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RELATIONSHIP BETWEEN POLYNOMIALS WITH
MULTIPLE ROOTS AND RATIONAL FUNCTIONS
WITH COMMON ROOTS

YASUHIKO KAMIYAMA

Abstract

For F =RorC, let P,in (F) denote the space of monic polynomials f(z) over F of degree k and

such that the number of n-fold roots of f(z) is at most /. Let X,l{_n (F') denote the space consisting
of all n-tuples (p1(2), ..., Pn(z)) of monic polynomials over F of degree k and such that there are
at most / roots common to all p; (z). In this paper, we prove that P,f_n (F) and Xikj ; (F) are stably

homotopy equivalent. In fact, they are homotopy equivalent when F = Cand (n, [) # (2,0). We
also consider the case that n-fold roots and common roots are not real. These results generalize
previous results concerning these spaces.

1. Introduction

The purpose of this paper is to study the relationship between the space of
polynomials with multiple roots and the space of rational functions with com-
mon roots. We prove a theorem which generalizes previous results concerning
these spaces.

Let C¢(C) denote the configuration space of unordered k-tuples of distinct
points in C. The space C;(C) has some interesting connections with the theory
of algebraic functions and Artin’s theory of braids. For instance, Cy(C) is the
space of monic polynomials over C of degree & without multiple roots. On the
other hand, we have C;(C) = K (B, 1), where B is Artin’s braid group on
k-strings and K (B, 1) is the corresponding Filenberg-MacLane space. Thus
the homology group of C;(C) has a certain significance.

In [1], Arnold proved important theorems on the integral homology of
Cr(Q), e.g. the stability of the homology. The proofs proceed as follows. Let
P,f,n (C) denote the space of monic polynomials over C of degree k and such
that the number of n-fold roots is at most /. (Compare Definition 2.1.) (We al-
low n-fold roots to coincide. Hence, an element of the complement of P,g’n ©
in C¥ is of the form (81+1(2))" hi—q+1)n(z), where g;11(2) and hg_q11),(2) are
arbitrary monic polynomials of degrees [ 4+ 1 and k — (I + 1)n, respectively.)
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Let T, 1. denote the complement of P ,(C) in $* = C* U {oo}. By induction
with maklng k larger and [ smaller while n being fixed, one obtains inform-
ation on ¥, x.n forall k, n and [. By the Alexander duality, the information is
equivalent to that on P/f,n (C). In particular, setting n = 2 and / = 0, we obtain
information on Cy (QC).

Later, the homology group H, (C,(C); Z/ p) was determined (using different
methods) in [8] for p = 2 and in [6] for an odd prime p . Using this, the
stable homotopy type of C(C) was described in [3] in terms of Snaith’s stable
summands of Q2S3.

On the other hand, Segal studied the topology of spaces of rational func-
tions ([13]). Let Rat, (n) denote the space consisting of all n-tuples (p1(z), .. .,
Pn(2)) of monic polynomials over C of degree k and such that there are no
roots common to all p;(z). Raty(n) is considered to be the space of holo-
morphic maps of degree k from S? to CP"~! with the basepoint condition
oo — [1,..., 1]. There is an inclusion

ir : Ratg(n) — QICP" 1 ~ Q2521

Itis proved in [13] that i; is a homotopy equivalence up to dimension & (2n —3).
Later, the stable homotopy type of Raty(n) was described (using different
methods) in [4] and [5] in terms of Snaith’s stable summands of Q2S>"~!. In
particular, we consider the case n = 2. Combining the results of [3], [4] and
[5], we obtain a stable homotopy equivalence C; (C) >~ Rat[ ](2) where [2] is

as usual the largest integer < 5. This result was generahzed in [14] as follows:

(1.1) P{,(C) = Rat[s ) (n),

where P,?_n(C) is defined above. Later, (1.1) was improved to a homotopy
equivalenoe for n > 3. (Compare (2.3).)

If we take Arnold’s proof and (1.1) into account, we naturally encounter the
following problem: what is the (stable) homotopy type of P,f,n(C) fork > 1,
n > 2and!/ > 0. The purpose of this paper is to study this. In fact, we consider
four cases according as whether polynomials are defined over R or C, and
whether we allow n-fold roots or common roots to be real or not. Our main
results will be stated in Section 2. (Compare Theorems A, B and C.) Here we
summarize the result for the most interesting case.

