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TILTING EQUIVALENCE FOR SUPERCONFORMAL
ALGEBRAS

KENJI IOHARA and YOSHIYUKI KOGA

1. Introduction

In 1984, B. Feigin [5] observed a duality between Verma modules over the
Virasoro algebra in terms of the non-vanishing condition of the semi-infinite
torsion. The crucial number arising there is the critical dimension of the bosonic
string theory. This phenomenon remained mysterious until the appearance of
the work [1] by S. Arkhipov in 1997. There, he generalized this mysterious du-
ality and explained it as an equivalence between certain categories of modules
over a Z-graded associative algebra. The techniques used there are some deep
results from semi-infinite homological algebra (e.g., see [14]) which seems to
be still complicated, at least for the authors. Soon after, in 1998, W. Soergel
[12] found a key to explain this duality for a Z-graded Lie algebra, and as
an application he determined characters of tilting modules over symmetriz-
able Kac-Moody algebras. W. Soergel’s technique is applicable to a Z-graded
Lie superlalgebra. Indeed, J. Brundan [2] imitated Soergel’s construction and
computed characters of tilting modules over some finite dimensional Lie super-
algebras. Here, we should notice that W. Soergel and J. Brundan both assumed
that a Z-graded Lie superalgebra is generated by its local part, i.e., g' ®g°@q~!
to simplify some arguments.

Several important superconformal algebras [9], even the Virasoro algebra,
do not satisfy their assumption on Z-graded Lie (super)algebras. The purpose
of this paper is to make such an equivalence applicable to (non-trivial central
extensions of) superconformal algebras which seems to be significant in its
application to physics such as superstring theory. Here we generalize argu-
ments due to W. Soergel. Moreover, we describe the equivalence explicitly
by computing semi-infinite characters (Definition 2.1) of central extensions of
superconformal algebras. Here, we also compute semi-infinite characters of
contragredient Lie superalgebras.

This paper is organized as follows. In Section 2, we recall the definition of
a semi-infinite character and state some properties. In Section 3, we construct
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the semi-regular bimodule. In Section 4, using the semi-regular bimodule,
we show categorical equivalences. In Section 5, we compute semi-infinite
characters of superconformal algebras and contragradient Lie superalgebras.

Two authors are partially supported by JSPS Grant in Aid of Scientific
Research. Part of this work was done when K. Iohara had been visiting KIAS,
Korea Institute for Advanced Study. He would like to thank the members of
the institute for their support and their warm hospitality.

2. Critical cocycle and semi-infinite character

In [12] and [2], 1-cocycle called semi-infinite character plays an essential role
to construct the categorical equivalence. Here, in order to extend their argu-
ments, we introduce semi-infinite characters for Z-graded Lie superalgebras
not necessarily generated by its local part by means of the critical cocycle.
Note that the results in Section 2.1-2.3 are straightforward generalizations of
statements in [12] to the Lie superalgebra setting. Some results in Section 2.4
are new, although they might be known among specialists.

2.1. Notation
Throughout this paper, let K be a field whose characteristic is zero. For a
Z, x Z-graded Kfvector space M = @, yez,xz My, set M' = My @© M; and
M, := @, M.. For x € M,, we denote the parity o of x by |x| We also
set M=" := @,.,, M' and M=" := @,_, M'. For simplicity, we denote M=,
M="1, M=% and M="by M, M~, M= and M= respectively.

For Z x Z,-graded K-vector spaces M and N, we set

Homg(M, N) := @ Homg (M, N)' ,
(0,1)€ZoxZ

where Homg (M, N)i := {f € Homg(M, N) | f(M.) C M), ¥(o,i) €

o+

Z, x Z}. In particular, Zomg (M, N) is naturally Z, x Z-graded.
Let Kg be the one dimensional Z, x Z-graded K-vector space such that

>~ 1o (0, i) #®,0)

For a Z, x Z-graded K-vector space M, we set
M® := Jomg (M, Kg), M* := Homg (M, Kg).

Throughout this paper, for each (o, n) € Z, xZ, weregard (M} )* as a subspace
of M® in the following way: Let 7 : M — M_ be the projection with respect
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toM =D i)ez,x2 M . For ¢ € (M")*, we identify ¢ with ¢ o /" and regard
¢ e M®,

For Z, x Z-graded K vector space M such that dim M’ < oo forany i € Z,
we set

(1) ch M := (dim M")q' € Z[[g.q~'1l.

ieZ

2.2. Critical cocycle

Let g be a Z-graded Lie superalgebra over a field K, i.e.,
a= P o. ld.gllcal, (iijeZortel).
(U,i)EZzXZ

g has the following triangular decomposition
2) g=qg g’ ®ga’.

In the sequel, we denote g°, g= and g~ by b, b and n for simplicity.
Throughout Section 2 and Section 3, let g be a Z-graded Lie superalgebra
which satisfies

3) dim g’ < 00 Vi € Z_o).

Let 7t~ : ¢ — n be the projection with respect to the triangular decomposi-
tion(2),andleti~ : n — gbetheinclusionmap. Wesetm :=i"on™ : g — g.
We define the map w € Homg (g ®k g, Kg) as follows:

“4) w(u,v) = strg([wr oadu, m oadv] — m o [ad u, ad v]),

where str; denotes the supertrace on g.
By the following lemma and the assumption (3), w is well-defined.
LEMMA 2.1. Suppose thatu € ¢ and v € al.
M IfG,o)+ (j, 1) # 0,0) ori = j =0, then w(u, v) =0.
Q) Ifi=n, j =—n(n€l.) then

(5) o, v) = (=D strgy  -n(advoadu).

Moreover, one can directly check that w satisfies the two cocycle conditions.
The map w is called the critical cocycle of g.
In the sequel, let

(6) {xXkker+, {hitkero, {yk}ker-



20 KENJI IOHARA AND YOSHIYUKI KOGA

be K-basis of g*, g and g~, whose basis vectors consist of homogeneous
vectors with respect to the Z, x Z-gradation of g. For u, v € g, we define

constants Cy*,, C and C;', by

[u,v] = Z Cloxi + Z Cl i + Z Cr -

kel+ kel® kel~
Then, the following lemma holds.

LEMMA 2.2. Suppose thatu € " and v € ¢7" (n € Z.g). Then, we have

W) =37 (DM G+ 30 Y ke an,

kel®mel~ kelt mel~

2.3. Semi-infinite character

To construct the semi-regular bimodule over g, we assume that
@) dn e HomK(g, Kg) such that w = dp,

where dn € Homg (g A g, Kg) is defined by dn(u, v) := —n([u, v]).
For y € (§5)*, we regard y € ¢® C Homg(g, Kg) as in Section 2.1.

DEFRINITION 2.1 (cf. [12]). Let w be the critical cocycle of g. y € (h)* is
called a semi-infinite character of g if dy = w.

Remark that under the assumption (7), a semi-infinite character of g exists,
and if b C [g, g], then y is unique. Moreover, by Lemma 2.1, we have

®) y(g3) = {0} (o, n) # (0, 0)), v ([05, bg]) = {0}.

Hence, y is a character of 0.
The following two lemmata are useful to compute a semi-infinite character
of a Z-graded Lie superalgebra explicitly.

LEMMA 2.3. Let a be a Z-graded Lie superalgebra, which satisfies (3). (We
do not assume (7).) Suppose that a is generated by the subspace @‘ il<n al for
0 *

)

somen € Z.q. Let w be the critical cocycle of a. If there exists y € (a”)* such

that ) )
w(,v) = —y(u, v]) Vuea,vea)

holds for any i (0 < i < n), then y is a semi-infinite character of a.

LEMMA 2.4. Let @ : a — q be a central extension of a Z-graded Lie
superalgebra g. Suppose that Kera C a°. If y is a semi-infinite character of
a, then y o « is a semi-infinite character of a.
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2.4. Remark on the BRST differential

It is known that the critical cocycle of a Z-graded Lie algebra also appears in
the vanishing condition of the square of the BRST differential (cf. [14]). Here,
we explain a similar relation between a semi-infinite character and the BRST
differentials in the super setting.

