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INFINITE DIMENSIONAL ANALYSIS OF PURE
JUMP LEVY PROCESSES ON THE
POISSON SPACE

ARNE LOKKA and FRANK NORBERT PROSKE*

Abstract

We develop a white noise calculus for pure jump Lévy processes on the Poisson space. This theory
covers the treatment of Lévy processes of unbounded variation. The starting point of the theory
is the construction of a distribution space. This space has many of the same nice properties as the
classical Schwartz space, but is modified in a certain way in order to be more suitable for pure jump
Lévy processes. We apply Minlos’s theorem to this space and obtain a white noise measure which
satisfies the first condition of analyticity, and which is non-degenerate. Furthermore, we obtain
generalized Charlier polynomials for all Lévy measures. We introduce Kondratiev test function
and distribution spaces, the & -transform and the Wick product. We proceed by using a transfer
principle on Poisson spaces to establish a differential calculus.

1. Introduction

The main objective of this paper is to construct a suitable white noise framework
for pure jump Lévy processes. There are several papers dealing with white noise
analysis and pure jump Lévy processes (see, e.g., [14], [13]), but to the best of
our knowledge, none of these present a framework that is suitable for all pure
jump Lévy processes. Some restrictions, typically integrability conditions, are
put on the Lévy measure. This paper presents a framework which works for
all pure jump Lévy processes.

A pure jump Lévy process L with no drift, is a martingale with independent
and stationary increments, continuous in probability and with no Brownian
motion part. The Lévy-Khintchine formula provides an expression for the
characteristic function of such a process in terms of a measure v, called the
Lévy measure of the Lévy process. Thus, pure jump Lévy processes with no
drift can be characterized as Lévy processes with characteristic triplet (0, 0, v)
(see, e.g., [18] for more details). The Poisson space is a natural space for dealing
with Lévy processes for several reasons. One of them is that Lévy processes,
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in general, do not possess the chaos representation property with respect to
the Lévy process itself. However, every square integrable functional of the
path of a pure jump Lévy process, has according to [9], a chaos representation
with respect to Poisson random measures. By viewing a Lévy process as an
element in an appropriate Poisson space, we therefore obtain a more unified
and tractable framework. In addition, every functional on the Poisson space
has a chaos expansion in terms of generalized Charlier polynomials.

There are several papers on infinite dimensional analysis on the Poisson
space, with varying degrees of generality regarding the intensity measure.
However, as far as the authors know, the existing literature contain no explicit
construction which works for intensities that are the product of the Lebesgue
measure and an arbitrary Lévy measure. A usual starting point in white noise
analysis is to apply the Bochner-Minlos theorem, which guarantees the exist-
ence of a probability measure on the space of tempered distributions %’ (R?).
For instance [11] deals with infinite dimensional analysis for Poisson measures
based on the classical Schwartz space. However, it turns out that the classical
Schwartz space .’ (R?) is not the most appropriate distribution space for deal-
ing with arbitrary pure jump Lévy processes on the Poisson space, since this
choice requires restrictive conditions to be put on the Lévy measure. This is
due to the fact that the Lévy measure, in general, has a singularity at zero.
Therefore, the corresponding characteristic Poisson functional is not neces-
sarily continuous on & (R?). Section two is devoted to the construction of a
nuclear algebra & (X), which is a variation of the Schwartz space on the space
X, but which is more suitable for our purpose. Within this framework, we show
that any Lévy measure has a Radon-Nikodym derivative with respect to the
Lebesgue measure in a generalized sense. We denote this derivative by v. The
Bochner-Minlos theorem is then used to prove the existence of a probability
measure [4,, with Poissonian characteristic functional with intensity of the
form 7, = A*¢ x v (A being the Lebesgue measure), such that

/N &P du(w) = exp(/ ("™ —1) n(dx)),
7/ X

for all ¢ € iz (X). The continuity of the functional on the right hand side of
(1) follows from the existence of a generalized Radon-Nikodym derivative of
the Lévy measure with respect to the Lebesgue measure. By using an idea of
Us [21], we can prove that w, satisfies the first condition of analyticity (See
Lemma 2.6). Furthermore, we show that the measure pt, is non-degenerate
in the sense of [12]. Roughly speaking the non-degeneracy is due to the fact
that in the construction of & (X), we have identified all functions which are
equal on ,,-null sets. We then have all we need in order to have a well defined
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system of orthogonal generalized Charlier polynomials. The construction and
existence of such polynomials is the topic of section 3 and is similar to the
constructions in [1] and [13].

We proceed in section 4 by extending the chaos expansion in terms of
Charlier polynomials. This is done by a construction of stochastic test func-
tions and stochastic distributions of the Kondratiev type. Our construction is a
variation of the construction in [11] and corresponds to the (% (J))~! distri-
bution space in [21].

In section 5 we define the %-transform and the Wick product. This is in-
cluded since we believe that the &-transform and the Wick product are useful
mathematical tools. It was proved in [1] that the image of the Kondratiev dis-
tributions under the #-transform is equal to a certain space of holomorphic
functionals. This characterization is valid also in our case, and we can define
the Wick product of two distributions as the inverse image of the #-transform
of the product of the &-transform of the distributions.

