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RELATIONSHIPS BETWEEN MONOTONICITY
AND COMPLEX ROTUNDITY PROPERTIES
WITH SOME CONSEQUENCES

HENRYK HUDZIK and AGATA NARLOCH

Abstract

It is proved that a point f of the complexification E€ of a real Kéthe space E is a complex extreme
point if and only if | f]| is a point of upper monotonicity in E. As a corollary it follows that E
is strictly monotone if and only if EC is complex rotund. It is also shown that E is uniformly
monotone if and only if E€ is uniformly complex rotund. Next, the fact that |x| € S(E1) is a
ULUM-point of E whenever x is a C-LUR-point of S(E®) is proved, whence the relation that
E is a ULUM-space whenever EC is C-LUR is concluded. In the second part of this paper these
general results are applied to characterize complex rotundity of properties Calderén-Lozanovskii
spaces, generalized Calderén-Lozanovskii spaces and Orlicz-Lorentz spaces.

0. Introduction

First we introduce the notations and define the notions used in this paper. Let
(T, =, u) be acomplete and o -finite measure space and L° = L%(T, =, i) be
the space of all (equivalence classes of) X-measurable real functions defined
on T. A Banach space (E, || ||g) is said to be a real Kothe space if E C L°
and:

(i) forevery x € L? and y € E with |x(¢)| < |y(t)| u-a.e. in T, we have
x € Eand [|x][g < |lylle,

(i1) there is a function x € E such that x(t) > Oforany ¢t € T.

In the whole paper, if a real Kothe space E is fixed, S(E) and B(E) denote
the unit sphere and the unit ball of E, respectively. The same notations are
used for complex Kothe spaces defined bellow. In this paper global and local
monotonicity properties are considered for real Kothe spaces only although
these properties can be also defined for abstract Banach lattices (see [2]).

We say that E is strictly monotone (E € (SM) for short) if for every
x, y in the positive cone ET = {x € E : x > 0} we have ||x||z < |yl
whenever x < y and x # y. E is said to be uniformly monotone (E € (UM))
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if for every ¢ € (0, 1) there is 6(¢) € (0, 1) such that |x — y||g < 1 — 3(¢)
whenever 0 < y < x, ||x||zg = 1 and ||y||g > €. A point x € E* is called
a point of upper monotonicity (UM-point) if for every y € E™ \ {0} we have
lxllz < llx + yllg.- We say that x € S(E™) := ET N S(E) is a point of upper
local uniform monotonicity (ULUM-point) if for any sequence (x,) such that
x < x, (n € N) there holds ||x — x,||[g — O if |x,||g — 1. If every point
in S(E™) is a ULUM-point, then we say that E is an upper locally uniformly
monotone space (ULUM-space).

We refer to [2] for the definitions of SM and UM, to [16] for various
characterizations of the monotonicity properties in Kothe spaces, to [3], [4],
[5], [91, [10], [11], [12], [14], [15], [16], [17], [19] and [20] for criteria of
monotonicity properties in various classes of Kothe spaces and to [1] for the
application of the uniform monotonicity in ergodic theory.

We say that the Kothe space E has Fatou property (E € (FP) for short) if
for any x € L° and (x,) in ET such that x, 1 x pu-a.e. and sup,, [[x,llg < oo,
we have x € E and ||x, ||l — ||x]|&.

The Kothe space E is said to be order continuous (E € (OC) for short) if
for any x € E and any sequence (x,) in E™ such that x, < |x| (n € N) and
X, 4 0 u-a.e., we have ||x,||g — O.

For a real Kothe space (E, || ||g) we define its complexification

ES={f:T—>C: f=x+iy with x,y € E}

endowed with the norm

LA = [Vx2+ |, = I lle.

The space (E C. 1l I is called in this paper a complex Kothe space. If (F, || ||)
is a complex Kothe space, then the space

F,={f € F: Im(f) =0)

under the norm induced from F is a real Kothe space. It is easy to see that
E = (E), and F = (F,)* for any real Kothe space E and any complex Kothe
space F.

Let X be a complex Banach space and S(X) be the unit sphere in X. A point
x € S(X) is called a complex extreme point (C-extreme point or x € C-Ext(X)
for short) if for any y € X with y # 0 there holds sup; < lx + Ay|x > I.
A complex Banach space X is said to be complex rotund (C-rotund) if every
x € S(X) is a C-extreme point. Considering complex local or global rotundity
properties of a Banach space X, we always assume that X is a complex Banach
space. We say that X is uniformly complex rotund (uniformly C-rotund) if for
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every € € (0, 1) there exists §(¢) € (0, 1) such that ||x||x < 1—3§(¢) whenever
Iyllx = € and supj;;<; lx + Ayllx < 1. This definition is equivalent to the
following one:

Ves0 Fse)>0 Yeyex Xl =1, Iyl =2 &= sup lx +Ay|| = 1+ 5(s).
[AI<1

A pointx € S(X) is called a point of complex local uniform rotundity (C-LUR-
point) if for every ¢ > 0 there exists §(x, €) > O such that sup, <, [lx+Ay[l >
1 + 8(x, ¢) for every y € X satisfying ||y|| > e. If every point of the unit
sphere of X is a C-LUR-point, then X is called a C-LUR-space.

