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TILTING EQUIVALENCE FOR SUPERCONFORMAL
ALGEBRAS

KENJI IOHARA and YOSHIYUKI KOGA

1. Introduction

In 1984, B. Feigin [5] observed a duality between Verma modules over the
Virasoro algebra in terms of the non-vanishing condition of the semi-infinite
torsion. The crucial number arising there is the critical dimension of the bosonic
string theory. This phenomenon remained mysterious until the appearance of
the work [1] by S. Arkhipov in 1997. There, he generalized this mysterious du-
ality and explained it as an equivalence between certain categories of modules
over a Z-graded associative algebra. The techniques used there are some deep
results from semi-infinite homological algebra (e.g., see [14]) which seems to
be still complicated, at least for the authors. Soon after, in 1998, W. Soergel
[12] found a key to explain this duality for a Z-graded Lie algebra, and as
an application he determined characters of tilting modules over symmetriz-
able Kac-Moody algebras. W. Soergel’s technique is applicable to a Z-graded
Lie superlalgebra. Indeed, J. Brundan [2] imitated Soergel’s construction and
computed characters of tilting modules over some finite dimensional Lie super-
algebras. Here, we should notice that W. Soergel and J. Brundan both assumed
that a Z-graded Lie superalgebra is generated by its local part, i.e., �1⊕�0⊕�−1

to simplify some arguments.
Several important superconformal algebras [9], even the Virasoro algebra,

do not satisfy their assumption on Z-graded Lie (super)algebras. The purpose
of this paper is to make such an equivalence applicable to (non-trivial central
extensions of) superconformal algebras which seems to be significant in its
application to physics such as superstring theory. Here we generalize argu-
ments due to W. Soergel. Moreover, we describe the equivalence explicitly
by computing semi-infinite characters (Definition 2.1) of central extensions of
superconformal algebras. Here, we also compute semi-infinite characters of
contragredient Lie superalgebras.

This paper is organized as follows. In Section 2, we recall the definition of
a semi-infinite character and state some properties. In Section 3, we construct
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the semi-regular bimodule. In Section 4, using the semi-regular bimodule,
we show categorical equivalences. In Section 5, we compute semi-infinite
characters of superconformal algebras and contragradient Lie superalgebras.

Two authors are partially supported by JSPS Grant in Aid of Scientific
Research. Part of this work was done when K. Iohara had been visiting KIAS,
Korea Institute for Advanced Study. He would like to thank the members of
the institute for their support and their warm hospitality.

2. Critical cocycle and semi-infinite character

In [12] and [2], 1-cocycle called semi-infinite character plays an essential role
to construct the categorical equivalence. Here, in order to extend their argu-
ments, we introduce semi-infinite characters for Z-graded Lie superalgebras
not necessarily generated by its local part by means of the critical cocycle.
Note that the results in Section 2.1–2.3 are straightforward generalizations of
statements in [12] to the Lie superalgebra setting. Some results in Section 2.4
are new, although they might be known among specialists.

2.1. Notation

Throughout this paper, let K be a field whose characteristic is zero. For a
Z2 × Z-graded K-vector space M = ⊕

(σ,i)∈Z2×Z M
i
σ , set Mi := Mi

0̄
⊕Mi

1̄
and

Mσ := ⊕
i∈Z M

i
σ . For x ∈ Mσ , we denote the parity σ of x by |x| We also

set M≥n := ⊕
i≥n Mi and M≤n := ⊕

i≤n Mi . For simplicity, we denote M≥1,
M≤−1, M≥0 and M≤0 by M+, M−, M≥ and M≤ respectively.

For Z × Z2-graded K-vector spaces M and N , we set

HomK(M,N) :=
⊕

(σ,i)∈Z2×Z

HomK(M,N)iσ ,

where HomK(M,N)
j
τ := {

f ∈ HomK(M,N) | f (Mi
σ ) ⊂ M

i+j
σ+τ ,∀(σ, i) ∈

Z2 × Z
}
. In particular, HomK(M,N) is naturally Z2 × Z-graded.

Let K0
0̄

be the one dimensional Z2 × Z-graded K-vector space such that

dim
(
K0

0̄

)i
σ
=

{
1 (σ, i) = (0̄, 0)

0 (σ, i) 
= (0̄, 0)
.

For a Z2 × Z-graded K-vector space M , we set

M� := HomK
(
M,K0

0̄

)
, M∗ := HomK

(
M,K0

0̄

)
.

Throughout this paper, for each (σ, n) ∈ Z2×Z, we regard (Mn
σ )

∗ as a subspace
ofM� in the following way: Let πn

σ : M → Mi
σ be the projection with respect
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toM = ⊕
(σ,i)∈Z2×Z M

i
σ . For φ ∈ (Mn

σ )
∗, we identify φ with φ ◦πn

σ and regard
φ ∈ M�.

For Z2 × Z-graded K vector space M such that dimMi < ∞ for any i ∈ Z,
we set

(1) chM :=
∑
i∈Z

(dimMi)qi ∈ Z[[q, q−1]].

2.2. Critical cocycle

Let � be a Z-graded Lie superalgebra over a field K, i.e.,

� =
⊕

(σ,i)∈Z2×Z

�iσ , [�iσ , �jτ ] ⊂ �
i+j
σ+τ (∀i, j ∈ Z, σ, τ ∈ Z2).

� has the following triangular decomposition

(2) � = �− ⊕ �0 ⊕ �+.

In the sequel, we denote �0, �≥ and �− by �, � and � for simplicity.
Throughout Section 2 and Section 3, let � be a Z-graded Lie superalgebra

which satisfies

(3) dim �i < ∞ (∀i ∈ Z<0).

Let π− : � →→ � be the projection with respect to the triangular decomposi-
tion (2), and let i− : � ↪→ � be the inclusion map. We setπ := i−◦π− : � → �.
We define the map ω ∈ HomK(� ⊗K �,K0

0̄
) as follows:

(4) ω(u, v) := str�([π ◦ ad u, π ◦ ad v] − π ◦ [ad u, ad v]),

where str� denotes the supertrace on �.
By the following lemma and the assumption (3), ω is well-defined.

Lemma 2.1. Suppose that u ∈ �iσ and v ∈ �
j
τ .

(1) If (i, σ )+ (j, τ ) 
= (0, 0̄) or i = j = 0, then ω(u, v) = 0.

(2) If i = n, j = −n (n ∈ Z>0), then

(5) ω(u, v) = (−1)|u| str⊕n
m=1 �−m(ad v ◦ ad u).

Moreover, one can directly check thatω satisfies the two cocycle conditions.
The map ω is called the critical cocycle of �.

In the sequel, let

(6) {xk}k∈I+ , {hk}k∈I 0 , {yk}k∈I−
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be K-basis of �+, �0 and �−, whose basis vectors consist of homogeneous
vectors with respect to the Z2 × Z-gradation of �. For u, v ∈ �, we define
constants Cxk

u,v , Chk
u,v and Cyk

u,v by

[u, v] =
∑
k∈I+

Cxk
u,vxk +

∑
k∈I 0

Chk
u,vhk +

∑
k∈I−

Cyk
u,vyk.

Then, the following lemma holds.

Lemma 2.2. Suppose that u ∈ �n and v ∈ �−n (n ∈ Z>0). Then, we have

ω(u, v) =
∑
k∈I 0

∑
m∈I−

(−1)|u|+|hk |Chk
ym,u

C
ym
hk,v

+
∑
k∈I+

∑
m∈I−

(−1)|u|+|xk |Cxk
ym,u

Cym
xk,v

.

2.3. Semi-infinite character

To construct the semi-regular bimodule over �, we assume that

(7) ∃η ∈ HomK
(
�,K0

0̄

)
such that ω = dη,

where dη ∈ HomK(� ∧ �,K0
0̄
) is defined by dη(u, v) := −η([u, v]).

For γ ∈ (�0̄)
∗, we regard γ ∈ �� ⊂ HomK(�,K0

0̄
) as in Section 2.1.

Definition 2.1 (cf. [12]). Let ω be the critical cocycle of �. γ ∈ (�0̄)
∗ is

called a semi-infinite character of � if dγ = ω.

Remark that under the assumption (7), a semi-infinite character of � exists,
and if �0̄ ⊂ [�, �], then γ is unique. Moreover, by Lemma 2.1, we have

(8) γ (�nσ ) = {0} ((σ, n) 
= (0̄, 0)), γ ([�0̄, �0̄]) = {0}.
Hence, γ is a character of �0̄.

The following two lemmata are useful to compute a semi-infinite character
of a Z-graded Lie superalgebra explicitly.

Lemma 2.3. Let � be a Z-graded Lie superalgebra, which satisfies (3). (We
do not assume (7).) Suppose that � is generated by the subspace

⊕
|i|≤n �i for

some n ∈ Z>0. Let ω be the critical cocycle of �. If there exists γ ∈ (�0)∗ such
that

ω(u, v) = −γ ([u, v]) (∀u ∈ �i , v ∈ �−i )

holds for any i (0 ≤ i ≤ n), then γ is a semi-infinite character of �.

Lemma 2.4. Let α : � →→ � be a central extension of a Z-graded Lie
superalgebra �. Suppose that Ker α ⊂ �0. If γ is a semi-infinite character of
�, then γ ◦ α is a semi-infinite character of �.
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2.4. Remark on the BRST differential

It is known that the critical cocycle of a Z-graded Lie algebra also appears in
the vanishing condition of the square of the BRST differential (cf. [14]). Here,
we explain a similar relation between a semi-infinite character and the BRST
differentials in the super setting.