The measure ., does not admit a satisfactory construction of a differential
calculus on &' (X). In section 6 we show how we can circumvent this prob-
lem by transporting analytical structures from configuration spaces by using a
unitary isomorphism in a similar fashion as in [13] and [11]. This yields a Pois-
son measure ,u}; on the configuration space (I, Z(T")), such that L?(T", u};) is
unitary isomorphic to L2 (it ).

Section 7 deals with the Poissonian gradient and Skorohod integration. We
start by proving that the Poissonian gradient V¥ and the operator D defined
by its action on chaos expansions in terms of Charlier polynomials, essentially
are equal. The Skorohod integral is then defined by its action on the chaos
expansions of parametrized families of stochastic distributions. We show that
Skorohod integration is the dual of the Poissonian gradient V. Hence, Skoro-
hod integration is equal to (V?)* and we can link the Skorohod integral with
results for (VF)* in [13]. These results can be viewed as generalizations of
some of the results in [17]. By using the duality between V* and the Skoro-
hod integral, we can also prove relations between the .#-transform, ordinary
derivation and the Skorohod integral. Finally, we prove a relationship between
the Skorohod integral, the Wick product and the Lebesgue integral.

2. Construction of the probability space

We start with a review of some well known facts about the classical Schwartz
space. Let &, denote the n’th Hermite function. The set of Hermite functions
{€,}nen is an orthonormal basis for L?(R). The (countably Hilbertian) nuclear
topology on the classical Schwartz space % (R?) is induced by the compatible
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system of norms

o5 == > A+ )@, £} re):

aeN?
fora = (o0, ...,aq) e N and B = (B, ..., Ba) € Ng,where
d d
=[] G+ =]]0+a)™.
i=1 i=1

The topology on . (R?) is also induced by the smaller system of pre-Hilbertian
norms

I-ll,:==0-llgps peNop, B=(p,...,p) e N

It is well known (see, e.g., [19]) that the system of norms || - ||, is equivalent
to the system of norms

1¢llg.00 == sup  sup|(l+ |x|)(DP$)(x)

a>0,|8]<q xeR?

) q € No,

for B = (B1, ..., Ba) € N&, where |B| := 81 + - -- + B4 and
dxyt - 0xy”

An important property of || - ||, is that for every p € N there exists a constant
M,,, such that for every ¢, ¥ € & (R?),

2.1 lovll, = Mplipllpllivrllp

(see, e.g., [10]). It follows from (2.1) that the Schwartz space F(R?) is not
only a nuclear space, but also a nuclear algebra.
Set X := R? x Ry, where Ry := R\ {0}. Define the space

d¢

0X4+41

F(X) = {¢ e SR 1 p(xy, ..., x4,0) = (X1y ..., xq,0) = 0}.

It follows that ¥ (X) is a closed subspace of & (R?*!). Thus, ¥ (X) is a count-
ably Hilbertian nuclear algebra endowed with the topology induced by the
norms || - ||,. Moreover, let #’(X) denote the dual of & (X). Since ¥ (X) C
F (R, it follows that we have the inclusion &/(R¥t!) ¢ &'(X). For
® € ¥'(X) and ¢ € F(X), the action ®(¢) is given by

O (p) := (D, p) 1= / D (x)p (x) dr T (x),
X
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where 1*¢ denote the Lebesgue measure on R?. In the sequel, we will con-
sequently let v denote a Lévy measure on Ry and let 7, denote the measure on
X given by m, := A*¢ x v. When there is no ambiguity, we will frequently
write 7 instead of 7.

LEMMA 2.1. For every Lévy measure v there exists an element, denoted by
1 ®v, in ¥ (X) such that

(1®f1,¢)=/¢(X)ﬂu(dX),
X

forall p € ¥ (X).

Proor. Without loss of generality, we consider the case d = 1. Set L(¢p) =
/ y @ (x) ,(dx). If we can prove that L is a continuous linear functional on
S (X), then L € %'(X) and the result follows. First note that L is linear. We
want to prove that L is continuous. For every ¥ € & (X), it follows from
Taylor’s formula that

_ oy 1821/f )
19%y
(2.2) = Ea—zz(y,f)'zzv

forevery y € R, z € Ry and some & = &(y, z) € Ry between 0 and z. Now
let {¢, }.en be a sequence of functions in % (X) converging to ¢ € ¥ (X) with
respect to the topology of .’ (X). From (2.2) and the fact that ||, —¢[l,c0 — O
asn — 0o,

L) — L@)| = L@ — )|
s/R/R!¢>n<y,z>—¢(y,z)|v<dz>x<dy)

,| 0% (s
f/R (‘252 ?) (v, £(y, 2)) | v(dz) A(dy)
(¢ — @)
//RO + V' +E(, ) —— 72 (y,é(y,z))‘
v(dz) A(dy)

1+y +$2(y, 2)

1 2
<5l - ¢||200//R01+y ey SUCORXCAY
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1
3 <Slo-ol [ [ 15

as n — oo since /Ro % v(dz) < oo, for every Lévy measure v. From (2.3),
it follows that L is continuous on % (X).

v(dz) Aldy) — 0

We use the notation 1 ® v in order to indicate that v is, in a generalized sense,
the Radon-Nikodym derivative of m, with respect to the Lebesgue measure.
Moreover, v is, in a generalized sense, the Radon-Nikodym derivative of v
with respect to Lebesgue measure.