The notion of complex rotundity was introduced by Thorp and Whitley
in [23], where they showed that the complex space L'(X, u) is C-rotund.
Globevnik [13] introduced the notion of uniform C-rotundity and showed that
the complex space L'(X, ) has this property. Next Wang and Teng [27]
introduced the notion of locally uniform C-rotundity, obtaining criteria for this
property in the class of Musielak-Orlicz spaces.

It is well known that monotonicity properties have various applications,
among others in ergodic theory (see [1]) and in dominated best approximation
problems (see [17] and [19]). Complex rotundity properties have applications
in the theory of vector-valued analytic functions. It is known that if f is a
function from the unit disc B(C) (in the field of complex numbers C) into a
complex Banach space X and f is analytic, i.e. x*o f is analytic in the classical
sense for any x* € X* (the dual space of X) and the maximum of the function
F(2) = || f(z)| is attained in an interior point zy € B(C), then F' is a constant
function. But, in the case when X is C-rotund, more can be deduced, namely
that f is a constant function (see [23]).

From our results it follows that for any real Kothe space E strict mono-
tonicity and uniform monotonicity of E coincide, respectively, with complex
rotundity and complex uniform rotundity of E€. On the basis of this observa-
tion, most of the results from [24], [25] and [26] concerning complex rotundity
properties can be easily deduced from the results of [17], [19] and [20]. In sec-
tion 2 some other results are also deduced.

1. Results

THEOREM 1. For any real Kothe space E a point f € S(E®) is a C-extreme
point of B(E®) if and only if | f| is a UM-point in E.

ProOOF. For the sufficiency let us pick f € S(E®), g € EC and suppose
that | | is a UM-point and || f + Ag|| < 1 for all L € Cwith |A| < 1. We need
to show that g = 0. First we show that g(t) = 0 for n-a.e. r € T \ G, where
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G = supp f. We have the inequality

L= 1=l < IS+ 18lxnelle
< |31/ +gxcl + 51 — gxal + Iglxra |, = 311 + gl +1f —gllle
<3lf +gllle + 501 —glle =31 +gl+ 31 f —gll < 1.

Then, by the upper monotonicity of | f|, we have g x7\¢ = 0. This means that
supp g C supp f. Therefore, to finish the proof of the sufficiency, we need
only to show that the set

S={teT: f(t)#0and g(r) # 0}

is a nullset. For every |A| < 1, we have

2=12fll=If +rg+ f —rgllle
S +rgl+1f —2gllle < If +2rgll+ 11 f —rgll < 2.

Hence the assumption that | f| is a UM-point yields that
|(f (@) +2g@) + (f () —Ag@)] = f ) + 28] + | f (1) — 2g(@)]

for p-a.e.t € T and, in consequence, arg(f (t)+Ag(t)) = arg(f(t)—Ag(t))+
2km, k € Z. Therefore, the function 4, : supp(f + Ag) Nsupp(f — Arg) — R,
where

S @)+ rg()

f (&) — rg()

has positive values for every A € C with |A| < 1. Let us define A; = {r €

St f)+gt) #0)L, Ay ={teS: f(1) —gt) #0}, Az ={r e S:

f@)+igt) #0}, Ay ={teS: f(t)—igt) #0}and B; = S\ A; for

j €{1,2,3,4}. Weseeatonce that ByNB; = fifork # landk, [ € {1, 2, 3, 4}.
Let us take now arbitrary t € By. Since By C A3 N Ay, s0

oy = LOG®O =D
8 hi(f) + 1
for any ¢ € B;. This implies that
.1 =hi@)
i=——-¢€
hi(t) + 1

6] h (1) =

and f(@)+g@) =0

for any ¢t € Bj, which is a contradiction. So B; = . We can prove in a similar
way that B, = B3 = By = (.
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Next forany ¢ € A := ﬂ2=1 Ay, by (1), we have

_f@O(h@) - 1)
80 == 0TT

because t € A; N A,. So, we see that

|f@OP (1) = 1) <R
hi(t) +1

(2) HOVIOE

But since we also have t € A3 N Ay fort € A, we get

. S @) (hi@) —1)

1)=——-—"—",
ig(t) hi() + 1

and so the condition

|fOP i) = 1) cR

3) ig®) f() = = O+ 1

follows. Properties (2) and (3) show that g(t)?(t) =O0forany? € ﬂzzl Ax.

Since ?(t) #0fort € ﬂ2:1 Ay, we get g(t) = 0 for such ¢, a contradiction.

Therefore ﬂizl Ay = 0. Consequently, S = ﬂizl AU Uzzl B, =4.
Necessity. Suppose that | f| is not a UM-point. Then there exist y € E*

such that | f| < y, | f| # y and [[| f]lle = llylle = 1. By Lemma 1 from [6],
| f| cannot be an extreme point of the unit ball in E, so there is g € E* \ {0}
such that ||| f| &= gl = 1. Consequently,

If+2gll=11f +Agllle < IfI+glle =1
for any |A| < 1. Hence f ¢ C-Ext(EC).

