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TOPOLOGICAL TRIVIALITY OF FAMILIES OF REAL
ISOLATED SINGULARITIES AND THEIR MILNOR
FIBRATIONS

RAIMUNDO NONATO ARAUJO DOS SANTOS*

Abstract

The aim of this paper is to study the topological triviality and the topological equivalence of the
Milnor fibrations for families of real analytic map germs with no coalescing of critical points.

1. Introduction

In the case of complex germs, equivalent conditions to the topological triviality
of families of germs of functions with isolated singularity, had been gotten by
several authors (see [12], [2], [4]). A theorem due to G. M. Greuel summarizes
various of these results, presenting equivalent conditions to the topological
triviality of such families. As a consequence of his result it follows that no co-
alescing of critical points is a necessary and sufficient condition for topological
triviality of complex analytic families of function-germs. A natural question is
whether or not no coalescing of singularities also is a sufficient condition for
topological triviality of families of real analytic function-germs. The answer is
not. H. King [5] presents an example showing that the above question is false,
and gives sufficient conditions so that a family with no coalescing of critical
points is topologically trivial.

The aim of this paper is to introduce sufficient conditions for the topological
triviality of families of real analytic map-germs F : R" x R, 0 — RZ, 0, with
isolated singularities at the origin. The main result is the following:

THEOREM 3.1. Let F(x,t) = (P(x,t), Q(x,t)) where P(x,t) = f(x) +
t0(x), Q(x,t) = g(x) + ta(x) be a family of analytic map-germs. Suppose
that the following conditions hold:

(A)
(9P (x), 8Q: N _

<l-p,
18P OO ()l
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in the neighborhood V of 0in R", forallt e Rand 0 < p < 1.
(By)

(0P (X)) o7, = (9P0(X)) o,
(0Q:(x)) s, = (0Q0(X)) o,

forallt € R.
Then the family F; is topologically trivial.

The conditions (A) and (By) are inspired in the conditions introduced by
A. Jacquemard ([7, Theorem 1]) to study the Milnor fibrations to real analytic
singularities of the kind f = (P, Q) : R*,0 — RZ, 0.

2. Previous results

Let F : (R? x R",R? x 0) — (R* x 0) be a one-parameter family of map
germs with isolated singularity, F;(x) = F(x,t). We will usually denote a
family of germs by F, : (R",0) — (R¥,0), ¢ € R?, where F,(x) = F(t, x).

DEFINITION 2.1. A family F : (R” x R", R? x 0) — (R, 0) is said to have
no coalescing of critical points (or to be a good deformation of Fy) if there is
a neighborhood U of R? x 0 in R” x R" and a representative G of F so that
G restricted to U N (¢ x (R" \ 0) is a submersion for each r € R”. Otherwise,
the family is said to coalesce.

DEFINITION 2.2. The germs f; : (R*,0) — (R¥,0),i = 0,1 are topolo-
gically right-equivalent (€° — Z-equivalent) if there is a germ of a homeo-
morphism 4 : (R*,0) — (R", 0) so that the germs fyh and f] are the same.
The topological type of a germ is its topological right equivalence class.

DEFINITION 2.3. We say that afamily of map-germs F; : (R”, 0) — (R¥, 0),
t € R? and F;(x) = F(t, x), is topologically trivial if there is a continuous
family of germs of homeomorphisms G, : (R*,0) — (R",0), t € R?, such
that Fy(x) = F, o G,(x).

H. King [6] presents an example of a family of real analytic functions
which does not have coalescing of critical points and is not topolo-gically
trivial; moreover, he gives sufficient conditions so that a good deformation is
topologically trivial. To state King’s results we need the following definition.

