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SCHATTEN-VON NEUMANN PROPERTIES
OF BILINEAR HANKEL FORMS OF
HIGHER WEIGHTS

MARCUS SUNDHALL*

Abstract

Hankel forms of higher weights, on weighted Bergman spaces in the unit ball of C¢, were intro-
duced by Peetre. Each Hankel form corresponds to a vector-valued holomorphic function, called
the symbol of the form. In this paper we characterize bounded, compact and Schatten-von Neu-
mann %), class (2 < p < 0o) Hankel forms in terms of the membership of the symbols in certain
Besov spaces.

1. Introduction and Main Results

1.1. Introduction

Hankel operators on the unit disc have been studied extensively and have
found many applications, see [13], [22] and [8]. One of the central problems
is to study the characterization of their Schatten-von Neumann properties. We
recall briefly the definition of Hankel operators on a Hardy space on the unit
disc. Consider the Hardy space H>(T) C L*(T) of holomorphic functions,
where T = {7 € C: |z] = 1}. Let P : L*(T) — H?*(T) be the Szegd
projection. The Hankel operator H '+ with holomorphic symbol f is defined by
ﬁfg = - P)(fg), g € H*(T). It can also be viewed (up to a rank one
operator) as a bilinear form Hy on H 2(T), namely

Hy(g1, &) = /a f(2)81(2)g2(z) do (2).
D

Their Schatten-von Neumann properties were studied first by Peller, see [14].
It is proved there that Hy is of Schatten-von Neumann class if and only if f is
in a certain Besov space. The corresponding problem for Hankel forms on a
Bergman space has been studied in [8] and [18]. It was realized later that the
Hilbert-Schmidt Hankel forms on a weighted Bergman space can be viewed as
the first irreducible component in the irreducible decomposition of the tensor
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product of two copies of the Bergman spaces, and subsequently Janson and
Peetre [7] introduced the Hankel forms of higher weights on Bergman spaces
on the unit disc; see also [19] where multilinear Hankel forms are studied.

A natural problem is to consider Hankel forms on the unit ball in C¢. In
[11] Peetre introduced Hankel forms on the unit ball. As in the case of the unit
disc the spaces of Hankel forms of higher weights are explicit characterization
of irreducible components in the tensor product of Bergman spaces under the
Mobius group, see [7], [11] and [15]. However their Schatten-von Neumann
properties have not been studied so far. In this paper we will address this
problem.

The Hilbert and Banach spaces of symbols appearing in this paper are
closely related to the quotients of function modules studied in [4], and the
expansion of the reproducing kernels of some similar spaces have been studied
in [6]. It is interesting to consider those problems in our context.

Part of this paper is from my licentiate thesis under the supervision of my
advisor Genkai Zhang. I would like to thank him for many fruitful discussions.
I am also grateful for all the encouragement and help from my supervisor Yang
Liu. I thank also the referee for his/her comments, remarks and for pointing
out certain incomplete arguments. After the first manuscript was submitted we
have established a necessary and sufficient condition for the membership of
Hankel forms in Schatten-von Neumann class %, 2 < p < oo, by studying
the Bergman type projections (see Section 7 and Section 8).

The paper is arranged in the following manner. In Section 1 we introduce the
Hankel forms and state the main results in the form of three theorems. Section 2
consists of preliminary results. Section 3 is devoted to certain Banach spaces of
vector-valued holomorphic functions. Section 4 gives an equivalent description
for certain Besov spaces. The proofs of Theorem 1.1(a) and Theorem 1.1(b)
are given in Section 5 and Section 6 respectively. The proof of Theorem 1.2
is given in Section 6. In Section 7 we prove some L”-boundedness properties
of certain Bergman type projections, which are used in Section 8 to prove
Theorem 1.3.

1.2. Notation

Let H; and H, be Hilbert spaces and let T : H; — H, be a linear operator.
Define the singular numbers s, (7)) = inf{||T — K| : rank(K) < n},n > 0.
If T is compact, these singular numbers are equal to the eigenvalues of |T| =
(T*T)l/ 2. We denote by %, the ideal of operators for which {s,(T)},>0 € (7,
0 < p < o0, see [21]. We remark that % is the class of bounded operators.
(The compact operators correspond to cg, not to [*°.)

Let dm denote the Lebesgue measure on the unit ball B  C? and let di(z)
be the measure (1 —|z|?) ¢~ dm(z). Ford < v < ocoletdt,(z) be the measure
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cy(1 —z|%)" di(z), where c, is chosen such that

/dty(z) =1,
B

ie.,c, =T (V)/(@IT (v —d)). The closed subspace of all holomorphic func-
tions in L?(dt,) is denoted by L2 (dt,) and is called a weighted Bergman space.
Note that the space LZ (dty) has areproducing kernel K, (w) = (1 —(w, z))7",
that is,

M) f@=(fK;), = /B Fw) K (w)de,(w), fe lel(dL,)), zeB.

Denote by B(z, w) the Bergman operator on V = C¢ as in [10], namely
(2) B(z,w) = (1 —(z,w)U —z®@w"),

where z ® w* stands for the rank one operator given by (z ® w*)(v) = (v, w)z.
Viewed as a matrix acting on column vectors it is

3) B(z,w) = (1 — (z, w)(I —zw"),

where w' is the transpose of w. B(z, w) is holomorphic in z and antiholo-
morphic in w.

The Bergman metric at z € B, when we identify the tangent space with V/,
is (B(z, z)"'u, v) for u, v € V. We note that

(4) Bz, w)™'= (1= (z.w) (1 = (z.w)] +z@w*).

Let B'(z, w) denote the dual of B(z, w) acting on the dual space V' of V.
When acting on a vector v' € V'itis

&) B'(z, w)v' = (1 — (z, w)v'(I — z").
Actually we may identify B’ (z, w) with (1 — (z, w))(I — wz").
For a non-negative integer s, let ®° V' be the tensor product of s factors V’

and let ®" V' = C. The space ®° V' is equipped with a natural Hermitian inner
product induced by that of V', so that

N
W ® @ vy, wi ® - ®wy) = [ [(vj, wy)
j=I

where v;, w; e V', j=1,...,s.
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Let {uy,...,uq} C V'.Denote by u} O u} ©®--- 0 ”f; the sum

il i)
LN M@ R u® @ Uy ® - ® )
A\ — —_—

nes i1 factors is factors

wherei; +---+ig =5, = S8/(Si, x---xS;,), Sy is the permutation group
acting on the tensor by permutating the factors in the tensorand §;,, .. ., S;, are
the subgroups permutating the first i1, the second iy, ..., the last i; elements
respectively.

Let {e}, ..., eq} be a basis for V'. Denote by ©*V’ the subspace of sym-
metric tensors of length s

{ Y vl 0o 0 i=(....ia) e Ny eC}.
i1 +eetig=s

Also, denote by ®*B’(z, z) the operator on ®* V' induced by the action of
B'(z,z) on V', where ®"B'(z,2) = 1.

1.3. Hankel forms and main results

The Transvectant 9 on Lg (du) ® Li (dt,) (introduced in [11], see also [12]
and [15]) is defined by

N

ok 95—k
©6) T (f. g)(z)=z<z)(_1)x_k F@) © 9 g(z)

P (W) (W)s—k

where

d
Pf@) =Y 8 -0,f(2)dz;, ® - ®dz, €OV

Jl]le

and (W) =v(w+1)---(v+k —1), (v)g = 1, is the Pochammer symbol.
The Hankel bilinear form H$. on L2(dt,) ® L2(dv,) is defined by

™ Hi(f g) = /B (B (2. )7 (f. £)(2). F(2)) diny ()

where F : B — ©°V’ is holomorphic. We call F the symbol of the corres-
ponding Hankel form. We remark that

HY(f. g) = /B FQe@OF@ din(2).