A real Kothe space E is strictly monotone if and only if every point in
S(E™) is a UM-point. Therefore we have

COROLLARY 1. For any real Kothe space E, its complexification EC is a
C-rotund space if and only if E is strictly monotone.

THEOREM 2. For any real Kithe space E, the space E© is uniformly C-rotund
if and only if E is uniformly monotone.

PROOF. Necessity. Suppose that E is not a uniformly monotone space. The-
orem 6 in [16] shows that there exist sequences (x,), (y,) C ET and a number
& > 0 such that

@ lxnlle =1,
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(1) llynlle = €
(111) ”xn + yn”E 1 + n
for every n € N. We have ||x,1|| =1 = ||x,| g for any n € N and
1
%0 + Ayull < Xl + yal e = X0 + yulle <1 +

for any A € Csatisfying |A| < 1. Hence sup; < X, + Ayall < 1+ % for any
n € N, which means that E€ is not uniformly C-rotund.

Sufficiency. Let us assume that E is uniformly monotone. Let f, g € EC,
¢ be arbitrary positive number less than 1 and || g|| = &. Suppose that sup; <,
IIf + rgll < 1. We will show that there exists a number é € (0, 1), depending
only on g, such that || f|| < 1 —§.Put ¥ = {1, —1, i, —i}. Proposition 5.17 in
[S] implies that there exists a number 8 € (0, 1) (depending only on ¢) such
that the following implication is true for arbitrary u, v € C:

1_
“4) |u|>%rkréay?|v+ku|:>|v|<T'Bké;/lv—l—kul.

LetA={reT:|glt)=> %maxkeyg |f(t)+kg(t)|}. Foreveryt € T \ A we
have

8
glg(t)l < max | f () + kg(D)l,

so, taking into account the assumption that sup;, | | f + Agll < I, we get

max |f +kglxrua|

ke
< %Zi“f‘f'kgb(T\A”E < %
ke

lexrall = | 2gixra], < £

Since || g|| = ¢, by the triangle inequality, it follows that
e
lgxall 2 5-

By the fact that the set /" is equal to its own inverse, {
that

% = 7[}, it follows

1
80 < 7 )18 +Kf (@)

ke

Z £ () + kg (@)

ke%

= Z |k|‘ —g(t) + f(1)] <

keﬁ{
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for any ¢ € A, whence

€ 1

5 < < |+ k

5 S llgxall H4 E Lf +kglxa i

kel
Consequently,
p ep

5 - k > —.
&) H4E|f+g|XAE >

ke

By implication (4) and the definition of the set A, we have

©) FIl=1fxrva + 1 flxalle

1 1—8
< szv"i‘kgb(rm-i-TZ|f+kg|XA

ket ket E

1
= HZZ|f+kg|xT—§ZIf+kgle

ke ke E

Now properties (5) and (6) and uniform monotonicity of E show that there
exists § > 0, depending only on ¢, such that || f|| < 1 — 3.

LEMMA 1. Let E be any real Kéthe space. If x € S(E®) is a C-LUR-point,
then |x| is a ULUM-point in E.

PRrOOF. It is obvious that |x| € S(E) whenever x € S(E°). Suppose that
|x| is not a ULUM-point. Then there exists a sequence (y,) C E™ satisfying
Iyv.lle = 1, |x] <y, and ||y, — |x|||lg = 6 forany n € N and some § > 0. If
we denote z,, = y, — |x[, then we have ||z, || = § and

1< sup [lx + Azpll < sup [llx] 4 [AzalllE
<1 <1

= |llx[ + [zallle = lx] + yo = |xllle = lIyulle = 1.
This means that x is not a C-LUR-point.
COROLLARY 2. If E is a real Kithe space such that E is a C-LUR space,
then E is a ULUM-space.
2. Some consequences

In this section we will apply the results of the first section to get some res-
ults on the complex rotundity properties in Orlicz-Lorentz spaces, Calderén-
Lozanovskil spaces and generalized Calderén-Lozanovskii spaces. To do this
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we will also complete results from [14] on the monotonicity properties of
Lorentz spaces and we will extend them to Orlicz-Lorentz spaces.

A function ¢ : T x R — [0, oo] is said to be a Musielak-Orlicz function if
@(t, .) is convex, even, vanishing and continuous at zero, not identically equal
to zero for p-a.e. t € T and ¢(., u) is a X-measurable function for any u# € R.
If sup{u > 0: ¢(¢, u) = 0} = 0 for n-a.e. t € T, then we will write ¢ > 0. If
@(t, .) takes only finite values for p-a.e. t € T, then we will write ¢ < oc. For
a Musielak-Orlicz function ¢ and x € L°, we define ¢ o x(t) = ¢(t, x(1)).

Given a real Kothe space E and a Musielak-Orlicz function ¢, we define
on L° the convex semimodular

‘ lgolxlle, ifgolxleE
0, (x) =

00, otherwise.

