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SPACES OF FRACTIONS AND POSITIVE
FUNCTIONALS

F.-H. VASILESCU

Abstract

We discuss integral representations and extensions of positive functionals in some spaces of
fractions of continuous functions. As a consequence, numerical caracterizations for the solvability
of power moment problems and the uniqueness of the solutions in unbounded sets are obtained.

1. Introduction

Let K be the real field R or the complex one C. We consider vector spaces
over the field K, and K-linear maps defined between such spaces. When no
confusion is possible, the expression “K-linear” will be replaced by “linear”.

Let Q2 be a compact Hausdorff space and let Ck(€2) be the algebra of all
K-valued continuous functions on €2, endowed with the natural norm || f || =
Sup,,cq | f(@)|, f € Ck(L2). It is well known that every positive linear func-
tional on Ck (£2) has an integral representation. Specifically, if ¥ : Cx(R2) — K
is linear and positive, then there exists a uniquely determined positive meas-
ure pu on €2 such that ¥ (f) = fQ fdu, f € Cx(R2). As a matter of fact, if
¥ @ Cx(R2) — Kiis linear, then  is positive if and only if ¥ is continuous
and (||| = ¥ (1).

These features of positive linear functionals can be partially or totally re-
captured in more general spaces, derived from the basic model Ck (£2).

Let 2 be a family of nonnull positive elements of Ck(£2). We say that 2 is
a multiplicative family if (i) 1 € 2, (ii) ¢, ¢” € 2 implies ¢'q” € 2, and (iii)
if gh = 0 for some g € 2 and h € Cx(R2), then h = 0.

Let Cx(2)/2 denote the algebra of fractions with numerators in Cy (£2),
and with denominators in the multiplicative family 2, which is a unital K-
algebra (see, for instance, [ 16] for details). This algebra has a natural involution
f — f, induced by the natural involution of Ci(§2) (which is the identity for
K=R).
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To define a natural topological structure on Ck (2) /2, we note that for every
f € Ck(R)/2 we can find a g € 2 such that gf € Cx(R). If

Ck(Q)/q ={f € Ck()/2; qf € Cx(D)},

then we have C (2)/2 = U,coCk(2)/q. Setting || f lloo,q = ll¢f Il for each
f € Ck(2)/q, the pair (C(£2)/q, |I*]lo0,q) becomes a Banach space. For this
reason, Cx(2)/2 can be naturally regarded as an inductive limit of Banach
spaces (see [11], Section V.2).

Elementary facts related to the theory of inductive limits of normed spaces,
necessary for further development, are presented in the next section.

In each space C(£2)/q we have a positive cone (Ck(£2)/¢q)™ consisting of
those elements f € Ck(€2)/q such that gf > 0 as a continuous function. We
say that f is positive if f € (Cx(2)/q)™.

The positive elements of the algebra Cx (2)/2 are, by definition, the mem-
bers of the cone (Ck(£2)/2)", consisting of all finite sums of positive ele-
ments from the cones (Cx(2)/g)", with ¢ € 2 arbitrary. The positivity of
a linear map on Ck(£2)/2 will be defined with respect to the positive cone
(Ck (/DT

The aim of this work is describe the positive functionals in the algebra
of fractions Ck(£2)/2, and to characterize those linear functionals on some
subspaces of Ck(£2)/2 which extend to positive ones. The main result (The-
orem 3.7), whose proof uses a weak*-compactness argument inspired from
[14], will be applied to characterize the solvability of the multidimensional
power moment problem (in particular, the several variable Hamburger mo-
ment problem), in numerical terms (Theorems 4.1, 4.2, and 4.8). The unique-
ness of the solution of the moment problem in unbounded closed sets is also
characterized in numerical terms (see Theorem 4.5).

Let us briefly present our characterisation of the existence of a solution for
the Hamburger moment problem in one variable. Let ¢ be a positive measure
on the real line R such that the monomial t* € L'(u) for all integers k > 0 (i.e.,
the measure ;1 has moments of all orders). If p is any polynomial of degree
d > 0 then we clearly have

t
< sup )

VR PO AR = Sup o

/(1 + )" du(r),
R

where the integer m satisfies d < 2m. These necessary conditions, which
can be expressed only in terms of moments of w, are also sufficient, even for
several variables. Moreover, the quantities sup, g | p(¢)|/(1 +12)™ are universal
and calculable, at least in principle. In Remark 4.11, we present a method of
computation of such sup-norms.



SPACES OF FRACTIONS AND POSITIVE FUNCTIONALS 259

The classical result of Haviland concerning the solvability of the moment
problem (see [7]) can be obtained as a consequence of Theorem 4.2 (see Corol-
lary 4.4). The characterization in terms of semi-norms stated in Proposition 4.6
gives a different insight to the moment problem in unbounded sets, with ref-
erences to the determinacy in terms of density (see Proposition 4.7). All these
results are in concordance with the corresponding assertions from [9] and [15].
Moment problems in one or several variables are extensively studied [1], [2],
[6], [13] etc. Other descriptions of positive functionals on various spaces, using
different methods, can be found in [12].

The author is indebted to E. Albrecht (Saarbriicken) and O. Demanze (Lille)
for useful discussions on early versions of this work.

2. Linear functionals on inductive limits

In this section we present some auxiliary results, concerning the linear func-
tionals defined on inductive limits of vector spaces (see, for instance, [11],
Section V.2). We restrict ourselves to inductive limits of normed spaces.

Let X be a vector space over the field K. Following [11], the space X is
said to be an inductive limit (of normed spaces) if X is spanned by a family of
vector subspaces (X, )qea, such that each X, is a normed space.

Unlike in [11], we use the notation X = )", _, X, to indicate that X is the
inductive limit of the family of normed subspaces (Xy)yca-

Suppose that X = ) ,_, X,. In this case, a neighborhood base of X is
given by the family of sets of the form

Vv, = co<U{x € Xo: Ixlly < pu}),

aEeA

where ||| is the norm on Xy, 0 = (0y)eca 1S a family of positive numbers
and “co” stands for the “convex hull”. In fact, it is easily seen that each convex
set V,, is also balanced and absorbent.

For each set V, C X as above, we denote by oy, its gauge function (see
[11]), which is a seminorm on X. Specifically,

ovp(x)=ir;f{Zxa; X = haXar ha =0, %4 € Xa, [Xalla < pur o € F}
aeF aeF
xeX,

where F runs the finite subsets of A. It is easily seen that

oy, (x) = ir}f{Zpglllxalla;x =) Xu:Xg € Xop @t € F} x € X,

aeF aeF
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where F runs the finite subsets of A.

In particular, oy, (x) < ,0(;1 x|l forall x € X, and o € A.

A linear functional ¥ : X — K is said to be continuous if ¥, = V| X, is
continuous for all ¢ € A.

We want to describe the continuity of a linear functional in terms of gauge
functions. Some of these (elementary) results are possibly known. We preserve
the notation from above.