Only in this subsection, we further assume that a Z-graded Lie superalgebra
g satisfies dim ¢" < oo for all n € Z. Here, let {e; | i € #} be a K-basis of g
with vectors which are homogeneous with respect to the Z, x Z-gradation of
g.SetI=={ieS|eebland I :={i € I | e en}. Let{e |i € F}
be the dual basis of {¢; | i € F}.

Let (, ) : q® x ¢ — K be the dual pairing defined by (f, v) := f(v) for
f € g® and v € g. We extend (, ) to the non-degenerate supersymmetric
bilinear form on the space g ® g® by

(v, f) = —(=DIPA=Dr 0y (feg® veq)

and (g, g) = {0} = (a®, g¥).

We recall the definition of the Clifford superalgebra C(g @ g®) on g ® g®.
Let T (g ® g%) be the tensor algebra on g @ g%, and let J be the two-sided
ideal of T (g ® g®) generated by the following vectors:

fr@y - DIy @x —(x y) [x vy e g @ o7}

Define C(g ® g%) := T (g ® g¢®)/J. Remark that with respect to the natural
filtered structure on C (g @ g®), we have

grC(g @ q®) ~ S(Ig & Mg®),

where IT denotes the parity shift operator and S(ITg @ [1g®) is the symmetric
algebra on Tlg @ ITg®. Hence, there exists the canonical inclusion I1g @
Mg® < C(g ® g¥). Here, we denote the image x € g ® g* under the
composition of the maps

o 1 @ ®
g®g® — MgdIg® — C(g®g®)

by X.

Next, we introduce the space of semi-infinite forms /\%Jr' [11].Let C(b &
n®) be the subalgebra of C(g @ g¥) generated by b @ n® and 1, where we
regard 1% = @, ez, x2.,(@2)* C g% as in Section 2.1. Let K1 be the one-
dimensional representation of C (b @ n®) defined by

1]:=0, 11:=1, x1:=0 (xeb@n®).
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We set o
2., ®
/\ =C(@E®g") Qcpens) K1

Foreaché € (gg)*(c a®), one can introduce projective g-module structure
on /\%J" as follow: For x € g, we set n5(x) € Endg(A2**) by
Ms(x) 1= 8(x) + Y (—=D)I%] Ter, xT2,
ied
where the normal ordered product ¢ - ¢ is defined as follows: For x € g and
y € (a9,
yXx ifm>0
oY Xg 1= :
(=DI=DA=Dx 5 ifm < 0
By direct computation, we have

PROPOSITION 2.1. For any x, y € g, we have

[ns(x), ns ()] = ns([x, y]) + ps(x, y),

where s is a 2-cocycle of g. The explicit form of s is given by
) psi=ds+ Y Y (=D9lad e; e/ nad'e; - ¢},
iedz jed~

where d is the coboundary operator (Subsection 2.3) and

fAgu,v) = fgw) — (=D Ilgw) £ (),
@ad'u- f)(w) == —(=D"VIf(adu - v)
for f,geg®andu,v € g.
Moreover, by the formula (5), we have
LEMMA 2.5. Foru € gl and v € g," (n € Z-y),
DY (=Dllade; - ef Aad e - €. v) = w(u, v),
iegz jed-
where w is the critical cocycle of g.

Remark that, if § = —y, where y is a semi-infinite character of g, then
s = 0 and ns defines g-module structure on /\7+’.
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Finally, we introduce the BRST differential and state its vanishing condition.
For a Z-graded g-module V = @, ., V" which satisfies V" = {0} for n > 0,

we define Q € EndK(V Rk /\%J") by
_ — 1 _
0 :=idy ®8 + Zei Qe — 3 Z (—Dylel+leDlel iq, @°Te;, elel e,
ied i,jesg

where the normal ordered product ¢ - © is defined as follows: For x € g7’ and
yi € (@) (i =1,2),

(=D A=bUnl+2Dyr 3% if m > 0

X VI Y2g = , :
Xy ifm <0
PROPOSITION 2.2. 5 o
Q° =idy ®us
holds. In particular, if § = —y, where y is a semi-infinite character of g, then

Q*=0.
3. Semi-regular bimodule

Using a semi-infinite character introduced in the previous section, we con-
struct the semi-regular bimodule (or the semijective bimodule in [14]). In the
case where a Lie superalgebra is generated by its local part, the semi-regular
bimodule is constructed in [2].

3.1. Preliminaries

Let a and b be Z-graded Lie superalgebras. Let M be a Z-graded (a, b)-
bimodule, and let N be a Z-graded K-vector space. In the sequel, except when
we consider the antipode dual, we regard the space #omg (M, N) as aZ-graded
(b, a)-bimodule via

(1) The left action:
(10) (b)) (m) == (=)D ),
(2) The right action:

(11) (.a)(m) =y (a.m),

fora € a,b € b, ¥ € FHomg(M, N) and m € M. Moreover, suppose that 3 is
a Z-graded subalgebra of a and N is a left 3-module. Set

Homs(M, N) := {¢ € Homg(M, N) | a.(y (m))
= (=Dl (a.m) (Va € 3)}.
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Then, it is a Z-graded left b-submodule of #omg (M, N).
The following lemma is useful for later.

LeEmMA 3.1. Let a, b and ¢ be Z-graded Lie superalgebras, and L, M and
N be a Z-graded (a, b)-bimodule, a Z-graded (b, ¢)-bimodule and a Z-graded
left a-module respectively. Then, the following isomorphism of Z-graded left
c-modules holds:

gtomy, (L @, M, N) >~ Fomp(M, Ftom,(L, N)).

As a corollary of this lemma, we have

COROLLARY 3.1. Letaand ¢ be Z-graded Lie superalgebras, and let 3 be a Z-
graded subalgebra of a. Suppose that M and N are a Z-graded (3, ¢)-bimodule
and a Z-graded left a-module respectively. There exists an isomorphism of Z-
graded left c-modules

Fom,(Ind; M, N) >~ Ffoms(M, Resi N).

3.2. Definition

Let a be a Lie superalgebra, and let U (a) be the universal enveloping algebra
of a. For x € a, we define L, and R, € Endg(U (a)) by

L, (a) := xa, R.(a) := (=Dl gy,

Note that ad x € Endg(U (a)) can be expressed as adx = L, — R,.
U (n) has the natural (11, n)-bimodule structure, and we regard

Um)® := domg (U (), K7)

as (1, n)-bimodule via (10) and (11).

Remark that the universal enveloping algebra U (n) is naturally Z--graded
associative algebra, and under the assumption that dim ¢’ < oo (i € Z_y), each
graded component U (n)’ is finite dimensional. Hence, U (n)® is a Z-(-graded
(n, n)-bimodule whose homogeneous components are finite dimensional.

Let y be a semi-infinite character of g, and let K_,, := K1_, be the one
dimensional Z, x Z-graded left b-module defined by

1 (o,i) = (0,0)
0 (o,i)#(0,0)
2) hi_, =—ym1_, (heb),

(1) dim(K_,)} = {

3)x1_,=0 (xegh).
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DEFINITION 3.1. We set
S, (g) == Um)® @ U (b)

and introduce a (g, g)-bimodule structure on S, (g) as follows:
The left g-action on S, (g) is defined via the following isomorphisms of
Z, x Z-graded K-vector spaces.

i1 : S, (q) —> Fomy (U (), U(b)),
i : Homy(U(g), K_, ® U(b)) —> domy(U(n), U (b)).

Here, the first isomorphism i; is defined by

i@ @b)w) = DP"Mowb  (ueUm)

for ¢ € U(m)® and b € U (D), and the second isomorphism i is defined by
L) =0 Y|um,
where € #omy (U (g), K, ® U (b)) and
i3 : Ko, ® U(b) = U(b)

is defined by 1_, ® b — b (b € U(b)). By regarding #om; (U (g), K_, ®«
U (b)) as a left g-module as in Subsection 3.1, we introduce the left g-module
structure on S, (g) via the isomorphisms i; and .