The generalized Calderén-Lozanovskii space E, generated by the couple
(E, @) is defined as the set of those x € L° such that Q(f (Ax) < Ho0 for
some A > 0. The norm in E,, is defined by

Ixl|; =inf{x > 0: 0l (x/2) < 1}

If ¢ doesnotdepend on ¢ € T, thatis, ¢ is an Orlicz function, then E, is called
the Calderon-Lozanovskii space. If E has the Fatou property, then E,, also has
this property, whence E,, is a Banach space (see [11]).

The generalized Calderén-Lozanovskii space can be complex or real ac-
cording to whether one considers real or complex L°. Denote by E g and E,
the complex and the real Calderén-Lozanovskii spaces, respectively. It is ob-
vious that E(S = (Ew)c’ that is, E(g is the complexification of real E,,.

In this section we will consider C-rotundity and uniform C-rotundity of
generalized Calderén-Lozanovskii spaces. We will restrict ourselves to the
cases of a non-atomic measure space and counting measure space (N, N Ww,
where n(A) = Card(A). It is well known that any o -finite measure space is
the direct sum of two measure spaces (A, ¥ N A, u|4) and (B, X N B, u|p),
where ANB =0, AUB =T, (A, X N A, u|s) is a non-atomic meas-
ure space, (B, X N B, u|p) is a purely atomic measure space with B be-
ing a finite or infinite counting set (so, if B is infinite, we can identify B
with N and £ N B with 2V). The generalized Calderén-Lozanovskif space
E, over a o-finite measure space (7, X, u) can be written as the direct sum
Ey (A, ZNA, ula)®E,(B, ¥XNB, iu|p). Consequently, if E,(T, X, i) has an
appropriate monotonicity property (analogously E S(T, %, w) has an appropri-
ate C-rotundity property) thenboth E,(A, ¥NA, u |4) and E,(B, ZNB, 1|p)
(analogously ES(A, Y NA, ula) and Eg(B, ¥ N B, w|p)) have appropriate
properties if they are considered with the norm induced from the whole space.
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Conversely, if criteria for the monotonicity (resp. C-rotundity) properties are
known for both parts separately, then it is possible to deduce respective cri-
teria for the whole space although it is not automatic because it can happen that
both parts of the space (over A and over B) have a fixed geometric property
but the whole space has not. Moreover, in the case of generalized Calderdn-
Lozanovskii spaces, we may assume without loss of generality that the purely
atomic part of T is the counting measure space (N, 2N, 11). Otherwise, instead
of a Musielak-Orlicz function ¢ = (¢;);2, we consider the Musielak-Orlicz
function ¢ = (¥;):2, with ¥;(u) = ¢;(u)n({i}) and the counting measure
space. For this reason, generalized Calderén-Lozanovskii spaces may be con-
sidered over a non-atomic measure space and over the counting measure space
only.

In the case of a non-atomic measure space we say a Musielak-Orlicz func-
tion ¢ satisfies the Af -condition (¢ € AZE for short) if there are a positive
constant K > 0 and a nonnegative function 7 € L° such that 9 o h € E and
o(t,2u) < Ko(t,u) for p-ae.t € T and all u > h(z) (see [11]).

THEOREM 3. Let (T, X, ;1) be a non-atomic o-finite complete measure
space, E be an order continuous real Kothe function space with the Fatou
property and ¢ be a Musielak-Orlicz function. Then the generalized Calderon-
Lozanovskii space E;: is C-rotund ifand only if o > 0, ¢ € ALY and E is strictly
monotone space.

ProOOF. The theorem follows by Corollary 1 and Theorem 1 in [10], where
criteria for strict monotonicity of E, are presented.

We say an Orlicz function ¢ satisfies condition A>(0) (¢ € A,(0)) if there
exist K > 0, up > 0 such that 0 < ¢(uo) and the inequality

(7) ©Qu) < Ko(u)

holds for u € [0, uy]. We say, the function ¢ satisfies condition A,(c0) (¢ €
A, (00)) if there exist K > 0, ug > 0 such that ¢ (up) < oo and inequality (7)
holds for all u > ug. If there exists K > 0 such that ¢(2u) < K¢(u) for all
u > 0, then we say that ¢ satisfies condition A,(Ry) (¢ € Az(RL)).

LeEmMMA 2. If (T, X, ) is a non-atomic o -finite complete measure space, E
is a real Kothe space over the measure space (T, 2, (1) and ¢ is a Musielak-
Orlicz function not depending on the parameter t € T, that is, ¢ is an Orlicz
function, then ¢ € A% is equivalent to:

(@) ¢ € Ay(00) if L — E,

(b) ¢ € Ay(Ry) if L™ E.
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PRrROOF. Let us first prove (a). Assume ¢ € AZE , that is, there is a constant
K > 0,aset A € ¥ with u(A) = 0 and a nonnegative function # € L°
such that p o h € E and ¢Ru) < Ko(u) forallt € T\ A and u > h(z).
Consequently, ¢(2u) < Ko(u) for all u > inf,er\a h(t). It is obvious that
a = inf;er\a h(t) < 00 and ¢(a) < oo, whence we get that ¢ € A (00).
On the other hand, assuming that ¢ (2u) < K¢(u) for some K > 0 and any
u > ug, where uy > 0 is such that p(ug) < oo, by L>*® — E, we have
o) xr € E,sop € AzE. This means that (a) has been proved.