LEMmMA 2.1. Let v : X — K be linear.

(a) If ¥ is continuous, then | (x)| < oy, (x), x € X, where py = |||~
if Yo # 0and py > 0 is arbitrary if Y, = 0.

(b) Conversely, if | (x)| < oy, (x), x € X, for a certain V), then ||| <
oy foralla € A.

ProoF. (a) If x € X and € > 0 are given, then there exists a representation
X =) ik MXi, where Ay > 0, x € Xo, [Xklloy < poyo k € K, K C Z is
finite and Zke x M < oy, (x) + €. Assuming, with no loss of generality, that
Yo, 7 0 for k € K, we have:

W] <D Al O] <D il Il 1xelley, < 0, (x) + €.

keK keK

As € > 0 is arbitrary, we obtain the estimate |/ (x)| < oy, (x), x € X.

(b) Conversely, fix an ¢ € A such that i, # 0, and letx € X,, x # 0. If
y = lIx]l;" pax, then y € V,, and so |y (y)| < 1, whence [ (x)| < [Ix[la0y ",
implying lu |l < pg "

LEMMA 2.2. Let Y C X be a vector subspace and let ¢ : Y — K be linear.
LetalsoY, =Y N Xy and ¢ = ¢ | Yy, @ € A. Suppose that ¢ is continuous
and # 0 for all o € A.

The functional ¢ has a continuous linear extension ¥ : X — K such
that |Yall = ll@ell, @ € A, if and only if |¢(y)| < ov,(y), y € Y, where
Pa = ||¢ot||_l’ a € A.

Proor. If ¥ : X — K is a continuous extension of ¢ : ¥ — K such that
1Vall = lgull, @ € A, then | (x)| < oy, (x), x € X, where p, = |[ull™' =
ll¢ell~", by Lemma 2.1(a). In particular, |¢(y)| < ov,(y),y € Y.

Conversely, if [¢ (y)| < ov,(y), y € Y, the Hahn-Banach theorem implies
the existence of an extension ¢ : ¥ — K such that |/ (x)| < oy, (x), x € X. It
follows from Lemma 2.1(b) that ||, || < ||¢«ll, @ € A. But ¥, is an extension
of ¢, and so ||, || = ||¢ ] for all @ € A.

REMARK 2.3. We keep the notation from Lemma 2.2. Let Z = {x €
X; oy, (x) = 0}, which is a vector subspace of X. Then the quotient X/Z is a
normed space, whose norm is given by |lx + Z|| = oy, (x), x € X.
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Suppose the functional ¢ : ¥ — K continuous. Then ¢ induces a functional
®: (Y+Z)/Z — Kby the formula ®(y+Z) = ¥ (y), y € Y. This definition
is correct, because the trivial extension dN)(y +2)=¢0(),yeY,zeZ,is
well defined and continuous on Y + Z, via the equality oy, (y + 2) = oy, (y).

The functional ¢ : ¥ — K extends uniquely to a continuous linear func-
tional ¢ : X — K if and only if the subspace (Y + Z)/Z is dense in X/Z.
Indeed, if (Y + Z)/Z is dense in X/Z, then ® has a unique continuous exten-
sion ¥ : X/Z — K. The functional ¥ : X — K, given by {(x) = V(x + Z),
x € X, is unique because any other continuous extension ¥’ : X — K of ¢
gives rise to an extension ¥’ : X/Z — K of ®, which must be equal to V.
This implies the equality ¢' = .

Conversely, if (Y + Z)/Z is not dense in X/Z, we can find a nonnull
continuous linear functional I" : X/Z — K which is null on (Y 4+ Z)/Z. If
y . Y — Kis the functional induced by I', then for any extension ¥ of ¢, the
functional ¥ + y is another extension, different from .

REMARK 2.4. We recall some well known facts, directly derived from
the classical proof of the Hahn-Banach theorem (see, for instance, [5], The-
orem I1.3.10).

Let X be areal vector space and let o be a seminorm on X. Letalso Y C X
be a vector subspace and let ¢ : ¥ — R be a linear functional such that
¢(y) <o(y),y € Y.Foreachx € X we set

a(x) = sup[—¢(y) — o (y +x)],

yey

bx) = inflo (y +x) = $ ()]

As in the proof of Theorem I1.3.10 from [5], we have a(x) < b(x) for all
x € X,and a(y) = b(y) = ¢(y) if y € Y. Moreover, if ¥ : X — R is any
Hahn-Banach extension of ¢ (i.e., ¥ is linear and extends ¢, and ¢ (x) < o (x),
x € X), we have ¥ (x) € L(x), where L(x) = [a(x), b(x)], for all x € X.

3. Positive functionals on subspaces of fractions

Let Q2 be a compact Hausdorff space, let 2 C Ck(£2) be a multiplicative family,
and let Cx(€2)/2 be the algebra of fractions with numerators in Cg (£2), and
with denominators in 2.

REMARK. We do not intend to define formally the concept of space of
fractions. We shall work with various subspaces of the algebra of fractions
Ck(£2)/2, having suitable properties. Forinstance, if 2y C 2 is nonempty, and
if & C Ck(R2) is a vector subspace, we may consider the subspace s S /q
of Ck(£2)/2, where ¥ /g = {f € Ck(R)/q: qf € S} As S /q C Ck()/q,
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q € 9, is a normed subspace, the space ) 7€2 & /q is an inductive limit of
normed spaces.

We use throughout the text the notation ¢ ~! to designate the element 1/g
for any ¢ € 2.

DErINITION 3.1. Let 99 C 2 be nonempty. Let # = quﬁo Ck(R)/q,
and let ¥ : % — K be linear. The functional v is said to be positive if
Y| (Ck(2)/g)" > 0 forall g € 2.

THEOREM 3.2. Let 2y C 2 be nonempty, let F =}, Cx(R)/q, and
let y : & — K be linear. The functional  is positive if and only if

sup{|¥(hg ) h € C(Q), hllo < 1} =¥ (@™, g€

If ¢ : &% — Cis positive, there exists a unique positive Borel measure [
on 2 such that

1/f(f)=/9fd/x, fed.

1

In particular, the function q~' is -integrable for all g € 9.

PrOOF. We use the (already mentioned) fact that a linear functional 6 :
Ck(R2) — C s positive if and only if it is continuous and |0 = 6(1)

Set Y, (h) = ¥ (hg™"), h € Ck(Q), g € 2.

Suppose ¥ positive. As Cx (2) C & and each positive function 2 € Cx(£2)
is also positive in Cg(£2)/q, the functional &,1 is positive on Cg (£2). Hence

19,1 = sup{|¥r (hg ™ MI; h € Cx(RQ), Al < 1}
=y,(D=vy@q"), qge,

which is the stated condition.