Only in this subsection, we further assume that a Z-graded Lie superalgebra
� satisfies dim �n < ∞ for all n ∈ Z. Here, let {ei | i ∈ I } be a K-basis of �
with vectors which are homogeneous with respect to the Z2 × Z-gradation of
�. Set I ≥ := {i ∈ I | ei ∈ �} and I − := {i ∈ I | ei ∈ �}. Let {e′i | i ∈ I }
be the dual basis of {ei | i ∈ I }.

Let 〈 , 〉 : �� × � → K be the dual pairing defined by 〈f, v〉 := f (v) for
f ∈ �� and v ∈ �. We extend 〈 , 〉 to the non-degenerate supersymmetric
bilinear form on the space � ⊕ �� by

〈v, f 〉 = −(−1)(1−|v|)(1−|f |)〈f, v〉 (f ∈ ��, v ∈ �)

and 〈�, �〉 = {0} = 〈��, ��〉.
We recall the definition of the Clifford superalgebra C(� ⊕ ��) on � ⊕ ��.

Let T (� ⊕ ��) be the tensor algebra on � ⊕ ��, and let J be the two-sided
ideal of T (� ⊕ ��) generated by the following vectors:{

x ⊗ y − (−1)(1−|x|)(1−|y|)y ⊗ x − 〈x, y〉 ∣∣ x, y ∈ � ⊕ ��}
.

Define C(� ⊕ ��) := T (� ⊕ ��)/J . Remark that with respect to the natural
filtered structure on C(� ⊕ ��), we have

grC(� ⊕ ��) � S(&� ⊕&��),

where & denotes the parity shift operator and S(&� ⊕&��) is the symmetric
algebra on &� ⊕ &��. Hence, there exists the canonical inclusion &� ⊕
&�� ↪→ C(� ⊕ ��). Here, we denote the image x ∈ � ⊕ �� under the
composition of the maps

� ⊕ �� &−→ &� ⊕&�� ↪→ C(� ⊕ ��)

by x.
Next, we introduce the space of semi-infinite forms

∧∞
2 +• [11]. Let C(�⊕

��) be the subalgebra of C(� ⊕ ��) generated by � ⊕ �� and 1, where we
regard �� = ⊕

(σ,n)∈Z2×Z<0
(�nσ )

∗ ⊂ �� as in Section 2.1. Let K1 be the one-
dimensional representation of C(� ⊕ ��) defined by

|1| := 0̄, 1.1 := 1, x.1 := 0 (x ∈ � ⊕ ��).
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We set ∧∞
2 +•

:= C(� ⊕ ��)⊗C(�⊕��) K1.

For each δ ∈ (�0
0̄
)∗(⊂ ��), one can introduce projective �-module structure

on
∧∞

2 +• as follow: For x ∈ �, we set ηδ(x) ∈ EndK((
∞
2 +•) by

ηδ(x) := δ(x)+
∑
i∈I

(−1)|ei |◦◦e′i [ei, x]◦◦,

where the normal ordered product ◦◦ · ◦◦ is defined as follows: For x ∈ �mσ and
y ∈ (�nτ )

∗,

◦
◦y x

◦
◦ :=

{
y x if m ≥ 0

(−1)(1−|x|)(1−|y|)x y if m < 0
.

By direct computation, we have

Proposition 2.1. For any x, y ∈ �, we have

[ηδ(x), ηδ(y)] = ηδ([x, y])+ µδ(x, y),

where µδ is a 2-cocycle of �. The explicit form of µδ is given by

(9) µδ := dδ +
∑
i∈I ≥

∑
j∈I −

(−1)|ej | ad′ ej · e′i ∧ ad′ ei · e′j ,

where d is the coboundary operator (Subsection 2.3) and

f ∧ g(u, v) := f (u)g(v)− (−1)|f ||g|g(u)f (v),

(ad′ u · f )(v) := −(−1)|u||f |f (ad u · v)
for f, g ∈ �� and u, v ∈ �.

Moreover, by the formula (5), we have

Lemma 2.5. For u ∈ �nσ and v ∈ �−n
σ (n ∈ Z>0),∑

i∈I ≥

∑
j∈I −

(−1)|ej | ad′ ej · e′i ∧ ad′ ei · e′j (u, v) = ω(u, v),

where ω is the critical cocycle of �.

Remark that, if δ = −γ , where γ is a semi-infinite character of �, then
µδ = 0 and ηδ defines �-module structure on

∧∞
2 +•.
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Finally, we introduce the BRST differential and state its vanishing condition.
For a Z-graded �-module V = ⊕

n∈Z V
n which satisfies V n = {0} for n � 0,

we define Q ∈ EndK
(
V ⊗K

∧∞
2 +•) by

Q := idV ⊗δ +
∑
i∈I

ei ⊗ e′i −
1

2

∑
i,j∈I

(−1)(|ei |+|ej |)|ej | idV ⊗◦
◦[ei, ej ] e′i e

′
j
◦
◦,

where the normal ordered product ◦◦ · ◦◦ is defined as follows: For x ∈ �mσ and
yi ∈ (�niτi )

∗ (i = 1, 2),

◦
◦x y1 y2

◦
◦ :=

{
(−1)(1−|x|)(|y1|+|y2|)y1 y2 x if m ≥ 0

x y1 y2 if m < 0
.

Proposition 2.2.
Q2 = idV ⊗µδ

holds. In particular, if δ = −γ , where γ is a semi-infinite character of �, then
Q2 = 0.

3. Semi-regular bimodule

Using a semi-infinite character introduced in the previous section, we con-
struct the semi-regular bimodule (or the semijective bimodule in [14]). In the
case where a Lie superalgebra is generated by its local part, the semi-regular
bimodule is constructed in [2].

3.1. Preliminaries

Let � and � be Z-graded Lie superalgebras. Let M be a Z-graded (�, �)-
bimodule, and let N be a Z-graded K-vector space. In the sequel, except when
we consider the antipode dual, we regard the space HomK(M,N) as a Z-graded
(�, �)-bimodule via

(1) The left action:

(10) (b.ψ)(m) := (−1)|b|(|ψ |+|m|)ψ(m.b),

(2) The right action:

(11) (ψ.a)(m) := ψ(a.m),

for a ∈ �, b ∈ �, ψ ∈ HomK(M,N) and m ∈ M . Moreover, suppose that � is
a Z-graded subalgebra of � and N is a left �-module. Set

Hom�(M,N) := {
ψ ∈ HomK(M,N)

∣∣ a.(ψ(m))
= (−1)|a||ψ |ψ(a.m) (∀a ∈ �)

}
.
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Then, it is a Z-graded left �-submodule of HomK(M,N).
The following lemma is useful for later.

Lemma 3.1. Let �, � and � be Z-graded Lie superalgebras, and L, M and
N be a Z-graded (�, �)-bimodule, a Z-graded (�, �)-bimodule and a Z-graded
left �-module respectively. Then, the following isomorphism of Z-graded left
�-modules holds:

Hom�(L⊗� M,N) � Hom�(M,Hom�(L,N)).

As a corollary of this lemma, we have

Corollary 3.1. Let � and � be Z-graded Lie superalgebras, and let � be a Z-
graded subalgebra of �. Suppose thatM andN are a Z-graded (�, �)-bimodule
and a Z-graded left �-module respectively. There exists an isomorphism of Z-
graded left �-modules

Hom�(Ind�
� M,N) � Hom�(M,Res�

� N).

3.2. Definition

Let � be a Lie superalgebra, and let U(�) be the universal enveloping algebra
of �. For x ∈ �, we define Lx and Rx ∈ EndK(U(�)) by

Lx(a) := xa, Rx(a) := (−1)|x||a|ax.

Note that ad x ∈ EndK(U(�)) can be expressed as ad x = Lx − Rx .
U(�) has the natural (�,�)-bimodule structure, and we regard

U(�)� := HomK
(
U(�),K0

0̄

)
as (�,�)-bimodule via (10) and (11).

Remark that the universal enveloping algebra U(�) is naturally Z≤0-graded
associative algebra, and under the assumption that dim �i < ∞ (i ∈ Z<0), each
graded component U(�)i is finite dimensional. Hence, U(�)� is a Z≥0-graded
(�,�)-bimodule whose homogeneous components are finite dimensional.

Let γ be a semi-infinite character of �, and let K−γ := K1−γ be the one
dimensional Z2 × Z-graded left �-module defined by

(1) dim(K−γ )iσ =
{

1 (σ, i) = (0̄, 0)

0 (σ, i) 
= (0̄, 0)
,

(2) h.1−γ = −γ (h)1−γ (h ∈ �),

(3) x.1−γ = 0 (x ∈ �+).
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Definition 3.1. We set

Sγ (�) := U(�)� ⊗K U(�)

and introduce a (�, �)-bimodule structure on Sγ (�) as follows:
The left �-action on Sγ (�) is defined via the following isomorphisms of

Z2 × Z-graded K-vector spaces.

i1 : Sγ (�)
∼−→ HomK(U(�), U(�)),

i2 : Hom�(U(�),K−γ ⊗K U(�))
∼−→ HomK(U(�), U(�)).

Here, the first isomorphism i1 is defined by

i1(φ ⊗ b)(u) := (−1)|b||u|φ(u)b (u ∈ U(�))

for φ ∈ U(�)� and b ∈ U(�), and the second isomorphism i2 is defined by

i2(ψ) := i3 ◦ ψ |U(�),
where ψ ∈ Hom�(U(�),K−γ ⊗K U(�)) and

i3 : K−γ ⊗K U(�) → U(�)

is defined by 1−γ ⊗ b �→ b (b ∈ U(�)). By regarding Hom�(U(�),K−γ ⊗K

U(�)) as a left �-module as in Subsection 3.1, we introduce the left �-module
structure on Sγ (�) via the isomorphisms i1 and i2.