DEFINITION 2.4. For a polynomial f : (R*,0) — (R¥,0), n > p, with
an isolated critical point at 0, define »(f), the Milnor radius of f, to be the
smallest critical value of the distance function ||x||? restricted to £~'(0)\ O (or
oo if there are no critical values). In other words, r(f) is the biggest ¢y > 0
such that there is 0 < € < €y with (f~1(0) \ 0) M SZ‘I.
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In [6], H. King shows the following results:

THEOREM 2.5. Suppose F; : (R",0) — (R¥,0), t € R? is a conti-nuous
Sfamily of polynomial germs with no coalescing of critical points and there is
aé > 0so that r(F;) > & for all t € RP. Then there is a continuous family of
homeomorphism germs H, : (R",0) — (R™,0) so that Fy = F; o H, for all
t € RP.

THEOREM 2.6. Let F; : (R",0) — (R¥,0), t € R? be a family of germs
with no coalescing of critical points and suppose there is a family of homeo-
morphism germs G; : (R",0) — (R™,0), t € R? so that the germ at 0 of
each set G, o F,"1(0) is the germ of FO_l (0). Then there is a family of homeo-
morphism germs H, : (R™,0) — (R™,0), t € R? and a neighborhood V of
0 in R? 5o that the germ at O of F; o H; is the germ of Fy for eacht € V.

The €° — %-equivalence class of f; relates to the equivalence class of
its Milnor fibration. More precisely, given fy, go : (R",0) — (R¥,0) with
isolated singularity, f; is €° — %-equivalent to g if and only if their Milnor
fibrations are also equivalent. (See [5, Theorem 1]).

Recall thatif £ : (C"*!, 0) — (C, 0) is the germ of a holomorphic function
with a critical point at 0, then for every sufficiently small € > 0, the map
¢ = Wf\l s P2\ P is the projection map of a locally trivial fiber bundle,

where K = f~1(0) N .%. is the link of 0. This is the Milnor fibration of f.
Milnor also proves in the last chapter of his book a fibration theorem for real
singularities. He shows that if f : (R",0) — (R”,0),n > p > 2, is the germ
of a real analytic map-germ whose derivative Df has rank p on a punctured
neighborhood of 0 € R”, then, for every sufficiently small sphere 96”*1 Cc R"

centered at 0, one has a locally trivial fiber bundle, f = ﬁ c S\ N —

&P~1, where Nk denotes a tubular neighborhood of the link K in &7~
Moreover, f can be extended to #"~! \ K as the projection map of a fiber
bundle, but this extension may not be given by the obvious map Wf\l The

problem of studying real isolated singularities at 0, for which the map ﬁ
extends to all of ¥~ \ K — #?~! as the projection map of a fiber bundle
(as in the case of holomorphic maps) was first studied by A. Jacquemard in [7]
(see also [8]).

Let f = (P, Q) : (R",0) — (R?,0) be a real analytic map-germ with an
isolated singularity at 0. Let o/, be the ring of real analytic germs in R", 0
and I = (dP(x)) (resp. (0Q(x))) the ideal in 2, generated by the partial
derivatives of P (resp. Q), and by I the integral closure of I, thatis, I = {h €
o, Ja; € I' with i + a;h" ' + ... +a, = 0).

THEOREM ([7, Theorem 1]). Suppose that there exists a neighborhood V
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of 0 in R" such that:

(A)
[(0P(x),dQ(x))] <1-p
0PI N0QC) — ’
in the neighborhood V of 0 inR", 0 < p < 1.
(B)

(0P(x)) = (0Q(x)).

Then there exists a sufficiently small €y > 0, such that for all 0 < € < ¢,
¢ = HfLH : SN\ Ko — Fis the projection map of a locally trivial fiber
bundle. Furthermore, this fiber bundle is equivalent to the fibration given
Milnor in [9].

In [11] the authors replace the condition (B) in Theorem above by condition
(Br): (0P (x))g = (0Q(x))r, where (d P(x))g denotes the real integral closure
as defined by T. Gaffney [3]. In the complex analytic category, both conditions
are equivalent (see [3], [12]).