Conversely, the equality || &q l=v(@™" = \ﬁq (1) shows that 1},] is positive
on Ck(£2). Then there exists a positive (Borel) measure (, on €2 such that
Yy (h) = [ohdpg, h € C(Q), forallg € 2.

The relation ¥, (hq1) = ¥ (h) = ,,(hqy) for all ¢, q2 € 2y and h €
Ck(€2) implies the equality gy, = g2p4,. Therefore, there exists a positive
measure p such that u = g, forall g € 2.

The equality i = gu, shows the set {w; g(w) = 0} must be p-null. Con-
sequently, i, = ¢~ ', and the function ¢! is p-integrable for all g € 2.

If f € & is arbitrary, then f = Y, h;q;', with h; € Ck(R), g; € 2
forall j € J, J finite. We can write

w<f>=2&q,<h,i>=2/§2hjduq, =/Qfdu.

jeJ jeJ
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The measure u being positive, the functional ¥ must be also positive.
The asserted integral representation for i via the measure u is now clear.
Moreover, the measure w is uniquely determined because of the equality

Y(h) = [, hdu, h € Ck(R).

The measure p on 2 with the property ¥ (f) = fQ fdu, f €%, given by
Theorem 3.2, is said to be a representing measure for the positive functional
v F - C

REMARK 3.3. Let # = Zq&% Ck(2)/q for a nonempty 2y C 2, and let

¥+ & — Cbe a positive functional on &%, with ¢ (1) > 0. If 1/~fq is defined
as in the proof of Theorem 3.2, because lﬁq (@) =v(1) > 0, and so lﬁq =0,
setting ¥, = ¥ | Cx(£2)/q, it follows from the previous proof that

Iyl = sup [¥(f)l= S [, (W) = 1Vl = ¥(g™") >0

1 flloc.g =1 \
for all ¢ € 9.

THEOREM 3.4. Let 9y C 2 be nonempty and let ¥ = 3 _, Cx(2)/q.
Let also & be a vector subspace of F such that 1 € & and q~' € & for all
q € Qo.

A linear functional ¢ : & — K with ¢(1) > 0 extends to a positive
linear functional ¥ : F — K if and only if $(¢g™") > 0, g € 9y, and
9(@)] < ov(g), g €, where

V= co(U {f € Ce(/q; 19flloo < ¢>(q1)'}>-

q€2o

PROOF. Assume first that ¢ has a positive extension 1. Then ¥ (¢~') =
$(g~") > 0forall ¢ € 9, via Remark 3.3.

To prove the remaining condition, we note that we actually have | (f)| <
ov(f), f € &. Indeed, ¥ being positive with ¥ (1) > 0, if ¥, is as in
Remark 3.3, we have that ||, || = Y(g~") > 0, and the assertion follows
from Lemma 2.1(a). In particular, |¢(g)| < oy (g), g € &, because ¥ is an
extension of ¢.

Conversely, let¢ : ¥ — Kbe alinear functional having the properties from
the statement. The Hahn-Banach theorem implies the existence of an extension
Y+ F — K with the property | (f)| < oy (f), f € &. Then we have the
estimate ||y, || < $(g~"), where Yy = ¥ |Ck(2)/g, via Lemma 2.1(b). The
equality ¢(¢~') = ¥(g~") proves that [|[,]| = ¥(g~"). An application of
Theorem 3.2, via Remark 3.3, shows that ¥ must be positive.
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REMARKS 3.5. (1) Let g € 2 be fixed and let & C Ck(£2)/g be such that
g 'e S Letgp : & — Kbelinear. If ||| = ¢(¢~"), then ¢ has a positive
extension ¥ : Cx(2)/q — K, where ||¢|| is computed with respect to the
norm of Cy (£2)/q restricted to .. Indeed, if v is a norm preserving extension
of ¢ to Cx(R)/q, then ||| = ¥ (g~") and the assertion follows directly from
Theorem 3.2 (also showing that the condition ||¢|| = ¢(g~") is necessary and
that it insures the existence of a representing measure for ¢).

(2) As we have already noticed at the beginning of the second section, the
gauge function of type oy can be expressed in a slightly different manner.
Let 29 C 2 be nonempty, let ./, be a vector subspace of Cx(2)/q, thus
q%y C Ck(R), and let F = Zq&% S, Letalso 8 = (8,)4e2, be a family of
positive numbers. Set

os(f) = inf{Z(quHthoo; F=Y aq  hihi € uFy k€ K. K ﬁnite}.

keK keK

We have the equality o5(f) = oy(f), f € &, where oy is the gauge
function of the set

V=00(U{f € Ly llafllo 58;‘}>.

q€2

With some supplementary conditions, one can obtain a version of The-
orem 3.4 depending on simplified estimates (involving no gauge function).
For this reason, the next theorem is more convenient for certain applications
(see the next section).

REMARK 3.6. In the family 2 there is a natural partial ordering (reflexive
and transitive but, in general, not antisymmetric), written as ¢’ |¢” forg’, q” €
9, meaning g’ divides q”, that is, there exists a ¢ € 2 such that ¢” = ¢'q.
In particular, a subset 2y C 2 is directed (resp. cofinal in 2) if for each pair
q',q" € 9ythereexistsag € 9y suchthatq’|qg and g”|q in 2 (resp. for every
g € 2 we can find a gy € 9 such that g |gg). Because 2 is multiplicative,
every cofinal subset of 2 is directed.

Note also that if ¢’, ¢” € 2 and q'|q”, then Cx(2)/q’ C Ck(2)/q", as
one can easily see.

For every g € 2 we denote by Z(g) the set {w € Q; g(w) = 0}, that is, the
zeros of g in 2.

THEOREM 3.7. Let 9y be a cofinal subset of 2. Suppose Cx(R2) separable
and that there exists a function qo € 2 with the property Z(qo) = Ugea,Z(q).
Let & = quﬂo Fq, where F, is a vector subspace of Cx(2)/q such that
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l e #,q7' € Fyand F,; C Fy forall q,q" € 2o, with q|q'. Let also
¢ F — Kbe linear with ¢ (1) > 0, and set ¢, = ¢|F, for all q € 9.

The linear functional ¢ extends to a positive linear functional  on
Ck(Q)/2 such that Y| = l1g, 1l where Y, = Y| Ck()/q, if and only
if l¢gll = p(qg™") > 0 forall g € .

Proor. If ¢ : & — K extends to a positive ¢ : Cx(2)/2 — K such that
Il = llyll for all g € 2o, then W, 1l = ligyll = dlg™) = ¥(g™") >
0, by Theorem 3.2 and Remark 3.3. (Moreover, this is true with no special
assumptions on the space Ck (£2), on (%#,)4e9, or on 2;.)