The right action on Sγ (�) is defined via the following isomorphism of
Z2 × Z-graded K-vector spaces:

Sγ (�)
∼−→ U(�)� ⊗� U(�).

By regarding U(�)� ⊗� U(�) as a right �-module via the right multiplication,
we introduce the right �-module structure on Sγ (�).

Let us describe these actions explicitly. First, we introduce some notation.
Let {xk}k∈I+ , {hk}k∈I 0 and {yk}k∈I− be bases of �+, � and � in (6). By the
isomorphism U(�) � U(�) ⊗K U(�), for each e ∈ �+ and u ∈ U(�), there
uniquely exist Hk

e (u) ∈ U(�) (k ∈ I 0), Xk
e (u) ∈ U(�) (k ∈ I+) and Ne(u) ∈

U(�) such that

[u, e] =
∑
k∈I 0

hkH
k
e (u)+

∑
k∈I+

xkX
k
e (u)+Ne(u).
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Let us denote the linear maps

u �−→ Hk
e (u), u �−→ Xk

e (u), u �−→ Ne(u) (u ∈ U(�))

by Hk
e , Xk

e and Ne respectively.
On the other hand, the isomorphism U(�) � U(�) ⊗K U(�) implies that,

for each f ∈ � and b ∈ U(�), there uniquely exist Y k
f (b) ∈ U(�) (k ∈ I−)

and Bf (b) ∈ U(�) such that

[b, f ] =
∑
k∈I−

ykY
k
f (b)+ Bf (b).

Since we do not assume that � is generated by its local part �−1 ⊕ � ⊕ �1,
the formulae in the following lemma and the proof of Theorem 3.1 look more
complicate than in [12] and [2].

Lemma 3.2. For each h ∈ �, e ∈ �+, f ∈ �, φ ∈ U(�)� and b ∈ U(�),
the following hold.

The left �-action:

h.(φ ⊗ b) = (−1)|φ||h|
{
φ ⊗ (−γ (h)+ h)b − φ ◦ ad h⊗ b

}
,

e.(φ ⊗ b) = (−1)|φ||e|φ ⊗ eb

+ (−1)|e|
{∑
k∈I 0

(−1)|hk |φ ◦Hk
e ⊗ (−γ (hk)+ hk)b

+
∑
k∈I+

(−1)|xk |φ ◦Xk
e ⊗ xkb + φ ◦Ne ⊗ b

}
,

f.(φ ⊗ b) = (−1)|φ||f |φ ◦ Rf ⊗ b,

The right �-action:

(φ ⊗ b).h = φ ⊗ (bh),

(φ ⊗ b).e = φ ⊗ (be),

(φ ⊗ b).f = (−1)|b||f |φ ◦ Lf ⊗ b +
∑
k∈I−

φ ◦ Lyk ⊗ Y k
f (b)+ φ ⊗ Bf (b).

Combining these formulae with Lemma 2.2, one can check the following
theorem in a way similar to Theorem 1.3 in [12].

Theorem 3.1. Sγ (�) is a (�, �)-bimodule, i.e., the left action and the right
action commute.
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Remark that, by definition, Sγ (�) is a Z≥0-graded module.
We introduce some notation. Let i : U(�)� → Sγ (�) be the map defined

by ϕ �→ ϕ ⊗ 1 ∈ Sγ (�) for ϕ ∈ U(�)�, and let iL and iR be the maps defined
by

iL : U(�)⊗� U(�)
� −→ Sγ (�) u⊗ ϕ �−→ u.i(ϕ),(12)

iR : U(�)� ⊗� U(�) −→ Sγ (�) ϕ ⊗ u �−→ i(ϕ).u,(13)

where u ∈ U(�). Then, we have

Theorem 3.2.
(1) iL is an isomorphism of (�,�)-bimodules.

(2) iR is an isomorphism of (�, �)-bimodules.

Proof. By using Lemma 3.2, we can directly show that iL (resp. iR) is a
homomorphism of (�,�)-bimodules (resp. (�, �)-bimodules). Moreover, by
the definition of Sγ (�), iR is a bijection. Hence, we have to show that iL is a
bijection. To prove the bijectivity, we use a triangularity of the left �-action on
Sγ (�). To state the triangularity, we introduce a filtration of Sγ (�)

We first introduce filtrations of U(�). Let {FiU(�) | i ∈ Z≥0} be a standard
filtration of U(�), and let {F j

i U(�) | i ∈ Z>0, j ∈ Z≥−1} be the refinement of
{FiU(�) | i ∈ Z≥0} defined by

F
j

i U(�) :=
{

�≤jFi−1U(�)+ Fi−1U(�) (j ≥ 0)

Fi−1U(�) (j = −1)
.

By definition, Fi−1U(�) ⊂ F 0
i U(�) ⊂ F 1

i U(�) ⊂ · · · ⊂ FiU(�) and⋃∞
j=−1 F

j

i U(�) = FiU(�). Note that for j ≥ 0,

F
j

i U(�)/F
j−1
i U(�) � �j Si−1(�≥j ) ⊂ Si(�),

whereSi(�) denotes the ith homogeneous component of the symmetric algebra
S(�) on �.

We further set
F
j

i Sγ (�) := U(�)� ⊗K F
j

i U(�).

Then, by Lemma 3.2, for i ∈ Z>0, j, k ∈ Z≥0, b ∈ F
j

i−1U(�) \ F j−1
i−1 U(�),

b1 ∈ �k and ϕ ∈ U(�)�, we have b1.(ϕ ⊗ b) ∈ F
min{j,k}
i Sγ (�) and

(14) b1.(ϕ ⊗ b) ≡ (−1)|b1||ϕ|ϕ ⊗ b1b (mod F
min{j,k}−1
i Sγ (�)).

Using this formula, one can easily prove that ιL is bijective.
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4. Feigin-Arkhipov-Soergel duality

By means of the semi-regular bimodule, we construct an equivalence of cat-
egories of Z-graded modules with finite :-flags. The arguments in this section
essentially follow from [12].

4.1. Preliminaries

As preliminary steps, here, we show two isomorphisms of left Z-graded �-
modules.

For u ∈ U(�), let ιu be the element of Hom�(U(�)
�, U(�)�) defined by

ιu(φ) := (−1)|φ||u|φ ◦ Lu (φ ∈ U(�)�).

One can directly check that ιu(u1.φ) = (−1)|u||u1|u1.(ιu(φ)) for any u1 ∈
U(�), and thus, ιu ∈ Hom�(U(�)

�, U(�)�).

Lemma 4.1. The map

ι : U(�) → Hom�(U(�)
�, U(�)�) (u �−→ ιu)

is an isomorphism of Z-graded left �-modules.

Proof. By Lemma 3.1, the following isomorphisms of Z-graded left �-
modules hold.

Hom�(U(�)
�, U(�)�) = Hom�

(
U(�)�,HomK

(
U(�),K0

0̄

))
� HomK

(
U(�)⊗� U(�)

�,K0
0̄

) � HomK
(
U(�)�,K0

0̄

) � U(�).

Recall that the antipode a of a Lie superalgebra � is defined by

a(x) := −(−1)|x|x (x ∈ �),

a(u1u2) := (−1)|u1||u2|a(u2)a(u1) (u1, u2 ∈ U(�)).

For a Z2 ×Z-graded module V over a Z-graded Lie superalgebra �, let V ;a :=
HomK(V ,K0

0̄
) be the antipode dual of V whose �-module structure is given

by

(u.φ)(v) := (−1)|u||φ|φ(a(u).v) (u ∈ U(�), φ ∈ V ;a, v ∈ V ).

Notice that U(�);a = U(�)� as K-vector space. Let t a : U(�)� → U(�);a be
the transpose of the antipode a : U(�) → U(�).

Lemma 4.2. There is the following isomorphism of Z-graded left �-modules

t a : U(�)� � U(�);a.
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4.2. Category of �-modules with finite :-flags

Let ModZ
� be the category of the Z2×Z-graded left �-modules whose morphisms

are given by
HomModZ

�
(M,N) := Hom�(M,N)0

0̄.

Definition 4.1. We define the full subcategories M and K of ModZ
� as

follows:

(1) M ∈ Ob(M) ⇔ Res�
� M � U(�) ⊗K E for some finite dimensional

Z2 × Z-graded K-vector space E,

(2) K ∈ Ob(K ) ⇔ Res�
� K � U(�)� ⊗K E for some finite dimensional

Z2 × Z-graded K-vector space E.

The categories M and K are additive categories, and they are not, in general,
abelian categories.

For M ∈ Ob(M) such that Res�
� M � U(�) ⊗K E, where E is a Z2 × Z-

graded K-vector space, we define the rank of M by dimE, and denote it by
rkM . Since chM defined in (1) is expressed as chM = chU(�) chE, the
rank of M is well-defined. We similarly define rkK for K ∈ Ob(K ).

Here, we state a characterization of the category M. We first introduce an
object of M.

Let E be a finite dimensional Z2 ×Z-graded left �-module. We regard E as
left �-module via �+|E ≡ 0, and set

:(E) := U(�)⊗� E.