This is the classical Hankel form studied in [8].
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With the form Hj}. one can associate the operator A’ defined by
Hi(f.g) =(f. A%g),

as in [8]. Notice that A% is an anti-linear operator on Lﬁ (dty). To get a linear
operator one combines A% with a conjugation, i.e., one instead considers the
operator Z; i g — ATFg We say that Hj. is of Schatten-von Neumann class
Fp, for 0 < p < oo, if and only ifoF : Lﬁ(dtv) — L2(dy,) is of class 7.

Finally we present the main results, of this paper, in the form of three
theorems where we let s be a non-negative integer.

THEOREM 1.1. Let F : B — ©°V’ be a holomorphic function.

(a) Hj. is bounded if and only if

sup ((1 — [z[)* ®" B'(z, 2)F (2), F(2)) < +00,

zeB
(b) Hj is compact if and only if

(1= 1z)* ®° B'(z,F (@), F()) = 0 as |z /1.
THEOREM 1.2. H}. is of Hilbert-Schmidt class &, if and only if

/((1 — 21)? ®" B'(z, 2)F(2), F(2)) di(z) < +o00.
B

THEOREM 1.3. H}. is of class &), for 2 < p < oo, if and only if

/((1 — 2P ®' B'(z, ) F(2), F(2))"? du(z) < +o0.
B

2. Preliminaries

2.1. G = Aut(B): The automorphisms of B
We shall need some results on the group G = Aut(B) of biholomorphic map-
pings of B.

Let P, be the orthogonal projection of C¢ into Cz and let Q. = I — P.. Put
s, = (1 — |z|*)!/? and define a linear fractional mapping ¢, on B by

z— Pw—s5,0,w

(8) prlw) =
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If g € G and g(z) = O then there is a unique unitary operator U : C¢ — C4
such that
§=Ug..

Sometimes g(z) will be written as gz. Define the complex Jacobian J, by
Jo(w) = det(g’(w)). Then we have J,(w) = det U - J, (w). Lemma 2.1 gives
the differential of the Mobius transformations. It can be proved by similar
computations as in the proof of Theorem 2.2.2 in [20].

LEMMA 2.1. Let @, be the linear fractional mapping (8) on B. Then

—s2P. —5,0; +5.((w,2) —w®z*)
(1 —(w,z))? .

Q. (w) =

By computating the determinant of ¢ (w) we get the next proposition. It is
a refinement of Theorem 2.2.6 in [20], which we state as a corollary.

PROPOSITION 2.2. Let @, be the linear fractional mapping (8) on B. Then

d+1
nw=cr ()
1—(w,z)

CoROLLARY 2.3. Let g € G. Then the real Jacobian Jr 4 of g is

_ 2 d+1
JRew) = [J,(w)|* = (%) .

1 —(w,z

We need also the Forelli-Rudin estimate (see Proposition 1.4.10 in [20]).

LEMMA 2.4. Let y > a > d. Then

(1= w)* 12—
/B—Il o)l du(w) = C(1 —z[%) :

2.2. Some elementary properties of the Bergman operator

Let g € G. Combining Proposition IX.1.1 with Proposition IX.2.6 in [3] we
get

B(z,w)™" = (dg(w))* B(gz, gw) 'dg(z).
This yields

9) B'(gz, gw) = (dg(w)")*B'(z, w)dg(z)".
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Now we consider another property of the Bergman operator. It holds that

(10) B'(z,2) = (1 — 21" Q: + (1 — |z]»)* P;.
Thus
(11) (1 =12 < B'(z,2) < (1 — |z]))1;

in particular B’(z, z) is a positive operator. Actually ®° B'(z, z) is positive on
®*V’. To prove this we need an elementary observation.

LEmMA 2.5. Let H; and H, be Hilbert spaces. Let A and B be positive
operators on Hy and H, respectively. Then the operator A ® B is positive on
the induced Hilbert space Hy @ H;.

REMARK 2.6. Since B'(z, z) is positive on V' we have now that ®° B'(z, z)
is positive fors =0, 1,2, ....

2.3. The norm of z* in the Bergman space L2(dv,)

Leto = («1, a2, ..., ag) denote ordered d-tuples of non-negative integers «;
and denote |«| = a1+ - - +a. Then the polynomials {z*} forms an orthogonal
basis for Lg (dv,) and

Ol]!Olz!-"Old!

O™

where (V) = v+ 1) -+ ol =1) =T W+ o))/ TW), (V) =1,1s
the Pochammer symbol.

(12) 1212 = /B 2§25 g P, () =

2.4. Some remarks on boundedness, compactness and &,

Consider the bilinear Hankel form Hj with symbol F. First observe that the
operator norm of the corresponding operator Z; equals

IHpl = sup  [Hp(f, &)l
1£l=lgh=1

IfZ; is compact and {g,}7>, C Li(dtv), with ||g, ]|, = 1, g, — 0 weakly as
n — oo, then there is a sequence {c, };>, of positive numbers such that

foralln. Alsoc, — Oasn — oo. Ontheotherhand, if {A,}2 , is asequence of
compact bilinear forms on Li di)® Lfl (du,) such that A, — Hj, in operator
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norm, then H}. is compact. Also H}. is of Hilbert-Schmidt class %> if and only

if
!HSUy Z Z|Hs(€a,€ﬂ)| < 00

la|=0[8]=0

where e, = z%/|1z%||,. In addition, if A is a bilinear form on Li dy)® Lg (dv)
of Hilbert-Schmidt class, then A is compact.
3. The Banach space ¢/,

Let L{,’,S, for 1 < p < oo, be the space of measurable functions S : B — @V’
such that

1/p
1Slls.p = ( /B (1= 1z)* & B'(z,2)S(), S))" dl(z)) < o0,

Then L1 is a Banach space. The closed subspace of holomorphic functions
in LY ; is denoted by 7.

3.1. Transformation properties of H}.
Define an action 7, of G on Lg (du)) by

v/(d+1)

13) 7,8 €G, f(w) = f(g™ w) (Jg1(w))

ReEMARK 3.1. Letz € B. Then %(1 — (w, z)) > (1 —|z|]) > Oforallw € B
so that (1 — (w, z))* can be defined as a holomorphic function in w for any
real «. Thus for any g € G, writing g = U@, where U € %(d) and ¢, is the
linear fractional mapping (8), we let, according to Proposition 2.2,

(Jo1 )" = (=1 = |22 det 0) V(1 = (w, 7))

which then defines a holomorphic function in w.

Actually 7, : ¢ — 7,(g) is a projective unitary representation on L2 (dt,),

that is |77, () fIlv = [ fllv and 7,(g182) = C (g1, &2)7,(81)7,(&2) for some
constant C (g1, g2). This yields the following equality of two operator norms

(14) I1Hp (0(8) (), 0 (8) (D) | = 1 HEI.
Define an action 7, ; on 7 b

(15)  7.,:8€G,52) = (& (dg7'())S(g™ ') (Jo1 (2 ))2u/(d+1>'
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Then

(16) Hp(m,(8) fi, m0(8) f2) = Hy(f1, f2)

where S(z) = w5 (g~")F(z). Equation (16) is a consequence of Lemma 3.2
below. Define an action 7, (-) ® 7, (-) on L%(dtv) ® Li (dy) by

(17 mm: ge G, (fi(wy), f2(w))

— fl (g_lwl)fz(g_lwz) (Jg-l (wl))v/(d+l) (Jg—l (wz))v/(d-H) .