Letus prove (b). Letg € A% and K, h be as in the definition of the condition
AzE. Then for every t € T \ A with u(A) = 0 we have ¢(2u) < Ko(u) if
u > h(t) and

©Qu) < 9(2h(t)) < Ko(h(1)) < Ko(u) + Ko(h(1))
if u € [0, h(¢)]. Consequently,

¢(2u) < Ko(u) + KtEirTlwa(h(t))

for every u € R,. We need to prove that a := inf,cr\ 4 @(h(t)) = 0. Assume
on the contrary that a # 0 and define g = ax7\4. Then g < @ o hxr\4. Since
L>* < E,wehave g ¢ E andso g o hxr\a ¢ E, a contradiction.

It is obvious that ¢ € A,(Ry) implies that ¢ € A%, so (b) is proved.

COROLLARY 3. Let E be a real Kothe function space with the Fatou property
and with an order continuous norm, and let ¢ be an Orlicz function. Then the
Calderon-Lozanovskil space E g is C-rotund if and only if > 0, ¢ € A} and
E is a strictly monotone space.

Proor. This is a consequence of Theorem 3. Note that by Lemma 2, for ¢
being an Orlicz function ¢ € A% has a simpler meaning than in the case when
¢ is a Musielak-Orlicz function. By Lemma 2, we can apply Theorems 1 and 2
from [15] to get ¢ € A¥. Next, ¢ € AZ implies that ¢ < 0o. From Theorem 1
in [4] it follows that if ¢ < oo and E, € (SM) (that is, if E(g is C-rotund),
thenp > 0 and E € (SM).

The sufficiency follows from Theorem 1 in [4] and our Corollary 1.

In the sequence case, that is, in the case of counting measure and a Kothe
sequence space e, we say that a Musielak-Orlicz function ¢ = (¢,)52 satisfies
condition 85 (¢ € 85 for short) if there exist constants a, K > 0 and a sequence
¢ = (cy)2, ine™ such that foralln € N and u € Ry the inequality ¢, (2u) <
K¢, (u) + c, holds whenever ||¢,(u)e,|. < a, where we put e, = x, for

n e N.
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We will say that ¢ = (¢,),, satisfies condition (+) if for any i € N there
is u; > 0 such that ||¢(u;)e; |l = 1.

THEOREM 4. Let ¢ be a real Kothe sequence space with the Fatou property
and ¢ be a Musielak-Orlicz function. The generalized Calderon-Lozanovskil
space eg is C-rotund if and only if ¢ > 0, ¢ € 85, ¢ satisfies the condition (+)
and e is strictly monotone.

Proor. This is a consequence of our Corollary 1 and Theorem 5.1 in [12]
provided we can prove the necessity of the condition (4). So, let us prove
this. Assume on the contrary that the condition (4) is not satisfied, that is,
llj(aj)ejlle < 1 for some j € N, where a; = sup{u > 0 : ¢;(u) < oo}.
Define x = aje; and y = x + be;, where [ # j and b > 0 is so small that
lgj(@pejle + lligi(Berlle < 1. Then we easily get that [lx[|} = [|y[l5 = 1.
Since x # y, this means that the space e,, is not strictly monotone.

Let us say that ¢ = (¢,),2, satisfies condition Dj if there are positive
constants ¢ and K and sequences (a,);, and (b,);2, of positive numbers
such that a, < b, and @,(b,)lle,|lc = a forall n € N, (¢,(a,));2, € e and
0, Qu) < Ko, (u) foralln € Nand u € [a,, b,].

REMARK 1. Note that if for all functions ¢, defining the function ¢ we have
ay, < by, /2, where a,, = sup{u > 0 : ¢,(u) = 0} and b,, = sup{u > 0 :
@n(u) < oo}, then ¢ = (¢,)52, € 85 iff (¢n),>k € 5 for some (forany) k € N
and ¢ = (¢,)72, € D5 iff ¢ = (¢4)n=k € D5 for some (for any) k € N.

LEMMA 3. Let ¢ = (¢,)52, be a Musielak-Orlicz function and e be a
real sequence Kothe space. Then ¢ € D5 implies ¢ € &5. If in addition e is
continuously embedded into coflle, ||}, then ¢ € & implies ¢ € D5.

PrOOF. Assume that ¢ € D5 andlet K, a, (a,),2, and (b,);Z be as in the
definition of the D5-condition. Then

@ Qu) < Kgp () + ¢ 2an) < Koy (u) + Ko (an)

foralln € Nand u € [0, b,]. Since (¢, (a,))o2, € e and ¢, (b,)|le, |l = a for
all n € N, we conclude that ¢ € &5.

