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THE FIRST SZEGO LIMIT THEOREM FOR
NON-SELFADJOINT OPERATORS IN THE
FOLNER ALGEBRA

ALBRECHT BOTTCHER and PETER OTTE

Abstract

We determine the first order asymptotics of the trace of f (P, U P,) and the determinantdet P,U P,
for operators U belonging to the Fglner algebra associated with the sequence { P, } and satisfying
an “index zero” condition. We present three different proofs of the main result in the case where
U is a normal operator.

1. Introduction

Let H be a separable Hilbert space. We denote by || - ||, || - || 1, || - |2 the operator
norm, the trace norm, and the Hilbert-Schmidt norm, respectively. We fix a
sequence { P, } of orthogonal projections on H such that R, := dimran P, <
oo for all n and we put Q, = I — P,. For B € B(H),

IP,BQ,|3 = tr(Q,B*P,BQ,) = tr(P,BQ,B*P,),
1Q.BP,|5 = tr(P,B*Q,BP,).

The Fglner algebra % ({ P,}) associated with { P} is the set of all operators B
in % (H) for which

P,BO,|> BP,|?
lim | P BQxll3 _o, lim 10, BP,ll5

n—o00 R, n— 00 0

=0.

The set & ({P,}) is a unital C*-subalgebra of (H). For B € $B(H), we

consider the sequence { P, B P,}. We are interested in a first order asymptotics

of the trace tr f (P, B P,,) for appropriate functions f and in particular in the case

f (&) = log A, which amounts to considering the determinant det(P, B P,).
Two standard situations are H = £2(Z) and

(D P,,:{xj;-’i_ool—>{...,O,x_n,...,xo,...,xn,O,...} (R, =2n+1),
2 Po:ifxj)2_ o> {...,0,x0,...,%-1,0,...} (R, =n).

j=—00
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In these two cases, & ({P,}) contains all banded operators and all Laurent
operators. A banded operator is an operator that is induced by a banded matrix.
A Laurent operator L(¢) is given by a matrix of the form (¢; )75 __., where

the ¢;’s are the Fourier coefficients of a bounded function ¢, that is,

2
== | o ™do  (keZ)
2 0
with ¢ in L* on the complex unit circle T. Notice that L(¢) is unitarily
equivalent in an obvious way to the operator of multiplication by ¢ on L?(T).
If P, is as in (2), then the operators P, L (¢) P,| ran P, may be identified with
n x n Toeplitz matrices T, (¢) := (<pj_k)’?;i0. The classical first Szegd limit

J»
theorem [18] states that if ¢ is real-valued and essinf ¢ > 0 on T, then

3) logdet T,,(¢) = n(log ¢)o + o(n) as n — oo,

where (log ¢)g is the Oth Fourier coefficient of log ¢. (Notice that det 7}, (¢) is
positive for ¢ > 0, so that the logarithm is well-defined.) Extensions of (3) to
more general situations, mainly concerning either Toeplitz-like or selfadjoint
operators B in place of L(¢) have been studied by many authors. References
[1], [2], [4]-[17], and [19]-[21] are a few exemplary works of the business.

We here prove an analogue of (3) for operators in & ({ P,,}) that are a power
of an operator whose numerical range is separated away from zero and that
are subject to an additional stability requirement. Suppose, for example, the
operator under consideration is the Laurent operator L(¢) with a continuous
function ¢ : T — C. The operator L(¢) is the power of an operator L (i) with
a continuous function v for which the convex hull of 1/ (T) does not contain
the origin if and only if the winding number (= index) of ¢ about the origin is
zero. Consequently, the assumption of our main theorem (Theorem 3.2) may
be interpreted as an “index zero” condition. Notice also that the operator L ()
is selfadjoint if and only if ¢ is real-valued. But this operator is always normal.
Thus, when dealing with the problem considered here, passage from selfadjoint
to normal operators is in fact quite a nontrivial step, because it includes passing
from Hermitian Toeplitz matrices to arbitrary Toeplitz matrices as a special
case.