The following invariance property of the Transvectant is proved in [11], see
also [15].

LEMMA 3.2. Let v, s and 7, (-) ® 7, (-) be the representations given by (15)
and (17) respectively. Let g € G. Then

Ty (m(8) ® 1, (8)) (f1, f2) = 05T (1, [2).

REMARK 3.3. It follows from Theorem 4.1 that 7 takes values in 7. In
fact, Theorem 4.1 shows that  : Lﬁ (dy) ® Lﬁ (di,) — %fx is a bounded
bilinear form.

REMARK 3.4. As a consequence of Lemma 3.2 we have (16), namely
H}((0(8) @ m0(9)) (f1. ) = (T (mu(8) @ 1, (8)) (fi, f2), F)
= (”v,x(g)'g—s(fla f2)» F>v,s,2

=(7,(f1, ). mus(g")F)

v,s,2

v,s,2

which gives the result if we observe that S = m,, ¢ (g HF.

3.2. Reproducing kernel of the space %U%S

LEMMA 3.5. The reproducing kernel of %ﬁs is, up to a nonzero constant,
Kus@w) = (1—{z,w)) ™ & (B'(z,w) .
Namely, for any f € %ﬁs and any v € ©*V' it holds that
(F@.v) = c(fO. KusC ),

= c/ (1= w?? & B'(w, w) f(w), Ky (w, 2)v) di(w).
B
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Proor. For any v € ©°V’ we prove that f — (f(z), v) is a bounded
functional on 97 . It follows then by Riesz lemma that there exists a function
R(z,w) : @'V' — OV’ such that (f(z),v) = (f, R(-, 2)v),s2. Let f €
%ﬁs and let z € B. Since z — || f(z)|| is subharmonic then

@I = Car [ f @ dizu(w)
z+rB
so by Jensen’s inequality

If @I < C&,r,.,/ L (w)1? deay (w)

z+rB

if z + rB C B. On the other hand, there is a constant d, > 0 such that d,I <
®*B'(w, w) for all w € z + rB. Hence

I f @I < Dar f (1= 121H% @ B'(w, w) f(w), f(w)) du(w)

z+rB

so that f — (f(2), v) is bounded. Then the reproducing property at z = 0
reads as

(f0),v) =(f(), R(, 0)v)y 2.

On the other hand, the space of ©° V’-valued polynomials is dense in %‘fs and
(p(-), v)y 52 = 0 for all homogeneous polynomials of degree > 1. Thus if

f@ =) ful®
m=0

where f;,, are homogeneous polynomials of degree m, then

(£, v)s2 = (fo(), V)us2 = (f(0), v)vs2 = c'(£(0), v).

Therefore

1
(FO)REC0v)s2 = (£(0), v) = Z {F (), V)s2

so that R(-, 0) = c¢I with ¢ # 0. Next we prove that R(z, w) transforms under
G as follows

(18) R(gz,gw)

= (®°dg(2)") " Rz, w)(®* (dgw))*) " (J,(2)) "

-\ —2v/(d+1
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where ¢ € G. Indeed, for all F € ;.
(F(2),v) = / (1 = w* & B'(w, w)F(w), R(w, 2)v) di(w)
B

from which it follows that for all f € Li (dv,)

(19) (J,@? "D &% dg(2)' f(g2), v)
— / <(1 _ |w|2)21) ®S Bt(w, U))Jg(w)zv/(d+1)
B
®'dg(w)' f(gw), R(w, 2)v) du(w).

On the other hand, it follows from (9)

(£, (@)™ & (dg@))"v)
diz, (w)

Coy

= [{e'B @ wirw). Rw. g (@) & (d5@)"0)
B

= (& v w1 w. Rew, 20 (70) " @ (@)
2 dlZv(w)

. ‘(Jg (w))ZV/(d-Fl)‘
Coy

= /B (1= wP)™ @ B (w, w) (J,)™" " & dg(w)’ f(gw),
®" dg(w)' R(gw, g2) ® (dg(2)')"v)
'(Jg(z))zv/(d-i'l)(‘] w ))2v/<d+1> di(w),
Comparing this with (19) we get (18). Now both R(z, w)/c and K, ,(z, w)

satisfy the same transformation rule (18) and are identity operator at z = 0.
Thus they are the same for all z, w € B. This completes the proof of the lemma.

4. The Besov space %,
Lets =1,2,3,...and define

-%)v,s

= {f : B — Cholomorphic, /(@‘YBI(Z, 2)0° £ (2), 8‘f(z))dtu(z) < +oo}.
B
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The space %, ; is called a Besov space. It is a Hilbert space, equipped with the
inner product (-, -), s given by

(f. 8)vs = FOgO) +---+{@“ D £)(0), (8° Vg)(0))
+ / (®°B'(z,2)9° f(2), 8°g(2)) du, (2).
B

Actually %, s = Lg (dty), namely they are equal as sets and their norms are
equivalent, as is shown below.

THEOREM 4.1. There exist constants C, 5, D, s > 0 such that

Cos - Iflv = 1 fllvs = Dos - I f1ly

Sor all holomorphic f : B — C.
We need first some elementary lemmas.

LEMMA 4.2. Let f,, and f, be homogeneous holomorphic polynomials of
degree m and n respectively, with m # n. Then ( f, fn), s = 0.

PrOOF. Let 0 < @ < 2m. Then ¢ # 1. Since f,, is a homogeneous
polynomial of degree m we have f,,(¢!?z) = €™ f,,(z). Given m and n with
m # n, it is enough to prove that

(20) (s Fadus = €7\ fos fadus

The case s = 0 follows directly from the homogeneity. Now consider the case
s = 1. Itis easy to see that B'(z, z) = B'(e~"%z, e7?7). By the chain rule and
homogeneity it follows that

@fn) (€ w) = e Pa(fn(e? )W) = ™ V(@) (w)

so that the equation (20) holds for s = 1. The cases s = 2, 3, ... now follow in
the same way if we first notice that (9° f,,) (e’?w) = /™= (3 f,,)(w). This
completes the proof.

We recall now a result from Rudin (Theorem 12.2.8 in [20]). Consider the
space &, of all homogeneous holomorphic polynomials of degree m on B with
the natural group action of the unitary group %(d):

(m, )(2) = f(g'2), feP geUd).

Then (@m, zrg) is a unitary irreducible representation of %(d). As a con-
sequence of Schur’s lemma (Theorem 1.10 in [2]) we have
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LEMMA 4.3. Let m be a non-negative integer. Then there exists a positive
constant C, s ,, such that

”fm”v,s = Cv,s,m . ”fm”v
for all f,, € Py,

REMARK 4.4. Actually, this lemma is a special case of the result in exercise
1.16.7 in [2].

Now we can prove the norm-equivalence of %, ; and Lﬁ (diy).

PrROOF OF THEOREM 4.1. It is enough to prove the theorem for f with
f(O0) = --- =37 £(0) = 0. Write f = Z;OZO fm where f, € #,. By
Lemma 4.2 we have that {f,,}°°, is an orthogonal set in both L2(dt,) and
B, 5. Also, by Lemma 4.3 we have || fullvs = Cosm + | filly where C,, 5
does not depend on f,, of degree m. We compute C, 5 ,, and prove that there
exist positive constants C,, ; and D, ; such that

(21) Cv,s =< Cv,s,m =< Dv,x

for all m. We may assume that m > s. Take f,,(z) = z'. We shall calculate

I fulls, = fB(®SB’(Z,Z)3Sfm(Z), 3 fu(2))duy (2).