Assume now thate < co{l|e,|l} and ¢ € 85. Let K, a and (c,)52, be asin
the definition of the §5-condition. Define b, > 0 such that ¢, (b,)lle, |l = a for
any n € N. Without loss of generality we may assume that ¢, < ¢,(2b,) < 00
(n € N) because if ¢, > ¢,(2b,), then the inequality ¢, (2u) < ¢,(2b,) < ¢,
holds for any u € [0, b,,] automatically. So, for any n € N there is a,, > 0 such
that ¢, (a,) = ¢,. Since g, (a,)lleqlle — 0 as n — oo and ¢, (by) el = a,
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we get ¢, (a,) < ¢,(by,) for n big enough (say forn > k), whence we conclude
that a, < b, for all n > k. Moreover, we have for any n > k and u € [a,, b,],

(pn(2u) < Kgon(u) +c, = K‘pn(”) + (pn(an)
< Kon(u) + ¢, (u) = (K + Dy (1),

which means that (¢,),~r € Dj5. Since condition 65 implies that
sup{u 2 0: ¢, (u) =0} < %sup{u > 0:¢,(u) < oo}

forevery n € N, we get ¢ € D5.

REMARK 2. Any order continuous real Kothe sequence space e is continu-
ously embedded into cof||e, ||}

Prookr. It follows from e € (OC) that ||(x¢)i>nlle = 0 as n — oo for
any x € e. In consequence, %, |lle,lle < [I(x)esalle — 0 asn — oo, that
is, x € cofllexlle}- The continuity of the embedding follows from the last
inequality.

LEMMA 4. If a real Kothe sequence space e is continuously embedded into
both spaces | and co{lle, ]}, ¢ > 0 and all Orlicz functions ¢, defining the
Musielak-Orlicz function ¢ = (¢,)5., are the same, then ¢ € &5 is equivalent
to ¢ € Ay(0).

PrROOF. Let ¢, = ¢ for any n € N. First, we will prove the implication
85 = A»(0). By Lemma 3, we have ¢ (2u) < K¢ (u) foru € [a,, b,],n € N,
where (¢(a,)),2, € e, ¢(by)lle e = a > 0 and a, < b, for all n € N.
Consequently, we have that ¢(2u) < K¢(u) for any u € [inf, a,, sup, b,].
The condition that (¢(a,));2, € e implies that ¢(a,)|le,|le — 0 asn — oo.
Since the assumption that e — [* yields inf, |le, || > 0, we get p(a,) — 0
as n — oo. Consequently, inf, ¢(a,) = 0. By the assumption that ¢ vanishes
only at zero, we getinf, a, = 0. We can prove (although we need not to do this
to have ¢ € A,(0)) that sup, b, < oo. The assumption that e — [*° yields
inf, |le,|l. > O. Therefore, by ¢ (b,)|le,]l. = a > 0, we have sup, ¢(b,) < oo
and so sup, b, < oo. Consequently, ¢(2u) < K¢(u) for all u € [0, sup, b,]
and so ¢ € A,(0).

A,(0) = 85. There are, by assumption, positive constants K and b such
that o (2u) < K@(u) whenever ¢(u) < b. By e — [* there is L > 0 such
that ||e, || = 1/L for any n € N. Therefore, assuming that ¢ (u)|le,|l. < b/L,
we get o(u) < b/(Llleylle) < b. This yields the desired implication.

REMARK 3. There is a real Kothe sequence space e such thate ¢ (OC) and
e = cofllenlle}-
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Really, take an Orlicz function ¢ such that ¢(1) = 1, ¢ > 0 and ¢ does
not satisfy condition A,(0). Then |le,||. = 1 forany n € N, LY < ¢( and
19 ¢ (00).

As an immediate consequence of Theorem 4 and Lemma 4, we get the
following

COROLLARY 4. Let a real Kothe sequence space e € (FP) and e be con-
tinuously embedded into both spaces [°° and co{||ey||.}. Then the Calderon-
Lozanovskil sequence space eg is C-rotund if and only if ¢ € A,(0), there is
u > 0 such that ¢(u) inf, ||e,|l. = 1 and e is strictly monotone.

THEOREM 3. Let E be a real Kothe function space with the Fatou prop-
erty and ¢ be a Musielak-Orlicz function. The generalized complex Calderon-
Lozanovskit space E(S is uniformly C-rotund if and only if ¢ > 0, ¢ € A¥ and
E is uniformly monotone.

Proor. Every Kothe space E which is uniformly monotone is order con-
tinuous (see [8], Proposition 2.1). The necessity of ¢ € AZ follows from the
fact that if E € (OC) and ¢ ¢ AF, then [* embeds order isometrically into
E, (see [11]), and thus, E, is not strictly monotone.

The necessity of ¢ > 0 can be proved in the same way as in the case of an
Orlicz function ¢ in Theorem 2 of [4].