By definition, :(E) ∈ Ob(M).
Suppose thatM(
= {0}) is a Z-graded left �-module. A sequence of Z-graded

�-submodules of finite length

{0} = M(0) ⊂ M(1) ⊂ M(2) ⊂ · · · ⊂ M(l) = M

is called a finite:-flag ofM if for each k ∈ Z>0, there exists an irreducible finite
dimensional Z2 ×Z-graded �-module Ek such that M(k)/M(k−1) � :(Ek).

Proposition 4.1. M ∈ Ob(M) if and only if M = {0} or M has a finite
:-flag. Moreover, any :-flag M(0) ⊂ M(1) ⊂ M(2) ⊂ · · · ⊂ M(l) of
M ∈ Ob(M) satisfies that M(k) ∈ Ob(M) for all k.

Proof. (“if” part) Suppose that M ∈ Ob(ModZ
�) has a finite :-flag. Let

{0} = M(0) ⊂ M(1) ⊂ M(2) ⊂ · · · ⊂ M(l) = M
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be a finite :-flag of M , and let Ek be a Z2 × Z-graded �-module such that
M(k)/M(k− 1) � :(Ek). Since 0 → M(k− 1) → M(k) → :(Ek) → 0 is
exact and :(Ek) is U(�)-free, we have

Res�
� M(k) � Res�

� M(k − 1)⊕ Res�
� :(Ek).

Hence, by induction on k, one can prove that M(k) ∈ Ob(M), and thus,
M ∈ Ob(M).

(“only if” part) We show the statement by induction on rkM . In the case
where rkM = 1, the assertion obviously holds. Suppose that r := rkM > 1.

Let {u1, . . . , ur} be a U(�)-basis of Res�
� M . We may assume that ui are

homogeneous with respect to the Z2 × Z-gradation. Set F := ⊕r
i=1 Kui . Let

m be the maximal integer such that Mm 
= {0}.
By definition, Mm ⊂ F . Since Mm is a finite dimensional left �-module,

there exists an irreducible finite dimensional left �-submodule E of Mm. We
set N := U(�).E. Then,

N � :(E)

as Z-graded left �-module. If E = F , then, M = N and the assertion holds. If
E � F , then, we have

Res�
�(M/N) � U(�)⊗K (F/E),

and thus, M/N ∈ Ob(M). By the induction hypothesis, M/N has a finite
:-flag. Hence, M also has a finite :-flag.

4.3. Functors between M and K

We first introduce two functors. LetSγ (�)be the semi-regular bimodule defined
in (3.1).

Definition 4.2.
(1) Define the functor T : M → K by

T (M) := Sγ (�)⊗� M (M ∈ Ob(M)).

(2) Define the functor H : K → M by

H(K) := Hom�(Sγ (�),K) (K ∈ Ob(K )).

Indeed, these functors are well-defined, i.e., the following holds.

Lemma 4.3. T (M) ∈ Ob(K ) (resp. H(K) ∈ Ob(M)) for M ∈ Ob(M)

(resp. K ∈ Ob(K )).
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Proof. Let E be a Z2 × Z-graded K-vector space such that Res�
� M �

U(�)⊗K E. By the isomorphism (13), we have

Res�
� T (M) � U(�)� ⊗K E

as Z-graded left �-module. Hence, T (M) ∈ Ob(K ).
Next, letE be a Z2×Z-graded K-vector space such that Res�

� K � U(�)�⊗K

E. By the isomorphism (12), Corollary 3.1 and Lemma 4.1, we have

Res�
� H(K) � Hom�(U(�)

�,Res�
� K)

� Hom�(U(�)
�, U(�)�)⊗K E

� U(�)⊗K E.

Hence, H(K) ∈ Ob(M).

Lemma 4.2 implies the following lemma.

Lemma 4.4. ForM ∈ Ob(M) (resp.K ∈ Ob(K )), we haveM;a ∈ Ob(K )

(resp. K;a ∈ Ob(M)).

Proposition 4.2. The functors T and H send a short exact sequence to a
short exact sequence.

Proof. We first show the statement for T . Let Mi (i = 1, 2, 3) be objects
of M such that 0 → M1 → M2 → M3 → 0 is an exact sequence of left
�-modules. We show that

(15) 0 −→ T (M1) −→ T (M2) −→ T (M3) −→ 0

is an exact sequence of left �-modules.
Since M3 is U(�)-free, the sequence 0 → Res�

� M1 → Res�
� M2 →

Res�
� M3 → 0 splits. Hence,

0 → U(�)� ⊗� Res�
� M1 → U(�)� ⊗� Res�

� M2 → U(�)� ⊗� Res�
� M3 → 0

also splits, and thus, it is an exact sequence of left �-modules. This means
that the sequence (15) is exact, since Res�

� T (M) � U(�)� ⊗� Res�
� M for

M ∈ Ob(M).
Next, we show the statement for H . Let Ki (i = 1, 2, 3) be objects of K

such that 0 → K1 → K2 → K3 → 0 is an exact sequence of �-modules.
Since K;a

1 is U(�)-free by Lemma 4.4, taking the anti-pode dual, we see that
the sequence

0 → Res�
� K1 → Res�

� K2 → Res�
� K3 → 0
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splits. Since Res�
� H(K) � Hom�(U(�)

�,Res�
� K) for K ∈ Ob(K ), by an

argument similar to the above, one can prove the statement for H .

4.4. Categorical equivalences

Theorem 4.1. The functor T : M → K gives a categorical equivalence.

Proof. By Lemma 3.1, as K-vector space,

(16) HomK (T (M),K) � HomM(M,H(K)),

where M ∈ Ob(M) and K ∈ Ob(K ). In fact, restricting the isomorphism

Hom�(Sγ (�)⊗� M,K) � Hom�(M,Hom�(Sγ (�),K))

to a homogeneous subspace, we obtain the isomorphism (16). Hence, (T ,H) is
an adjoint pair, and thus, there exist natural transformations η : idM ⇒ H ◦ T
and ε : T ◦H ⇒ idK .

For each M ∈ Ob(M), we show that ηM : M → H ◦ T (M) is an iso-
morphism. Let E be a finite dimensional Z2 × Z-graded K-vector space such
that Res�

� M � U(�) ⊗K E. By Corollary 3.1, Theorem 3.2 and Lemma 4.1,
we have
(17)
Res�

� H ◦ T (M) � Hom�(U(�)
�, U(�)�)⊗K E � U(�)⊗K E � Res�

� M

as Z-graded left �-module, and ηM is this isomorphism of Z-graded left �-
modules.

One can similarly show that εK : T ◦ H(K) → K is an isomorphism
of Z-graded left �-modules for any K ∈ Ob(K ). Hence, H ◦ T � idM and
T ◦ H � idK , i.e., T and H are quasi-inverse to each other, and thus, T is a
categorical equivalence.

We remark that, by Lemma 4.4, (·);a defines a contravariant functor from
K to M. Hence, it defines a covariant functor from K to Mop, where Mop

denotes the opposite category of M.

Proposition 4.3. The covariant functor (·);a : K → Mop defines a cat-
egorical equivalence, which sends a short exact sequence to a short exact
sequence.

Finally, we define a functor B as follows:

B : M −→ Mop (M �−→ T (M);a).

Here, we call the following equivalence Feigin-Arkhipov-Soergel duality.
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Theorem 4.2. The covariant functor B : M → Mop defines a categorical
equivalence, and it sends a short exact sequence to a short exact sequence.

Proof. By Proposition 4.2, Theorem 4.1 and Proposition 4.3, we obtain
the theorem.

Moreover, we have

Proposition 4.4. LetE be an irreducible finite dimensional Z2×Z-graded
left �-module. Then, the following isomorphism of Z-graded left �-modules
holds:

(18) B(:(E)) ∼= :(Kγ ⊗ E;a).

Proof. Since E is irreducible, there exists t ∈ Z such that Et = E. The
isomorphism

T (:(E)) � Sγ (�)⊗� E � Hom�(U(�),K−γ ⊗K U(�))⊗� E

of left �-module implies that T (:(E))t � K−γ ⊗K E as left �-module, and
T (:(E))j = {0} for j < t . Thus, B(:(E))−t � Kγ ⊗K E

;a as left �-module,
and T (:(E))j = {0} for j > −t . Hence,

B(:(E))≥−t � Kγ ⊗K E
;a

as Z-graded left �-module, and thus, there exists a homomorphism

(19) :(Kγ ⊗K E
;a) −→ B(:(E))

of Z-graded left �-modules.
On the other hand, by the isomorphism Res�

� T (:(E)) � U(�)� ⊗K E and
Lemma 4.2, we have

Res�
� B(:(E)) � U(�)⊗K E

;a

as Z-graded left �-module. Hence, (19) is an isomorphism of Z-graded left
�-modules, i.e., an isomorphism of Z-graded left �-modules.

5. Semi-infinite characters of superconformal algebras

In order to describe the Feigin-Arkhipov-Soergel duality for superconformal
algebras explicitly, we determine the semi-infinite characters of them.



34 kenji iohara and yoshiyuki koga

5.1. Lie superalgebras of Cartan type

In [8], V. Kac introduced a class of Z-graded Lie superalgebras called physical
superconformal algebras, and classified them. According to his classification,
the physical superconformal algebras are the Lie superalgebras of Cartan type.

In Section 5.1, we first give examples of Lie superalgebras of Cartan type,
and next, we recall the definition and the classification of physical supercon-
formal algebras.