Conversely, extend ¢, to a linear functional &, : Cx(£2)/g — K such that
&1l = llggll = ¢(q ") forall g € 2o Set Ey(h) = &,(hg™). h € Cx(S),
q € 2. We have ||& |l = &1 = ¢(g™") = &,(1) forall g € 9y, as in
Remark 3.3. Therefore, éq is positive on Ck(€2), and we can find a positive
measure v, on £ such that §q (h) = fh dv, forall h € Cx(R2), g € 2. This
implies that the functional 6, (h) = 5,1 (gh) is also positive on Ck(£2). Thus,
we can find a measure 1, on 2 such that 6,(h) = f hdug forall h € C(£2),
g € 2. As in the proof of Theorem 3.2, the equality 11, = qv, shows that the
set {w € Q; g(w) = 0} is uy-null, and the function g~ 'is g-integrable for
all ¢ € 9. Moreover,

¢(f)=5q(f)=§q(qf)=/qfdvq Z/fduq

forall f € #, and ¢ € 9. As a matter of fact, as we have ¢, = ¢, | F#,,
we infer that [ fdu, = [ fdup, forall f € #, C F,, when q|q’, via
the hypothesis. Note also that ||u,|l = fduq = ¢(1) for all ¢ € 2y, by
the positivity of p,. Therefore, the family (u,)q4c9, is bounded in the dual
My (2) of Ck(£2), which is constantly identified with the space of finite Borel
measures on £2.

Let M, be the weak*-closure of the set {i,; 9" € 2o, q1q'} in Mc(S),
for all ¢ € 9y, qolq, with go as in the statement. Note also that, for all
finite families {q1, ..., ¢} of elements of 2, divided by ¢y, we can find a
g € 2 divided by ¢y, ..., gm, because the set 9 is directed, and so M, C
M, N---NM,, . This shows that Nyc 9, 4,1q M, is nonempty in M (£2), via the
weak*-compactness of its bounded sets.

Fix an element & € Nye9, 4,14 My, regarded as a measure on 2. Because the
space Ck (2) is separable, the weak*-topology of the bounded sets in M (£2)
is metrizable (see [8], Theorem 2.6.23). Therefore, there exists a sequence
(g k=1 in My, which is weakly*-convergent to u € My,. As [hdp =
limy_ o [ hdpg, h € Ck(S2), we clearly have p positive and [ du = ¢(1).
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Put N = Z(qo). Note that the set N is u,-null for each g € 2, with
qolqg., as a consequence of a previous remark and the hypothesis on gy. We
want to show that the functions from ) g2, Ck(82)/q, restricted to 2\ N,
are all p-integrable. It suffices to show that each function ¢!, restricted to
Q\ N, withg € 9y, is u-integrable. We refine some ideas from [14] (see [14],
Proposition 1).

Fix a function ¢ € 9. Note that if ¢’ € 9 is divided by ¢ and ¢'~" is u-
integrable, then ¢! is pu-integrable. Therefore, since 2 is directed, we may
assume, with no loss of generality, that go|g.

Let (g, )k>1 be a sequence in M, which is weakly*-convergent to . As the
set €2 is compact and metrizable (see [8], Ex. 2.50), we can find a sequence
of compact subsets (£2,,),,>1 such that €2, is a subset of the interior of €2,
forallm > 1, and U,,>1 2, = Q\ N. We also choose a sequence of functions
(&m)m>1 1n Ck(£2), having values in the interval [0, 1], with g, |€2,, = 1 and
the support of g, included in the interior of €2,,4; for all m > 1. By Fatou’s
lemma, we have:

/ g 'du = / lim gnqg 'du < liminf/‘gmq1 du

= liminf lim | g,q 'dp, < klim /q_ld,uqk =¢(q D),
— 00

m—o0 k—o0

1

because g~

(*%q)qeﬁo'

Consequently, all functions in ) 42, Ck(82)/q, restricted to 2\ N, are
u-integrable. As a matter of fact, we have the equality > g2, Ck () /q =
Ck(£2)/2 because the family 2, is cofinal in 2 (see Remark 3.6).

We now prove the equality ¢ (f) = fQ\ v fdw, [ € F. Itsuffices to take
an f = hq~' € #, with g € 2y, and so h € Cx(2). We can find a function
q' € 9y such that gqg|q’, because 9 is cofinal in 2. Then, with a sequence
(g k=1 weakly*-convergent to p in M, and (g,,)m=0 as above,

€ #,, forall k > 1, in virtue of the hypothesis on the family

fdu= lim /gmhqo(qqo)‘ldu= lim lim /gmh%(qqo)‘lduqk
Q\N m— o0 m—o0 k— 00

= lim lim [ guhqo(qqo) ™" ditg, =k1LIgO/hqo(qqo)lduqk

k— 00 m—00
_ / fdig = by (f) = $(1),

as noticed before, since ¢ | g, for all k. The two previous limits are interchange-
able because the function hgqy is null on N, and so the sequence (g,,2g0)m>1
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is uniformly convergent to iqo. In addition, the inclusion (gq0)~" € Fy, im-
plies f(qqo)_1 dirg, = #((gqo)™"), k > 1, and thus the sequence of measures
((990) ™" ttg k=1 is norm bounded.

Similarly, we have:

/ dp= lim | (1-guqoqy dp = lim lim /(l—gm)cJoqo‘lduqk
N m— 00 m—00 k— 00

= fim tim [ (1= g2)aoaq diey =0,
for a sequence (g4 )i>1 in M,, which is weakly*-convergent to w, because
of the uniform convergence of the sequence ((1 — g,,)g0)m>1 to 0 and the
boundedness of the sequence of measures (g, Iqu)kz 1, showing that the set
N is p-null.

If we denote by 1 the linear functional f — fQ fdu, f € Cx(2)/2, then
¥ is a positive extension of ¢. The equalities [|{, || = ¥(¢7") = ¢(g™") =
g ll, g € 2o, follow from Theorem 3.2.

REMARKS 3.8. (1) The previous theorem gives an extension i of ¢ whose
representing measure p has the property (N) = 0, where N = U,c0Z(g) =
Z(o).

(2) To avoid some technical complications, it is sometimes useful to replace
the partial ordering “|” in the family 2 (see Remark 3.6) by a stronger one “4” in
the sense that ¢” 1 ¢” implies ¢’ | ¢”. The proof of Theorem 3.7 still holds, with
minor modifications, by assuming the set 2 endowed with a partial ordering
“4” stronger that ““|”, and the set 2 cofinal in 2 with respect to this stronger
partial ordering.

4. Application to moment problems

In this section, we apply some of the preceding results to get information
related to power moment problems in unbounded sets. We restrict ourselves
to real moment problems, the complex case versions being similar.

Let us denote by Z'| the set of all multi-indices « = (a1, ..., a,), i.e.,
aj € Z forall j = 1,...,n, with Z, the nonnegative part of the ring of
integers Z.