Denote by L?(X", m*") the space of all functions on X" which are square
integrable with respect to  *". Let (-, -), denote the inner product on L*(X, 1)
and | - |, the corresponding norm on this space.

Define a space A}, by

={p €S0 1 1glx = 0}.

By the same arguments as in the proof of Lemma 2.1, one can show that .47 is
a closed ideal of & (X). Introduce another space denoted by & (X). This space
will be our starting point for the construction of the white noise measure.

DEFINITION 2.2. We denote by 7z (X) the space
F(X) = F(X) [Nz,
endowed with the topology induced by the family of norms

2.4 b ‘= inf .
(2.4) oy~ wlgwﬂ||¢+w||p

The following result states that iz (X) have similar nice properties as the
classical Schwartz space.

THEOREM 2.3. The space F (X) is a nuclear algebra with a compatible
system of norms given by (2.4). Moreover the Cauchy-Bunjakowski inequality
holds, that is for all p € N there exists an M, such that for all ¢, ¢ € S (X)

we have
oV llpn < Mplldllpll¥llpa-

Proor. It follows from [7, p. 72] that 7 (X) is a nuclear space with a
compatible system of norms given by (2.4). Thus the only thing left to prove is
the Cauchy-Bunjakowski inequality. First, note that % (X) is a nuclear algebra
which satisfies (2.1). Now, choose ¢, ¥ € ¥ (X) and py, p» € N5. Then,

2.5) 1@+ o)W + )l < Mplip + pillp 1Y + p21lp
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and

(2.6) 1@ + )W + P, = oY + p3ll, = 1V 11p.x

where p3 € AN . The result then follows from (2.5) and (2.6).

Let ¥ '(X) denote the topological dual of iz (X), which is isomorphic to the
orthogonal complement of A7 (see, e.g., [20]). For every p € N let &, (X)
denote the completion of F (X ) with respect to the norm || - ||, . Moreover,
let 9_p (X) denote the dual of R »(X).

LEMMA 2.4. There exists a po € N such that the functional L(ds) =

fx ¢ (x)m(dx) satisfies R )
L) < Myliollp.x

forall p > po. Thus, the functional L is continuous on F (X).

ProOF. Let ¢ € A It follows from Lemma 2.1 that there exists a py € N
such that

IL(p)| = <Myl +¥ll,,

/X(cb + V) (x) 7 (dx)

for all p > po. By taking the infimum over all ¥ € A7, the result follows.

THEOREM 2.5. There exists a probability measure ji; on F "(X) such that
forall p € L (X),

(2.7) /N & du, (w) = exp( f (e — 1)dn>.
F(X) X

Moreover, there exists a pg € N such that 1 @ V € y_,,o(X) and a natural
number qo > po such that the embedding operator & 0 (X) = F po(X) is
Hilbert-Schmidt and

Mn(y—qo(x)) = 1.

Proor. Consider the functional ® given by

O(p) 1= exp(/ (€™ — 1) n(dx)),
X

which is positive definite and satisfies ®(0) = 1. Set F(¢) = In(D(¢)). We
have that

|F(¢) — F(r)| = ‘ / (€™ — D (dx) — f (™) — 1) 7 (dx)
X X
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/(ei¢(X) _ ei¢k(X)) 7(dx)
X

(2.8) < / ¢ (x) — i (x)| 7 (dx).
X

From (2.8) and Lemma 2.4, it follows that F, and hence ®, is continuous
on & (X). The result then follows from the Bochner-Minlos theorem for co-
nuclear spaces (see, e.g., [8, Thm. 1.1, pp. 2]).

From now on, denote by pg and ¢g( the numbers described in Theorem 2.5.

LEmMMA 2.6 (1. condition of analyticity). w, satisfies the first condition of
analyticity, that is there exists € > 0 such that

/~ exp(E”w”—qo,n)dﬂn(a)) < oQ.
LX)

ProoF. The proof follows the argument of [21, Lemma 3]. Define,

W(p) = exp( / (P — 1)n(dx>),
X

for ¢ € S (X). Introduce the moment functions of 1., which by a criterion of
Cramer [3] can be expressed by

A" (1)
d

’

=0

M, (¢) = /N (0, 9)'d s (w) =
S(X)

for every ¢ € ﬁ(X), t € Rand n € N. Denote by A¥ the set

k
Aln< = {(al,...,ak) e NF o > I,Zai :n}.
i=1

We can then deduce the following expression for M,
n k .
n! (1@, 9%)
(2.9) M@= ) [1——
k=1 " qeak j=1 7
Observe that

(2.10) 1@V, d) < 11 @ Vl-gyrxllPllgon < 0.
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By Theorem 2.3, there exists a constant C,, such that

(2.11) 16V llgor < CoollPlaprl¥llgor  forall ¢, ¥ € F(X).
From (2.10), (2.11) and the expression for M,, given by (2.9),

M, ($)] < Z 53 ﬂ e vl W”¢"‘ lgo,

. aeAk j=1

<Zn! Zl_[||l®v|| 0.7 ”¢”q0n

T aenk j=1

= Fu (11 ® Vll—go.x ) Co D15,

where F),(x) is the n’th moment of the Poisson distribution with intensity
x. We know that for the Poisson distribution with intensity parameter x =
1 ® V]l—g,» < 00 there exists a constant Cy such that for alln € N,

}Fn(nl &® f)”—qo,n)| < n!Cli\ll®ﬁquo,n'
Hence there is a constant C > 0, such that foralln € N and ¢ € F (X) and

M, (9)| < n!C* Pl -
from which the claimed result follows (see, [12, Lemma 3]).