5.1.1. Lie superalgebra W(N). Let C[t, t−1] be the ring of Laurent polyno-
mials in a variable t , and ((N) the Grassmann algebra generated by N odd
variables θ1, . . . , θN . Set (t(N) := C[t, t−1] ⊗C ((N). It naturally becomes
a supercommutative superalgebra with |t | = 0̄ and |θi | = 1̄. Recall that the
Lie superalgebra W(1, N) is defined by

W(1, N) := Der(t(N) =
{
P0

∂

∂t
+

N∑
i=1

Pi
∂

∂θi

∣∣∣∣ Pi ∈ (t(N)

}
,

∣∣ ∂
∂t

∣∣ := 0̄,
∣∣ ∂
∂θi

∣∣ := 1̄ and

[D1,D2] := D1 ◦D2 − (−1)|D1||D2|D2 ◦D1 (D1,D2 ∈ W(1, N)).

For simplicity, in the sequel, we denote W(1, N) by W(N).
To introduce Z-gradations of W(N), we remark the following fact:

Lemma 5.1. For each n ∈ Z, we set

Ln := −tn+1 ∂

∂t
−

N∑
i=1

a(i)n tnθi
∂

∂θi
(a(i)n ∈ C).

Then, [Lm,Ln] = (m − n)Lm+n holds for any m, n ∈ Z if and only if a(i)n =
αin+ βi for some constants αi and βi .

If βi ∈ 1
2 Z for any i, then we have

(20)

W(N) =
⊕
m∈Z

W(N)m, W(N)m :=
{
x ∈ W(N)

∣∣∣ [L0, x] = −m

2
x
}
.

Here, we call W(N) with the Z-gradation defined by βi = 1
2 for any i the

Neveu-Schwarz sector (cf. [8] Corollary 2.1). We also refer the case βi = 0
for any i as the Ramond sector.

It is known that W(N) with the Z-gradation (20) is a simple Z-graded Lie
superalgebra, i.e., it has no non-trivial Z-graded ideal.
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5.1.2. Lie superalgebra S(N;α). For α ∈ C, the Lie superalgebra S(N;α)
is defined as follows:

S(N;α) := {D ∈ W(N) | div(tαD) = 0},
where for P1, . . . , PN ∈ (t(N), we set

div

(
tαP0

∂

∂t
+

N∑
i=1

tαPi
∂

∂θi

)
:= ∂(tαP0)

∂t
+

N∑
i=1

(−1)|Pi |
∂(tαPi)

∂θi
.

Let S ′(N;α) be the derived subalgebra of S(N;α). Note that

S(N;α) =
{
S ′(N;α) if α 
∈ Z

S ′(N;α)⊕ Ct−αθ1 · · · θN ∂
∂t

if α ∈ Z
.

Remark 5.1. In [9], it was remarked that central extensions of S ′(2; 0) and
S ′(2;−1) are respectively isomorphic (as Z-graded Lie superalgebra) to the
Neveu-Schwarz and the Ramond sectors of the small N = 4 superconformal
algebras introduced in [13]. (For the commutation relations of the smallN = 4
superconformal algebras, see [4].)

In the sequel, we consider only the cases where N = 2 and α = 0,−1. We
call S ′(2; 0) and S ′(2;−1) the Neveu-Schwarz sector and the Ramond sector
respectively.

Here, we consider the following Z-gradation of S ′(2;α). For simplicity, we
set

(21) Ln := −tn+1 ∂

∂t
− n+ α + 1

2
tn

(
θ1

∂

∂θ1
+ θ2

∂

∂θ2

)
(n ∈ Z).

Then,Ln∈ S ′(2;α) by definition, and [Lm,Ln] = (m−n)Lm+n by Lemma 5.1.
Since α ∈ {0,−1}, we have

S ′(2;α) =
⊕
m∈Z

S ′(2;α)m, S ′(2;α)m :=
{
x ∈ S ′(2;α)

∣∣∣ [L0, x] = −m

2
x
}
.

Remark thatS ′(2;α) is a simple Z-graded subalgebra ofW(2)with Z-gradation
(20) defined by β1 = β2 = 1+α

2 .

5.1.3. Lie superalgebra K(N; ε). Let

I1 := (t(N)dt ⊕
N⊕
i=1

(t(N)dθi
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be the ((t(N),(t(N))-bimodule defined by |dt | := 1̄, |dθi | := 0̄, g(f dx) :=
(gf )dx and (f dx)g := (−1)|dx||g|(fg)dx for f, g ∈ (t(N) and x = t or θi .
We define a linear map

d : (t(N) −→ I1, f �−→ (−1)|f |
∂f

∂t
dt +

N∑
i=1

∂f

∂θi
dθi .

Then, the map d satisfies d(fg) = d(f )g+ (−1)|f |f dg. W(N) naturally acts
on I1 as follows:

D(f dg) := (Df )dg + (−1)|D||f |+|D|f d(Dg).

For each ε = (εi)
N
i=1 ∈ Z⊕N , the Z-graded Lie superalgebra K(N; ε) is

defined as follows:

K(N; ε) := {D ∈ W(N) | Dωε = Pωε(∃P ∈ (t(N))},
where we set

ωε := dt −
N∑
i=1

t εi θidθi ∈ I1.

Note that for ε = (εi)
N
i=1 and ε′ = (ε′i )

N
i=1, if εi ≡ ε′i (mod 2) for all i,

then K(N; ε) � K(N; ε′) as Lie superalgebra. In the sequel, we assume that
εi ∈ {0, 1} for all i. For simplicity, we set

εNS := (0, . . . , 0), εR := (1, . . . , 1).

Remark that K(N; εNS) and K(N; εR) are respectively called the Neveu-
Schwarz sector and the Ramond sector.

To define Z-gradation of these Lie superalgebras, we introduce some nota-
tion. For f ∈ (t(N), we set

:(f ) := 2f −
N∑
i=1

θi
∂f

∂θi
,

Dε := d

dt
− 1

2
t−1

N∑
i=1

εiθi
∂

∂θi
,

Df := (:f )Dε +Dε(f )

N∑
i=1

θi
∂

∂θi
+ (−1)|f |

N∑
i=1

t−εi
∂f

∂θi

∂

∂θi
.

Notice that, the map

(22) (t(N) −→ K(N; ε) (f �→ Df )
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is an isomorphism of vector spaces. Furthermore, for f, g ∈ (t(N), we have
[Df ,Dg] = D{f,g}, where we set

{f, g} := (:f )Dε(g)−Dε(f )(:g)+ (−1)|f |
N∑
i=1

t−εi
∂f

∂θi

∂g

∂θi
.

We introduce Z-gradation of K(N; ε) as follows: Set Ln := − 1
2Dtn+1 for

n ∈ Z. Then, [Lm,Ln] = (m− n)Lm+n by Lemma 5.1, and

K(N; ε)=
⊕
m∈Z

K(N; ε)m, K(N; ε)m:=
{
x ∈ K(N; ε)

∣∣∣ [L0, x] = −m

2
x
}
.

Moreover, each graded subspace are described as follows:

K(N; ε)2n =
N⊕
s=1

⊕
0<i1<···<is≤N

CD
t
n+1−∑s

t=1 kit θi1 ···θis
(
n ∈ 1

2 Z
)
.

Let K ′(N, ε) be the derived subalgebra of K(N, ε). Then,

K(N, ε) =
{
K ′(N, ε) N 
= 4 ∨ ∑

i εi 
∈ 2Z

K ′(N, ε)⊕ CDt1−∑
i ki θ1θ2···θN N = 4 ∧ ∑

i εi ∈ 2Z
,

where ki := 1−εi
2 for each i = 1, 2, . . . , N . We introduce Z-gradation of

K ′(N; ε) by K ′(N; ε)m := K ′(N; ε) ∩ K(N; ε)m (m ∈ Z). K ′(N, ε) is a
simple Z-graded subalgebra of W(N) with the Z-gradation (20) defined by
βi = ki for any i.

Remark 5.2. Non-trivial central extensions ofK ′(N; ε) forN = 0, 1, 2, 3
and 4 are respectively the so called Virasoro algebra, the N = 1, 2, 3 and the
big N = 4 superconformal algebras.

5.1.4. Lie superalgebra CK6(ε). After the above examples of supercon-
formal algebras were presented in [9], a new superconformal algebra CK6

(the Neveu-Schwarz sector) was discovered in [3] and independently in [7].
Here, we introduce not only the Neveu-Schwarz sector but also other sectors
of CK6.

It is convenient to use the following notation. For an ordered set {i1, . . . , is}
such that i1, . . . , is ∈ {1, 2, . . . , N}, we set

(23) θi1···is := θi1 · · · θis ∈ K(N; ε).
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For each {i1, . . . , is}, there exists an ordered set {j1, . . . , jN−s} which satisfy

(24) θi1···is θj1···jN−s = θ12···N.

We denote the element θj1···jN−s ∈ K(N; ε) by θ∗i1···is . For simplicity, we set
θ∗∅ := θ12···N . We also set

(25) ki1···is :=
s∑

t=1

kit , k∗i1···is := k12···N − ki1···is ,

and k∗∅ := k12···N , where ki := 1−εi
2 .

Suppose that ε = (ε1, . . . , ε6) satisfies

6∑
i=1

εi ≡ 0 (mod 2).