Let (Ry)” = (RU {oo})", i.e., the Cartesian product of n copies of the
one point compactification Ry, = R U {00} of the real line R. We consider
the family 2,, consisting of all rational functions of the form g, (t) = (1 +
tlz)_"“, .. A +t3)_°‘”, t=(t,...,t,) €R", wherea = (a1, ..., ,) € Z}
is arbitrary. The function g, can be continuously extended to (R,)" \ R” for all
a € Z . Moreover, the set 2, becomes a multiplicative family in Cr((Roo)").
Setalso p,(t) = g (t)"',t € R", o € Z".
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Let &, be the algebra of all polynomial functions on R", with real coef-
ficients. Let 2, , be the vector space generated by the monomials t# =
tlﬂ1 ---tf”, with 8; < 2a;, j = 1,...,n, a € Z' . Itis clear that p/p, can
be continuously extended to (R)" \ R" for every p € %, ,, and so it can
be regarded as an element of Cr((Reo)"). Therefore, &, , is a subspace of
CR((Roao))/qa = paCr((Ro)") forall a € Z7.

Let y = (Ya)aez; be an n-sequence of real numbers and let L,, : P, — C
be the associated linear functional given by L, (t*) = y,, o € Zﬁ, extended
by linearity. Let also K C R" be a closed subset. Recall that the n-sequence
Y = (Ya)acz: of real numbers is said to be a K-moment sequence if there
exists a positive measure 1 on K such that t* € L'(u) and y, = fk t“du(t),
a € Z . The measure u is said to be a representing measure for y (see, for
instance, [2]). To avoid the trivial solution, one usually requires that 3, > O.

First of all, let us state a characterization of the moment sequences on R”",
i.e., the R*-moment sequences.

THEOREM 4.1. An n-sequence y = (Yo)acz: (Yo > 0) of real numbers
is a moment sequence on R" if and only if the associated linear functional
L, : P, — R has the properties L, (py) > 0 and

ILy (P = Ly(pa) sup lga (D p D],  p € Pra, @ €Z].

teR”

Theorem 4.1 follows directly from Theorem 4.2, which characterizes the
K-moment sequences, in general.

REMARKS. (1) Defining the partial ordering £ < n for two multi-indices
E=(&1,...,8),n=1,...,ny), meaning that §; < n;, j =1,...,n, we
can rephrase the conditions from Theorem 4.1 as follows: y = (yu)acz: is @
moment sequence on R" if and only if L, (p,) > 0 and

Z agys Z agt’ qo (1)

B<2x B<2ax

< Ly (pa) sup
t

for all finite sequences of real numbers (ag) g<2o and all o € Z'}, via the explicit
structure of the space &, 4.

(2) For a fixed o € Z", we may consider a finite sequence y = (¥g)g<2a
(o > 0). Remark 3.5(1) leads directly to a characterization of all such se-
quences y having a representing measure, i.e., a positive measure on R” (or on
a closed subset of it) such that yg = f tPdu(t) for all B < 2a. A necessary
and sufficient condition is that

sup{|L, (p)|; sup lga () p(t)] < 1} =L, (pa) > 0,

teR”
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which is equivalent to the condition in (1), for a fixed «.
The moment problem for finite sequences, i.e., the truncated moment prob-
lem, is extensively developed in [3] and [4].

Fix a set closed K C R".If K is bounded, an n-sequence ¥y = (Va)ucz;
is a K-moment sequence if and only if |L, (p)| < yosup,cx Ip(D)|, p € Py,
which is equivalent to the existence of a positive extension of L, to Cr(K).
As we are primarily interested to apply this point of view to the unbounded
case, we will assume, in general, that K is unbounded.

REMARK. Let K C R” be closed and unbounded, and let €2 be the closure
of K in the compact space (Ry,)". Let also 2,,(£2) be the set of functions from
9,, (extended to (Ry)" and) restricted to 2. Note that the map 2, 2 g —
q |2 € 2,(RQ) is not necessarily injective.

Ifq',q" € 2,(Q), we write ¢’ 1 ¢” if for any a € Z', with the property
q" = g4 12, we can find a B € Z such that ¢" = gg|Q and B —a € Z].
This can be easily seen to be a partial ordering stronger than the division (see
Remark 3.6 and Remark 3.8(2)).

For every g € 2,(R2), let 2, , be the space of polynomial functions p | K,
p € P, such that the function (pg) | K has a continuous extension to 2.

Let 2, k bethe space {p | K; p € #,}. Then we have P, x= qufzn(ﬂ)‘@"vq’
and %, x can be regarded as a subspace of the algebra of fractions
Cr(£2)/2,(2), where each space #, , is a subspace of Cr(£2)/q, g € 2,(R2).

When the map L, has the property L, (p) = 0 for every p € %, with
p|K =0, then L, induces a linear map on %, g, which will be also denoted
by L, .

With these remarks and notation, we have the following.
THEOREM 4.2. An n-sequence y = (Yu)acz:. (Yo > 0) of real numbers
is a K-moment sequence if and only if the associated linear functional L, :

P, — R has the properties L, (p) = 0 for every p € P, with p|K = 0,
L,(g7") > 0and

IL,(p)| < Ly(q“)su’glq(t)p(t)l, PE€Pug q€2,().
te

Proor. If y is a K-moment sequence, and so L, (p) = fK ddu, p € P,
for a certain positive measure i on K, as ¢g~! > 1 on K, it follows L, =
fK du =y > Oforall g € 2,(2). In addition,

IL,(p)| < | Ipldu < L,(g ") suplgt)p@)l,
K tekK
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forall p € 2, , and g € 2,(2), which is the desired estimate.

To prove that the stated conditions imply the existence of a representing
measure for the sequence y, we shall apply Theorem 3.7 to the space %, ¢ C
Cr(£2)/2,(2) and the map L, : &, x — R. Note first that the space Cr(£2)
is separable. Indeed, the family of functions (1 + tlz)*l, H(l+ tlz)*l, o+
tH) 71 1,(1 + t2)7!, extended to (Ry)", separates the points of (Ry)", and
therefore it separates the points of €2. Then the Weierstrass-Stone theorem
implies the density of the unital algebra generated by this family in Cgr(€2). Note
also that the function g(; 1) | €2 is null on the set 2\ K, and this set contains the
zeros of any function from 2,,(2). Notice also that 1, ¢! € Ppqg C CrR(Q)/q
for all ¢ € 2,(2). Moreover, we have 2, , C &, ., whenever ¢’ 1 ¢”, as
one can easily see.

If g = Ly | Py q. considering || f[loc.q= sup,cx [ f (), f € CR(V /4.
which is precisely the norm on Cgr(£2)/q, the conditions from the statement
imply the estimates ||, ]| < L,(g~'). As¢~' € P, , is a norm one element,
the conditions from the statement imply the conditions ||¢, || = L, (ghH >0,
q € 2,(2), which, in turn, imply the existence of a positive extension ¥ of
L, to Cr(2)/2,(%2), by Theorem 3.7. The proof of Theorem 3.7 shows, in
fact, the existence of a representing measure of W, and therefore of L, , whose
support can be chosen to lie K, by Remark 3.8(1).

