norm.

PROPOSITION 11. We have for f € S (N,) and j > 1:

I1S7(F)Il < sup 87 (@) Il £1I -
PeP

Next (Subsection 5.2), we obtain the following boundedness for S

PROPOSITION 12. Let h be an integer such that 1 < h < (z — 2)/2 (only
forv > 4). We have:

IC>0 Vope? Sh¢) <C.

For the last proposition, we will use technical lemmas, which will be proved
in Subsection 5.3.

Propositions 11 and 12 imply Theorem 3.
5.1. S/ and §

Here, we prove Proposition 11. Let f € & (N,). With the Plancherel formula
of Section 4, we will prove in this subsection that we have:

® ISP = f 318 @Ik A (). dmr K, A).
leN”
Because of the Plancherel formula (see Theorem 9), this equality implies:

IS7CHI? = sup NI / D kT A ()G dm(r k, A)
¢e

leNY

= sup |7 (@) I £1I.

PP

Thus Proposition 11 is proved, if equality (8) is satisfied.
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Let us establish equality (8). Fubini’s equality and the Plancherel formula
(Theorem 9) for 95 (f * uy) € F(N) yield to:

O IS = [ [ S WGl 50 dm A, s s
= leNY’

Because ; is a radial probability measure, k.I1, 5 (t5) equals I, 5 (5), and
we have (Proposition 10): IT, A (1t5).8 = (s, ¢ ;. Then we deduce:

kT A (kT A ()-8 = (i, @2k A (F)-0
kT A (3 (f % 1)) & = 87 (s, @V T A (F)-C1
This last equality, with (9) and Fubini’s equality, yield to:

IS/ (HIP= f > / 18] (a5, @" NP> ds k. TT A ()G dm(r, A, ).
,Js=0

leNV

Because of definition of S/, we deduce equality (8). Thus Proposition 11 is
proved.

5.2. Boundedness of Si

Here, we prove Proposition 12. The tools are some computations and properties
of special functions (which are recalled in Subsection 4.2). We remark:

LEMMA 13. Let f be a smooth function on R. For h = 1,2, ..., the de-
rivative g™ (s) of g(s) = f(s?) is a linear combination ofsdﬁ*h)f(h/“)(sz),
where:

ifh =21 ,d(j,h) =2j, on0<j <H,
ifh =20 —1,d(j,h)=2j+1, 0n0<j<h' —1.
We remark d(j, h) +h = 2h' 4+ 2j.

We use also lemmas, (whose main lines of proof are given in the following
subsection), and the f(zllowing notations: we fix ¢ = ¢"* € P and h =
1,2,...;wesetforn,h € N:

vz P v r. (X 2
b (t, 5) :/ (mxv)he”"x"a;i[n D%.(Ajs/rz—lp A%l )] doy(X).
SO j=1 ' 2 g2
We denote for g = (hy, hy) € N2, j = (i, j») € N*:

%7 ::f b8 ()21 ds,
0
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_ o .
bei (s) 1= st / B ) g (521 = 4]
r=0 2

hy+j =2
(\/1 —t4|A|> TPl =T ar,

Yvherefz =h—hy—hyandfori =1, 2:d; := d(j;, h;). If vis odd, we denote
h=h,+ h;.

LEMMA 14. 8" (i, @) is a linear combination of b%/ (s) over g, j such that
hi+hy+h =h, whereh =0 ifviseven, and0 < j; < h;/2,i =1, 2.

Proposition 12 will be implied by:

PROPOSITION 15. The integrals 1%/ are bounded independently of (A, r, [)
€ P, for all parameters g, j givenin Lemma 14, aslongas1 < h < (z—2)/2

(ifv = 4).

The rest of this subsection is devoted to its proof, first if v = 2v" + 1 and
h #0,orifv=2v,thenifv=2v+1and h = 0.