The right action on §,(g) is defined via the following isomorphism of
Z, x Z-graded K-vector spaces:

S, (g) — Um)® ®, U(q).

By regarding U (n)® ®,, U (g) as a right g-module via the right multiplication,
we introduce the right g-module structure on S,, (g).

Let us describe these actions explicitly. First, we introduce some notation.
Let {x}ker+, {hi}rero and {yi}res- be bases of g™, § and n in (6). By the
isomorphism U (g) >~ U (b) ®¢ U(n), for each e € gt and u € U (n), there
uniquely exist Hek(u) e U) (k € 1), X’e‘(u) e Um) (k € IT)and N.(u) €
U () such that

[, el =) heHf )+ ) xi X W) + No(u).

kel kelt
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Let us denote the linear maps
u+—> Hek(u), u+—> Xf(u), u +— N,(u) (u € U(m))

by HY, X* and N, respectively.

On the other hand, the isomorphism U (g) >~ U (1) ®x U (b) implies that,
for each f € nand b € U(b), there uniquely exist Y}‘(b) ceUM) (kel)
and By (b) € U () such that

[b, f1="Y_ wYf(®)+ Bs(b).

kel~

Since we do not assume that g is generated by its local part g~' @ ) @ g',
the formulae in the following lemma and the proof of Theorem 3.1 look more
complicate than in [12] and [2].

LEMMA 3.2. Foreachh € i, e € g7, f en, ¢ € Um)® and b € U(b),
the following hold.
The left g-action:

h(¢®b)=(=D"{¢ @ (—y(h) +h)b—¢oadh®b},
e(p ®b) = (—1)"Ip ® eb

+ (—1>€{Z<—1>’“'¢> o H! ® (—y (hx) + )b

kel®

+ Y (=D¥poXE@xb+poN, ®b},

kel*
f@®b)=D"poR @b,
The right g-action:

(¢ ®b).h = ¢ Q (bh),
(¢ ®b).e=¢® (be),

@®b).f==D"poLr @b+ > ¢oLy, ®Y (D) +¢® B(b).
kel~

Combining these formulae with Lemma 2.2, one can check the following
theorem in a way similar to Theorem 1.3 in [12].

THEOREM 3.1. S, (q) is a (g, g)-bimodule, i.e., the left action and the right
action commute.



TILTING EQUIVALENCE FOR SUPERCONFORMAL ALGEBRAS 27

Remark that, by definition, S, (g) is a Z--graded module.

We introduce some notation. Let i : U(n)® — S, (g) be the map defined
by~ o®1eS,(g) forp € UM)®, and let i, and iz be the maps defined
by

(12) i U@ UM — S,(g) u®¢r— wilp),
(13) i : UM® @, U(g) — S, (q) ¢ Qur—>i(p).u,
where u € U(g). Then, we have

THEOREM 3.2.

(1) i is an isomorphism of (g, n)-bimodules.
(2) ig is an isomorphism of (1, g)-bimodules.

ProOF. By using Lemma 3.2, we can directly show that iy (resp. ig) is a
homomorphism of (g, 11)-bimodules (resp. (11, g)-bimodules). Moreover, by
the definition of S, (g), i is a bijection. Hence, we have to show that i; is a
bijection. To prove the bijectivity, we use a triangularity of the left b-action on
S, (g). To state the triangularity, we introduce a filtration of S, (g)

We first introduce ﬁltrations of U(b). Let {F;U(b) | i € Z¢} be a standard

filtration of U (b), and let {F/ U (0) | i € Z~o, j € Z>_1} be the refinement of
{F;U() | i € Z5} defined by

A bSIF,_ U(b) + F,_ U(b) (j>0)

FIU®) = 1U(b) ) @ '

Fi1U(b) (G=-D

By definition, F;_U(b) C F’U(b) C F!U®) C --- C FU(b) and
Uj=_, F/U(b) = F;U(b). Note that for j > 0,

F/U®)/F/~'U®) ~ 0/ s (6%7) c §'(1),

where S’ (b) denotes the i thhomogeneous component of the symmetric algebra
S(b) on b.
We further set . § .
F/S, (@) == Um® & F/U®).

Then, by Lemma 3.2, for i € Z.o, j,k € Zz0, b € F,U1) \ F/5'U),
by € b* and ¢ € U()®, we have b;.(p ® b) € F™"VMs, (g) and

(14)  bi(p®b) = ()" b b (mod F™VY7s, (g)).

Using this formula, one can easily prove that ¢ is bijective.
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4. Feigin-Arkhipov-Soergel duality

By means of the semi-regular bimodule, we construct an equivalence of cat-
egories of Z-graded modules with finite A-flags. The arguments in this section
essentially follow from [12].

4.1. Preliminaries

As preliminary steps, here, we show two isomorphisms of left Z-graded n-
modules.
For u € U(n), let ¢, be the element of #om,, (U (1)®, U(1)®) defined by

(@) = =DMy oL, (¢ e UmM®).

One can directly check that 1, (u;.¢) = (=)™l (1,(¢)) for any u; €
U (n), and thus, ¢, € Hom,(U(1)®, UM)?®).

LEMMA 4.1. The map
t: U(m) — Hom, (UM)®, UM)®) (u —> 1)

is an isomorphism of Z-graded left n-modules.

Proor. By Lemma 3.1, the following isomorphisms of Z-graded left n-
modules hold.

HHom, (U)®, Um)®) = JHom, (U )®, Homy (U (n), K7))
~ Jomg (U () @, U, KP) ~ domg (U ()®, K2) ~ U(n).

Recall that the antipode a of a Lie superalgebra a is defined by
ax):=—(=DHx  (x ea),
a(uyu) = (=D" " a@a@)  w,uz € U@).

For a Z, x Z-graded module V over a Z-graded Lie superalgebra a, let V¢ :=
Fomg (V, Kg) be the antipode dual of V whose g-module structure is given
by

u.p)() ;= (=D"Plpaw)v)  WweU(a),pec Ve veV).

Notice that U (n)* = U (1n)® as K-vector space. Let‘a : U(n)® — U (n)* be
the transpose of the antipode a : U(n) — U (n).

LEmMmA 4.2. There is the following isomorphism of Z-graded left n-modules

‘fa: UM)® ~ Um)™.
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4.2. Category of g-modules with finite A-flags

Let Modﬁ be the category of the Z, x Z-graded left g-modules whose morphisms
are given by
Homyogz(M, N) := Homy (M, N)§.

DEFINITION 4.1. We define the full subcategories .# and J of M0d§ as
follows:

(1) M € Ob(M) < Resi M ~ U(n) ® E for some finite dimensional
Z, x Z-graded K-vector space E,

(2) K € Ob(¥#) < Res) K >~ U(m)® ®k E for some finite dimensional
Z, x Z-graded K-vector space E.

The categories ./ and J¢ are additive categories, and they are not, in general,
abelian categories.

For M € Ob(./) such that Res} M >~ U(n) @k E, where E is a Z, x Z-
graded K-vector space, we define the rank of M by dim E, and denote it by
rk M. Since ch M defined in (1) is expressed as ch M = ch U (n)ch E, the
rank of M is well-defined. We similarly define rk K for K € Ob(%).

Here, we state a characterization of the category .#. We first introduce an
object of /.

Let E be a finite dimensional Z, x Z-graded left )-module. We regard E as
left b-module via ¥ |z = 0, and set

A(E) :=U(9) Q E.

By definition, A(E) € Ob(4).
Suppose that M (£ {0}) is a Z-graded left g-module. A sequence of Z-graded
g-submodules of finite length

0=MO) c M) CM®2)C---C MU =M

iscalled a finite A-flag of M ifforeachk € Z., there exists anirreducible finite
dimensional Z, x Z-graded )-module E} such that M (k)/M (k — 1) >~ A(Ey).