Set Q = & (X) and let u, be the measure given by Theorem 2.5. This
provides us with a well defined Poisson white noise probability space that is
suitable for an infinite dimensional calculus for every pure jump Lévy process.

3. Chaos expansion and orthogonal polynomials

In section 2 we constructed a probability measure p, on Q = F "(X), which
by Lemma 2.6 satisfies the first condition of analyticity. According to [1], this
is all we need in order to have a chaos expansion of functionals in terms of
Charlier polynomials. Our chaos expansion is a generalization of the chaos
expansion in [13] to Poisson measures with a more general intensity measure
than considered in [13].

Let Y, Z be linear topological spaces. For amapping f : Y — Z, we define
the directional derivative in the direction ¢ € Y at the point y € Y by

d
Vo f(y) = %f(y +€d)

=0
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We say that this mapping is differentiable along a subspace A C Y, if the
derivative V f (y) exists for any ¢ € A and V,, f(y) = f'(y)¢, where f'(y)
is a linear continuous mapping of A into Y. Let V denote this linear mapping,
thatis V4 = (V, ¢). For higher order differentials we introduce the notation

Vg, Vg, =(V,01) - (V,) =(V® - ®V,0, Q- @ ¢y).

Define the function /(x) := In(1 4 x), which is analytic in a neighbourhood
of zero and satisfies /(0) = 0. Therefore the function

&g, ) = (e(-, ) o 1) (¢) = exp({w, In(1 +¢)) — (1@ D, ),

is analytic as a function of ¢ € F 40 (X) for f@ctions ¢ € F % (X) satisfying
¢(x) > —1,forallx € X. For ¢y, ..., ¢, € ¥(X) and w € &'(X), define

P(@r,....dwi @) = V5 - V&0, 0)],_,.

From the analyticity at zero of €(8, w), we obtain the following expansion

X n

~ t
e(t0, w) = Z ;P(Q, 0 w),

n=0 "
which is convergent in a neighbourhood of zero. Moreover,
P(¢l’ 7¢l’hw) = <V0 ® ®V9Fev(9’w)}6=os¢l ®®¢n>
= (Pu(@), $1 ® - ® ¢a),
where
(3.1) Py@) =V @ @ V'E0, 0),_,
We see that (P, (w), ) is well defined for all functions ¢ € F(X)®n,
where & (X)®" is the symmetric tensor product of % (X) with itself taken n
times. We remark that this function space is equal to the space of all functions
f € L (X") that satisfies f = f(xy, ..., x,) is symmetric 7 *"-almost every-

where in the variables xy, ..., x, € X (see, (3.5) for more details). According
to [1] and [13],

{(Pa(@), ¢™) :n e NU (0}, 9™ € F(X)®"},

forms a total set in L?(u,) and

~ — 1
(32) e ) =) —(Pal@), ™).
n=0 "
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From the form of €(-) we see that the polynomials P, are generalized Charlier
polynomials. In order to emphasise this, we will in the sequel write C, (-) :=

PROPOSITION 3.1. Foranym,n € N, ¢ € F(X)®" and ™ € F(X)®",

/N (Ca(@), BN Con (@), ¥™) dpin (@) = 80 mnl( ™, Y.
Frx)

PRrROOF. The proof is similar to the proof of [13, Prop. 2.3]. Choose ¢, ¥ €
y(X) and z1, 7 € C. Then

/N (219, w)e(z2¥, ) d iz ()
F'(X)
= exp(—(l ®v,z1¢ + Zz‘/f))

/~ exp((w, In(1 + z1¢) + In(1 + 229))) dpir (@)
F(X)

=exp(—(1® 7V, 21¢ + 22%))
/~ exp((@, In((1 + z1¢)(1 4+ 22%)))) d iz (@)
F1(x)

= exp(z122(1 ® v, p¥))
= exp(z122(@, ¥)x)

N U2 e e
(3.3) = ZO GRS AL
On the other hand, we can use (3.2) to get

/N (219, w)e(za¥, ®) d iy (w)
F'(X)

n_m

G4 = ) /F/(X)<cn<w>,¢®"><cm<w>,w®'">dun(w).

n'm!

n,m=0

By comparing the coefficients in the expressions (3.3) and (3.4), we see that
the result holds for ¢ = (z;¢)®" and Y™ = (z,9%)®". The proof now
follows by linearity and the polarization identity, which enables us to extend
the result to ¢ € F(X)®" and ¥ ™ e F(X)®™.
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DEFINITION 3.2. A function F : 37’(X ) — C of the form

N
F@)=)Y (@®.¢"), wePX).NEecN,

n=0

is called a continuous polynomial if o™ € F c(X )®” (the complexification of
F (X )®") We denote the space of such continuous polynomials by (¥’ (X)).

COROLLARY 3.3 (non-degeneracy of ). Forall F € @(f '(X)) for which
F =0, uy-almost everywhere, we have F (w) = 0 for all w € &' (X).