Now we can prove the necessity of the uniform monotonicity of E for
the uniform monotonicity of E, (that is, for the uniform C-rotundity of Eg).
Assume that E is not uniformly monotone. Then there are two sequences (x,)
and (y,)in ET and € € (0, 1) such that 1 > ||y, llg = &, |xulle = 1, x, L y,
(i.e. u(supp x,, Nsupp y,) = 0) foranyn € N, and ||x, + y, ||z — 1 (see [16]).
The condition ¢ € A% implies that ¢ < oo, therefore we can find nonnegative
functions v,, w, € L° such that x, = ¢ o v, and y, = ¢ o w, forall n € N.
Consequently, 0 (v,) = ¢ o vulle = Il = 1, 0 (wy) = llp o w,lle =
lvullg = € foralln € N and,

1 < Q(f(vn"'wn) = lgo(vp+wp)lle = llgov,+@ow,llg = X+ yulle = 1

(the equality ¢ o (v, — w,) = ¢ o v, — ¢ o w, follows by the fact that v, L w,
for all n € N, which is a consequence of the assumption that x,, L y, for
any n € N). By the fact that if o] (z) < 1, then o] (z) < |lz]|] < 1 and if
Qg(z) > 1, then Qg(z) > ||z||5 > lforany z € E,, we get ||wn||g > ¢ for all
neNand [v, +w, |5 — 1.

To finish the proof it is enough to apply Theorem 4.3 in [9] and Theorem 2.

COROLLARY 5. Let E be a real Kothe function space with the Fatou property
and let ¢ be an Orlicz function. The complex Calderon-Lozanovskil space E(g



302 HENRYK HUDZIK AND AGATA NARLOCH

is uniformly C-rotund if and only if ¢ > 0, ¢ € Af and E is uniformly
monotone.

PRrROOF. Sufficiency. From our assumptions and Theorem 2 in [4] it follows
that £, is uniformly monotone and therefore E(S is uniformly C-rotund.

Necessity. Any uniformly monotone Kothe space is order continuous, so
we get the necessity of ¢ € Af from Corollary 3. Consequently, we have also
¢ < oo. If Eg is uniformly C-rotund, then E, € (UM). This implies, since
¢ < oo, that E € (UM) and ¢ > 0 (Theorem 7 in [16] and Theorem 1 in [4]).

We say a Musielak-Orlicz function ¢ satisfies condition (x), if for each
e € (0, 1) there exists n € (0, 1) such thatforalln € N and u € Ry, satisfying
lon(Wenlle < 1 — e, we have [|@,((1 +mu)e,ll. < 1 (see [12]).

THEOREM 6. Let e be a real Kothe sequence space with the Fatou property.
Then the generalized Calderon-Lozanovskii sequence space eg is uniformly

C-rotund if and only ife € (UM), ¢ € &, ¢ > 0 and ¢ satisfies condition (x),.
ProoOF. It is enough to apply Theorem 5.3 from [12] and our Theorem 2.

Although the class of Orlicz-Lorentz spaces is a subclass of Calderén-
Lozanovskii spaces (we get it taking for E (resp. e¢) the Lorentz space A,
(resp. A,,)) in this special interesting case, criteria for the monotonicity and C-
rotundity properties are clearer and more specified. Therefore, it is of interest
to present them, especially for the reason that we need to complete some results
from [14] on the monotonicity properties for Lorentz spaces A, and A,,. For
the definition of these spaces see [18], [15], [3] and [14].

THEOREM 7. Let (T, X, i) be a non-atomic, o -finite and complete measure
space. The Orlicz-Lorentz function space Ag’w is C-rotund if and only if the
weight function w is strictly positive, foy w()dt =0 ify =00, ¢ > 0, and
@ € Aa(Ry) if w(T) = oo (resp. ¢ € Ax(00) if u(T) < 00).

PrOOF. We need only prove that our assumptions are necessary and suffi-
cient for strict monotonicity of the real space A, ,. This was partially proved
in [14].

Necessity. If ¢ ¢ A>(Ry) when u(T) = oo (or ¢ ¢ A, (00) if u(T) < 00),
then A, contains an order isometric copy of /*° (see [15]), so Ay, is not
strictly monotone. If y = oo and foy w(t)dt < oo, then A, , also contains an
order isometric copy of [* (see [15]), whence A, ,, is not strictly monotone.
Assume that the condition that ¢ > 0 is not satisfied, that is, a, := sup{u >
0: ¢@m) = 0} > 0. Look at the function x = axs witha > a,, A € X,
0 < pu(A) <oo, u(T\A) >0and |x]y, = 1. Define y = x + ayxr\4-
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Then x* = aX[0,u(A)] and y* = A X[0,u(A)] + Ay X(u(A),00)- Since

n(A)

Q«:,w(y)=/0 co(y*(t))a)(t)dM:/o p@w(t)dpu

=/(; P M) dn = gg0(x) < 1,

we get [|y[lg,o < 1. Now, the inequality 0 < x < y and the equality [ x|ly ., =
1, yields || ylly,o = 1. Consequently ||y |y, = 1, which means that A, , is not
strictly monotone.