THEOREM 1.2. Let X,l(’n (©) be the space consisting of all n-tuples (p1(z),
.o, Pn(2)) of monic polynomials over C of degree k and such that there are
at most [ roots common to all p;(z). Then
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(i) For all k, n and 1, X,l(’n (C) is stably homotopy equivalent to the k-th

filtration of the homotopy theoretic fiber of the inclusion J'(2n — 2) —
Q8?1 where J'(2n — 2) denotes the I-th stage of the James construc-
tion which builds Q5> ".

(i1) Except when (n,l) = (2,0), there is a homotopy equivalence

P{n(©) = X[, (0.

Note that our information on Plé,n (C) gives that on fjm, since these spaces
are Spanier-Whitehead dual to one another.

This paper is organized as follows. In Section 2, we state the main results.
We define four kinds of spaces consisting of polynomials and four kinds of
spaces consisting of n-tuples of polynomials. Theorem A asserts that the cor-
responding spaces are stably homotopy equivalent. Theorem B gives stable
splittings of these spaces. Theorem C asserts that in the most interesting case,
the stable homotopy equivalence in Theorem A is in fact a homotopy equival-
ence. In Section 3, we recall previous results about the spaces in Section 2 and
see how they are contained in Theorems A, B and C. In Section 4, we prove
Theorem B. In Section 5, we prove Theorem A (i) for F = C and Theorem C.
In Section 6, we prove Theorem A (i) for F = R and (ii).

2. Main results
DEFINITION 2.1. For F = R or C, we set
1) Pkl,n(F) = {f(z) : f(2) is a monic polynomial over F of degree k
and such that the number of n-fold roots is at most /}.
(i) Q},(F)=1{f(2) € P, (F): f(z) has no n-fold roots in R}.
(ii1) X,l(’n(F) = {(p1(2), ..., pu(2)) : each p;(z) is a monic polynomial

over F of degree k and such that there are at most

[ roots common to all p;(z)}.

(iv) Y,f’n(F) ={(p1@), ..., pn(2)) € X,l(’n(F) : there are no
real roots common to all p;(z)}.

REMARKS. 1. By definition, we have P}, (F) = Qf ,(F) and X}, (F) =
Y,gn(F). In particular, X,?yn (C) = Raty(n).
2. Note that

ORI = QR and  YETR) = PAR),
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since if « € Hy (where H, is the open upper half-plane) is a root of a poly-
nomial over R, then so is @ € H_ (where « is the complex conjugate of o).

We have the following diagrams:

Ll s ol ry 5500 () o -5 00, (F)

Pk[,i](F) ») Pk[’i]_l(F) 5.0 P]f’n(F) 5.0 P/?,n(F)

N N N

and

Y L (F) DY\ (F) D DY (F) D+ D Y2 (F)

XL, DX, (F)D DX, (F)D - DX (F)

N N N

where each subset is an open set.

ExampPLE 2.2. Wesetd = 1 for F = R and d = 2 for F = C. Then there
are homotopy equivalences

k k
) Pk[jl](F) ~ {a point} and PkFZ] 1(F) sdlilm=n-1 , where the case
for F = Cand (k,n) = (3, 2) is excluded from the second homotopy
equivalence.
(i) Q} ,(F)~ 8”2 (n <k <2n).
(i) Xj ,(F) =~ {a point} (k <) and X (F) = gdke=D=1,
(iv) Y, (F) ~ §9=2
ProOF. Since the proofs are similar, we prove only the second homotopy
k1_
equivalences of (i) and (ii). Let  be the complement of PL21 ™ (F) in F*. A
polynomial f € F* (hereafter we omit the variable z from each polynomial)

belongs to X if and only if the number of n-fold roots of f is exactly [%],
hence f is of the form g’[’ ]hk [£]n> , where 8[4] and A _ [£]n are arbitrary monic

polynomials of degrees[ ]andk [ ]n respectively. Thus & = F*- [0
By the Alexander duality, we obtain (i).

Anelement (py, ..., p,) € (F¥)" belongs to X (F) ifandonlyif p; # p;
for some i, j. Hence (iii) holds. This completes the proof of Example 2.2.