ProOOF. It can be shown that each continuous polynomial F* admits a rep-
resentation of the form

N

F(@) =) (Ci(@), $u),

n=0

where ¢A>,, e (X )®”. Without loss of generality, take F(w) = (C,(w), dA)n).
By Proposition 3.1,

0= E,, [{Ca(®), $u) /cb (x) 7w (dx).

Hence, ¢, € AN, which implies that qg,, is the null element in ¥ (X). Therefore
F is identically zero.

REMARK 3.4. A probability measure with the property in Corollary 3.3 is
called non-degenerate (see [12]). We will make use of this property for the
construction of stochastic test function and distribution spaces.

For functions f : X" — R define the symmetrization f of f by
(3.5) FOn, s xy) o= — Zf(xa],-. y Xo,),

for all permutations o of {1, ..., n}. We call afunction f : X — R symmetric
if f = f, that is a function is symmetric if it is equal to its symmetrization.
Denote by L2(X", 7>") the space of all symmetric functions on X" which are
square integrable with respect to 7 *". Let f, be a function in L2(X", 7*").
Since #(X) is dense in L?(rr), we can find a sequence of functions £ €
F(X)®" such that £ converges to f, in L2(X", m*") as m — oo. Define
(Ch(@), fu) Y

(3.6) (Co(®), fu) = lim (Cy(w), £™), (limit in L* ().
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We remark that this limit exists by Proposition 3.1. Moreover, let fn(j ) e
S (X)®" be another sequence converging to f,,. Then by Proposition 3.1,

2
T°

/N ((Col@), £y = (Co(@), £)) dpi (@) = 0| £ — £O

I(X)

which shows that the definition of (C, (w), f,) is independent of the choice of
approximating sequence { "™ }°°_,. From the calculation,

~ d .
Vpe(n, o), _o = T exp({w, In(1 + 1+ €¢)) — (1 ® v, n + €4))

=(w-1®7,9),

e=0,n=0

it follows that the first Charlier polynomial C; is given by Ci(w) = 0w — 1 ® v.
From Proposition 3.1, we therefore obtain the following well known isometry.

LEMMA 3.5. Let f € L*(X, ). Then

/N (=100, f)dux@) =1
S(X)

For any Borel sets A| C R¢ and A, C Ry such that 0 is not in the closure
of A,, we define the random measures

N(A1, Ap) i= (@, 1a,xn,) and  N(Ap, A2) = (@ —1® D, 14,xa,)-

From the characteristic function of p, it is clear that N is a Poisson random
measure, and N the corresponding compensated Poisson random measure.
Moreover, the compensator of N (A, Az) is given by (1 ® v, 14,xa,), Which
is equal to w (A, A,). We have therefore justified the following identity

(3.7) f P)N@x) = (w—1®71,¢), ¢eL*X, 7).
X

So, in a generalized sense, the compensated Poisson random measure N has a
Radon-Nikodym derivative with respect to the Lebesgue measure on X, which
is given by w — 1 ® 1. Every square integrable pure jump Lévy process L has

a representation ,
szat+/ /zﬁ(dl,dz)
0 JRo

From (3.7) we see that such Lévy processes L admits the representation

Li=ar+(w—1Q®0v, f), fitx,2) =zl
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As a stochastic distribution, this representation is valid also when L is not
square integrable.

4. Stochastic test and distribution functions

In this section we will define spaces of test functions and distributions as
pairs of dual spaces with respect to the inner product (-, -),, and stochastic test
functions and stochastic distributions as pairs of dual spaces with respect to the
inner product on L?(i1,). Our approach is a variation of the approach taken
in [11], and our system of generalized Charlier polynomials coincides with
the generalized Appell systems in [12], which provides in the same manner
stochastic test function and distribution spaces (compare, [12, Example 27]).
Observe that for ¢ € ¥ (X), we have by Theorem 2.3, that

4.1)

@, 9)x = (1©0,0%) < 1@ Vll—gox 197 llgon < Moyl @ Vll—go 2 16117, 1

from which it follows that F (X) is contained in LZQ( , ). Define R (X) as
the dual of % (X). It follows that the topology on #’(X) is induced by the
following compatible system of norms

(4.2) 1pl-px =11 V)PI—px for p = po.

We will now construct the Kondratiev type stochastic test function space
and the Kondratiev stochastic distribution space. Let f € 2(¥'(X)). By
Corollary 3.3, f has a unique representation

N

f@) =D (Ca@). fu)e  fa € FXO.

n=0

For any natural number p > ¢, define the Hilbert space (%) ;, as the comple-
tion of  := P(S’(X)) with respect to the norm

o
LfIo k=D @D N full} . fEP.
n=0
The corresponding inner product is

((fs )pk = DD (fu: 8)ps

n=0

where (-, -), denotes the inner product on 7 p(X )®”. Obviously, (& )}] 4 C
(%), We define the space ()" as the projective limit of (LV);. By [1, Thm. 4],
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(&)! is a nuclear Fréchet space which is densely topologically embedded in

L? (r).
For every natural number p define the space (% ):;, as the dual of (%) }, We

have the inclusion (& ):}, Cc (& ):E pil): Denote by ()~ the inductive limit
of (¥ ):},, which is equal to the dual of (%)". Let ((-, -)) denote the dual pairing
between (¥)! and (&)~!. Moreover, for any F(w) = Y oo ((Cy(w), F,) with
kernels F, € F "X )®", define the norm

o0
2 R 2
IFIZ, 1k =Y 1Eal® .
n=0

We equip (%)~! with the inductive limit topology induced by the norms
| F|I* p—1.K- The next results provide a characterization of F € (%)~ and the
dual pairing (-, -)). The proof is standard, so it is omitted.