We will use the following property of the Bessel functions, deduced from the
analyticity of the Bessel function _#,, its boundedness on R, and the classical
majorations for Jy:

o0
(10) V—1<pB<2x VneN: f |27 (5) %5 ds < o0.
s=0

5.2.1. Boundedness of 1""2)-G22) if y = 0 or v = 2v'. Here, we assume
(h #0,v =2v"+ 1) or (v = 2v’) and we show Proposition 15 for these cases
as long as h < (z — 2)/2. We will use majorations of phn (t,s), given in the
following lemma which will be proved in next subsection.

LEMMA 16. The expressions l;h” (t,s), for 0 < n < h, are bounded up to
a constant of v, h by: (|A|t?)"s™" Zoggﬁ (|A|s%t?)'; if v = 2V, we assume
h=i=0.

Using this lemma and Cauchy-Schwarz inequality, we obtain that |b%/ (s)|?
is then bounded up to a constant by:

. 1 1
|A|2(h2+/2+h1+11+1)S2(d1+d2)—2h+4z / t2(v—1+2t+2(h1+11))(1 _ t4) 2 dt
0

Wyt 12

1 P =2 1
/‘jf}?ﬂ”(sz\/l—t4|A|)(1—t4) T gy
0 2
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Finally, 1¢ -J is bounded up to a constant of v, i by the maximumover( < i < h
of:

oo ~
J(l) = |A|2(h/ +].2+h/ +j1+i)/ s2(d1+d2)72h+4i

112+jz 2

/ ‘f(h +12) M|A|) 4)-'2 += +4 dtth 1dS

We compute another expression of the exponent of s (see Lemma 13) and
the change of variable s’ = s2+/1 — t4|A[:

J :/ ‘f(h +/7

!
2 Mot 4201 ds

2

1
=2+ —(n+ji+2i
/ (1 _t4)Z +3 (hy+j1+2i) dr.
0

Because of (10), we deduce that J@,i =0, ..., 4,0 < j; <h|,0 < jo < h),
are finite as long as i} + h) # 0 and h < (z — 2)/2. Proposition 15 is thus
proved if (h # 0, v =2v + 1) or (v = 2v').

5.2.2. Boundedness of I° ifv = 2v'+ 1 and h = h,. In this sub-subsection,
we will assume v = 2v' + land h = h < (z—1)/2,so0r #0and g = j =
(0, 0) = 0; we show Proposition 15 for this case.

We will use the following majoration of |l;h’0(r, s)|:

LEMMA 17. Ifv =20 + 1, l;h’o(t, s) is bounded up to a constant by:

57N (ALt

0<i<h

Because of the previous majoration of 5"0(r, s) of Lemma 17, [6°°(s)|? is
bounded up to a constant by the maximum overi =0, ..., & of:

(/ FAY [ Fop (VT 1))
. . I

/|s "(|Als* )’)fzzz(szw—t4|A|)\<1—r4)‘z|2dr/ P,
0

2

Pl — T dt)
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by Hoélder’s inequality. Thus by Fubini’s equality, 7°°

constant by:

1 e
/ / (|A|S2t2)2i
0o Jo

is bounded up to a

Fe2(sV1 = z4|A|)(2 ds—s(l — 2 dt

oo 9 5 ds’ 1 ) )
— f S/ |jﬁ (S/)| - / t21(1 _ t4)27271 dt,
0 2 25" Jo

with Fubini’s equality after the change of variable s’ = s2+/1 — t4|A|. Thus
by Fubini’s equality, 7 is finite as long as z —2 —h > —1 (because of the d¢-
integral) and 2h — 1 < z — 2 (because of the ds-integral and majoration (10)).

As the other cases where proved in the previous sub-subsection, Proposi-
tion 15 is also proved as long as Lemmas 14, 16, 17, are shown.

5.3. Proof of the technical lemmas

In this subsection, we give the main lines of the proofs for lemmas used in the
previous subsection.

5.3.1. Proof of Lemma 14. To prove Lemma 14, we need the following prop-
erty of the Bessel functions:

(an | o) = s,

where (, ) denotes the Euclidean scalar product of R”, and |.| its norms.