PROPOSITION 4.1. M € Ob(A) if and only if M = {0} or M has a finite
A-flag. Moreover, any A-flag M(0) € M(1) Cc M2) C --- C M() of
M € Ob(M) satisfies that M (k) € Ob(AH) for all k.

PRrROOF. (“if” part) Suppose that M € Ob(ModS) has a finite A-flag. Let

0y=MO) cM(DHcCcM2C---CcMID=M
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be a finite A-flag of M, and let E; be a Z, x Z-graded f-module such that
M(k)/M(k—1) ~ A(Ey).Since0 > M((k—1) > M(k) > A(Ey) — Ois
exact and A(Ey) is U (n)-free, we have

Res} M (k) >~ Res} M (k — 1) @ Res} A(Ey).

Hence, by induction on &, one can prove that M (k) € Ob(.), and thus,
M € Ob(M).

(“only if” part) We show the statement by induction on rk M. In the case
where tk M = 1, the assertion obviously holds. Suppose that r :=1k M > 1.

Let {u;, ..., u,} be a U(n)-basis of Res} M. We may assume that u; are
homogeneous with respect to the Z, x Z-gradation. Set F := B’_, Ku;. Let
m be the maximal integer such that M £ {0}.

By definition, M™ C F. Since M™ is a finite dimensional left )-module,
there exists an irreducible finite dimensional left j-submodule E of M™. We

set N := U(q).E. Then,
N >~ A(E)

as Z-graded left g-module. If £ = F, then, M = N and the assertion holds. If
E C F, then, we have

Res(M/N) ~ U(n) & (F/E),

1

and thus, M/N € Ob(#). By the induction hypothesis, M/N has a finite
A-flag. Hence, M also has a finite A-flag.

4.3. Functors between M and

We firstintroduce two functors. Let S,, (g) be the semi-regular bimodule defined
in (3.1).

DEFINITION 4.2.
(1) Define the functor T : # — J by

T(M):=S5,(0) ® M (M € Ob(M)).
(2) Define the functor H : ¥ — M by

H(K) := Jtomy(S, (), K) (K € Ob(¥%)).

Indeed, these functors are well-defined, i.e., the following holds.

LEMMA 4.3. T(M) € Ob(J) (resp. H(K) € Ob(M)) for M € Ob(M)
(resp. K € Ob(J)).
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PrOOF. Let E be a Z, x Z-graded K-vector space such that Res] M =~
U (n) ®k E. By the isomorphism (13), we have

Res! T(M) ~ Um)® @ E

as Z-graded left n-module. Hence, T (M) € Ob(J%).
Next, let E be aZ, x Z-graded K-vector space such that Res K >~ U (1)* Qg
E. By the isomorphism (12), Corollary 3.1 and Lemma 4.1, we have

Resﬁ H(K) ~ %Omll(U(u)®’ Resﬂ K)
~ Jtom,(UW)®, U(m)®) @ E
~Um) ® E.

Hence, H(K) € Ob(/).
Lemma 4.2 implies the following lemma.

LEMMA 4.4. For M € Ob(M) (resp. K € Ob(J/)), we have M* € Ob(¥)
(resp. K* e Ob(M)).

PROPOSITION 4.2. The functors T and H send a short exact sequence to a
short exact sequence.

ProOOF. We first show the statement for 7. Let M; (i = 1, 2, 3) be objects
of /# such that 0 - M; — M, — M3 — 0 is an exact sequence of left
g-modules. We show that

(15) 0—TWM) —TM;) — TM3) — 0

is an exact sequence of left g-modules.
Since M3 is U(n)-free, the sequence 0 — Res! M; — Res) M, —
Res{ M3 — 0 splits. Hence,

0> UM ®yRes) M| > Um)® @, Res! My — U()® ®, Res? M3 — 0

also splits, and thus, it is an exact sequence of left n-modules. This means
that the sequence (15) is exact, since Res? T(M) ~ U(1)® ®, Res? M for
M € Ob(M).

Next, we show the statement for H. Let K; (i = 1, 2, 3) be objects of J7
such that 0 - K; — K, — K3 — 0 is an exact sequence of g-modules.
Since K f“ is U (n)-free by Lemma 4.4, taking the anti-pode dual, we see that
the sequence

0 — Res! K; — Res K, — Res} K3 — 0
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splits. Since Res{ H(K) =~ Jom,(U(1)®, Res} K) for K € Ob(J¥), by an
argument similar to the above, one can prove the statement for H.

4.4. Categorical equivalences

THEOREM 4.1. The functor T : M — ¢ gives a categorical equivalence.

ProoF. By Lemma 3.1, as K-vector space,
(16) Homgy (T (M), K) ~ Hom 4(M, H(K)),
where M € Ob(A#) and K € Ob(J). In fact, restricting the isomorphism
Homgy (S, () ®; M, K) =~ Fomy(M, Homy(S, (), K))

to ahomogeneous subspace, we obtain the isomorphism (16). Hence, (T, H) is
an adjoint pair, and thus, there exist natural transformations n : idy = HoT
ande : T o H = idy.

For each M € Ob(#), we show that ), : M — H o T(M) is an iso-
morphism. Let E be a finite dimensional Z, x Z-graded K-vector space such
that Res} M >~ U (n) @k E. By Corollary 3.1, Theorem 3.2 and Lemma 4.1,
we have
a7

Res! H o T(M) =~ Sfom,(U()®, Um)®) @ E ~ U(n) ® E >~ Res? M

as Z-graded left n-module, and 7y, is this isomorphism of Z-graded left g-
modules.

One can similarly show that €x : T o H(K) — K is an isomorphism
of Z-graded left g-modules for any K € Ob(J%’). Hence, H o T =~ id 4 and
T o H ~idy,i.e., T and H are quasi-inverse to each other, and thus, T is a
categorical equivalence.

We remark that, by Lemma 4.4, (-)¥ defines a contravariant functor from
J to M. Hence, it defines a covariant functor from J7° to .#°P, where .#°P
denotes the opposite category of /.

PROPOSITION 4.3. The covariant functor (-)* : H — JMP defines a cat-
egorical equivalence, which sends a short exact sequence to a short exact
sequence.

Finally, we define a functor & as follows:
& M—> MP (M —> T (M)™).

Here, we call the following equivalence Feigin-Arkhipov-Soergel duality.
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THEOREM 4.2. The covariant functor ® : M — M°P defines a categorical
equivalence, and it sends a short exact sequence to a short exact sequence.

ProoF. By Proposition 4.2, Theorem 4.1 and Proposition 4.3, we obtain
the theorem.

Moreover, we have

PrROPOSITION 4.4. Let E be an irreducible finite dimensional Z, x Z-graded

left h-module. Then, the following isomorphism of Z-graded left g-modules
holds:

(18) O(A(E)) = AK, ® E™).

Proor. Since E is irreducible, there exists ¢+ € Z such that E' = E. The
isomorphism

T(A(E)) >~ S, (q) ®p E =~ Jom,(U(g), K-, ® U(b)) & E
of left g-module implies that 7 (A(E))" >~ K_,, ® E as left h-module, and
T(A(E)) ={0}for j < t. Thus, ®(A(E))~" =~ K, ®« E% as left hH-module,
and T (A(E))’/ = {0} for j > —t. Hence,
O(A(E))™" ~K, @ E*

as Z-graded left b-module, and thus, there exists a homomorphism
(19) A(K, ® E*) — ®(A(E))
of Z-graded left g-modules.

On the other hand, by the isomorphism Res? 7' (A(E)) ~ U (n)® Q@ E and
Lemma 4.2, we have

Res? ®(A(E)) ~ U 1) ®¢ E*

as Z-graded left n-module. Hence, (19) is an isomorphism of Z-graded left
n-modules, i.e., an isomorphism of Z-graded left g-modules.

5. Semi-infinite characters of superconformal algebras

In order to describe the Feigin-Arkhipov-Soergel duality for superconformal
algebras explicitly, we determine the semi-infinite characters of them.
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5.1. Lie superalgebras of Cartan type

In [8], V. Kac introduced a class of Z-graded Lie superalgebras called physical
superconformal algebras, and classified them. According to his classification,
the physical superconformal algebras are the Lie superalgebras of Cartan type.