REMARKS 4.3. (1) If the set K in Theorem 4.2 has a nonempty interior,
and so the map 2, 2 ¢ — ¢|Q € 2,(RQ) is bijective, the existence of a
representing measure for y can be characterized by the conditions L., (py) > 0
and |Ly(p)| <L, (Pa) SUp,ck 19 (E) p(D)], p € Pra» A € Zﬁ_ The proof is
similar to that of Theorem 4.2. One uses the spaces %, ,(K) = {p|K; p €
Py}, noticing that #, ¢ = Zaem P,.«(K). The partial ordering of 2,,(£2)
is induced by the partial ordering of 2, (which, in turn, is induced by that
of Z'} , introduced after Theorem 4.1). We also note that the conditions above
imply the property L, (p) = 0if p| K = 0. Other details are left to the reader.
Theorem 4.1 is a consequence of this form of Theorem 4.2.

(2) The conditions above, as well as those in Theorem 4.1, may be replaced
by similar conditions, in which the multi-index o runs only an a cofinal family
in Z7, which suffices to apply Theorem 3.7.

We can obtain the classical result of Haviland [7] as a consequence of
Theorem 4.2.

COROLLARY 4.4. An n-sequence y = (Yo)acz:, (Yo > 0) of real numbers
is a K-moment sequence if and only if the linear functional L, : , — R has
the property p| K > 0 implies L, (p) > 0 for all p € P,.
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ProOF. The case K compact being well known, we may assume K un-
bounded. We use the notation related to Theorem 4.2.

Assume first that for all p € &,, with p| K > 0, we have L, (p) > 0. This
clearly implies L, (p) = 0 for all p € &, with p| K = 0, and shows that the
map L, : #, ¢ — Ris well defined.

Now, let g € 2,(R2), leta € Z', be such that g = g, | K, and let p € 2, ,.
We have the estimate

+p (1) < po(t) sup lg(s)p(s)l, rek.
NS

This leads to the relation |L, (p)| < L, (pa) supsck |g(s)p(s)|. Since p, > 1,
andso L, (g7 = L,(py) > Ly (1) = y > O forall @ € 2", we may apply
Theorem 4.2, showing that y is a K-moment sequence.

Conversely, if y is a K-moment sequence, it is clear that p | K > 0 implies
L,(p) = O0forall p € #,, via the existence of a representing measure for y
on K.

REMARK. Let K C R” be closed and unbounded, let €2 be the closure of K
in the space (Rw)", and let y = (¥a)acz; be an n-sequence of real numbers
such that L,(p) = 0 whenever p|K = 0. Then, as we have already seen,
the map L, induces a linear map, also denoted by L, , on the space &, k. In
particular, for each ¢ € 2,(R2), the symbol Ly(qfl) is well defined.

For every pair §,n € Z7, we set r¢ ,(t) = t¢ q,(t), t € R". Let also
Go = {re.: &,n €2, & < 2n}). We clearly have ¥y C Cr((Rx)").

As in Remark 2.4, for every r € 4, we set

a(r,q) = sup [=L,(p) = L,(g™") Sup lg () (p@) 4 r(0)l],

PEPny

b(r,q) = [L,(q™") sup lg()(p(®) +r®))] — L, (p)],

inf
PEPny
and we have a(r, q) < b(r, q) for all ¢ € 2,(2). Thus, we can construct the
interval J, (r) = [a(r, q), b(r, ¢)]. Set J(r) = Ngea, @) Jq(F).
With the notation above, we have the following.

THEOREM 4.5. Let y = (Vo)aczy (o > 0) be a K-moment sequence.
The representing measure of y is uniquely determined if and only if J(r) is
singleton for all r € G, that is, if and only if

sup a(r,q) = inf b(r,q),
qe@f@ 9€2:()

forallr € 4.
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ProOF. We remark that any representing measure p of the sequence y,
whose support lies in K, gives rise to an extension ¥ of L,, to Cr(£2)/2,(£2),in
the following way. If f € Cr(2)/q, then f is u-integrable since fK [fldp <
L,(g7") sup,cx 1q(@) f(1)]. We set () = [ fdp forall feCr()/2,(R).
In fact, the map v | Cr(£2) /g is a Hahn-Banach extension of the map L., | %, ,
forallg € 2,(R2) (see Remark 2.4). In particular, ¥ (r) € J (r) = Ngea, @) Jq (1)
forall r € 9.

Let J(r) be singleton for all r € %, and let |, u, be two represent-
ing measures for the sequence y. Then for all » € %, we have the equality
[ rdu = [ rdps, because [ rdu, [ rdu, € J(r). As the set 4, gen-
erates a dense subspace of Cr(£2), we must have p; = u».

Conversely, suppose that y has a uniquely determined representing measure
whose support lies in K. In particular, the map L, satisfies the conditions in
Theorem 4.2. In particular, there is a map, say ¢, induced by L, in 2, k.
Note also that ||¢, || = ¢(g™") > Oforall g € 2,(), as in the proof of
Theorem 4.2, where ¢, = ¢ | P, 4.

Assume the existence of an ry € %, such that J(ro) contains at least two
distinct points, say a’, a”. Note that ro | K ¢ &%, k. Indeed, assuming ro| K €
P, k, we would find a polynomial sy € &, such that ro| K = so| K. Then we
would have a(rg, ¢) = a(so, q) and b(ry, g) = b(so, q) forallg € 2,(Q2) with
50 € Puq- Buta(so, q) = b(so, q) = L, (so) whenever sg € &, ;. This would
imply J (rp) singleton or empty, which contradictis our hypothesis. Therefore,
P,k + Rrg # P, k, where we write r( for ro| K.

We may define on &, g + Rry two linear functionals ¢’ (p + Arg) = ¢ (p) +
ra’ and ¢ (p + Arg) = ¢(p) + Aa”, for all p € P, x and A € R. Clearly,
¢’, ¢" are two distinct extensions or ¢.

If ¢, = ¢/ | Prq + Rro, ¢ = ¢"1 P,y + Rro, we have [, = ¢/l =
lggll = ¢p(qg~") > 0, since a’, a” € J,(ro), and so ¢, ¢, are Hahn-Banach
extensions of ¢, for every g € 2,(Q2).