First observe that
(® B (z,2)8° fu(2), " fu(2))
= (®*B'(z,2) (3{z]') ®" dz1, (3{z]') ®" dz1)
= (B'(z, 2)(8}2"dz1, (8j2)dz1) - (B' (z, 2)dz1, dm)s_1

C(m+1)2

= m(l — 121 = |21 D)z 2.

We have

Cv/ P =1z A = 12" diz) =
B

21129 (1= z1»)°* / (I=1z1 = 121D dm(Z ) dm(zy)
./z,|<1 |zl <A/ 1=1z211?

and

(1 _ |Z1|2 _ |Z/|2)V+S7d71dm(z/) — C‘/) . (1 _ |Zl|2)U+S72.

/I‘Z’<\/1|11I2
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Since

f 121201 = |21 = |z D2 dm(zy)
lz1]<1

'm—-—s+1DI'v+2s—1)

— C//'
' I'm+s+v)
we get )
If ”2 . 'm+DTWwW+2s—1)
s T Pm—s+ DI(m +s +v)
On the other hand » ”2 B T(m + 1)C(W)
T T m 4 v)
so that
» Wl T+ DI +25s — DT m +v)

= _a\) .
R VA I'm —s+DI'(m+s+v)'(v)
For m > s we have
F'm+ DHI'(m +v) _ mm—1)---(m—s5+1)
T'm—s+Dlm+s+v) m+s+v—1)---(m+v)

(1=5)--- (=)

T+ ()

m

so that

(1=9)-(=%) __ Tm+Dlm+v)
(142 (1+2L) " Tm—s+ DT m+s+v) ~

Vs

So (21) follows by putting

a, b, -T(w+2s—1)
')

and

. :\/av-F(v+2s— n
’ (v
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5. Boundedness

5.1. The Banach space 7
Denote by L% the space of functions F : B — ©*V' such that

| Fllosoo = sup((1 = 2P @ B'(z. F (), F(2) < oo.

zeB

If we write || F|l,,5,00 = Sup,¢p |S(2)|lw where

IS@lw = [ (1 =1z @ B'(z,2) *F@)||

and W = ©'V’, then L} is a Banach space since it is easy to see that, if
S, : B — W satisfies

e e]

> sup S, @)llw < 00
n=1 zeB
then thereisa S : B — W with sup, g [|S(z)[|lw < 00 such that

-0 as N — oo.
w

sup
zeB

N
S@) =Y Si(2)
n=1

The closed subspace of holomorphic functions in L} is denoted by 775 .

5.2. Proof of Theorem 1.1(a)

PRrROOF OF SUFFICIENCY. The Hankel form in (7) can be written as a sum of
certain integrals, we estimate each one, as follows,

/((1 — 2% ®° B'(z.2)0" f(2) ® 0" *g(2), F(2)) di(z)| <
B

1E .00 - f (@' B'(z. 200" f(2) ® ' Fg(2), 8" f(2) @ 9" Fg(2)) du,(2)
B

v

and

(®B'(z, 29" f(2) ® 9 *g(2), 3" f (2) ® 3" *g(2))
= (®"B'(z, 29" f(2), 0" f(2)) - (& " B' (2, 2)8° *g(2), 0" *5(2))

so that
‘ / (1= 12 ®° B'(z, 29" f(2) ® 9 *g(2), F(2)) du(2)
B

< ¢, IFlvsio0 - 1 f ok - Nglvs—k < Cus - 1 F lls00 - 1 1l - g,
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where the last inequality follows from Theorem 4.1.

For notational convenience we denote
(u,v), = (®"B'(z, 2)u, v)

where u, v € ©*V’, and it defines an inner product on ©*V".

PROOF OF NECESSITY. Let v € ©@°V’. By Lemma 3.5 we have
(F(0),v) = c/ (1= w* & B'(w, w)F(w), v) du(w).
B

We may write _ .
12 1
vzg viel ©---0Oef

li|l=s
where i = (i1, ..., iy) and v; € C. Take
f(w):Zwi'-.-wfj-vi and g(w) =1.
lil=s

Then f, g € L?(dv,). By (6)

N

8k asfk
Is(f, e)(w) = Z (Z)(_l)xk fw)© g(w)

i ()
=(ﬁ)¥fwo®gwo
0 (1)s()o
where
9° f(w) = Zax(wi‘ ---wfj)-vi = Zs!'v,-ei‘ @---@efj’ =slv
li|=s li|=s
so that gl
T(f, 9 (w) = —v.
(V)5
Hence
1
(22) IG@LMF=¥WﬁIEﬂHHﬁ@f
so that

(23) (F ), v)I* < Co Il HEIPIFI2NgN2 < CosIIHEIP vl
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Define
Sw) = (705 (@) F) (w) = (¢, (w)") F(g-(w)) (Jy,(w))
Then S : B — ©*V’ is holomorphic. Also by equations (14) and (16)

2v/(d+1)

IHgll = 1 Hp |l < oo,
so by (23) with F replaced by S
(24) 1(S(0), v)I> < CIIHSII*[v|1> = CILHE I [l

Now i

5(0) = (®"¢L(0)) F(2) (J,.(0)

Since —¢.(0)" = sZZPZ + 5,0: > 0 then (—goé(O)’)2 = B'(z, z) and by the
uniqueness of positive square root B’ (z, z)'/? = —¢(0)'. Thus

(®XBI(Z’ Z))l/z — ®SBt(Z, Z)l/z — (_1)8 ®S (p;(o)t

Hence
S(0) = p(1 — |z1)" (®°B'(z, 2))* F(2),

where |p| = 1, so that (24) becomes
(F@). (&8, 2)" )\ < ClH; I |(@° Bz 2)” H (1 — [z
Observe that
(F@), (®°B'(z.2)*v) = (F2), (&' B (z. ) *v).
so the result follows from Riesz lemma, for the inner product (-, -),.

6. Compactness and Hilbert-Schmidt properties
6.1. Compactness
In this subsection we prove Theorem 1.1 (b).

REMARK 6.1. Let {eq, ..., e;} be a basis for V’'. Then we can write
F@= ), F@e 0--0¢f
i14+ig=s
where i = (i1, ..., i4) and F; : B — Care holomorphic. Also

Fi() =) pY@)
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where p{9) are homogeneous holomorphic polynomials of degree m.
To prove the sufficiency of Theorem 1.1(b) we need the following result.

LEMMA 6.2. Let F : B — OV’ be holomorphic with the property
(1 =127 ® B' (2. 9F@, F@) =0 if |zl /1.

Let ¢ > 0 be given. Then there exists a number v’ with 0 < r’ < 1 and a
natural number N such that

”F - PN”v,s,oo <¢&

where

N
Py(z) = Z Zpg)(r’z) el OOy

lil=s m=0
REMARK 6.3. Remember that we have already defined

1F 1500 = sup((1 — 121)% ® B'(z, ) F(2), F(2))'"”

zeB
for holomorphic F : B — ©°V'.

REMARK 6.4. Let H; and H; be Hilbert spaces and let A, B; : H, — H,
and A,, B, : H, — H, be positive operators. Then

(25) (A1 —B)Q® A+ B)+ (A1 + B) ® (A, — By)
=2(A1 ® A, — B ® By).