In Section 5.1, we first give examples of Lie superalgebras of Cartan type,
and next, we recall the definition and the classification of physical supercon-
formal algebras.

5.1.1. Lie superalgebra W(N). Let C[¢,¢~'] be the ring of Laurent polyno-
mials in a variable 7, and A(N) the Grassmann algebra generated by N odd
variables 6, ..., Oy. Set A,(N) := C[t,t7'] ®c A(N). It naturally becomes
a supercommutatlve superalgebra with |t| = 0 and |§;| = 1. Recall that the
Lie superalgebra W (1, N) is defined by

W(l, N) := Der A,;(N) = {PO— + ZP

PeA(N)}

4| =0, |55] =T and
[Dy, D] := Dyo Dy — (—)!?1”2Ipy, o Dy (Dy, Dy € W(1, N)).

For simplicity, in the sequel, we denote W (1, N) by W(N).
To introduce Z-gradations of W (), we remark the following fact:

LEMMA 5.1. For eachn € Z, we set
L,:=— ”H Za(’)t 9 @? € Q).

Then, [L,,, L,] = (m — n)L,,., holds for any m,n € Z if and only ifaf,” =
a;n + B; for some constants o; and ;.

IfB e %Z for any i, then we have
(20)
m
W) = @W" W= {x e W) | [Lo.x1 = =Tx ).

meZ

Here, we call W(N) with the Z-gradation defined by 8; = % for any i the
Neveu-Schwarz sector (cf. [8] Corollary 2.1). We also refer the case ; = 0
for any i as the Ramond sector.

It is known that W () with the Z-gradation (20) is a simple Z-graded Lie
superalgebra, i.e., it has no non-trivial Z-graded ideal.
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5.1.2. Lie superalgebra S(N; «). For a € C, the Lie superalgebra S(N; «)
is defined as follows:

S(N; ) :={D € W(N) | div(t* D) = 0},

where for Py, ..., Py € A;(N), we set

N N
_ 9 9 3(1% Py) A P)
div( t* Pp— t°P— ) = )
W( 0% T ; ae,-) ar ;( T

Let S'(N; «) be the derived subalgebra of S(N; «). Note that
S"(N; o) ifa g

S'(N;a) ®Ct0; Oyt ifaeZ

S(N; o) = {

REMARK 5.1. In[9], it was remarked that central extensions of S’(2; 0) and
S’(2; —1) are respectively isomorphic (as Z-graded Lie superalgebra) to the
Neveu-Schwarz and the Ramond sectors of the small N = 4 superconformal
algebras introduced in [13]. (For the commutation relations of the small N = 4

superconformal algebras, see [4].)

In the sequel, we consider only the cases where N =2 and @ = 0, —1. We
call §(2; 0) and S’(2; —1) the Neveu-Schwarz sector and the Ramond sector
respectively.

Here, we consider the following Z-gradation of S’(2; «). For simplicity, we
set
d n4a+l a ]

21 Ly =—t""— ——— "6, — +6,— e ).
@D a1 2 (‘391 2802) (e
Then, L, € S’(2; @) by definition, and [L,,, L,] = (m—n)L,,, by Lemma5.1.
Since @ € {0, —1}, we have

Sy =P sea", Sea)":= {x €52 a) ) [Lo, x] = _%x}.

meZ

Remark that §'(2; «) is a simple Z-graded subalgebra of W (2) with Z-gradation
(20) defined by B; = B, = 13<.

5.1.3. Lie superalgebra K(N; €). Let

N
Q' == A(N)dt & P A, (N)db;

i=I
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be the (A;(N), A;(N))-bimodule defined by |d?| := 1, |db;| := (_),g(fdx) =
(gf)dx and (fdx)g = (=118l fg)dx for f, g € A,(N) and x = ¢ or 6.
We define a linear map

N
1 af af

T A — Q! — (=== —I—E ——de;.

d: A/(N) , f (=D atdt 2 aeidﬁ

Then, the map d satisfies d(fg) = d(f)g + (=)' fdg. W(N) naturally acts
on Q! as follows:

D(fdg) := (Df)dg + (—=1)!/PWVHPl r4(Dg).

For each € = (¢;)Y., € Z®V, the Z-graded Lie superalgebra K (N; €) is
defined as follows:

K(N;e):={D e W(N) | Do, = Po.(3P € A;(N))},

where we set

N
we == dt — szf@idei e Q.
i=1

Note that for € = (¢;,), and €’ = (), if & = €/ (mod 2) for all i,

then K (N; €) >~ K(N; €') as Lie superalgebra. In the sequel, we assume that
€; € {0, 1} for all i. For simplicity, we set

M i=(0,...,0, f:=(,..., 1.
Remark that K (N; €™) and K(N; €®) are respectively called the Neveu-
Schwarz sector and the Ramond sector.

To define Z-gradation of these Lie superalgebras, we introduce some nota-
tion. For f € A,(N), we set

N
0
AP =2 jei—ag,
i=1 !

N
d 1 9
D¢ = — — —¢7! i0i—,
: 2 26 26,

i=

of 9

N N
9
Dy = (Af)De—l—Df(f)E 0,~—+(—1)'f'§ i )
" 96, P 360; 96;

Notice that, the map

(22) A(N) — K(N;€)  (f = Dy)
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is an isomorphism of vector spaces. Furthermore, for f, g € A;(N), we have
[Df, Dyl = Dy, Where we set

N
- ., 9f 0g
L8} = (Af)D(g) — D(f)(A —DFY e L2
{f. g} = (Af)D*(g) — D(f)(Ag) + (—1) ; en
We introduce Z-gradation of K (N; €) as follows: Set L, := —%Dtm for

n € Z. Then, [L,, L,] = (im —n)L,,., by Lemma 5.1, and

K(N; e):@K(N; )", K(N; e)’”::{x € K(N;e¢) ’ [Lo, x] = —%x}.

meZ

Moreover, each graded subspace are described as follows:

N
KN =@ @  CDpisiug o (132

s=1 O<ij<-<is<N
Let K'(N, €) be the derived subalgebra of K (N, €). Then,

K'(N,€) N#£4VvY. € ¢2Z

K(N,e¢) = ;
{ K,(N, 6) GBCDtl*ZikiQIQQmHN N :4/\21 €; € 22

where k; = I_TE for eachi = 1,2,..., N. We introduce Z-gradation of

K'(N;€) by K'(N; €)™ := K'(N; ) N K(N;e)™ (im € Z). K'(N,¢€) is a
simple Z-graded subalgebra of W (N) with the Z-gradation (20) defined by
Bi = k; forany i.

REMARK 5.2. Non-trivial central extensions of K'(N; ¢)for N =0,1,2,3
and 4 are respectively the so called Virasoro algebra, the N = 1, 2, 3 and the
big N = 4 superconformal algebras.

5.1.4. Lie superalgebra CK¢(€). After the above examples of supercon-
formal algebras were presented in [9], a new superconformal algebra CKg
(the Neveu-Schwarz sector) was discovered in [3] and independently in [7].
Here, we introduce not only the Neveu-Schwarz sector but also other sectors
of CKG.

It is convenient to use the following notation. For an ordered set {iy, ..., is}
such that iy, ...,i; € {1,2,..., N}, we set

(23) 91'1‘..,"‘ = 91'[ cee 9,“ € K(N, 6).
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For each {iy, ..., i}, there exists an ordered set {j;, ..., jy—s} Which satisfy
24) 0iyi.0jy oy, = O12...N -

We denote the element ¢;,...;, . € K(N;¢€) by 67, . For simplicity, we set
0y := 612..n. We also set

N
(25) kivi, ==Y _kie K o= kiney — Kipe,s
t=1

and kjj := kyy...y, where k; := 1?".