LEMMA 4.1. F € (%)} if and only if F admits an expansion F(w) =
Yo o{Cu(w), F,), where F, € ' (X)®" and ||F||-p_1.x < 00, for some
P> qo If f(@) = Y 720 (Cal®), fu) € (F)', then

(4.3) (F, f) =Y n'(Fn, fu)r-

n=0

Moreover, (-, -)) is an extension of the inner product on L?(jiz).

5. The & -transform and Wick products

There are several transformations from spaces of stochastic distributions to
spaces of deterministic functionals. In this paper we will focus on the -
transform. Our approach is based on the results in [1], [12], [13] and [21].
Let F € (&)~!. Then there exists a natural number p(F) > 0 such that
F e (9):;(”. Denote by U, the set
Up:={¢p€FX) : llp <1}

For any ¢ € 7z (X), it follows from the chaos expansion of €(¢) given by
equation (3.2) that

(5.1) 15, DIy k=D I
n=0

Hence, 2(¢) € (%), if and only if ¢ € U,
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DEFINITION 5.1. Let F € (¥ ):}, and £ € U,. We define the .¥-transform
of F by _
FL(F)(E) == (F(w), e, w)).

Observe that since F € (y):}, and 2(&) € (%)}, it follows that | (F)(§)| <
0.

LEMMA 5.2. Let F = Y% ((Cy(@), F,) € ()7}, Then

o0

SFVE) =) (F€)n, £,

n=0

PRrROOF. Let £ € U,,. By Proposition 3.1 and the chaos expansion of ¢(&)
given by (3.2),

oo e.¢] 1 o0
S(F)E) = <<Z<Cn(w>, F,), Z<cm(w>, WWW =Y (F. 6%,
n=0 m=0 ' n=0

Denote by /! the inverse of the function /(x) = In(1 4 x), thatis [~'(x) =
e* — 1. Define another transform denoted %» (F) by:

Ip(F)(E) = (F(w), e§, w))),

where
e(¢, w) :=exp((w, ) — (1@ D, e? — 1)).

For every & such that ¢ — 1 € Uy and F = Z;’;O(C,,(a)), F,) € (V):;,, we
have that

o0

52  Lp(F)E) =) (Fu (¢ = D) = (S (F)ol™")&).

n=0

Denote by % = Hol(6), the algebra of germs of functions that are holo-
morphic in a neighbourhood of 6y (See, [1], [4] and [16] for more details). We
equip % with the inductive limit topology induced by the norms

1glp.i00 :=sup [g(@)l, p,leN,
llpllp <2~

(see, [4]). A characterization of the image of (%)~! under the ¥p-transform
was proved in [1]. Note that the function /! is analytic in a neighbourhood of
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zero. By equation (5.2) and the analyticity of /~!, we deduce that the character-
ization of the image of the &p-transformin [1] also is valid for the #-transform.
Therefore, by [1, Thm. 5],

THEOREM 5.3. If F € (¥)7! then ¥ (F) € Hol(0). Conversely, if G €
Hol(0) there is a uniquely defined distribution F € (%)~" such that & (F) =
G on some neighbourhood of zero in (¥ )1C (the complexification of ()").

By Theorem 5.3, the & -transform is an isomorphism between () ! and %.
Moreover, if f, g € Hol(0) then fg € Hol(0). Hence the following definition
is well defined,

DEFINITION 5.4 (Wick product). Let F,G € (¥)~!. Define the wick
product, denoted by F ¢ G, of F and G, by

FoG: =% (L (F)IG)).

It follows directly from the properties of the .#-transform and the defini-
tion of the Wick product that Wick multiplication is a continuous operation.
Moreover, we have the following characterization of the Wick product in terms
of chaos expansions.

ProPOSITION 5.5. Let F(w) = Z;’lozo(Cn (w), F,) and let G(w) =
Z:O:()(Cn(a)), G,) be elements in (¥)~'. Then F o G € (¥)~" and

ee]

(F o G)(w) = Z( Y (Cr(w), Fn®Gm>).

k=0 “n+m=k

ProOOF. The proofis similar to proof for the Brownian motion case provided
in [8], so it is omitted.

For F € (¥)7!, define F*" := F ¢ --- o F (the Wick product taken n
times). Moreover, define the Wick exponential of F, denoted exp®(F'), by

o 1
exp®(F) := Z;Fon,

n=0 """

whenever Y 7 Lpon e (P) LI € g/(X), it follows from Lemma 4.3

n=0 n!

that (C; (w), ¢) € (¥)~'. By Proposition 5.5,
(Ci(w), $)*" = (Cu(w), ®").
From the chaos expansion of €(¢, @) given by (3.2), we therefore have that

(5.3) &9, w) =exp®((0 — 1® ¥, ),
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for all ¢ € g’(X) that satisfies ¢ (x) > —1, forall x € X.

6. A unitary isomorphism and configuration spaces

In this section we will establish a unitary isomorphism between L*(u,) and
the classical Poisson space with intensity & = m, defined via the configuration
space. This isomorphism can be used to transfer analytical structures from the
Poisson space to L% (it ).