For each β ∈ {±√−1
}
, we define Bm,B

pq
m ,B

p
m,B

pqr
m ∈ K(6; ε)2m as fol-

lows:

(26)

Bm := −1

2
tm+1 − β

2
(m3 −m)tm+2−k∗∅θ∅ (m ∈ Z),

Bpq
m := tm+1−kpq θpq − βmtm+1−k∗pq θ∗pq (m ∈ kpq + Z),

Bp
m := tm+1−kp θp − β

(
m2 − 1

4

)
tm+1−k∗p θ∗i (m ∈ kp + Z),

Bpqr
m := tm+1−kpqr θpqr + βtm+1−k∗pqr θ∗pqr (m ∈ kpqr + Z),

where we identify f ∈ (t(6) with Df ∈ K(6; ε) via the isomorphism (22).
We denote the Z-graded subspace of K(6; ε) spanned by the above vectors

by CK6(ε). By Proposition 5.4 and 5.5 in Subsection 5.4, CK6(ε) is a simple
Z-graded subalgebra of K(6; ε).

Here, we call CK6(ε
NS) (resp. CK6(ε

R)) the Neveu-Schwarz sector (resp.
the Ramond sector). Note that the Ramond sector CK6(ε

R) has appeared in
[10].

5.1.5. Lie superalgebra CK4(ε). The small N = 4 superconformal algebras
have sectors other than the Neveu-Schwarz and the Ramond sectors, although,
they are not considered in [9]. To treat all sectors of the small N = 4 su-
perconformal algebras in a unified manner, we introduce a simple Z-graded
subalgebra CK4(ε) of K ′(4; ε) in a way similar to Subsection 5.1.4.
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Throughout Section 5.1.5, we suppose that ε = (ε1, . . . , ε4) satisfies

(27)
4∑

i=1

εi ≡ 0 (mod 2).

We use notation similar to Subsection 5.1.4. For each β ∈ {±1}, defineLm,
L

pq
m , Lp

m ∈ K(4; ε)2m as follows:

(28)

Lm := −1

2
tm+1 − β

2
(m2 +m)tm+1−k∗∅θ∗∅ (m ∈ Z),

Lpq
m := tm+1−kpq θpq − βtm+1−k∗pq θ∗pq (m ∈ kpq + Z),

Lp
m := tm+1−kp θp − β

(
m+ 1

2

)
tm+1−k∗p θ∗p (m ∈ kp + Z),

where we identify f ∈ (t(4) with Df ∈ K(4; ε) via the isomorphism (22).
We denote the Z-graded subspace of K(4; ε) spanned by the above vectors

by CK4(ε). By definition, we have CK4(ε) ⊂ K ′(4; ε). Moreover, Propos-
ition 5.1 and 5.3 in Subsection 5.4 imply that CK4(ε) is a simple Z-graded
subalgebra of K ′(4; ε).

By Proposition 5.2, we have

S ′(2; 0) � CK4(ε
NS), S ′(2;−1) � CK4(ε

R)

as Z-graded Lie superalgebra, and hence, we call CK4(ε
NS) (resp. CK4(ε

R))
the Neveu-Schwarz sector (resp. the Ramond sector). Remark that the iso-
morphism S ′(2; 0) � CK4(ε

NS) was mentioned in [3].

Remark 5.3. As far as the authors know, CK4(ε) and CK6(ε) (ε 
= εNS, εR),
which are simple Z-graded Lie superalgebras, have not appeared in the liter-
ature.

5.1.6. On classification of physical superconformal algebras. First, we re-
call the definition of physical superconformal algebras [8]. Throughout Sec-
tion 5.1.6, let � be a Lie superalgebra, and let a(z) = ∑

n∈Z anz
−n−1 and

b(z) = ∑
n∈Z bnz

−n−1 be formal distributions with coefficients in �, i.e,
an, bn ∈ � for any n ∈ Z.

We say that a(z) and b(z) are local if (z − w)k[a(z), b(w)] = 0 for some
k ∈ Z>0. If a(z) and b(z) are local, then there exist cj (z) (0 ≤ j ≤ k−1) such
that

[a(z), b(w)] =
k−1∑
j=0

cj (w)
1

j !
∂jwδ(z− w),
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where δ(z − w) := z−1 ∑
n∈Z(

z
w
)n. cj (z) is often denoted by a(z)(j)b(z) and

is called the j th product of a(z) and b(z). A formal distribution L(z) is called
the Virasoro distribution if it satisfies

[L(z), L(w)] = ∂wL(w)δ(z− w)+ 2L(w)∂wδ(z− w),

which is equivalent to [Lm,Ln]=(m− n)Lm+n, where L(z)=∑
n∈Z Lnz

−n−2.
Moreover, we call a(z) a primary distribution of conformal weight : with
respect to L(z) if it satisfies

[L(z), a(w)] = ∂wa(w)δ(z− w)+:a(w)∂wδ(z− w).

In the sequel, let F be a set of formal distributions which satisfies

(1) � is spanned by the coefficients of the formal distributions in F ,

(2) any two formal distributions in F are local.

(�, F ) is called a formal distribution Lie superalgebra.

Definition 5.1. A formal distribution Lie superalgebra (�, F ) is called a
physical superconformal algebra if it satisfies

C1 the cardinality of F is finite and C[∂z]F is closed under the j th product
for any j ∈ Z≥0.

C2 � has no non-trivial ideal which is spanned by the coefficients of formal
distributions in a C[∂z]-submodule of C[∂z]F .

C3 F contains a Virasoro distribution L(z), and any even (resp. odd) dis-
tribution in F is L(z) or a primary distribution of conformal weight 1
(resp. a primary distribution of conformal weight 1

2 or 3
2 ).

Remark that L0 of the Virasoro distribution L(z) defines a Z-gradation of a
physical superconformal algebra.

The classification of the physical superconformal algebras can be described
as follows:

Theorem 5.1 ([8], cf. [15]). A physical superconformal algebra is iso-
morphic to one of K ′(N; εNS) with N = 0, 1, 2, 3, 4, S ′(2; 0)(� CK4(ε

NS)),
CK6(ε

NS) and W(2) with Z-gradation (20) defined by (β1, β2) =
(

1
2 ,

1
2

)
.

Although only the Neveu-Schwarz sectors appear in the theorem, the Ra-
mond and the other sectors also play prominent roles both in mathematics and
physics. In the following section, we determine the semi-infinite characters of
all of them, namely, we deal with the next simple Z-graded Lie superalgebras:
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K ′(N; ε) N = 0, 1, 2, 3, 4 and εi ∈ {0, 1} (1 ≤ i ≤ N )

CK4(ε) εi ∈ {0, 1} (1 ≤ i ≤ 4) s.t.
∑4

i=1 εi ≡ 0 (mod 2)

CK6(ε) εi ∈ {0, 1} (1 ≤ i ≤ 6) s.t.
∑6

i=1 εi ≡ 0 (mod 2)

W(2) βi ∈
{

1
2 , 0

}
(1 ≤ i ≤ 2)

We also remark that a wider class of formal distribution Lie superalgebras
(without the condition C3) are classified in [6], however, the definition of a
formal distribution Lie superalgebra does not allow a Z-gradation of the Lie
superalgebra a priori, because of the absence of the Virasoro distribution.

5.2. Semi-infinite characters

Some simple Z-graded Lie superalgebras listed above do not have the semi-
infinite characters, and we need to consider their central extensions. Before
computing semi-infinite characters, we briefly recall the relation between a
central extension of a Lie superalgebra and its two cocycle.

For a two cocycle ψ of a Lie superalgebra �, the central extension of �
defined by ψ is the Lie superalgebra � := � ⊕ Cc with the bracket

(29) [x1 + r1c, x2 + r2c]� := [x1, x2] + ψ(x1, x2)c,

where [ , ] is the Lie bracket of �. We denote [ , ]� by [ , ] for simplicity.

5.2.1. K ′(N; ε) with N = 0, 1, 2, 3, 4. We first recall some facts on central
extensions of K ′(N; ε). For a complete description of the central extensions
of K ′(N; ε), see [9].

Let ψ be a two cocycle of K ′(N; ε) and � = K ′(N; ε) ⊕ Cc the central
extension of K ′(N; ε) defined by ψ . Remark that in cases where N = 3, 4,
by Lemma 2.4 and Theorem 5.2, for any two cocycle ψ of K ′(N; ε) and any
semi-infinite character γ of �, we have

γ (c) = 0.

Hence, we need an explicit form of a two cocycle ψ only for N = 0, 1, 2. The
following ψ gives a non-trivial central extension of K ′(N; ε) (N = 0, 1, 2).

Case N = 0 (the Virasoro algebra):

ψ(Dtm+1 ,Dtn+1) = 1

3
δm+n,0(m3 −m).
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Case N = 1:

ψ(Dtm+1 ,Dtn+1) = 1

3
δm+n,0(m3 −m),

ψ(Dtm+1−k1 θ1
,Dtn+1−k1 θ1

) = 1

3
δm+n,0

(
m2 − 1

4

)
,

and the other pairs are zero.

Case N = 2:

ψ(Dtm+1 ,Dtn+1) = 1

3
δm+n,0(m3 −m),

ψ(Dtm+1−ki θi , Dt
n+1−kj θj ) =

1

3
δi,j δm+n,0

(
m2 − 1

4

)
,

ψ(Dtm+1−k1−k2 θ1θ2
,Dtn+1−k1−k2 θ1θ2

) = −1

3
δm+n,0m,

and the other pairs are zero.

In the sequel, let ψ be the above cocycle of K ′(N; ε) for N = 0, 1, 2 and
an arbitrary two cocycle for N = 3, 4. We regard � := K ′(N; ε) ⊕ Cc as a
Z-graded Lie superalgebra by setting

(30) �m :=
{
K ′(N; ε)m ⊕ Cc m = 0

K ′(N; ε)m m 
= 0
.

The following is one of the main results of this section.