DEFINITION 2.7. Let / be an ideal in the ring &/, The real integral closure
of I, denoted by IR, is the set of 4 € &/, such that for all real analytic curve
y : (R,0) — (R",0),wehave hoy € (y*(I)).

3. The Main Theorem

In this section we present the main result of this paper as well as its main
consequences. Let f = (Py, Qo) : (R",0) — (R?,0), be the germ of a real
analytic map-germ with isolated singularity at zero, and F : (R* x R,0) —
(R?, 0) be adeformation of f givenby F(x, t) = (P(x,t), Q(x,1)), P(x,1) =
Po(x) +10(x), Q(x, 1) = Qo(x) + tor(x).

THEOREM 3.1. Let F be as above and 0, P(x,t) = Grad, P,(x), 0P =
(3, P(x,1), 22). Suppose that the following conditions hold:

> ot
A)
({0 P(x, 1), 9, QCx. N _ |

[0 PCx, )] 10 Q(x, O —

x % 0 near zero, forallt e Rand0 < p < 1.

’

(By)

(0 P(x, D))g = (9, P(x,0))r
(0 Q(x, 1))g = (0 Q(x, 0))r,

forallt € R.
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Then the family F; is topologically trivial.

Proor. The idea of the proof is to construct a vector field V(x,t) =

a(x, )0, P(x,t) + b(x,1)0,Q(x,1t) + % (where 2 is the unit vector in -

a1
direction) such that:

0 { (OP(x,t), V(x,t)) =0

(00(x, 1), V(x,1)) =0

The vector field V (x, t) is tangent to the levels X = F~!(¢) = P~ !(c;) N
0~ !(¢c2), where ¢ = (c1, ¢») € R?. In particular for ¢ = 0, V is tangent to the
variety F~1(0) = P~1(0) N 0~1(0).

The flow ¢ (x, t), ¢ (x, 0) = x, satisfies the following:

IPGE.0) _ o g
. ot
—8Q(¢;(tx, D) _ 50.v) =0.

Hence, F(¢(x, 1)) = F(¢(x,0)) = (f(x), g(x)).
From (1) it follows that:

apP

(3P, V) =alld, P||> + b(0, P, 3, Q) + — =0

ot

©) v
(80, V) =a(d.P,3,0)+b[3. 0l + 5 =0

The matrix of the system is
( la P> (8. P. 3xQ)) (a) B (9<x>>
(0, P,0,0) 3.0l b o (x)
and it follows from condition (A) that its determinant:

@) A1) =10, Px, DI, QCx, D12 — (8 P(x, 1), 8, Q(x, 1))?

satisfies the condition A(x, ) # 0 forall x € V, in a neighborhood of 0 € R”,
Vt. Then we can write:

(a)__i( 19, QI —(BXP,axQ)><9(x))
b) " a\-@ra.0) 1P ) e
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Hence,

1
a == (19 QI (x) = (3 P, 9 Q) (x))

(5) ]
b= ——(I0:P|Pe(x) = (3P, 3: 0)0(x))

This vector field is well defined and smooth in U, where U C R" xR\ ({0} xR).
To show that V is integrable at the points (0, ), it is sufficient to guarantee
that there exists a constant C > 0 such that:

(6) = Clixll,

ol
‘V(X,t) - E

for x sufficiently close to zero. This will follow from Lemma 3.2 and Propos-
ition 3.3 below.