We need the definition of a configuration space. As in [13] and [11], we
introduce the configuration space I" over X = R? x R, by

I:= {y C X :card(y N K) < oo for any compact K C X}.
Denote by ¢, the Dirac measure at the point x € X. The correspondence
(6.1) Fsyr—dy =) & ¢€li(X),

X€y

provides a one-to-one mapping ® from I' into the space of positive integer
valued measures . (X) over B(X). We endow I', as a closed subset of
M, (X), with the relative vague topology. That is, a sequence of measures o,
converges to o in I, if and only if for every f € C.(X), (i.e. the space of
continuous functions with compact support) we have

/ f(x)do,(x) — f f(x)do(x), as n — o0.

X X

Then the continuous functionals

62) T3y r— (. f) :=/ FWdy) =Y f),  feCuX),
X xey

induce the topology of I'. We need the following key observation regarding
the support of .

PROPOSITION 6.1.
(6.3) pc,,(iZex e X):ye F}) =1,
Xey

where the Dirac measure €, is naturally identified with the corresponding delta
Sfunction in &' (X).

Proor. Relation (6.3) follows from the path properties of Lévy processes
(see, e.g. [15]). More specifically, almost all the paths of a pure jump Lévy
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process are right-continuous step functions with existing left limits (cadlag),
whose jumps are contained in the support of the Lévy measure (see [13]).

Furthermore, we define the Poisson measure u};, with intensity measure 7,
on the Borel o-algebra %(I") as follows.

DEFINITION 6.2. The Laplace transform of u! is given by

6.4)  lLr(p) = / exp((y, ) diuk () =exp( / (e — 1>dn<x>),
I X

where ¢ € F (X). The existence of /,L}; follows from Proposition 6.1 and the
identification in relation (6.1).

Taking into account that we have
f~ e dpn (@) =1, ($) = Lur (),
F1X)

forall ¢ € F (X), we conclude that the measure 1, is the image of ,u}; under
the mapping ® : I' - ®(I") =: Qin (6.1). That is for all B € B (¥’ (X)),

(6.5) [ (B) = jtz (BN Q) = up (' (BNQ)).

From relation (6.5), together with the change of variable formula for the Le-
besgue integral, it follows that for all f € L'(T, ul), the function f o ®~ ! is
in L'(Q, ) and

/F FOYduD(y) = /Q Fod (@) dn ().

Thus, we have proved the following result.

THEOREM 6.3. The map Ug : L*(jiz) — LZ(M};) given by
(6.6) g god,

is a unitary isomorphism.

REMARK 6.4. It is important to note that the measure u, does not ad-
mit the construction of a satisfactory differential calculus on &’ (X). Since
Uz (& + @) L u (&) (see, e.g., [6]), integration by parts and adjoint oper-
ators are not available. We overcome this circumstance by using the unitary
isomorphism of Theorem 6.3 to transport analytical structures from L?(ul)
to L?(u,) (compare, [13]). We will make use of this principle in Section 7,
where we introduce the Poissonian gradient for Lévy processes.
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7. The Poissonian gradient and the Skorohod integral

In this section we explore some properties of the Poissonian gradient and the
Skorohod integral on the Poisson space. Most of the results in this regard are
extensions of results obtained in [17]. We proceed to show how the Skorohod
integral behaves under the .#-transform.

Define a space D C L?(i1;) by

D:= {f(a)) = Z(Cn(w)’ Sa) Zﬂn!|ﬁz|;21 < OO}’
n=0 n=0

and a linear operator D : D — L%(w X i) by

o0

(7.1) D, f(@) =) (Co1(@), nfu(-, X)),

n=1

for f(w) = Z:"ZO(C,[ (w), fu) € D, where f,(-, x) is the function f,, with the
last argument x = (xq, ..., x441) € X held fixed. It can be seen from a direct
calculation that

oo
2 2
DS 1y = D | Sl

n=1
Thus, Df € L*(w x ) whenever f € D. Note that (¥)' C D. Define

another linear operator, called the Poissonian gradient, denoted by V*,

VAW x) = fly +e) — f(), y el xeX,

for all variables of the form f(y) = g((y, ¢1), ..., (¥, #n)), where the func-
tion g € C°(RY) and ¢y, ..., ¢y € & (X). Notice that V* is defined on
L?(uL). We define the operator V¥ on L?(u1,) by

VP = U3V Us.

LEMMA 7.1. The operators D and Ve coincide on a dense subset of L*(ty),
hence the closure of D equals the closure of V' .

PrOOF. From the The chaos expansion of €(¢, w) given by (3.2) and the
definition of D,

" & ¢®n
D.e(¢, w) = D, (Z<cn(w), 7>)

n=0

o0 n—1
— Z<C”—1 (w), nqb—‘gb(x)>

n
n=l1
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oo ¢®”
=¢(x) Z<Cn(w), >

s n!
(7.2) = ¢ (x)e(9, w).
On the other hand, V?* applied to €(¢, w) gives
(VPe(, 0)(x) = (U V Us2(¢, )) (x)
o (€@, v +e) =20, 1)
c;l (’é’(qs’ y)(e(éx,ln(1+¢)) _ 1))
= Uy ' (€, y)p (1))
(7.3) =e(p, w)p(x).