We will apply Theorem 3.7 to both ¢, ¢”. The set 2,(€2) has a partial
ordering defined in the proof of Theorem 4.2. The set of the zerosin Q of g1 ... 1)
contains the set of zeros in  of every function ¢ € 2,(2). Putting #, =
Pn.q + Rrg C Cr(R2)/g (because ry € Cr(£2)), we obviously have 1, g e
Fq,and F, C F,0, whenever q' 1 q”. Therefore, we may apply Theorem 3.7
to the subspace F = 3 .y ) Fqg = Pux +Rroof }_ y o Cr(Q)/q =
Cr(2)/2,(R2), and to the functionals ¢’, ¢”, which extend to two positive
functionals ¥', ¥ on Cr(2)/2,(R2). Clearly, ¥, " are distinct, since ¢’, ¢”
are so. But the functionals ¥/’, /" have the same representing measure, because
the representing measure of y is supposed to be unique. This is a contradiction,
showing that J (r) must be singleton for all r € 9.
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Asforthelastassertion, settinga(r) = SUP 0, () 4 (r,q),b(r)=inf c9, Q)
b(r, q), it is easily seen that J(r) = [a(r), b(r)] for an r € 4, whenever J (r)
is nonempty, which clearly implies our claim.

REMARK. Let y = (Vo)acz; be a moment sequence on R". As before, for
allr € 9y and a € Z", we define the quantities

a(r,a) = sup [—L,(p) — Ly (pa) 19a (P + 1llso ]

PEPna

b(r,a) = pi%f [Ly (Pa) 19 (P + )l = Ly (P)]-
We have a(r, @) < b(r, ) for all « € Z", and we can construct the interval
Jo(r) = [a(r,a), b(r, a)], as well as the set J (r) = Neezt Jo (r). Theorem 4.5
asserts, for this special case, that the representing measure of y is uniquely
determined if and only if

sup a(r, «) = inf b(r, o),
el aeZl

for all r € 4.
In other words, if w is a positive measure on R” having moments of all
orders, this measure is uniquely determined by its moments if and only if

sup sup [— /(p + 1ga(p + Ml pa)du]

a€lll pePy

= inf inf |:/(||qa(p+r)”oo Pa _p)dﬂ]v

a€lll pePy q

for all r € 4,

Theorem 4.5 characterizes the uniqueness of the representing measure of a
moment sequence in numerical terms. For other uniqueness results in a similar
spirit, see also [10] and [15]. The next results deal with the uniqueness in terms
of density (see Proposition 4.7). For the sake of simplicity, we restrict ourselves
to the case K = R”, although this hypothesis in not essential.

Let &, be the algebra of all rational functions on R”, with denominators in
the set {g~! € P,; q € 2,}. Obviously, &, C CrR((Rx)")/2,. Let also

%n,a = {I’ € «%n; rqo € CR((Roo)n)} = %n N CR((Roo)n)/Qa-

We clearly have &, o C Ry.o and Ry, o C Ry g forall o, B € Z, witha < B.
Set By = R, N Cr((Rx)™), which is an algebra of rational continuous
functions, dense in Cr((Ro)") (see the proof of Theorem 4.2).



274 F.-H. VASILESCU

PROPOSITION 4.6. An n-sequence y = (Yo)acz:. (Yo > 0) of real numbers
is a moment sequence on R" if and only if the linear functional L,, : #, — R
has the properties L, (py) > 0, a € Z", and for every p € P, written as
P = Y ek PuTro where ry € Ry for allk € K, K C Zy finite, we have

|Ly(p)| = ZkeK Ly(pak)”rk”oo
ProoF. Note that %, = Zae21 PaRy. Set

W= 00( U {r € pa0: 1garlioe < Ly(pa)_l})

ael!l
If we put

Uy(f)
= infiz Ly(P)llrallos: f =D Gy 'TarTa € Ro. K C 20 K ﬁnite}.

aek aekK

forall f € %,, wehave o, = ow, viaRemark 3.5(2). Therefore, the condition
from the statement is equivalent to the estimate |L, (p)| < ow(p), p € P,.
This implies that || L, |2, |l = L, (pa), @ € Z', viaLemma 2.2. Therefore, if
L, : #, — Rsatisfies the conditions from the statement, then y is a moment
sequence, by Theorem 4.1.

Conversely, if y is a moment sequence and p is a representing measure of
¥y, choosinga p € &, suchthat p = Y, ¢ po, 7%, Withry € Ry, k € K C Z;
finite, we have

1Ly (p)l E/Ip(t)ldu(t) <Y Ly Pe)llrellco-

keK

In the next statement we keep the notation from Proposition 4.6 and its
proof. We show that the representing measure for the sequence y is uniquely
determined if and only if &, is “dense” in %, with respect to the seminorm
ow(r), r € &,. More precisely, we have the following.

PRrROPOSITION 4.7. Suppose that the functional L, has the properties
L,(ps) >0, €2, and|L,(p)| < 0,(p), p € Py A representing measure
for the sequence y is uniquely determined if and only if the normed space
(P + &)/ Z is dense in the normed space R, | %, where & = ker(o,).

Proor. The existence of a representing measure for y follows from the
previous result. According to Remark 2.3, the uniqueness of the extension of
the functional L, to %, is characterized by the condition in the statement.
Note that 2y C R, o forall a € Z'} . Moreover, as noticed before, %, is dense
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in Cr((Rx)™). Assuming the density from the statement, let ¢ be the unique
extension of L, to %,. Let ¢y = ¢ | R, o for all @ € Z',. The density of R
in Cr((Ro)™) implies the density of %, , in the normed space Cr((Ro)")/qa
forall o € Z" . Therefore, every functional ¢, extends uniquely to a functional
Yy on CrR((Rx)")/q«, having the same norm. Moreover, if « < 8, we have
Vo = Y| CR((Rx)")/qq, because of the estimate || f|loo,g < || f l|loo,«» for all
f € Cr((Rx)")/qo and a, B € Z. Consequently, we have a well-defined
linear functional ¢ : Cr((Rx)")/2, — R, which is continuous, since ¥, =
¥ |CrR((Rxo)")/qe is continuous for all @ € Z7. The form v is positive, by
Theorem 3.2. The uniqueness of i is equivalent to the uniqueness of the
representing measure for the sequence y, again by Theorem 3.2.

REMARK. The density in the previous statement means that for every r € %
we can find a sequence (py)x in &, such that limy_, o 0, (r — px) = 0.

An alternate discussion, in the spirit of [9], leads to assertions parallel to
Theorems 4.2 and 4.5.

Let R., = R" U {00} be the one point compactification of the Euclidean
space R”, for a fixed integer n > 1. We consider the family 2 consisting of
all rational functions of the form g, (t) = (1 + ||t]|>) %, t = (#1, ..., t,) € R",
with [[t]> = 7 + .-+ +t2, and k € Z, arbitrary. The functions g; may be
extended with zero at the point co. In this way, 2 becomes a multiplicative
family in Cr(R%,).

As before, 2, is the algebra of all polynomial functions on R”, with real
coefficients. Let also &, = {p € Py, lim,;_. qi () p(t) exists}, k € Z,,.

We restrict our discussion to the case of moment problems on R”, although
we can state and prove the next theorem, with minor changes, on an arbitrary
(unbounded) closed set in R".