Thus it follows from (25) that
(26) A1 >2B,Ay>B = A1 QA > B ® B».

ProoF oF LEMMA 6.2. Let ¢ > 0 be given. Then there exists 0 < rp < 1
such that

2\2V oS pt 82
sup ((1— [z ®" B'(z,2)F(2), F(2)) < .
ro<|z|]<l1 32
Define F;,(z) = F(rz) where 0 < r < 1. Since P,; = P; then

B'(rz,rz) = (1 — r21z/H)U — r*|z|*P;z) = B'(z, 2)
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for all 0 < r < 1. By (26) it then follows that
®'B'(rz,rz) > ®" B'(z, 2)
forall 0 < r < 1. Hence,

(1 =12 ® B'(z.2)F:(2). Fr(2))
< (1 = |rz»)* & B'(rz.r2)F(rz2), F(rz)).

Then it follows from the inequalities

(®°B'(z,2) (F(2) = F£(2)), F(z) = F(2))
< (®B'(z, D) F(2), F)) +(® B'(z, ) F,(2). F,(2))
+2|(®B'(z, ) F(2), F, (2))|

and

(®° B'(z.2)F(2), F: (2))|

< (®B'(z, 9F (@), F@)"* (& B'(z, ) F,(2), F, ()

that,if 1 > r > r; =2ry/(1 +rp) and Ry = (1 4+ r9)/2,

2

oo ]((1 — 2% ®° B'(z,2) (F(2) — F(2)), F(2) — F(2)) < %,

since, ifry <r < 1,

sup ((1—1z)* ®" B'(z, 2)F(rz), F(rz))

Ro<|z|<1
< sup ((1—|rz])” ® B'(rz.rz)F(rz), F(rz))
Ror<|rz|<r
2
2\2v S pt €
< sup ((1—Irzl)” ® B'(rz,rz)F(rz), F(rz)) < 3

ro<|rzl<l1 3

As F, — F uniformly, » — 1, on every compact subset of B, there is a number
rp such thatif r, < r < 1, then

82

sup (F(z) — Fr(2), F(z2) — Fr(2)) < -
[zI<Ro 8
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Since B'(z,z) < (1 — |z|*)I < I then (26) yields ®* B'(z,z) < ®*I so that
if r, <r <1, then

sup ((1— |z]))* ®" B'(z,2) (F(2) — F;(2)), F(2) — F,(2))

[z|=Ro &2
< sup (F(z) — F,(2), F(z) — F,(2)) < —=.
l2I1<Ro 8
Hence for max(rq, r;) < r < 1 it holds that
IF = Frll} 00
< sup (1 —z)* ®" B'(z,2) (F(2) — F;(2)), F(z) — F,(2))
[zI<Ro
2
. I
+ sup (1= 12" ®" B'(z,2) (F) = Fr(2), F@) = @) < 7.
Ry<|z]<1

00 .
Now, take ' such that max(ry,r2) < ' < 1. The sum Y > pD('z)el! ©
li|=s m=0
.-+ @ ey converges uniformly to F,.(z) on B. Hence there exists a natural
number N such that

L3S}

&€
un—mmmﬁwmw—mmmw—mwkz
z€B

where Py(2) = ), ZZ:O pi(r'z) ei‘ Q-0 e;". This yields

”F - PN”U,S,OO < ”F - Fr’”v,s,oo + ”Fr’ - PN”u,s,oo <é&

which completes the proof of the lemma.
Now we can prove the sufficiency of Theorem 1.1(b).

PROOF OF SUFFICIENCY. Let ¢ > 0 be given. Then it follows from Lem-
ma 6.2 thatthereisa Py suchthat | F— Pyl 5.00 < €. Then the bilinear Hankel
form Hp p, = Hp— Hp with F — Py is bounded. In fact, the operator norm

II-|| satisfies ) )
”HF - HPN” = C“F - PN”u,s,oo < Ce.

If we can prove that Hp is compact then we are done. Actually we shall
find that H}, is of Hilbert-Schmidt class #> and thus especially compact. By
construction (see Lemma 6.2) Py is a linear combination of terms z” e’ =
el'©---0 e!’ so it is enough to prove that H;y/ey € . Consider

HS

7V e

. = /(®SB’(w, w) T, (2%, ) w), wel' © - @ ) dipy (w).
B
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First we observe that
(® B (w, w) T, (2%, ) (w), w"e]' ©--- O el
is a linear combination of terms
N (& B @, w)(of -0 )wH (o - 0l Y @2 @ - @ u,
w vy ®v2®~-®vs>

where u; ® - - - Q@ uy and v; ® - - - ® v, contains i + ji copies and y, copies of
ey respectively. We may assume that oy > i and g > ji fork =1,2,...d.
Denote i = (i1, ...,i4) and j = (ji, ..., ja). Then the term (27) equals

Ci.j (1 = [w w =D EY TT (s V) = (thn, ©) (D, vr)).

m=1

But this term yields a nonzero integral only for those « and 8 with |a + 8] <
[¥’] + s. In fact, this proves that the form HZS Y or has finite rank. Thus

HS 2 _ | 7V e (Z Z13)|
0l = 2 oo
Ol,ﬁ v v
2 1 S S
with a finite sum. Hence sz’ev e % so that H Py € .

Now we prove the necessity of Theorem 1.1(b).

PROOF OF THE NECESSITY. Let F' be a symbol such that H} is compact.
Since ©*V’ is a finite dimensional Hilbert space we need only to prove that
(u,, v) — 0asn — oo where

ty = ((1= 124 @ B'(znr 20)) "> Fl2a)

and |z,| /" 1 asn — oo, for any v € ®*V’. As in the proof of the necessity
of Theorem 1.1 (a) we write

v—E v; e @e
li]=s

and let . ‘
f(w):Zw'l‘---wij-v,- and glw) = 1.

li|=s
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So for any symbol S we have
[(S(0), v)| = Cus[Hg(f, 8)I,

by the same arguments as for (22) in the proof of the necessity of The-
orem 1.1(a). Let

S(w) = 1.4 ((g2,) F) () ® @, () F (g, (W) (J, ()"

so that
(28) S(0) = ®°¢] (0 F(z,) (4, ().

By Proposition 2.2,

Jp, 0) = (=11 =z, HTD? and B (24, 20)"* = =g, (0)

so that
(29) 1{S(0), v)| = [(un, V).
On the other hand
Hi(f, 8) = Hi(f o po, - )/ D k)
where
ey ) = (g 0 92) () (Jy, ()" = . % ol =1.

so that k;, (w) — O weakly as n — oo and ||k, ||, = 1. Since Hj, is compact
then there is a sequence {c,},2, of positive numbers such that ¢, — 0 and

|Hp(h, k)| < cullhll,
forall h € L2(dw,). Leth = f o g, - Jo/“""V = 7, (¢,,) f which yields
Rl = 1 £13-

Then ,
[{un, V)| < Cosenllfllv < C senllvll

so that (u,, v) — 0 asn — oo, which, combined with the equalities (28) and
(29), implies that

(1= 1z,)* ®" B'(zn, 2a)F(z0), F(z)) > 0 as |z, /1.