By comparing (7.2) and (7.3), we see that D, e(¢, ) = (VPZ(¢, w))(x), for
all x € X and ¢ € S (X). Since both operators are closable and the linear
span of variables of the form ¢(¢) is dense in L?(j1) the result follows.

=U
=U

We will now consider generalized random fields F : X — (%)~!. Observe
that the chaos expansion of such fields may be written as

o

F(x) =Y (Ca@), Fu(, X)),
n=0
where F,(-,x) € 37’(X)®” for every x = (x1,...,%x441) € X and

| F(x)||-p—1.xk < 00, for some natural number p > 0. Let L be the set of
all F: X - (%) such that F, € ' (X)®"+D and

00
=2

E |Fn|_p,ﬂ < 00,

n=0

for some natural number p > 0.

DEerFINITION 7.2. For F € L, define the Skorohod integral, denoted 4 (-), by

o0

8(F) := Y (Cay1 (), F),

n=0
where F, denotes the symmetrization of F,.

From the definition of the Skorohod integral conjoint with the assumption
on elements of L, it follows that §(F) € (%)~
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In [2], it was proved that for predictable integrands the Skorohod integral
coincides with the usual It6-type integral with respect to the compensated
Poisson random measure N.

__ The next result shows that the operator D, which by Lemma 7.1 is equal to
V?, is the dual of the Skorohod integral §.

THEOREM 7.3. Let F € Land f € (¥)\. Then

(7.4) /X((F(X), Dy f) m(dx) = (8(F), f)-

ProOF. Set F(x) = ijio(c,,(w), F,(-,x))and f = Zf:()(Cm(w), fm)s
where F € Land f € (%)!. Then §(F) € (¥)~'. Choose a natural number
p > O such that §(F) € (¥ ):},. By the Cauchy-Schwartz inequality,

n+1

/ |(Fn(" x), fug1(, )C))ﬂ|7T(dx) < / |ann+1|dnx(”+1)
X X
= [ IR0 g
Xn

. 1
= ”Fn(l ® V)®(n+ )”—p,n ||fn+1 ”p,ﬂ

(7.5) = |Fl-pall fasillpx-

By first changing the order of integration and summation using [5, Thm. 2.15],
then inequality (7.5) and finally the Cauchy-Schwartz inequality, we get

/ S0+ DY (Fao )0 fort (0 0),, (@)
X n=0

=S+ 1)!/|(Fn<-,x>,fn+1<-,x))ﬂ|n<dx>
n=0 2

IA

o
> U Fl—pa 4 DU fullpr
n=0

o) 1/2 , o0 5 172
< (DF,,E,,,”) (Z(<n+1>!) ||fn||f,,,,)
n=0

n=0

= I8CF)l—p,—1.x 1 fllp,1.x < 00.
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By the dominated convergence theorem,

/((F(X), Dy f)) 7 (dx) = / D A+ DUFuCx), fugi (X)), 7(dx)
X X n=0

= Z(n + DI, for)x

n=0

) >+ DUF. fari)x

n=0

= (8(F), 1),

where (x) is due to the fact that f,, is symmetric, and hence (Fy, fo11)x is
eqllal to (Fn’ fn+1)7t'

We remark that if §(F) € L*(u,) and f € D C L?(jz), then equation
(7.4) reads

E[/X(F(x)Dxf)n(dx)] = E[8(F)f].

According to Theorem 7.3, § = (VP )*. By using the Mecke identity, one
can show that (see, e.g., [13])

((VP)*F)(J/)=/XF(V—6x,X)dJ/(X)—/XF(V,X)JT(dX).
Hence,
U<1>(5(F))(V)=/XF(J/—Ex,X)dV(X)—/XF(J/,X)n(dX)-
COROLLARY 7.4. Let F € L. Then §(F) € (¥)_,, for some p € N, and
FSF)NE) = /X(y(F(x))(S) -S(x)) 7 (dx),

forall§ € U,.

PrOOF. By equation (7.2), we have that D, ¢(§, w) = (&, w)&(x). Hence,
by Theorem 7.3,

F(SFNE) = (8(F), e&))
= /X((F(X),?(S)S(X)))ﬂ(dX)

- f FEE)E) - £(x) 7(d).
X
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REMARK 7.5. Corollary 7.4 provides a powerful tool for solving certain
types of stochastic differential equations by &-transforming the stochastic
differential equations into deterministic differential functional equations.

Define the process W : X x @ — R by
Wx)(w) == (Ci(w), &),
where €, denotes the Dirac delta function with mass at the point x € X.

We have the following relationship between the Skorohod integral, the Wick
product and the Lebesgue integral.

PROPOSITION 7.6. Forall F € L,
8(F) = /X (F(x) o W(x)) dr D (x).
PrOOF. By Corollary 7.4 and the definition of the Wick product,
y( /X F(x) o W(x)dx“"“)(x))(s)
- /X FF () o W) () dix @D (x)
- /X FF@)E) - FWE)E) dr D (x)
- /X FFENE) - (e, ) d* 4D (x)
- /X FF@)E) - £@)(1 & D)(x) di* D (x)

:/Xf(F(X))(S)f(X)ﬂ(dX)
=L B(F)E).

The result then follows from Theorem 5.3.
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