LEMMA 3.2. There exist constants ¢; > 0 and ¢o > 0 such that:
(@ 0] < cilix]l |0, Pl and
(b) la(x)] < callx|l 10: Ol

PROOF. (a) The function 6 (x) is analytic and 6 (0) = 0, then it follows from
the Bochnak-Lojasiewicz inequality [1] that,

(7) 1) < collx]l 19x6 ()l
On the other hand,
[t 1001 — 105 f O < 1105 f(x) + 100 (x) || = |ox P(x, )| < crlldx f O,

where in the last inequality we use condition (B).
Thus, [¢] 10,01l = (1 4+ c)ll0x f ()| V2.
In particular taking ¢+ = 1, we have

1001 = (14 c)llx f ().
Now using again condition (B), we have:
1001 = (1 + cD)ldx f Ol < e2lldx P (x, D)l
for all 7. Therefore,
®) 100 < c2ll0x P(x, DI, Vi
From (7) and (8) it follows that:
10O =< collx[[ 1130 ()l < cllx |l 18 P Cx, D).
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Part (b) can be proved in the same way.
PROPOSITION 3.3. |V (x, 1) — | < cllx].

PRrROOF.

HV(x, 1) — %H = |la(x, ), P(x,1) + b(x, )0, Q(x, 1)
< llatx, o P(x, D)l + [1b(x, )3, O (x, )|

From (5) we have

la(x, )0, P(x, 1)l
1
) = X(”axQHZG(x) — (0. P, 3xQ)Ot(X))‘ 10 P(x, 1)l
1 5 1
< mllalel 16 [0x Pl + WKBXP’ 0x O) | la(x)] |0 Pl
Furthermore,
1 19, PI*]|0, Ol
10) —113,Ql%6 3 P (—)
(10) IAIH Q716 o) |0x Pl 16. PI219, O

_ 10l (IIaxl”(x,t)IIZII('%cQ(x,t)Ilz—((%CP()C,I),(’9xQ(x,t))2>_1
[[9x P 19, P1I*119. Q112

16| (1 ~ <axP<x,r>,axQ<x,z)>2)‘
BENE 18x P112113: Q|2 '

. ) ) . )
Erom condition (A), there exist §, 0 < § < 1 such that % <34,
ence

2
an 0RO

10 P (1210 @ () 1I> —

From Lemma 3.2(a), it follows that

0(x)
9L _ .

12
12 9. Pl —

Replacing (11) and (12) in (10), we obtain

1
13) mllaxQHzIG(X)I [0x Pl < c2llx]|
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Similarly, we have
1
|

14
(14) Al

(0 P, 0 Q)| ()| |19x Pl < csllx].

Replacing (13) and (14) in (9), we get
lla(x, 1)dx P (x, D)l < callx|.
In the same way, we can prove that

16(x, )0 Q(x, )|l < esllx].

It is clear that condition (A) in Theorem 3.1 is a sufficient condition for the
no coalescing of critical points for the family F(x, t). It is not clear whether
(A) implies the constance of the Milnor radius of the family. However, we can
replace condition (By) by a weaker condition namely, condition(By) along
the zero sets of P and Q, and use King’s result (see Theorem 2.6) to get the
following:

PrOPOSITION 3.4. Let F be as above and 0, P(x,t) = Grad, P,;(x), 0P =
(BXP(x, 1), 2L ) Suppose that the following conditions hold:

T
(A)
[(9: P (x, 1), 8: QCx, D) _

[0 P, [ 18- Q(x, O —

x # 0 near zero, forallt e Rand0 < p < 1.

’

(B})

<8xP(x7t)>(7’Xt = (axp(x70)>@’xo

(0. Q(x, 1))y, = (0: Q(x,0)) gy, »

where O, is the local ring of the real analytic variety for X, = F,’1 (0).
Then the family F, is topologically trivial.

PRrOOF. The proof is analogous to the proof of Theorem 3.1. We use con-
dition (A) and (B;f) to construct a vector field V which leaves X = F~1(0)
invariant.

The next result is an application of the Theorem 3.1 to deformations of
Newton non-degenerate map-germs Fy = (P, Qo) : R",0 — R?, 0. We first
recall the basic notions of Newton diagram of an ideal.
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For this, we fix a coordinate system x = (xi, ..., x,) in R?, so that %,
is identified with the ring R[[x]] of convergent power series. For each germ
g(x) = > a;x*, we define supp(g) = {k € Z" : a; # 0}.