SCHATTEN-VON NEUMANN PROPERTIES OF BILINEAR HANKEL ... 305

6.2. Hilbert-Schmidt properties

In this subsection we prove Theorem 1.2. Denote by 7 ; the space of all
holomorphic functions F : B — ®*V’ such that the corresponding bilinear
Hankel form on L2(dv,) ® L2(dv,)

Hy(f, 8) =/B<®SB‘(2, DT(f, 8)(2), F(2)) diy(2)

is of Hilbert-Schmidt class %,. By Lemma 6.5, it is a Hilbert space with an
inner product (F, S), . = (Hp, Hg) s, where

o0

o
(Hy HY)g, = Y Y Hi(ea, ep) Hy (e, €p)

lo|=0 |B]=0
and eq = 2%/[|2% ||,
LEMMA 6.5. The space 7, , is a Hilbert space.

ProOF. Let{F,};2,beaCauchysequencein i) ;. Then{Hj. }7° is Cauchy
in operator norm so that { F,,} 2 ; is Cauchy in [|-||,, s oo. Then thereisa F € xS
suchthat F,, — Fin ||-||,5.00- Thus H}n — Hj in operator norm. On the other
hand, the space of all bilinear forms of Hilbert-Schmidt class %, is a Hilbert
space so that H;, — H € % in |-|lg,. Then H;, — H in operator norm so
that H = Hj. Thus Fed) and F, — Fin %’q

».5» Namely they are equal as sets and the
norms are equivalent, as is shown below. Actually, Theorem 1.2 is a direct
consequence of Theorem 6.6.

We now shall see that %, . =

THEOREM 6.6. There is a constant C,, 5 > 0 such that
IFIls = CosllFllvs2

for all holomorphic F : B — ©°V'.
To prove Theorem 6.6 we need some lemmas.

LEMMA 6.7. Let {ey, ..., ey} be an orthonormal basis for V'. Then the
spaces J, , and H} contains the element ¢} = €| ® - -- ® ey.

ProoF. Clearly e} € 9. The factthate] € 5, , follows from (27), letting
y ' =0andy; =s-6;forj=1,...,d.

%2LEMMA 6.8. The action m, s, defined in (15), is unitary on both %V”s and
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ProoF. Clearly, 7, is unitary on 5 . That 7, is also unitary on %
follows from Lemma 3.2 and the fact that 7, defined in (13), is unitary on
L2(dv,).

LEMMA 6.9. The space %Uzyx is irreducible with respect to the action m, s,

defined in (15).

Proor. Let 7 C %ﬁs be invariant under the action m, (g), g € G, and
assume that 4 € 7 for some i # 0. We may assume, by replacing / by an
action of m,, ;(g) on A if necessary, that 7(0) # 0. We need to prove

(30) fea?

"Y,fJ_%():}f:O.
Take such an f € 9. Since ¢'® : z — ¢’z isin G and

2v/(d+1)

% 5 (nu,s(eie)h) (Z) — (e—iQd) e—i@s . h(eiQZ)

then h(e'’z) € . Hence, by the mean value property,
2 )
h(0) = / h(e'’z)do e .
0

Then we have found a nonzero element in ©°V’ which is also contained in
. Then v € J for any v € OV’ (by Theorem 12.2.8 in [20]). Then
[770.5(0u)V](z) = ¢ - K(z, w)v is in Hy, for any v € @ V', where K (-, w) is
the reproducing kernel for %UZJ and c is a nonzero constant. Hence

fLKG wy

so that
f(w)=0 forall weB

by the reproducing property. This proves (30).
Now we can prove Theorem 6.6.

PrOOF OF THEOREM 6.6. As a consequence of Theorem VI.23 in [16] we
can make the following identification of the space > (L2(dt,), L2(dt,)) of
Hilbert-Schmidt bilinear forms on Lﬁ (dt,) with the tensor product, that is,

S (Li(duw), Li(dy,)) = Li(dw) ® L2(d,).

Moreover Lfl di) ® Lﬁ (dt,) can be decomposed into irreducible subspaces

# s of Hankel forms of weight s with an intertwining operator 7 : %v%s —
%m, (see [15]). Also, H}, defined in (7) is a Hankel form of weight s and by
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Lemma 6.7 there is a nonzero element in 2, which yields a nonzero element
in 7, .. Thus 5
" /
X, Vs T %v,s

whose norms are the same up to a constant, by Corollary 8.13 in [9].

7. Matrix-valued Bergman type projections

To prove Theorem 1.3 we need certain interpolation results for the spaces
tFs, which will then be derived from certain L”-boundedness properties of
some matrix-valued Bergman projections. The results in this section might be
of independent interests. We refer to Zhu [22] for the study of boundedness
property of scalar Bergman projections.

We start with a technical lemma.

LEMMA 7.1. Let s be a positive integer. Then

|® B (w, w)'"* & (B'(w,2)) ' & B'(z,2)"?|
(I — w21 — |z]*)*/?

< C,
1 —(w, z)|*

forall w, z € B.

Proor. First we shall prove the lemma for s = 1 by using the following
identities (see (10) and (4)):

B'(z,2)"? = s5.(s,P: + Qz)  where s, =(1—|z)"?

and
B'(w,2)" =1 —(w,2) (1 — (w, 2D +Z ® w*).

Note that
B'(w, w)'?B'(w, z)"'B'(z, 2)'/?

= Swsz(l - (w’ Z))il(SwPu’) + Qw)(Ssz + QZ)
+ 58, (1 — (w, 2) 2 (s Py + Q) T @ W) (s, P; + Q3).

Thus, by the inequality

A -1z = wP) _

T N 1 forall z,w € B,
— w’Z

it is enough to show that

(31) [GswPs + 0a)E @ W*) (s, Ps + Q3)| < CI1 — (w, 2)].
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To this end, we may assume |z| > 1/2 and |w| > 1/2. Expand the product
(1)()(+) as a sum of four terms. First we note that

(32) llsw P (2 @ w)s: Pzl < sws: < |1 — (w, 2)|.
There are three parts left to consider. Let v € V'. The first part to estimate is

(z, w) _> (z, w) _

22 lw]?

Swa(z ® U_J*)QZU = Sw <Ua w—

We use Cauchy-Schwarz’ inequality. Note that

2
el = Iz w) P

|z|?

Ha}_ 2, w) <811 = (z, w)].

Z
|z|?

Thus the inequalities 1 — |w|> < 2|1 — (z, w)| and |w| > 1/2 yield the
estimation

(33) |50 P (Z ® W*) Qzv| < 16[1 — (z, w)|||v]

Since o L .
03z @w")s, P; = (SZPZ(w ® Z*)Qu'J)

we have an estimation of the second part
(34) |0z ® w*)s. Pov|| < 16]1 — (z, w)]||v].

Finally consider

0:,Z®@w")Q:v = <U, w — MZ> <Z _ w2 II)) )

|22 lwl?

The same estimates as above yield
(35) | Qi@ ® 0" Q:v] <811 — (2 w)lllv]l.

Thus the four estimations (32), (33), (34) and (35) yields (31). We have proved
the lemma for s = 1. Now, consider the case where s = 2, 3, ... and let

Ay = B'(w, w)'? (B’(w, z))71 B'(z,2)'?

and . 28w
w,zZ =TT .
11— (z, w)|

We have proved that i -
AL Ay =Cty
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so that .
(®SAw,z)>‘< ®S Aw,z = ®S(A;,2Aw,z) =< C Stws’z ®S 1

which proves the lemma.