Suppose that € = (€4, ..., €4) satisfies

6
Ze,- =0 (mod ?2).

i=1

For each B € {£+/—1}, we define ®,,, D}, D5, D1 € K(6; €)™ as fol-
lows:

1 .
®, = — " é(m3 —m)t" kg, (m e 2),

2 2
P = "G, — Bt 0 (€ kyy +2),

(26)

m

1 *
f 1= "1, — p(m? Z)t’”“—"pef (m €k, +2),
PPV = tm+]7kpt/r9pqr + ﬂ[m+1fk;*qr9;qr (m € kpgr +2),

where we identify f € A,(6) with Dy € K(6; €) via the isomorphism (22).
We denote the Z-graded subspace of K (6; €) spanned by the above vectors
by CKg(€). By Proposition 5.4 and 5.5 in Subsection 5.4, CK4(¢€) is a simple
Z-graded subalgebra of K (6; €).
Here, we call CK4(e™) (resp. CK¢(eX)) the Neveu-Schwarz sector (resp.
the Ramond sector). Note that the Ramond sector CK(e®) has appeared in
[10].

5.1.5. Lie superalgebra CK4(€). The small N = 4 superconformal algebras
have sectors other than the Neveu-Schwarz and the Ramond sectors, although,
they are not considered in [9]. To treat all sectors of the small N = 4 su-
perconformal algebras in a unified manner, we introduce a simple Z-graded
subalgebra CK4(¢) of K'(4; €) in a way similar to Subsection 5.1.4.



TILTING EQUIVALENCE FOR SUPERCONFORMAL ALGEBRAS 39

Throughout Section 5.1.5, we suppose that € = (e, ..., €4) satisfies

4
(27) Z & =0 (mod?2).

i=1

We use notation similar to Subsection 5.1.4. For each 8 € {1}, define V,,,
whe Wb e K (4; €)® as follows:
. 1 m+1 '8 2 m4+1—k* fx*
v, = —Ef — E(m + m)t “9(7, (m € 2),
(28) Whd = " g, — BT TR (m € kg + ),
1 *
= G, — p(m 4 )R e ky +2).

where we identify f € A;(4) with Dy € K (4; €) via the isomorphism (22).
We denote the Z-graded subspace of K (4; €) spanned by the above vectors
by CK4(¢). By definition, we have CK4(¢) C K'(4; €). Moreover, Propos-
ition 5.1 and 5.3 in Subsection 5.4 imply that CK4(¢) is a simple Z-graded
subalgebra of K'(4; €).
By Proposition 5.2, we have

§'(2;0) ~ CK4(e™), §'(2; —1) ~ CK4(e®)

as Z-graded Lie superalgebra, and hence, we call CK4(e™) (resp. CK4(e®))
the Neveu-Schwarz sector (resp. the Ramond sector). Remark that the iso-
morphism §’(2; 0) >~ CK4(e™5) was mentioned in [3].

REMARK 5.3. As faras the authors know, CK4(€) and CK¢(€) (€ # €5, €®),
which are simple Z-graded Lie superalgebras, have not appeared in the liter-
ature.

5.1.6. On classification of physical superconformal algebras. First, we re-
call the definition of physical superconformal algebras [8]. Throughout Sec-
tion 5.1.6, let g be a Lie superalgebra, and let a(z) = ), a,z~""! and
b(z) = ), b,z~"~! be formal distributions with coefficients in g, i.e,
ay, b, € g foranyn € Z.

We say that a(z) and b(z) are local if (z — w)*[a(z), b(w)] = 0 for some
k € Z-.1f a(z) and b(z) are local, then there exist ¢/ (z) (0 < j < k—1) such
that

k—1
: 1 .
la(z), bw)] = ¢/ (w) =738 (c —w).

j=0
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where §(z — w) := 77! Doz ¢/ (z) is often denoted by a(z)j,b(z) and
is called the j th product of a(z) and b(z). A formal distribution L(z) is called
the Virasoro distribution if it satisfies

[L(2), L(w)] = 9y L(w)d(z — w) + 2L(w)3d,d(z — w),
which is equivalent to [L,,, L,]=(m — n) L1, where L(z)= ZneZ L,z7" 2.
Moreover, we call a(z) a primary distribution of conformal weight A with
respect to L(z) if it satisfies

[L(2), a(w)] = dpa(w)d(z — w) + Aa(w)dyd(z — w).

In the sequel, let F' be a set of formal distributions which satisfies
(1) gis spanned by the coefficients of the formal distributions in F,
(2) any two formal distributions in F are local.

(g, F) is called a formal distribution Lie superalgebra.

DEerFINITION 5.1. A formal distribution Lie superalgebra (g, F) is called a
physical superconformal algebra if it satisfies

C1 the cardinality of F is finite and C[d,]F is closed under the j th product
for any j € Z-o.

C2 g has no non-trivial ideal which is spanned by the coefficients of formal
distributions in a C[d,]-submodule of C[d,]F.

C3 F contains a Virasoro distribution L(z), and any even (resp. odd) dis-
tribution in F is L(z) or a primary distribution of conformal weight 1
(resp. a primary distribution of conformal weight % or %).

Remark that L of the Virasoro distribution L(z) defines a Z-gradation of a
physical superconformal algebra.

The classification of the physical superconformal algebras can be described
as follows:

THEOREM 5.1 ([8], cf. [15]). A physical superconformal algebra is iso-
morphic to one of K'(N; e™) with N = 0, 1,2, 3,4, §'(2; 0)(= CK4(e™)),
CKo(e"S) and W (2) with Z-gradation (20) defined by (1, B2) = (3. 1)

Although only the Neveu-Schwarz sectors appear in the theorem, the Ra-
mond and the other sectors also play prominent roles both in mathematics and
physics. In the following section, we determine the semi-infinite characters of
all of them, namely, we deal with the next simple Z-graded Lie superalgebras:
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K'(N;e) | N=0,1,2,3,4and¢; € {0,1} (1 <i < N)

CKy(e) | ef0, 1} <i<4)st.Y)  &=0 (mod?2)

CKele) | € €{0,1})(1<i<6)st. Y =0 (mod?2)

W2 | Be{loja<i<2

We also remark that a wider class of formal distribution Lie superalgebras
(without the condition C3) are classified in [6], however, the definition of a
formal distribution Lie superalgebra does not allow a Z-gradation of the Lie
superalgebra a priori, because of the absence of the Virasoro distribution.

5.2. Semi-infinite characters

Some simple Z-graded Lie superalgebras listed above do not have the semi-
infinite characters, and we need to consider their central extensions. Before
computing semi-infinite characters, we briefly recall the relation between a
central extension of a Lie superalgebra and its two cocycle.

For a two cocycle i of a Lie superalgebra a, the central extension of a
defined by v is the Lie superalgebra g := a @ Cc with the bracket

(29) [x1 +ric, X2 + raclg == [x1, 2] + ¥ (x1, x2)c,
where [, ]is the Lie bracket of a. We denote [ , ] by [, ] for simplicity.

5.2.1. K'(N;e)with N =0,1,2,3,4. We first recall some facts on central
extensions of K’'(N; €). For a complete description of the central extensions
of K'(N; ¢€), see [9].

Let ¥ be a two cocycle of K'(N;¢) and ¢ = K'(N; ¢) @ Cc the central
extension of K'(N; €) defined by ¢. Remark that in cases where N = 3, 4,
by Lemma 2.4 and Theorem 5.2, for any two cocycle ¢ of K'(N; €) and any
semi-infinite character y of g, we have

y(c) =0.

Hence, we need an explicit form of a two cocycle ¢ only for N = 0, 1, 2. The
following y gives a non-trivial central extension of K'(N; €) (N =0, 1, 2).

Case N = 0 (the Virasoro algebra):

1
Y (Dyms1, D) = g5m+,l,0(m3 —m).
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Case N = 1:
1 3
]//'(Dtm-H , Dtn-H) = §5m+n,o(m - m),

1 1
W(D["H-l—/‘l@l 3 Dtn-H—klel) = §8m+}1,0<m2 _ Z),

and the other pairs are zero.
Case N = 2:

1
w(Dth—l, Dt}7+l) = §8m+n,0(m3 - m),

1 1
2
W (Dporsgy Dyiiosyy) = =8, j5m+,,,0(m - —),
=3 4
1
W(Dt"’+l_k1_k20102’ Dtn+l—k1—k29192) = —§5m+n,0m,

and the other pairs are zero.