Theorem 5.2. The semi-infinite character γ ∈ HomC(�0̄,C0
0̄
) of � is given

as follows:
Case N = 0:

γ (c) = 26, γ (Dt) = −2.

Case N = 1:

γ (c) = 15, γ (Dt) = −5

4
+ 1

4
δε1,0.

Case N = 2:

γ (c) = 6,

γ (Dt) = −1

2
+ 1

2
δε1,0δε2,0,

γ (Dt1−k1−k2 θ1θ2
) = 0 (if k1 + k2 ∈ Z).
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Case N = 3:

γ (c) = 0,

γ (Dt) =
3∏

i=1

δεi ,0,

γ (Dt
1−ki−kj θi θj ) = 0 (if ki + kj ∈ Z).

Case N = 4:

γ (c) = 0,

γ (Dt) = 2
4∏

i=1

δεi ,0,

γ (Dt
1−ki−kj θi θj ) = 0 (if ki + kj ∈ Z).

Proof. Here, we show the theorem in the two simplest cases, i.e., N = 0
and N = 1. The other cases can be proved similarly.

We first consider theN = 0 (the Virasoro algebra) case. Letω be the critical
cocycle of �. Notice that � = ⊕

m∈2Z �m, where

� = CDt ⊕ Cc, �m = CD
t

1+ m
2

(m 
= 0).

Since � is generated by �−4 ⊕ �−2 ⊕ � ⊕ �2 ⊕ �4, Lemma 2.3 implies that
γ ∈ HomC

(
�0̄,C0

0̄

)
is the semi-infinite character of � if and only if

(31) ω(x, y) = −γ ([x, y]) (∀x, y ∈ �−4 ⊕ �−2 ⊕ � ⊕ �2 ⊕ �4).

Using Lemma 2.1, by direct computation, we have

ω(Dt,Dt) = 0, ω(Dt2 ,D1) = −8, ω(Dt3 ,Dt−1) = −68.

Since [Dt,Dt ] = 0, [Dt2 ,D1] = −4Dt and [Dt3 ,Dt−1 ] = −8Dt + 2c, (31)
holds for γ given in this theorem. Hence, the theorem holds in theN = 0 case.

Next, we consider the N = 1 case. Remark that the Z-gradation of each
sector is given by

The Neveu-Schwarz sector (ε1 = 0):

� = CDt ⊕ Cc, �m =
{

CD
t
m
2 +1 (m ∈ 2Z)

CD
t
m+1

2 θ1
(m ∈ 2Z + 1)

,
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The Ramond sector (ε1 = 1):

� = CDt ⊕ CDtθ1 ⊕ Cc, �m =
{

CD
t
m
2 +1 ⊕ CD

t
m
2 +1

θ1
(m ∈ 2Z)

{0} (m ∈ 2Z + 1)
,

and the Neveu-Schwarz (resp. the Ramond) sector is generated by
⊕

|m|≤3 �m

(resp.
⊕

|m|≤2 �m). Moreover, by direct computation, we have

The Neveu-Schwarz sector

ω(Dtθ1 ,Dθ1) = −1, ω(Dt2 ,D1) = −4, ω(Dt2θ1 ,Dt−1θ1) = −11,

The Ramond sector

ω(Dt2 ,D1) = −5, ω(Dt2θ1 ,Dθ1) = −5.

Hence, an argument similar to the previous case yields the theorem for this
case.

5.2.2. CK4(ε). Let � = CK4(ε) ⊕ Cc be the central extension of CK4(ε)

defined by the following two cocycle ψ :

ψ(Lm,Ln) := 1

12
(m3 −m)δm+n,0,

ψ(Lij
m ,L

pq
n ) := 1

3
mδm+n,0δi,pδj,q (i < j, p < q)

ψ(Li
m,L

j
n) := −1

3

(
m2 − 1

4

)
δm+n,0δi,j .

We introduce Z-gradation of � in a way similar to (30).

Theorem 5.3. The semi-infinite character γ ∈ HomC
(
�0̄,C0

0̄

)
of � is given

as follows:

(1) Case ε = (0, 0, 0, 0):

γ (c) = −12,

γ (L0) = −1,

γ (L
ij

0 ) = 0 ((i, j) = (1, 2), (2, 3), (3, 1)).
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(2) Case ε = (1, 1, 1, 1):

γ (c) = −12,

γ (L0) = −1

2
,

γ (L
ij

0 ) = 0 ((i, j) = (1, 2), (2, 3), (3, 1)).

(3) Case ε = (1, 1, 0, 0):

γ (c) = −12,

γ (L0) = −1

2
,

γ (L
ij

0 ) = 0 ((i, j) = (1, 2)).

By using the commutation relations in Proposition 5.1, one can directly
show this theorem in a way similar to Theorem 5.2.

Remark 5.4. The central charge γ (c) of the semi-infinite character γ of the
simple Z-graded Lie superalgebras in Subsection 5.2.1 and 5.2.2 is called the
critical dimension in the superstring theory (e.g., [9]). Although, the value γ (c)
may not necessarily coincide with the critical dimension in some references
because of the normalization of the central element c, this value coincides with
the central charge in the condition that the square of the BRST charge vanishes
(see Subsection 2.4).

N = 0 N = 1 N = 2 N = 3 (big) N = 4 (small) N = 4

γ (c) 26 15 6 0 0 −12

5.2.3. CK6(ε). The Z-graded Lie superalgebra CK6(ε) has the semi-infinite
character without central extension. Indeed, by using the commutation re-
lations in Proposition 5.4, one can check the following theorem by direct
computation.

Theorem 5.4. The semi-infinite character γ ∈ HomC
(
�0̄,C0

0̄

)
of CK6(ε) is

given as follows:

(1) Case ε = (0, 0, 0, 0, 0, 0):

γ (B0) = −2, γ (B
ij

0 ) = 0 (1 ≤ i < j ≤ 6).
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(2) Case ε = (1, 1, 1, 1, 1, 1):

γ (B0) = 0, γ (B
ij

0 ) = 0 (1 ≤ i < j ≤ 6).

(3) Case ε = (1, 1, 0, 0, 0, 0):

γ (B0) = 0, γ (B
ij

0 ) = 0 ((i, j) = (1, 2) or 3 ≤ i < j ≤ 6).

(4) Case ε = (1, 1, 1, 1, 0, 0):

γ (B0) = 0, γ (B
ij

0 ) = 0 (1 ≤ i < j ≤ 4 or (i, j) = (5, 6)).

5.2.4. W(2). Let � := W(2)⊕Cc be the non-trivial central extension defined
by the following two cocycle ψ :

ψ

(
tkθ1

∂

∂θ2
, t lθ2

∂

∂θ1

)
= −kδk+l,0,

ψ

(
tkθ1θ2

∂

∂θ2
, t l

∂

∂θ1

)
= kδk+l,0,

ψ

(
tkθ1

∂

∂θ1
, t lθ2

∂

∂θ2

)
= kδk+l,0,

ψ

(
tkθ2θ1

∂

∂θ1
, t l

∂

∂θ2

)
= kδk+l,0.

We regard � as a Z-graded Lie superalgebra in a way similar to (30). By
direct computation, we have

Theorem 5.5. The semi-infinite character γ ∈ HomC(�0̄,C0
0̄
) of � is given

as follows:

(1) Case (β1, β2) = ( 1
2 ,

1
2 ):

γ (c) = 1,

γ

(
t
∂

∂t

)
= 1,

γ

(
tθ1θ2

∂

∂t

)
= γ

(
θi

∂

∂θj

)
= 0 (∀i, j ∈ {1, 2}).

(2) Case (β1, β2) = (0, 0):

γ (c) = 1,

γ

(
t
∂

∂t

)
= 0,

γ

(
tθ1θ2

∂

∂t

)
= γ

(
θi

∂

∂θj

)
= 0 (∀i, j ∈ {1, 2}).
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(3) Case (β1, β2) =
(

1
2 , 0

)
:

γ (c) = 1, γ

(
t
∂

∂t

)
= 0, γ

(
θi

∂

∂θi

)
=

{
0 if i = 1

1 if i = 2
.

5.3. Contragredient Lie superalgebra

In order to describe the Feigin-Arkhipov-Soergel duality for basic classical Lie
superalgebras or some affine Lie superalgebras, here, we give the semi-infinite
character of contragredient Lie superalgebras.

5.3.1. Definition. We recall the definition of a contragredient Lie superal-
gebra. Let I be a finite index set, and let τ be a subset of I . Let A = (ai,j )i,j∈I
be a complex matrix of rank l. Let � be a (2n− l)-dimensional C-vector space.
Let & := {αi | i ∈ I } (resp. {hi | i ∈ I }) be a linearly independent finite
subset of �∗ (resp. �), which satisfies αi(hj ) = aj,i for any i, j ∈ I . We set
Q := ⊕

i∈I Zαi .

Definition 5.2. A Lie superalgebra � over C is called a contragredient Lie
superalgebra if

(1) � isQ-graded, i.e., � = ⊕
α∈Q �α and [�α, �β] ⊂ �α+β for anyα, β ∈ Q,

(2) there exist ei and fi (i ∈ I ) such that
(a) � is generated by {ei, fi, h|i ∈ I, h ∈ �},
(b) �0 = �, �αi = Cei and �−αi = Cfi ,
(c) for any h, h′ ∈ � and i, j ∈ I ,

|h| = 0̄, |ei | = |fi | =
{

0̄ i 
∈ τ

1̄ i ∈ τ
,

[h, h′] = 0, [ei, fj ] = δi,j hi,

[h, ei] = αi(h)ei, [h, fi] = −αi(h)fi,
(3) every Q-graded ideal � of � such that � ∩ � = {0} is zero.