2. A general trace formula

Let B be an operator in 2 (H ). The sequence { P, B P, } is said to be stable if the
operators P, B P,| ran P, are invertible for all sufficiently large n, say n > ny,
and sup, .., | (P, B P,) ™" Py | < 0.

The spectrum of an operator B € % (H) will be denoted by o (B). We write
A—Band A — P,BP, for .\l — B and (Al — P,BP,)|ran P,, respectively.
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THEOREM 2.1. Let K be a compact subset of C and let 2 C Cbe a bounded
open set with a smooth boundary 02 that contains K. Let f be analytic in
Q and continuous on the closure of Q. Let finally U € & ({ P,}) and suppose
o(U) C K and {P,(. — U)P,} is stable for all A, € 3. Then

tr f(P,UP,) =tr P, f(U)P, +0(R,) as n— oo.

The proof is based on three lemmas. The first lemma is the basic trick of
our approach. The other two lemmas are needed to make some estimates in
the proof of Theorem 2.1 uniform.

LEMMA 2.2. Let B € B(H) be invertible and let P and Q be complementary
projections on H. Then P B P|ran P is invertible if and only if Q B~' Q| ran Q
is invertible. In that case
4) (PBP)"'P=PB'P - PB'Q(0B'0)"'Q0B'P,

5)  (@B'Q)'Q=0BQO - QBP(PBP)"'PBQ.

PrOOFE. See [5, Proposition 7.15] or [6, Lemma 2.9], for example.

LeEmmA 2.3. Let B € B(H), » € C, and suppose { P,(A — B) P, } is stable.
Then there exist ng € N, M < 00, € > 0 such that

I(Po(u — BYP) ' Pl < M

forn > ngand | — A < e.
Proor. Put B, = P, B P,|ran P,. Suppose that A — B,, is invertible and that
(A — B,)"'P,|| < N < ooforalln > ng. With u = A + 8,
p—By,=i+8—B,=0—B,)U+8x—B,)",

and hence . — B, is invertible for all » > ny whenever |§| N < 1. For these §
we get

N

oo
_ Bn 71Pn < k) k p Bn —1k+1 L —
[l (e )7 Pl = D181 )l S TN

k=0
which yields the assertion with e = 1/(2N) and M = 2N.
LEMMA 2.4. Let B € B(H), . € C\ 0(B), and suppose

l.nma—m*aﬁ
1m

n—00 R,

=0.
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Then there exists an € > 0 such that

iy NP — B) 10,13
1m

n— 00 R,

=0

uniformly for |u — A| < e.
PrROOF. Let again 1 = A + & and suppose |8 ||(A — B)~'|| < 1. Then

[Pt — B) ' Qulla = 1 Pu(h + 8 — B) ' Qull

2

P, Y (D' = B) ' 0,
k=0

3

<Y 181* | Pl = B 04,

k=0

3

<Y 18K+ D0 = B IMIP. = B) ' Qulla

k=0
PG =B) 0l
A== BTN

which gives the assertion with e = 1/2[|(A — B)~'|]).

ProoF oF THEOREM 2.1. We have
(6) trf(PnUPn)_trPnf(U)Pn

- L / fO)u[(P,(L = U)P) ™' P, — P,(A — U)' P, ] dA.
2mi a0

By (4), the absolute value of (6) does not exceed

1
> / IfO | e[P.( =) (0, = U) ' Q) ' Q0 — U) T P ]| 1dA,
T JaQ
and since | tr(ABC)| < ||All2IB|l IC||2, this is at most
1
2—/ LFDIIQ. = U Q) 0ull
T JaQ
x [|1P,(h = U) ' Qullall Qu(h — U) ' Pyll2 [dA].

The sequence {P,,(A — U) P,} is stable for each A € d€2. Since €2 is compact,
Lemma 2.3 implies that there are ny € N and M < oo such that

(P, —U)P)'P,| <M
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for all n > ng and all A € 92. Identity (5) therefore implies that
102G =)' Q)" Qull < I = Ul + I = UIIPM < N < o0

for alln > ng and all A € 992. Since U € % ({P,}) and A — U is invertible,
the inverse (A — U)~! belongs to the C*-algebra & ({P,}) for each A € 9Q.
Lemma 2.4 and the compactness of 02 therefore yield that

max IP(A — U)'Qullz 100 — U) 'Ryl
1€0Q JR, JR,

as n — oo. This gives the assertion.