In the sequel, let ¢ be the above cocycle of K'(N; ¢) for N =0, 1,2 and
an arbitrary two cocycle for N = 3,4. We regard ¢ := K'(N;¢€) @ Cc as a
Z-graded Lie superalgebra by setting

” K'(N;e)"®Cc m=0
(30) q :={

K'(N; e)" m#0
The following is one of the main results of this section.

THEOREM 5.2. The semi-infinite character y € Homc (b, Cg) of q is given

as follows:
Case N =0:
y(c) = 26, vy (D) = 2.
Case N = 1:
5 1
y(c) =15, y(D;) = a1 + 2861,0'
Case N = 2:

y(c) =6,
I 1
V(Dt) = _E + 5861,0862,0’

'J/(Dtl—k]—kzelez) =0 (ifki + ky € 2).
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Case N = 3:
y(c) =0,
3
y (D) =[] 5.0
i=1
)/(Dtl—k,-—kjgiei) =0 (ifki +k; € 2).
Case N = 4:

y(c) =0,

4
y (D)) =2]] 8.0

i=1

)/(Dtl—k[-—kjeigi) =0 (if ki + kj el).

ProoOF. Here, we show the theorem in the two simplest cases, i.e., N = 0
and N = 1. The other cases can be proved similarly.

We first consider the N = 0 (the Virasoro algebra) case. Let w be the critical
cocycle of g. Notice that g = P, ,7 4", where

H=CD, ®Cc, g"=CD, iz (m #£0).

Since g is generated by g™ @ a2 ® § ® g% ® q*, Lemma 2.3 implies that
y € Homc¢ ('[)(), Cg) is the semi-infinite character of g if and only if

B oGy =-ylxy) (xyegt@®geiog e
Using Lemma 2.1, by direct computation, we have
w(D;, D) =0, @ (Dp, D) = =8, @(Dy, Dy-1) = —68.

Since [D;, D;] = 0, [D;2, D1] = —4D; and [D;3, D,~1] = —8D; + 2¢, (31)
holds for y given in this theorem. Hence, the theorem holds in the N = 0 case.

Next, we consider the N = 1 case. Remark that the Z-gradation of each
sector is given by

The Neveu-Schwarz sector (¢; = 0):
CD 34 (m € 22)

f) =CD;, ® CC, gm = s
X CDwp, (me€2Z+1)
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The Ramond sector (¢; = 1):

CD,30 ®CD,gy, (m €22)

b:CDl$CDt91®CC3 gm: )
{0} (me2Z+1)

and the Neveu-Schwarz (resp. the Ramond) sector is generated by @Iml ~g"
(resp. @|m|52 a™). Moreover, by direct computation, we have

The Neveu-Schwarz sector
w(Dyp,, Dg,) = —1, w(Dp, Dy) = —4, @ (Dypg,, Di1g)) = —11,
The Ramond sector
w(Dy, D)) = =5, o (Dyg,, Dg,) = —5.

Hence, an argument similar to the previous case yields the theorem for this
case.

5.2.2. CK4(e). Let g = CK4(€) @ Cc be the central extension of CK4(€)
defined by the following two cocycle :

1
YW, V) = E(nﬂ — M) .05

; 1 o
1#(‘1%',{, \prlit]) = §m8n1+n,05i,p8j,q (i < 5P < Q)

iy Lo, 1
(W, V)= —§<m - Z>3zn+n,05i,j.

We introduce Z-gradation of g in a way similar to (30).

THEOREM 5.3. The semi-infinite character y € Homc (b(), Cg) of g is given
as follows:

(1) Casee = (0,0,0,0):
y(c) = —12,
y(Wo) = —1,

y(H =0 (G, ) =(1,2),(2,3),3,1).
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2) Casee =(1,1,1, 1):
y(c) = —12,
W) — 1
y(Yy) = —5,
yH =0 (G ) =(1,2),2,3), 3, 1).

(3) Casee =(1,1,0,0):

y(c) =—12,
1

y(WH =0 (G, ))=(1,2)).

By using the commutation relations in Proposition 5.1, one can directly
show this theorem in a way similar to Theorem 5.2.

REMARK 5.4. The central charge y (c¢) of the semi-infinite character y of the
simple Z-graded Lie superalgebras in Subsection 5.2.1 and 5.2.2 is called the
critical dimension in the superstring theory (e.g., [9]). Although, the value y (c)
may not necessarily coincide with the critical dimension in some references
because of the normalization of the central element c, this value coincides with
the central charge in the condition that the square of the BRST charge vanishes
(see Subsection 2.4).

N=0|N=1|N=2|N=3|(biggN=4|(smal) N =4

y(c) 26 15 6 0 0 —12

5.2.3. CKg(€). The Z-graded Lie superalgebra CK¢(€) has the semi-infinite
character without central extension. Indeed, by using the commutation re-
lations in Proposition 5.4, one can check the following theorem by direct
computation.

THEOREM 5.4. The semi-infinite character y € Homc (f)(), Cg) of CKg(€) is
given as follows:

(1) Casee =(0,0,0,0,0,0):

y(@g) =-2, y(@{)=0 (I1<i<j<6).
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(2) Casee =(1,1,1,1,1, 1):
y( @) =0, p(@)H=0 (1<i<j<6).
(3) Casee =(1,1,0,0,0,0):
p(@) =0, (@) =0 ((.j)=(1,20r3<i<j=<6).
4) Casee =(1,1,1,1,0,0):
y(@) =0, y(@H=0 (1<i<j<dor(,j) =5 06).

5.24. W(2). Letg:= W(2)®Ccbe the non-trivial central extension defined
by the following two cocycle :

v r"eli,zlezi = k810, VU rkeli,rlezi = k8410,
00, 00, ’ 200, 00, ’

v r"elezi,z’i = kSir0, rkezeli,r’i = kdk41.0-
392 391 ' 391 892 7

We regard g as a Z-graded Lie superalgebra in a way similar to (30). By
direct computation, we have

THEOREM 5.5. The semi-infinite character y € Homc(bj, Cg) of g is given
as follows:

(1) Case (B1, B2) = (5, 3):

() =1,

ta =1
YWar) =

t@@a = 98 =0 i, j e{l,2})
14 12(,% =Y '89]- = L, ] ; .

(2) Case (B1, p2) = (0,0):

y() =1,

d
t— | =0,
y( ar)

0 0
1016, — | = 6i— ) =0 Vi, j 1,2}).
y<128t> V( 89j> (vVi, j € {1,2})
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(3) Case (B1. B2) = (5.0):
1 I\ 9 3\ [0 ifi=1
ro=t r(g)=0 r(og)={7 5l

5.3. Contragredient Lie superalgebra

In order to describe the Feigin-Arkhipov-Soergel duality for basic classical Lie
superalgebras or some affine Lie superalgebras, here, we give the semi-infinite
character of contragredient Lie superalgebras.

5.3.1. Definition. We recall the definition of a contragredient Lie superal-
gebra. Let [ be a finite index set, and let T be a subset of 1. Let A = (a;, )i, jer
be a complex matrix of rank /. Let f) be a (2n — [)-dimensional C-vector space.
LetIT := {&; | i € I} (resp. {h; | i € I}) be a linearly independent finite
subset of H* (resp. ), which satisfies o; (hj) = a;; for any i, j € 1. We set
Q= @iel Za;.