Assume now that  is not strictly positive. Then b(w) := sup{r > 0 :
w(t) >0} < y,where y = u(T).Let A € ¥ and a > 0 be such that b(w) <
1(A) < y and such that the function x = a4 satisfies [x||y,, = 1. Choose
0 < ¢ < a and define y=Xx++ CXT\A- Then y* = axo,u(A) + CX(u(A),y)-
Consequently, since w(t) = 0 for r € (u(A), y), we get 0y o (¥) = 0p,0(X),
whence we easily deduce that || x|y, = |¥llg, = 1, which means that A,
is not strictly monotone.

Sufficiency. Assume that the assumptions on ¢ and w are satisfied, 0 < y <
x,x # y,and |[x|lo.o, = 1. Then g, »,(x) = 1. Moreover, y* < x* and the
condition y* # x* follows by the assumption that foy w(t)dt = oo (if y = 00)
because the last condition yields that d, (1) = u({z : x(¢) > A}) < oo for any
A > 0 (see [18]). Consequently, by the fact that ¢ > 0 and by strict positivity
of w, we get 0y, (¥) < 0¢,o(x) = 1. Since ¢ € Ay(Ry) if u(T) = oo (or
@ € Ay(o0) if u(T) < o0), we get [|yllg» < 1, which means that A, ,, is
strictly monotone.

THEOREM 8. The Orlicz-Lorentz sequence space Ag,w is C-rotund if and only
if p satisfies the A,(0)-condition, there is uy > 0 such that ¢ (uo)w; = 1 and

Zzil w, = 00.

PROOF. Necessity. Assume that Y - w, < co. We will show that A, ,
contains then an order isometric copy of /.. Divide N into a sequence (Ny)
of infinite and pairwise disjoint sets and define x = axn, xx = axy, (k € N),
where a > 0 is chosen in such a way that fo;l ¢(a)w, = 1. Itis obvious that
x* = x; = axn for all k € N. Therefore, 0, ,(x) = 04,,(xx) = 1, whence
IXllp0 = llxkllpw = 1 forall k € N. Since x = ) ;2 x; pointwise, the
operator P : [, — Ay, defined by ¢ = (cx) —> Pc = Z,fozl cyxy defines a
linear order isometry, which follows from the fact that

%p0(Pc/llcllor) <1 and @y u(Pc/(Alclloo)) > 1

for any A € (0, 1). Thus A, is not strictly monotone, whence Ag’w is not
C-rotund.
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If we prove the necessity of the fact that ¢ (ug)w; = 1 for some uy > 0,
the remaining part of the proof of the necessity can be done as in the proof of
Theorem 7, because for every x € B(A, ), we have [x(i)| € [0, uo] for any
i € N and the behavior of ¢ outside of the interval [0, uy] has no influence
on strict monotonicity of A, .. In the proof of Theorem 7, we referred to [15]
in order to prove the necessity of ¢ € A;(Ry) (or ¢ € Ay(00)) for strict
monotonicity of A, . In the sequence case we should refer to [3], where it
has been proved that A, ,, contains an order isometric copy of /o, whenever
¢ ¢ A2(0).

Assume that there is no uy > 0 such that ¢ (ug)w; = 1. Consequently, for
a = supf{u > 0: ¢(u) < oo}, we have p(a)w; < 1. Defining x = ae; and
y = ae;+cey, where 0 < ¢ < « satisfies the inequality ¢ (@)w; +¢(c)w, < 1,
we have x* = x, y* = y and max(gy,,(x), 04,.(¥)) < 1. Moreover, we have
Q(p,w(ﬁx) = Q(p,a)(ﬂy) = oo forany f > 1. Consequently, ”x”(p,a) = ”y”(p,a) =
1. Since 0 < x < y and x # y, this means that A, , is not strictly monotone.

Sufficiency. Assuming that 0 < y < x, x € S(A40) and y # x, the
assumptions yield that 0 < y* < x* and y* # x*. Since the weighted /;-space
l1({wy}) is strictly monotone, we get 0y, (y) < 0¢,»(x) = 1. The assumption
that ¢ € A»(0) yields ||y|ly, < 1, thatis, A, is strictly monotone.

We say that the weight function w is regular if there exist K > 1 such that
S(2t) > KS(t) forall t € (0, y/2), where S(¢) = fot w(s)ds.

THEOREM 9. The Orlicz-Lorentz function space Ag’w is uniformly C-rotund
if and only if ¢ > 0, @ satisfies the Ay(Ry)-condition if w(T) = oo (resp. the
A, (00)-condition if u(T) < oo) and w is regular.

Proor. Thisis aconsequence of Theorem 2 and the results from [14], which
establish that A, is uniformly monotone if and only if our assumptions are
satisfied (see [14]).

THEOREM 10. Let ¢ be an Orlicz function. The Orlicz-Lorentz sequence
space )‘S,w is uniformly C-rotund if and only if there is uy > 0 such that
p(ug)w; = 1, @ satisfies the A,(0)-condition and the weight sequence w is

regular.

PrROOF. On the basis of the results from [12] and Theorem 2, the argument-
ation from the previous proof can be repeated here.
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