-0

3. Operators with good numerical range
Here is a first consequence of Theorem 2.1.

COROLLARY 3.1. Let U € & ({P,}) and suppose the closure of the numer-
ical range 7 (U) := {(Ux, x) : ||x|| = 1} does not contain the origin. Then
U = e for some A € F({P,)}) and

(7 logdet P,UP, =tr P,AP, + o(R,) as n — 0o,

where log is any branch of the logarithm that is analytic on clos 7 (U).

ProoF. We employ Theorem 2.1 with K = clos 7(U). We may without
loss of generality assume that K is a subset of the right open half-plane. The
spectrum of U is contained in K. Let & D K be a bounded open subset of the
right open half-plane with a smooth boundary 0€2. The function f (1) = log A
is analytic in €2 and continuous on the closure of Q. Thus, U = e with

/ (logh) (A — U)~'dax.

27n ;

If L € 0Q,then 0 ¢ A — clos#(U) = clos# (. — U). This implies that
A—U=a( + S) witha € C\ {0} and ||S|| < 1 and hence

1
P, —U)P)'P,|| < — PSP, |IF < ————
I(P G- = U) P ||<| Z“ = Ga s

which shows that {P,(A — U)P,} is stable for every A € 9€2 (this argument
is from [10, Section I1.5]). The corollary is now immediate from Theorem 2.1
and the identity logdet P,U P, = trlog P,U P,.

The following result concerns powers of operators with good numerical
range. The stability requirement in that result is nasty at the first glance, but in
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the next section we will see that the result is not true without this additional
condition.

THEOREM 3.2. Let U € & ({P,}) and suppose the origin does not belong
to the closure of % (U). Ifk € N and {P,U* P,} is stable, then

(8) log | det P,U*P,| = klog|det P,UP,| + o(R,) as n— oQ.

ProOOF. It is easy to show that
©) | P,B*P, — (P,BP,)" I\ <k |BI*IIP.BQylI

for every B € %(H). Put L, := P,U*P, — (P,U P,)*. Using (9) and taking
into account that || P, Bll1 < | Pyll2l| PaBll2 = v/ R || P, Bll2, we get

1Ll | Pall2 | P U Qulla
<klUl*
R, R,
”PnUQn”Z
= kU =
VR,
=o(1).

Furthermore,
det P,U* P, = (det P,U P,)* det(I + (P, UP,)"*L,),

and since the closure of 77 (U) does not contain the origin, we may conclude as
in the proof of Corollary 3.1 that the sequence { P, U P, }is stable. Consequently,

| det(I + (PnUPn)_kLn)| < e”(PnUPn)_kLn”l < eMILulh

with some constant M < oo. It follows that

1
(10) lim sup R—(log | det P,,UkPn| — klog|det P,UP,|) <O.

n—oo n

On the other hand,
(det P,U P,)* = (det P,U*P,)det(I — (P,U*P,)"'L,).

Since {P,U* P,} is stable by assumption, the same argument as above yields
that

1
(11 lim sup R—(k log | det P,U P,| — log | det P,U*P,) <O.

n—oo

Combining (10) and (11) we arrive at the assertion.
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The following corollary is well known (see, e.g., [5], [10], [12]). We cite it
in order to illustrate Theorem 3.2 by a concrete realization.

COROLLARY 3.3. Let ¢ € L*(T) and suppose {T,,(¢)} is stable. Then

log |det T, (¢)| = n(log |¢|)o + o(n) as n — oQ.