DEFINITION 5.2. A Lie superalgebra g over Cis called a contragredient Lie
superalgebra if

(1) gis Q-graded, i.e.,g = @aeQ dq and [gq, gl C Go4p foranya, B € Q,
(2) there exist ¢; and f; (i € I) such that

(a) gis generated by {e;, f;, hli € I, h € b},

(®) g0 =10, a0, =Ce;and g, = Cfj,

(c) forany h,h' € handi, j €1,

_ 0 i
Ihl =0, |ei|=|ﬁ|={_ LET
1
[h9h/] =09 [ei’f}]=8i,jhi’
(7, e;]] = a;(h)e;, [, fi] = —a;(h) f;,
(3) every Q-graded ideal 1 of g such that i N fj = {0} is zero.

Foro € Q suchthata =) ,_, m;a;, sethta :== ) ., m;. Forn € Z, set
9" := Dpyen 8« Then, g = P, ., 9" is a Z-graded Lie superalgebra with

a' =@PCi, =05 o' =PCs

iel iel

k]

5.3.2. Semi-infinite characters of contragredient Lie superalgebras. Let p
be an element of §*, which satisfies

p(hi) = %o‘i(hi) (Viel).
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One can show the following theorem by direct computation.

THEOREM 5.6. The semi-infinite character y € Homc(J), Cg) of a contra-
gredient Lie superalgebra g is given by

Y = —2p.

5.4. Appendix: Simplicity of CK4(€) and CK¢(€)

In this subsection, we prove that CK4(¢) is a simple Z-graded subalgebra of
K’(4; €). Here, we omit the proof for CK(¢), since a similar argument works.

5.4.1. CK4(¢e). Recall that for each € = (€1, ..., €4) such that 2?21 =0
(mod 2) and 8 € {£1}, CK4(¢) is the Z-graded subspace spanned by the
vectors (28). By direct computation, we have

PrROPOSITION 5.1. The following commutation relations hold.
{lljm’ \Ijn} = (m - n)qjm+ns
(W, W} = —nw,)

m+n>

i m i
{“I]m’ ‘-IJn} = <§ - I’l> lI"m—&-n’

0 ifg{i, j}n{p,q}) =0,2
{quir{’ \Ijrlz)q} = 281', ‘-IJ,{,,({,,_" - 281', \I/zitlfl—n . ..
o , 8 0 {p.gh =1
- 28jsplpm+n + 28j,q\pm+n
{\Ifij WP = 81',[7\1]1{14-?1 - ajvp\prin-i-n ifpelij}
e, e, ifp i)
wiowpy = | 20 si=r
" —m—mW), ifi#Ep
where

ijpq

cliPd {sgn(1234) if{i, j, p, q} are distinct
0 otherwise

Hence, CK 4(€) is a Z-graded subalgebra of K'(4; €).
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The Neveu-Schwarz and the Ramond sectors of CK4(€) are respectively
isomorphic to S’'(2; 0) and S’ (2; —1). To describe the isomorphisms, we recall
the following fact. For each n € Z, let L,, be the vector defined in (21) and

L, := —t”+'i—(n+a+l)t”(9 i+9 —)
n - 9t 1 2 .

Notice that Q,f,n € §'(2; @) fori = 1, 2. Then, each graded subspace S’(2; )™
(m € Z) can be described as follows:

(1) The Neveu-Schwarz sector (n € Z):

d B d 0
S'2)" =CL, ®Ct" (01— — 60— | "0 — & " —,
(25 a) ® ( ]391 2392> ® 1892 ® 2391

9 9 s 3
§'(2; )2+ = Ct"+1£ ® Ct"“ﬁ ®Co L, ®ChL,.
1 2

(2) The Ramond sector (n € Z):

9 9 9
Q2 -1 =CL,®Ct"(0,— — 6,— C"o, —
( ) <) (1891 2892)69 1892

d d ad - -
G'o—aG"— e CGt"— @ CH L, ® COHL,,
@ 2391 @ 20, @ 96, @ Co,L, & Co,
S/(Z, _1)2n+l — {0}

We set

NS _ i _
ea::=€ a=0 , kw::{E a=0 .
R a=-1 0 a=-1

PROPOSITION 5.2. Fora € {0, —1}, the following map CK 4(¢,) — S'(2; )
gives an isomorphism of Z-graded Lie superalgebras.

W, — L,, Wl (t"’“‘“ 9 + 6L, ¢ )
m 892 o
N <eli - 923) R B (mwa i )
" 6, 96, m 36, «
VS S/ LU (eli + 92i> , W <t"'+k°‘ 9 + 6, Ls )
m 30, 30, m 36, o
W3 g (—918 + 928> s Ut s —/—18 (tm+k°‘a — Gli,n,k )
m 36, 90, m a6, «

Finally, we show the simplicity (as Z-graded Lie superalgebra) of CK4(€).
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ProposSITION 5.3. For each € = (ey,...,€4) such that Z?:l ¢ =0
(mod 2), CK4(€) is a simple Z-graded Lie superalgebra, i.e., it has no non-
trivial Z-graded ideal.

ProoF. Since §'(2; ) are simple Z-graded Lie superalgebras, the simpli-
city for the Neveu-Schwarz and the Ramond sectors follows from the above
isomorphisms. Here, we only consider the other sectors.

We may assume that € = (1, 1,0, 0). Set g := CK4(¢). One can directly
show that

LEMMA 5.2.

(1) For any m € Z>y, if x € g™ commutes with a7l ie, {g7', x} = {0},
then x = 0.

(2) Foranym € Z__y, if x € g commutes with q', i.e., {g', x} = {0}, then
x=0.

(3) We set

at = C(vE £ V/-19)) o (¥, FV-18V1)).
2 2 2 2

Then, a* are irreducible \)-submodules of ¢ ' which satisfy g 7' = a* ®

a~ and at # a~ as H-module.

The first and the second statements imply that any non-zero Z-graded ideal
i =@, 1" (" :==1Ng") of g satisfies

i~! £ {0}.
Hence, by the third statement we have
atci or a Chi
This implies that ¥, € i since
(0, +V=1pwt 03, — VIR = a0 W) =20,
Using this fact, we obtain ¢ C i for m # 0, and thus, i = g.
5.4.2. CKg(€). Recall that for each € = (€1, ..., €) such that Z?Zl =0

(mod 2) and B € {£+/—1}, CKg(¢€) is defined as the Z-graded subspace of
K (6; €) spanned by the vectors (26).
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PROPOSITION 5.4. The following commutation relations hold:
{ P, @p} = (M — N) Dy,
(@, DI} = —ndy)

m+n>

i m i
(@, @)} = (5 1) @

m+n>

(@, @) = — (5 +n) ol

0 ifg{i, j}N{p.q}) =0,2
{CDZ’ (I)ﬁq} = 81', q)tj;lq n 61} q:‘ii.ap n . ..
pm T s Y0 pagh) =1
- 8j~1’q>m+n + Sj,qcbm—b—n
{q)l'j CD‘D} _ {613P(Di;t+n - ‘Sj,pq)fn_m lfp € {i, ]}
—m®h, ifp ¢ (i, j)
0 ifedi, jyN{p.q,r}) =0,2
‘Siqu)iﬂn - Si,q q>’j1'1p+rn

{@), DLy = ira i srerrs s
+8i,rq)m+n_8j,}7q)m+n lfﬁ({l’ J}ﬁ{P: 6],”}) =1

8, DL 5, D

m+n m+n
(@), &} = ip s :
_(m - n)q>m+n lfl ;é p
_Si,pq)gnrJrn + 5i,qq);l1)1r+n - Si,rqu’fl»n lfl € {P, q, }"}
Y BT DL ifi €{p.q.r)

{@)F, &P} =0,

m

(@, DL} = {

q)fnlh — ﬂEquijkcbi’Jl‘k’ if{p, q, r} N i, J, kY =9,

where

123456 . : -
klipar . { sgn (klipq, ) if (k. 1.1, p. q.r}are distinct
0

otherwise

Hence, CK¢(€) is a Z-graded subalgebra of K (6; €).
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Similarly to Proposition 5.3, one can show that

ProrosITION 5.5. For each € = (€4, ...,¢€q) such that Ziﬁ=1 ¢ =0

(mod 2), CK¢(€) is a simple Z-graded Lie superalgebra.
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