THEOREM 7.2. Let o > d and let P, ; : le),s — ?fv%s be the orthogonal
projection operator. If max {(« — d)/(2v + s/2 — d), 1} < p < 00, then

/BH®SB’(Z, VPP f@)7 (1 = 1z du(z)

< C/||®SB’(w,w)”zf(w)||”(1 — ) du(w).
B

REMARK 7.3. By Lemma 3.5 the orthogonal projection operator P, g, such
that for any f € L%)S and any v € ©*V’ we have that

(36)
(Pys f(2),v) = c/<(1 — wP)* & B'(w, w) f(w), K, s(w, 2)v) di(w)
B
where

Kos(w,2) = ® (B'(w,2)) " (1 = (w,z2)™,
is well-defined.

PrOOF OF THEOREM 7.2. The formula (36) can be rewritten as
P @ = [ Ko )" & B, w) fw)(1 = ) du(w).
B

Now let (1— |Z|2)s/2(1 _ |w|2)2v+s/2—a

11— (z, w)[?+s

T(z,w) =

By the equality K, ;(w, 2)* = K, 5(z, w) and Lemma 7.1 it follows that
|®°B'(z,2)'? P, s £ (2)

< C/B T(z,w) [® B (w, w)? f(w)| (1 = [w[*)* de(w).
We claim that there exists a real number ¢ such that
(37) /BT(Z, w) (1 — [w) (1 = [w)* du(w) < M(1 = [z)*
and

(38) / T(z, w)(1 — 2P (1 — |z])* du(z) < M(1 — |w|H)P*
B
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holds for some constant M, where ¢ is given by 1 = 1/p + 1/q. Accepting
temporarily the claim, using Holder’s inequality and (37),

|® B (z,2)'* P, f(2)||
1/q
< c(/ T(z, w)(1 — [wH?(1 - |w|2>“dt(w)) :
B
1/p
(/B T(z,w)(1 — [w) ™" | & B (w, w)"* fw)|” (1 - |w|2>°‘dt<w))
<CMYI(1 — |z -
1/p
(f T(z,w)(1 — [w) ™" | & B (w, w)"* fFw)|” 1 - |w|2>“dt(w>> :
B
Thus, by Fubini-Tonelli’s theorem and (38), we have that

/B | Bz, 2Py £ @) (1 = [2P)* de(z)
< CPMP/'I/B(1—|z|2>f"(/B Tz w)(1—[w) ™ |® B (w, w)"/* f(w)]”
(1 —w*)® dt(w>><1 — 2% du(z)
=C’M" /Ba — w7 @ B (w, w)'? fw)|” (1 = [w*)* -
( /B (=127 T (@ w)(d = |z*)* dt(z)) di(w)

<crum / @ B (w., w) £ w) | (1 — [wP)e de(2),
B

namely our theorem.
Now we go back to (37) and (38) which, by Lemma 2.4, holds if

d—2v—s/2
(39) d-2v—-s/2 8§
q 2q
and
d—s/2— 2 2 —
(40) —s/ oz<t<—v+s/ «

p p

respectively. Actually, by simple computations,

(d—Zv—s/Z i)ﬂ(d—s/2—oz’2v+s/2—oz) oy

q " 2q p p
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if max {(¢ —d)/2v +s/2 —d), 1} < p < 0.

COROLLARY 7.4. If1 < p < 00, then

Py LP, =37

V,s?

namely P, : LY — 97 is bounded.

8. Application of the boundedness of P,

8.1. Some interpolation results

In this subsection we use the complex interpolation method of Banach spaces to
prove Theorem 8.2, which we will use to prove Theorem 1.3 in subsection 8.2.

The spaces &/, = L} + L%, and o, = 9} + 9% are Banach spaces
with the norms

IF Nl = inf{ Fallus2 + | Foollus.oo : F = Fa 4 Foo € i},

i = 1,2, respectively, by Lemma 2.3.1 in [1]. Denote by &#; = F (&),
i = 1, 2, the space of all functions with values in .«/;, which are bounded and
continuous on the strip

S={zeC:0<Nz <1}
and holomorphic on the open strip
So={zeC:0< Nz <1}

and moreover, the functions t — f(j 4 i) are continuous functions from the
real line such that f(it) € L} | (resp. ) and f(1 +it) € LY, (resp. 9,°),
which tends to zero as |t| — oo. Then &%;, i = 1, 2, are Banach spaces with
the same norm

I fll#7 = max(sup || f G D)lv.s.2. Sup | f (14 it)lly.5.00)
by Lemma 4.1.1 in [1]. Now let 0 < 8 < 1 and denote by (L12),s’ Lffs)w] and
(o} %OO)[Q] the space of all S € .¢/; such that

v,s* “Fus

ISy = inf{ll fll#: f(O) =S, f € Fi} < o0,
i =1, 2, respectively.

LEMMA 8.1. If2 < p < oo, then

P, (L, LY H?

v,s? ,s)[lfz/p] = ( v,5° %U(XS))

[1-2/p1”’
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namely P, ; : (L2 L H>2 ., H>®

v,s° U’S)[l—Z/p] - ( v,s° ”>S)[1—2/p] is bounded.

PROOF. As a direct consequence of Lemma 7.1 we have that P, s : L7 —
7,5 is bounded. Indeed, for any f € L}°

v,s°

” ®SBI(Z, Z)l/sz,sf(Z) ”

(1 _ |w|2)2v+s/2

1a12ys/2 s pt 1/2 )
< C(1 -z /B||® B'(w, w)'? f(w)| T g
(1 _ |w|2)v+x/2
L o12ys/2
< CU =P e [ o diw)

< C'l[f sl = 127"

where the last inequality follows from Lemma 2.4. Hence, the result follows
from Riesz-Thorin’s interpolation theorem.

If we claim that

2 o0 _
41) (L, w)[]iz/p] =LY, 2<p<oo,
then we have the following theorem.
THEOREM 8.2. If2 < p < 00, then
_ 2 o0
%vl,)s - (%v,s’ %‘)as)[l—Z/p] .

ProoF. If 2 < p < oo, then by the identity (41) we have that

P _ 2 [e'e)
Lu,x - (Lu,s’ Lu,x)[172/p] .

Thus, by Corollary 7.4 and Lemma 8.1, if 2 < p < oo then

HP =P, LV =P, (L} L) = (9}

v,s v,s? s [1-2/p] - v,s?

o0
%w)[l—zm :

The identity (41) can be proved by slightly modifying Theorem 5.1.1 in [1]
using

(42) N Fllvs.p = SUP{'/B((I — 1211 ® B'(z, 2 F(2), $(2)) du(2)

S bounded with compact support, ||S||, s, = 1}
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where 1/p+1/g = 1. Indeed, to prove (42) let F : B — ©°V’ be measurable.
Then s
H=(1-1""& B'() " F:B> oV

is measurable and we may write H = (Hy, ..., Hy), where dim (@S V/) = N.

For 1 < j < N we can find bounded functions b, with compact support in B
such that |b;| /' |H;|. Let

S,{ — |byj,| ‘eiArgHj‘

Then s; are bounded with compact support and

H; -s; = |Hj| - |b]].