ProoOF. The stability of {7, (¢)} implies that essinf |¢| > Oon T. Write ¢ =
|p|e’” with a real-valued function b : T — (—m, 7] and put ¥ = |¢p|'/3ei?/3.
The operator U = L(3) is normal. The closure of # (U) is therefore the
convex hull of the spectrum. As the spectrum of L (1) is the essential range of
Y, we conclude that clos #(U) is a subset of the right open half-plane. From
Corollary 3.1 we deduce that

1
log|det P,L(y)P,| = 3 tr P,L(log |p|) P, + o(n)
and Theorem 3.2 shows that

log | det P,L(¢)P,| = 3log | det P,L(y) P,| + o(n).

The last two relations clearly imply the assertion.

Note that if ¢ is real-valued and essinf ¢ > 0 on T, then {7, (¢)} is stable
and det 7,,(¢) > 0. Hence Corollary 3.3 contains the first Szeg6 limit theorem
as a special case.

For a piecewise continuous function ¢ € L>(T), let ¢*(T) be the naturally
oriented curve that consists of the components of ¢(T) connected by straight
segments at jumps. The sequence {7,(¢)} is known to be stable if and only
if ¢*(T) does not contain the origin and has winding number zero about the
origin. In this case the third order asymptotics is

log | det 7, (¢)| = n(log|e|)o + Alogn + B + o(1) as n— oo,

where A and B are completely identified constants [3].

4. Normal operators

In[15]itis shown thatif A € % ({P,}) is selfadjoint, then (7)is true for U = e”.
Since in this case U € &% ({P,} and # (U) is some line segment [m, M] C
(0, 00), the result of [15] is a straightforward consequence of Corollary 3.1.
Here is what Corollary 3.1 tells about normal operators.
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THEOREM 4.1. Let A € F ({P,}) be normal and put U = e*. If the spec-
trum of A is contained in some open horizontal strip of width =, that is, if
there exists an yy € R such that | Im A — yo| < 7w/2 for all . € o (A), then the
closure of 7 (U) does not contain the origin and

(12) logdet P,UP, =tr P,AP, 4+ 0o(R,) as n— oo,

where log is any branch of the logarithm that is analytic on clos 7 (U).

ProoF. The operator U is normal together with A, and o (U) is contained in
some open half-plane whose boundary passes through the origin. The closure
of the numerical range of the normal operator U is the convex hull of o (U).
Thus, 0 is not in clos #'(U) and Corollary 3.1 gives (12).

ExaMpLE 4.2. This example shows that Theorem 4.1 is sharp. Let A =
L) where ¥ (¢t) = im/2 for t on the upper half of the unit circle T and
Y (t) = —in/2 for t on the lower half. Then 0 (A) = {—in/2,inw/2}. We
have U = e* = L(e¥). Clearly, ¥ = 0. If (12) would be true, it would
follow that log | det T, (e¥)| = o(n) or, equivalently, | det 7,,(e¥)|'/" — 1 as
n — oo. However, T, (e?) is skew-symmetric (see, e.g., [6, p. 143]) and hence
det T,,(e¥) = 0 whenever n is odd.

ExaMPLE 4.3. This example reveals that Theorem 3.2 is in general no
longer valid without the requirement that { P, U* P, } be stable. Let U = L(gp)
where (1) = e/™/* for t on the upper half of the unit circle T and ¢(t) = e~"/*
for t on the lower half. Then 9 (U) is the line segment between e~*"/* and
e'™/*. We have U? = L(¢?) and ¢ takes the values i and —i on the upper
and lower halves of T, respectively. This implies that T;,(¢?) is not stable.
From Example 4.2 we know that T, (¢?) is skew-symmetric and that therefore
det T,,(¢?) = 0 for odd n. Relation (8) amounts to

log | det T, (¢*)| = 2log | det T, ()| + o(n),

and this is clearly not true because log | det T;,,(¢)| = n(log |¢|)g 4+ o(n) due
to Corollary 3.3.

5. Two more proofs for normal operators

Here are two more proofs of Theorem 4.1.