Let ¢ = ¢"™! e P. First, we will need the expression of (i, ¢). As
the probability measure p, is radial, and with the expression of ¢ given in
Subsection 4.2, we have:

(s @) = (s, O"M) = / O (s.1) dyu(n)

M

| =2
= 2/ / / @f,A,l(Sl‘X, 52 a1- t4)A) do,(A) dUU(X)tv_l(l _ l4) o
0 v JSz

because of the expression (2) of ©. We notice:

/ O M (1 X, 1hA) do,(A)
Sz

. v/ A i
= e %(jmrj(nxnz) / e dor (A);
j=1 5
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The last integral against o, equals f% (2] A|), because of (11). We then obtain:

2
S T -

We can now show Lemma 14. The expression
. v r (X)]?
85’ |:€trstxv I e%j ()\‘jSth%)jzzz (SZM|A|)i| ,
j=1

is a linear combination over & + i = h and hy + hy, = h of:
; : r; (X)) —
8Sh[ ItSrx,> ]8/11 Llli[ o%f (Atjszt2|p']2 | )}852 [fﬁ(sz 1—t4|A|)]
= 5

Computing each derivative (using Lemma 13 for the second and the third one),
Lemma 14 is proved.

5.3.2. Proof of Lemma 16 if v = 2v". To prove Lemmas 16 and 17, we will
use the following remark, deduced from the properties of Laguerre functions
[18, Lemma 1.5.3]:

LEMMA 18. The functions ¥ and its derivatives are bounded on R™, inde-
pendently of k (but not of the derivation order).

We assume here v = 2v’. From Lemma 18, we deduce that

X2
LHQ%( ,2|Pr; )| )}

is majorized up to a constant of n, v by the sum of

| pry (X)*\ | pry (X)1*\
A" n(r———) =¢A)" n(—L—) .
JjeJ 2 jelJ 2

where the sum runs over the subsets J of NN [1,v'],and e; € N, j € J, such
that Zj s €¢j = n. We thus obtain that pon (¢, s) is bounded up to a constant of
n, v by (t>|A])". Lemma 16 is then proved for v = 2v'.

5.3.3. Proof of Lemma 16 if h # 0 and of Lemma 17. We assume here
v=2v+1land h # 0. In this case, proof of Lemma 16 is based on suitable
h integrations by parts. We only prove the case (h, n) = (1, 0). The general
case is similar.
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Let choose as atlas of the Euclidean sphere S” of R¥ two caps with poles
X;and —X;:

1
C, = {X €S’ (X, X;) > —5},

and
1
Cy = {X eSS’ (X, -X,) > 5}

Then we fix a partition of unity, i.e. two smooth functions ¥, ¥, on S¥ such
that:

suppy; CC; and 0<y; <1,i=1,2, and Y +y¥Y>,=1 onS"

As chart over C; (respectively C5), we consider the stereo-graphic projection
with pole X (respectively —X), and we denote C| (respectively C,) its range
over R'~1. C] et C} are compact subsets of RV"!. The points X = Y, x; X;
of the sphere S” are parameterized by the coordinates x;, i # 1; furthermore,
the measure o, is mapped over C;, i = 1, 2 a measure with a smooth density
D;,i =1, 2 over the Lebesgue measure dx.

We decompose the integral b'0(¢, s) on this atlas and we integrate by parts.
We obtain:

1620(t, )|

X 2
l_srlxba I:/l—[ g (A 2 2|p ( )| ))CUWI'(X)DI} dx
c s

X 2
—Z/ vaglﬁ(x 22 Pl ( ! )xux/f,»(X)Di”dx

(X is parameterized by x on each C;.) From Lemma 18, and the properties
of the chosen atlas, and with |A] ~ ) io Aj,, we obtain the majoration of

Lemma 16 for (fz, n) = (1, 0). The rest of the proofs of Lemmas 16 and 17
are similar.

| A
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