For α ∈ Q such that α = ∑
i∈I miαi , set ht α := ∑

i∈I mi . For n ∈ Z, set
�n := ⊕

ht α=n �α . Then, � = ⊕
n∈Z �n is a Z-graded Lie superalgebra with

�1 =
⊕
i∈I

Cei, �0 = �, �−1 =
⊕
i∈I

Cfi.

5.3.2. Semi-infinite characters of contragredient Lie superalgebras. Let ρ
be an element of �∗, which satisfies

ρ(hi) = 1

2
αi(hi) (∀i ∈ I ).
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One can show the following theorem by direct computation.

Theorem 5.6. The semi-infinite character γ ∈ HomC(�,C0
0̄
) of a contra-

gredient Lie superalgebra � is given by

γ = −2ρ.

5.4. Appendix: Simplicity of CK4(ε) and CK6(ε)

In this subsection, we prove that CK4(ε) is a simple Z-graded subalgebra of
K ′(4; ε). Here, we omit the proof for CK6(ε), since a similar argument works.

5.4.1. CK4(ε). Recall that for each ε = (ε1, . . . , ε4) such that
∑4

i=1 εi ≡ 0
(mod 2) and β ∈ {±1}, CK4(ε) is the Z-graded subspace spanned by the
vectors (28). By direct computation, we have

Proposition 5.1. The following commutation relations hold.

{Lm,Ln} = (m− n)Lm+n,

{Lm,L
ij
n } = −nLij

m+n,

{Lm,L
i
n} =

(m
2

− n
)
Li
m+n,

{Lij
m ,L

pq
n } =




0 if ;({i, j} ∩ {p, q}) = 0, 2

2δi,pL
jq
m+n − 2δi,qL

jp
m+n

− 2δj,pL
iq
m+n + 2δj,qL

ip
m+n

if ;({i, j} ∩ {p, q}) = 1
,

{Lij
m ,L

p
n } =

{
δi,pL

j
m+n − δj,pL

i
m+n if p ∈ {i, j}

−∑
q βε

ijpqL
q
m+n if p 
∈ {i, j} ,

{Li
m,L

p
n } =

{
2Lm+n if i = p

−(m− n)L
ip
m+n if i 
= p

,

where

εijpq :=
{

sgn
(

1234
ijpq

)
if {i, j, p, q} are distinct

0 otherwise
.

Hence, CK4(ε) is a Z-graded subalgebra of K ′(4; ε).
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The Neveu-Schwarz and the Ramond sectors of CK4(ε) are respectively
isomorphic to S ′(2; 0) and S ′(2;−1). To describe the isomorphisms, we recall
the following fact. For each n ∈ Z, let Ln be the vector defined in (21) and

L̃n := −tn+1 ∂

∂t
− (n+ α + 1)tn

(
θ1

∂

∂θ1
+ θ2

∂

∂θ2

)
.

Notice that θiL̃n ∈ S ′(2;α) for i = 1, 2. Then, each graded subspaceS ′(2;α)m
(m ∈ Z) can be described as follows:

(1) The Neveu-Schwarz sector (n ∈ Z):

S ′(2;α)2n = CLn ⊕ Ctn
(
θ1

∂

∂θ1
− θ2

∂

∂θ2

)
⊕ Ctnθ1

∂

∂θ2
⊕ Ctnθ2

∂

∂θ1
,

S ′(2; 0)2n+1 = Ctn+1 ∂

∂θ1
⊕ Ctn+1 ∂

∂θ2
⊕ Cθ1L̃n ⊕ Cθ2L̃n.

(2) The Ramond sector (n ∈ Z):

S ′(2;−1)2n = CLn ⊕ Ctn
(
θ1

∂

∂θ1
− θ2

∂

∂θ2

)
⊕ Ctnθ1

∂

∂θ2

⊕ Ctnθ2
∂

∂θ1
⊕ Ctn

∂

∂θ1
⊕ Ctn

∂

∂θ2
⊕ Cθ1L̃n ⊕ Cθ2L̃n,

S ′(2;−1)2n+1 = {0}.
We set

εα :=
{
εNS α = 0

εR α = −1
, kα :=

{
1
2 α = 0

0 α = −1
.

Proposition 5.2. Forα ∈ {0,−1}, the following map CK4(εα) → S ′(2;α)
gives an isomorphism of Z-graded Lie superalgebras.

Lm �−→ Lm, L1
m �−→

(
tm+kα ∂

∂θ2
+ θ2L̃m−kα

)

L12
m �−→ −√−1tm

(
θ1

∂

∂θ1
− θ2

∂

∂θ2

)
, L2

m �−→ −√−1

(
tm+kα ∂

∂θ2
− θ2L̃m−kα

)

L23
m �−→ −√−1tm

(
θ1

∂

∂θ2
+ θ2

∂

∂θ1

)
, L3

m �−→
(
tm+kα ∂

∂θ1
+ θ1L̃m−kα

)

L31
m �−→ tm

(
−θ1

∂

∂θ2
+ θ2

∂

∂θ1

)
, L4

m �−→ −√−1β

(
tm+kα ∂

∂θ1
− θ1L̃m−kα

)

Finally, we show the simplicity (as Z-graded Lie superalgebra) of CK4(ε).
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Proposition 5.3. For each ε = (ε1, . . . , ε4) such that
∑4

i=1 εi ≡ 0
(mod 2), CK4(ε) is a simple Z-graded Lie superalgebra, i.e., it has no non-
trivial Z-graded ideal.

Proof. Since S ′(2;α) are simple Z-graded Lie superalgebras, the simpli-
city for the Neveu-Schwarz and the Ramond sectors follows from the above
isomorphisms. Here, we only consider the other sectors.

We may assume that ε = (1, 1, 0, 0). Set � := CK4(ε). One can directly
show that

Lemma 5.2.
(1) For any m ∈ Z≥0, if x ∈ �m commutes with �−1, i.e., {�−1, x} = {0},

then x = 0.

(2) For any m ∈ Z<−1, if x ∈ �m commutes with �1, i.e., {�1, x} = {0}, then
x = 0.

(3) We set

�± := C
(
L23

− 1
2
±√−1L31

− 1
2

) ⊕ C
(
L3

− 1
2
∓√−1βL4

− 1
2

)
.

Then, �± are irreducible �-submodules of �−1 which satisfy �−1 = �+⊕
�− and �+ 
� �− as �-module.

The first and the second statements imply that any non-zero Z-graded ideal
� = ⊕

n∈Z �n (�n := � ∩ �n) of � satisfies

�−1 
= {0}.

Hence, by the third statement we have

�+ ⊂ � or �− ⊂ �.

This implies that L0 ∈ � since

{
L3

− 1
2
+√−1βL4

− 1
2
, L3

− 1
2
−√−1βL4

− 1
2

} = 4L−1,
{
L1, L−1

} = 2L0.

Using this fact, we obtain �m ⊂ � for m 
= 0, and thus, � = �.

5.4.2. CK6(ε). Recall that for each ε = (ε1, . . . , ε6) such that
∑6

i=1 εi ≡ 0
(mod 2) and β ∈ {±√−1}, CK6(ε) is defined as the Z-graded subspace of
K(6; ε) spanned by the vectors (26).
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Proposition 5.4. The following commutation relations hold:

{Bm,Bn} = (m− n)Bm+n,

{Bm,B
ij
n } = −nBij

m+n,

{Bm,B
i
n} =

(m
2

− n
)
Bi
m+n,

{Bm,B
ijk
n } = −

(m
2

+ n
)
B
ijk
m+n,

{Bij
m,B

pq
n } =




0 if ;({i, j} ∩ {p, q}) = 0, 2

δi,pB
jq
m+n − δi,qB

jp
m+n

− δj,pB
iq
m+n + δj,qB

ip
m+n

if ;({i, j} ∩ {p, q}) = 1
,

{Bij
m,B

p
n } =

{
δi,pB

j
m+n − δj,pB

i
m+n if p ∈ {i, j}

−mBijp
m+n if p 
∈ {i, j}

,

{Bij
m,B

pqr
n } =




0 if ;({i, j} ∩ {p, q, r}) = 0, 2

δi,pB
jqr
m+n − δi,qB

jpr
m+n

+ δi,rB
jpq
m+n − δj,pB

iqr
m+n

+ δj,qB
ipr
m+n − δj,rB

ipq
m+n

if ;({i, j} ∩ {p, q, r}) = 1
,

{Bi
m,B

p
n } =

{
2Bm+n if i = p

−(m− n)B
ip
m+n if i 
= p

,

{Bi
m,B

pqr
n } =

{−δi,pBqr
m+n + δi,qB

pr
m+n − δi,rB

pq
m+n if i ∈ {p, q, r}∑

k<l βε
klipqrBkl

m+n if i 
∈ {p, q, r} ,

{Bijk
m ,Bpqr

n } = 0,

Bpqr
m = βεpqrijkBijk

m , if {p, q, r} ∩ {i, j, k} = ∅,
where

εklipqr :=
{

sgn
(

123456
klipqr

)
if {k, l, i, p, q, r} are distinct

0 otherwise
.

Hence, CK6(ε) is a Z-graded subalgebra of K(6; ε).
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Similarly to Proposition 5.3, one can show that

Proposition 5.5. For each ε = (ε1, . . . , ε6) such that
∑6

i=1 εi ≡ 0
(mod 2), CK6(ε) is a simple Z-graded Lie superalgebra.
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