SECOND PROOF. We proceed directly, without invoking Theorem 2.1. We
know that the origin does not lie in the closure of # (U) and we may therefore
without loss of generality assume that clos # (U) is contained in the right open
half-plane. Let I" be a smooth curve in the right open half-plane that encircles
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clos # (U) exactly once counter-clockwise. Obviously, # (P, U P,) is a subset
of 7 (U). Consequently,

1
R—(log det P,UP, —tr P,AP,)

n

1
= R—(tr log P,UP, —tr P,AP,)

n

1
= R—(tr log P, P, —tr log efnAP

n

= 57k, /(mg/\)tr[(/\—Pe Py ' — =Py an

= ik, /(logk)tr[(k P, P) " (e — Pt Py)

x (h — e Ay~ da.

Taking into account that ||(A — B)~!|| < 1/ dist(), clos # (B)) for every op-
erator B € B(H), we get

1
R—I log det P,UP, —tr P,AP,|

1 P,AP, A / |log A| |dA|
< P — Pn Pn . .
~— 2nR, ”e ¢ ”‘ r dist(x, clos ' (U))?

Finally, from (9) we obtain

1 P,A
— |[e® AP — PP, I, < 14l oAl | PnAQnll
R, R,
< ||A|| e”A” ||P11||2||PnAQn”2
= R,
— ||A|| eHAH vV Rn ||PnAQn||2
R, ’

which goes to zero because A € # ({P,.}).

THIRD PROOF. We start with formula (19) of [15]. This formula is a gen-
eralization of Liouville’s formula from ordinary differential equations and it

says that
1 ot
det P,UP, = " AP exp(/ / E@,7)dt dt),
0o Jo
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where
E(t,7) =tr(P,AQ,e" V¢ "C 0, AP, P,e" P, (P,e'* P,) ' P,).
It follows that
|E(t, 7)| < "1l (Pye'* P) T Pyl 1 PuAQull2 | QnA P12
=11 )|(P,e P Poll 1 PaAQull2 | Qu AP 2.

Since A € # ({P,}), we obtain

1
(13) R—I logdet P,UP, — tr P,AP,|

1
P,AQ, ZAP,
< ( f 1141 |(P,e 4 P,) " Py | dt) P2 AQull2 1Qn AP
0 VR, VR,

1
— (f te'" (P A P P, dt)o(l).

0

We write A = B 4 i C with self-adjoint operators B and C. Since A is normal,
the operators B and C commute, that is BC = CB. By assumption, o (A) C
[m, M] x [yo— h, yo+ h] for certain —oo <m < M < ocoand0 < h < /2.
This implies that o (B) C [m, M] and o (C) C [yo — h, yo + h]. Therefore
(14) [(Ppx, etAan)l = i(e%Ban7 eitCe%Ban)|

> cos(th)|(Pyx, e'® P,x)|

> cos(th)e™ || Px||*

for all » and thus,

15 Pn IAP” —an -
(15) I(Pue P Pl < e
Butif 0 <t < 1, then

1 1

< .
e costh — e mlcosh

(16)

Inserting (15), (16) in (13) we arrive at the assertion.

If in the foregoing proof we just wanted (P,e'4 P,)~! to exist we could
allow m = —o0. To see this, assume there is some nonzero x € ran P, such
that P,e’4 P,x = 0. Estimating as in (14) we get

0= (Pux,e'®P,x) = [e2® Px|?,
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which shows that ez5 P,x = 0. Repeating this argument we arrive at
0= (Px, e Px) = e+ Pox

and hence ¢i% P,x = 0. Proceeding further in this way and using the strong
continuity of ¢’? we eventually obtain that x = 0. Although in this case of
semi-bounded B the invertibility of P,e'4 P, is still ensured, the uniform bound,
which is needed for stability, is not necessarily valid.

With a view to Example 4.2 it is not surprising that the assumption on C
cannot be weakened in general. For instance, in the special case B = 0, where
A = iC and hence ¢'* is unitary, a gap condition has to be imposed on o (A):
when supo (P,CP,) < infa(Q,CQ,) orsupo(Q,CQ,) < inf o (P,CP,),
then (P,e’4P,)~! exists for all # € R whereas one can construct counter-
examples in the case where such a gap is missing (see [16, Theorem 3.4,
Corollary 3.6, and Section 5]).
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