Lets, = (sll, ...,sN) and put

(@) = (1= 2P @ B'(z.2) 5.2,
Then ¢, : B — ©°V’ is measurable and

43) (1 =z ®" B'(z, D)t (2), 1(2))

N N N
= 5/@ 5@ =Y _ 6@ b)) < Y IHj@)| - 1bj(2)]

j=1 j=1

j=1
N I3

=Y Hi(2)-s5i() = (1 - z)* & B'(z. ) F(2). ta(2)).
j=1

Now, let
-2)/2
5.0 < (L= P @ Bz 2 2), )7 1,
n - 1 .
”tn”g,s,q
Then S, : B — ©°V’ is measurable,
”Sn”v,s,q =1

and
/B (1= 121H* ®° B'(z,2)8,(2), t(2)) di(2) = lItullvs.p
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so by (43)

IF llv.s.p < limitylly.s,p = lim / (1 =12 ®" B'(z,2)8:(2), 1(2)) du(2)
B

< lim / (1 =12)% ®" B'(z,2)8:(2), F(2)) di(z) < M,(F)
B

where
M, (F) = sup{ /B (1= 1z @ B'(z, ) F(2), S@)di(2)| :
S bounded with compact support, [|S|l,5.q = 1}.
On the other hand

‘/B (1= 1211 ® B'(z, 2)F(2), $@))dt(2)| < IFllus.p - ISl

which proves (42). The rest is almost the same as in [1] loc. cit., only re-
placing the usual absolute value |g(z)| of scalar functions g(z) by the norm
IS@I. = I ((1 =12 & B'(z,2))"> SG)| of vector-valued functions
S(2), also E(z) = (f(2), g(2)) by

H(z) = /((1 — [21)* ®° B'(z, 2)F(2), S(2) ) du(2).
B

8.2. Schatten-von Neumann properties

In this subsection we prove Theorem 1.3.

PROOF OF SUFFICIENCY OF THEOREM 1.3. By Theorem 1.2 and Theorem 1.1
the operator F — H}. is bounded from 5 into %, and from 9, into S,
respectively. Then it follows from Theorem 8.2 and Riesz-Thorin interpolation
theorem that F — H}. is bounded from 9 into (S5, Foo)1—2/p if 2 < p <
00. By Theorem 2.10 in [21] we have that

S = (L2, Lo t1=2/p1s

so that the operator F — H}. is bounded from #; into %, if 2 < p < 0.

The necessity of Theorem 1.3 is a direct consequence of Lemma 8.6 below.
This Lemma states some boundedness properties for an operator 7 closely
related to the Transvectant defined in (6) viewed as an operator from bilinear
forms to vector-valued holomorphic functions, see also [4] and [15]. We need
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to construct 7. Let A € S (L2(dy), L2(dv,)). Then there is a conjugate
linear operator 7 : Li (dvy,) — L2(dt,) such that

A(KZ, Kw) = (Km TKw)v = <va T*Kz>v = T*Kz(w)

Also,
A(f,8) = (f,Tg) = /B f@)(Tg)(2)du,(2)
= fB f@(Tg, K.), du(2)
- /B F UK 8, dun(2)
= fB /B T*K.(w) f (2)g(w) du, (2) diy ().

Define G(z, w) := Ga(z, w) = A(K;, Ky). Then G(z, w) is holomorphic in
z and in w and

A(f, 8) =/B/BG(z, w) f(2)g(w) di, (2) di,(w).

Now, define
(44) T (A)(2) = (7,6) (2, 2)

where

s) F 0057 G (z, w)

o | _ s » s—k(
(7.G) (z. w) g( )T o

REMARK 8.3. If G(z,w) = f(z)g(w) where f,g € L2(di,) then
I(G)(z,2) = T,(f, g)(z) where I(f, g)(z) is the Transvectant defined
in (6).

LEMMA 8.4. Let 915 be defined on S, as in (44). Then .9:s S0 = KN
is bounded.

PrROOF. Let A € . Let G(z,w) = Ga(z, w). First we note that
(75:G)(z, w) is a linear combination of terms

K Gowy= Y 8lo)AK.. K,)dz; ® dw,
[I|=k,|J|=s—k
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whereil,...,ik € {1,,d},1 = (il,...,ik),dzl :dZil ®"'®dzik and
8! = 9,0, - - - 9;,. By the identity

o - -

1

’ aikajl T ajs—kA(Km K,) = A(E;, Ey)
where

E.(¢) = e () — (¢, z2) ™7k, er(Q) =&, - G,
Ey(@Q) = Ws—ies (A = (L, w) " F e (0) =8 G

it follows that

(050575G) (0,0) = W)k Y Aler, e dz ®@dw,.
|I|=k,|J|=s—k

Since A is bounded then
(45) [(a%857%G) 0, 0| < CllA].
Let z € B and define a bilinear form A, on Lg (dt,) such that

A(f.8) = A, (@) f,m (92) 8),

where ¢, is the linear fractional mapping (8) and m, is the action (13). Then
it holds that ||A;|| = [|All and by the same transformation property as in
Lemma 3.2, see also [15], it follows that I (A;) = m,(p;)Ts(A). Hence,
replacing A by A; in (45) yields

|7:A0 @] = clla:l = ClA]
and
To(A)0) = (7 (0TS (4)) (0) = &' ¢ (0) Ty (A) (@, (/Y

so that L 5
|®° B (z,2)*T5(A)()(1 — |z1)"| < CIIA].

This proves the lemma.

LEMMA 8.5. Let Jols be defined on &, as in (44). Then f/:x S = %V%S is
bounded.

Proor. By Theorem 6.6 it follows thato : %U%S — 9,0(F) = Hj defines
anisometry. Thuso* : 5 — %ﬁs is a partial isometry and therefore bounded.

We claim that o* = ,, which actually follows by an identification. Indeed
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let A be a bilinear form of finite rank. We shall prove that 0*(A) = ,%(A),
which gives the general case. Let H}. be a Hilbert-Schmidt Hankel form. Then

(H;, A),, = > Hiei ep) Aler, ¢)
ij=1

where {e;}Y_ | is an orthonormal set in . Since

Hp (e, ej) = /B<®SBI(23 DT (ei, )(2), F(2)) dizy(2)

then

N
> Hi(ei.e)) Aler. ¢)

i, j=1

N
= / <®SBf(z, 2 Y Tilei ) (@DAles, €)), F(z)>dtzu(z)-
B

i j=1
On the other hand

(H}s A)y, = (0(F), Ay, = (07(A), F), ;.

Thus, it remains to prove that

N
(46) Ts(A)(2) = Z Ts(ei, €)(2) Alei, €)).
ij=1
Since A(f, g) = 0if f or g is in spanfey, ..., ey}* and since {&; ® ¢;} is an

orthonormal set in %>, where ¢; ® ¢;(f, g) = (f, ei)v (g, ¢j)v, then

N N
Z A e,®ej e,®ej_ZA(e,~,ej)é,~®éj.
i=1 ij=1

Hence N
Gz w)=A(K., Ky,) = Y _ Ale, ¢) ei(2)ej(w)

i, j=1

so that

N
Ty (A R) = (7:6) (z.2) = Y Alei, ¢)) Ti(ei, €))(2)

ij=1
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which proves (46).

LEMMA 8.6. Let I, be defined on &), as in (44), 2 < p < oo. Then
Ts: Sp — Il is bounded and T(H}.) = F if H} € 5.

ProoFr. It follows frqm Lemma 8.4, Lemma 8.5 and Riesz-Thorin’s inter-
polation theorem that 7 : &, — L is bounded for 2 < p < oo. Also,

j}(H};) = F if H} € %,. Now define F,(z) = F(rz) for0 < r < 1. Then
Hp € %5 so that P/_S(H}r) = F,. Since Hj. is compact then F, — F in >

V,s°?

by the necessity of Theorem 1.1(b) and the proof of Lemma 6.2. On one hand
F, — F pointwise. On the other hand, by Theorem 1.1(a) and Lemma 8.4, it
follows that 7(var) — J (Hy). Thus I (Hy) = F if H, € &),.
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