DEFINITION 3.5.
(i) Let I be an ideal in </, define

supp! = U{suppg: g € I}.

(i1)) The Newton polyhedron of I, denoted by I" (1), is the convex hull in
R’, of the set

Ulr +v:resuppl,veRi}

(iii) T"(1) is the union of all compact faces of I';. (7).

Giv) I = (g1, ..., &) is Newton non-degenerate if for each compact face
A C T'(1), the equations gj,(x) = gop(x) = -+ = gso(x) = 0 have
no common solution in (R \ {0})", where g; , is the restriction of g; to
the face A, that is, if g;(x) = )_a,x" then g;,(x) = >, a,x".

COROLLARY 3.6. Let Fy = (Py, Qo) : R",0 — R2,0 and F(x,t) =
(Po(x) + 16(x), Qo(x) + ta(x)). Suppose T'+.(d Py(x)) and T'1.(3 Qo (x)) are
Newton non-degenerate and ', (00(x)) C T'; (0Py(x)), 'L (@a(x)) C

I+ (8Q0(x)).

(1) If Fy satisfies condition (A), then F is topologically trivial.

(2) If Fy satisfies conditions (A) and (BR), then there exists €y such that for
all 0 < € < €, ﬁ s SN K, — P s the projection of a locally
trivial fiber bundle, where K; = F,’1 o)n 5”6’“'. Moreover, ¥t,t' € R,
the Milnor fibrations associated to F, and F, are equivalent.

ProoF. To verify condition (A) for the family F;, letr : R,0 — R", 0 be
a non constant real analytic curve, with r(0) = 0.
Therefore, for each ¢, fixed, we have:

dx Py (r(s)) = 0x Po(r(s)) + 9. R(r(s))
3 Q1 (r(s)) = 0x Qo(r(s)) + 9. S(r(s))

Taking the Taylor developments we get,

P (r(s) =oys™ + - Faps™ +---
0.0,(r(s)) = Bis“ 4+ -+ Pos" + - -

Since I';. (3 Py(x)) and ' (0 Q¢ (x)) are Newton non degenerate, then a; < n
and a; < n,.
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Then,
{0 P (r(s)), 30 (r(s)))] [{ays + -, Brs + - )]

1BP(rGDIIBQ (r)I— Nlars® =+ -+ [ | Brst +--- |

_ (o1, Bi)Is™ + - - e, B)Is* (1 4+ - )
S fler| (U4 DB+ Tl Bl (1 + )
oy, oy,
_ e, B b = [{a1, B1)] +uls)
lleer [HI Bl o (Bl
From the hypothesis it follows that ||\¢(zl||,|ﬁ;l)\|| < 1 and lim,_,¢ u(s) = 0. Then

for sufficiently small s, we have:
{0 P, (r(s)), 00, (r(s)))] <1
0P, (r(sHN110Q(r(sHI —

where 0 < p < 1 for¢ € R fixed. Then, there exist a neighborhood V & R”,
0 € V such that

Vx e V\ {0} {01 (x)). 0Q: )| _
REEAC N ko]

Since the Newton polyhedrons I' (3 Py(x)) and ' (0 Qo(x)) are non degen-
erate and I (3 P;(x)) C ' (8 Py(x)), '+ (30 (x)) C I'1(3Q0(x)), it follows

from Theorem 3.4 [10] that (3 P;(x)), = (dPo(x))y and (0Q,(x))y =

(0Q0(x)) ,- Then (1) follows from Theorem 3.1.

Now, if condition (Br) holds for Fj, it follows that (9 P, (x)) o, =(3 Q;(x)) o, -

Thus, we can apply Jacquemard’s result to prove that for each ¢, there exists
€0, such that for all 0 < € < €, ”i—'u s I\ K, — s the projection of a

locally trivial fiber bundle. Moreover, it follows from [S5] Theorem 1 that these
fibrations are equivalent.

—p, O0<p<l.
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