THEOREM 4.8. An n-sequence y = (Yo)aecz: (Yo > 0) of real numbers is a
moment sequence on R" if and only if the linear functional L,, : P, — R has
the properties L., (py) > 0 and

ILy(P)| = Ly (po) sup lax @) p(Dl,  p € Pux, k= 0.

teR”

PRrROOF. As for the proof of Theorem 4.2, the stated conditions are necessary,
as one can easily see.

Conversely, we will apply Theorem 3.7 to the functional ¢ = L,,.

Note that the space Cr(R%,) is separable because the algebra Cr (R%,) is gen-
erated by the family {1, g, (¢), t1q1(¢), . . ., t,q1(¢)}, which separates the points
of R”,, via the Weierstrass-Stone density theorem. Note also that g| (w) = 0 if
and only if w = oo and if and only if gx(w) = 0, k > 1. Moreover, it is easily
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seen that gy | ¢,, in 2 if and only if k < m for all integres k, m > 1, and so we
have a total ordering on the set 2.

We clearly have 1, p, € P, and &, C P,.,» whenever k < m, for all
k,m > 1. This discussion shows that the conditions to apply Theorem 3.7 are
fulfilled.

If ¢r = ¢| Pk, the hypothesis implies the estimates [|¢x|| < L, (px),
k > 0. As py is a norm one element, the conditions from the statement imply
the conditions ||¢|| = L, (pr) > 0, k > 0, which, in turn, imply the existence
of a positive extension ¥ of ¢ to Cr(R%)/2, by Theorem 3.7. This shows
the existence of a positive extension Y of ¢, which is given by a representing
measure whose support can be chosen in R”, by Remark 3.8(1), and which is,
in particular, a representing measure for y.

REMARKS 4.9. (1) An alternate proof of Theorem 4.8 can be obtained via
Theorem 4 from [14]. On the other hand, the full force of Theorem 3.7 is needed
for the proof of Theorem 4.2 (or Theorem 4.1), because the set (R,)" \ R”
contains more than one point. As a matter of fact, we think that the direct
application of Theorem 4 from [14] does not suffice the get Theorem 4.2.

(2) The use of the simpler spaces &, , in Theorem 4.1, rather than that of
P, in Theorem 4.8, makes the former more appropriate for the calculations
of the sup-norms in their statement (see Remarks 4.11 and 4.12).

Our approach to the moment problem in unbounded sets shows that it can be
regarded as a “singular moment problems”, because the moments are defined
via singular functions (with respect to the given domain of definition). The
same methods can be applied in other cases, where the singularities appear in
an obvious manner.

ExampLE 4.10. Let S, be the compact set {r = (t,...,1,) € R"; tl2 <
1,..., t,% < 1}. In the space Cgr(S,), we consider the multiplicative family
2 ={qo; @ € 2"}, where g, (t) = 1**,1 € S,.

Let Sy = {pISu; p € Puab. let Fy = F4/qu, and let F =" F,.

Given L : # — R alinear functional with L(1) > 0, we set 8, = L(q,, D,
a € Z . According to Theorem 3.7, the functional L has a positive extension
to Cr(S,)/2 — Rif and only if §, > 0 and

IL(H] = ballga flloo, f € Fa,

foralla € Z7}.

In the affirmative case, we can find a positive measure y with support in
Sy \ {r; min{¢}, ..., 12} = 0}, such that §, = [ ¢, ' dp, o € Z".
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REMARK 4.11. The sup-norms ||gy plloc = SUp,cge |9 () p()], p € P as
o€ Z’_’H which occur in the statement of Theorem 4.1, can be computed in a
fairly explicit manner. We briefly indicate a method of computation.

First of all, we identify the space (R)" with the set T" C C", where T is
the unit circle in the complex plane, via the map

11— 24 1—12 21 .,
l—/——,..., —— 11 s
L4+ 1414 14+12 1412

n

Rt =(t1,...,t,) — (

which is a homeomorphism (the point co € Ry, is mapped into —1 € T). If
@ : T" — (Rw)" is the inverse of this homeomorphism, we set p, = (go p)o®
forall p € P, 4, € Z), . 1tis clear that [|ge pllcc = SUp;c1e [Pa (O] = [ Palloo
for all p € P, 4, a € Z'}, which reduces our problem to the computation of
some sup-norms on T". Setting

1—u®  2u

- 1+u2+ll—|—u2

Z eT, u €R,

for all nonnegative integers k, m, we have the identities

u? 1 z+z\"* z+2\*
S - :
A +udyn  2m 2 2

if 2k < 2m, and

G W E et A Y PR LA S PR AN
(1+u>)ym — 2m\ 2j 2 2 ’

if 2k + 1 < 2m. These identities show that the function p, is a real-valued
trigonometric polynomial, whose coefficients can be obtained from those of
p.forallp e P, 4, € Zl].

Let A, be the normalized Lebesgue measure on T", and let L*(T") =
L?(T", A,,) be the Hilbert space of all measurable and square integrable func-
tions on T". For all p € &, 4, « € Z', we denote by T}, , the multiplication
operator T}, o f (£) = pa () f(¢), ¢ € T, f € L*(T"), which is self-adjoint,
because p,, is a real valued function. It is well known, and easily seen, that
ITyell = Il ulloc. Moreover, as —[Tyoll < Tpo < [ITpqll, we infer the
formula

I Palloc = inf{M > 0; M £ T}, , > 0},

forall p € Py o, € Z'.
We can give the formula above a more classical flavor. If the function p,
is written as py(£) = Y,z a:¢" (Where ¢ = (¢1,...,¢,) € T"and {7 =
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g forall T = (1y,...,1,) € Z"), we have a, = a_, and a; # 0
only for a finite number of indices. In fact, if p(t) = }_; _,, dst*, and thus
qaD = D ¢ 2y deTe.a» With7g o asin Theorem 4.5, and using the orthonormality
of the family (£*)eze in L?(T"), we obtain a, = Zs<2a de(re o 0 ®, ¢7) forall
indices t. Obviously, the scalar products (r¢ o ®, ¢ ) are calculable and allow
us to express the coefficients (a;) as linear combinations of the coefficients
(d).

Let f(£) = Y czn CcC* be arbitrary in L?(T"). By reasons of density, we
may also assume that ¢, # O only for a finite number of indices. We infer

easily that
(ﬁaf’ f)= Z (Z arck—r)a(-

ket “teZr

Therefore, the formula above expressing the sup-norm of p, can be written as

| Palloo = inf{M > 0; Z(McK + Zafck_f)ék >0, (Co)e € c<°°>},

kel Tel"

where C® stands for the set of all sequences of complex numbers (¢, ),cz7,
having finite support.

REMARK 4.12. The use of the space R’ for the calculation of the sup-
norms in Theorem 4.8 seems to be more intricate. For instance, the standard
. . . 2 .
embedding of R” into the unit sphere of R"*1D" given by

Lty " 2
R'st=(t,....1,) > (—’ 2) e RV,
T+ 1102 4o

where #y = 1, cannot be extended continuously at oo, if n > 1.
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