The homotopy types of Q[” ] (F) and Yk ,(F) are known in [11]. (Compare
(3.1) and (3.2).) Note that Example 2.2 (11) and (iv) are special cases of them.
Our first result is the following:
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THEOREM A. For all k, n and 1, there are stable homotopy equivalences

(i) P{,(F) = Xl[%]’n(F).

i) Q},(F) =Y/, (F).

REMARK. There are unstable maps P,f’n(F) — Xf(’n(F) and Qi’n(F) —
Yli.n(F) defined as follows:

f@ = (f@, @+ f@,.... f" @+ f@).

We can prove that these maps are homotopy equivalences as k — oo.
In [14], the result P,?M © ~ X g‘n (C) was proved as follows. First, we prove

that the complements of these spaces in S?*" are stably homotopy equivalent.
Next, we use the fact that the Spanier-Whitehead duals of stably homotopy
equivalent spaces are stably homotopy equivalent. In contrast to this, we prove
Theorem A by constructing stable maps from the right-hand sides to the left-
hand sides along the lines of [5] and [10]. (Compare (B) of Sections 5 and
6.)

Next, we give stable splittings of X ,l(n (F)and Y} ., (F). For that purpose, we
prepare some notations. (Compare [10] or Section 5.) Let J/(2n — 2) denote
the [-th stage of the James construction which builds QS?~ 1, and let W' (n)
be the homotopy theoretic fiber of the inclusion J!(2n — 2) < QS%"~!. The
May-Milgram model for 25>"~! is generalized to construct a space &’ (n)
combinatorially so that &' (n) >~ W!(n). & (n) has a filtration { F,&'(n)} and we
set D,,%l(n) = Fqél(n)/Fq_lél(n). Then we have a stable splitting

W) = \/ Dyt ().
1<q

which is a generalization of Snaith’s stable splitting of 225>"~! for [ = 0.
THEOREM B. There are stable homotopy equivalences
(D) X;,(© = Voo, Dyg' ().
(i) Xi', " (R) = X141,(0), and

k—2i
2i ~ YIi 2i(n—1) (n=2) 0 (n=2)
X3, (R) = Xy (O v B ( +2\/k TIDE \/1 N )
<K—21 =
p qu_p p

(i) ¥/, (O >~ X, Qv Vi 20D (x; 71 (v S), 0<1<k
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(iv) Yszn(R) ~ \/P+2q§k %P-Dp gl (n) v \/];:=1 §p(n=2).

REMARK. The first stable homotopy equivalence of Theorem B (ii) is in
fact a homotopy equivalence: Xf’: "Ry~ X l[k] ©.
s 3n

The following theorem is a stronger version of Theorem A (i) for F = C.

THEOREM C. Exceptwhen (n,l) = (2, 0), there are homotopy equivalences
P p(Q) = Fag&' () ~ X{u, (O,

where F[g]él(l’l) is a filtration of € (n).
REMARK. When [ = 0, Theorem C is known in [7] and [9]:

(2.3) P, (O ~ F[%]éo(n) ~ X([)Hn(C) (n > 3).

3. Previous results

Theorem A has been studied for special cases and for these cases there are
natural maps from the n-tuples of polynomials to certain loop spaces. We
recall the known results below.

(i) As in Section 1, there is an inclusion

i Xp (0 = QCP ! > Q257

(1.1) is same as Pko’n O~X ([)5 1 n(C). The first homotopy equivalence of (2.3)
is proved in [9] and the second is proved in [7]. The condition n > 3 in (2.3)
implies that each space is simply connected. But (2.3) does not hold forn = 2.
In fact, the facts that ;(P2,(C)) = B and 7 (X([)k] ,(©) = Z (compare
El 21
[13]) imply that P_,(C) # X([)k] ,(Q) for k > 3. It is also shown in [7] that
, £,
REYQ2) £ X3,(0).
Theorem B (i) is proved in [4] and [5] for [ = 0, and in [10] for general /.
(i) Let Map/ (CP!, CP"~!) be the space of continuous basepoint-preser-
ving conjugation-equivariant maps of degree k from CP! to CP"~!. There is
an inclusion

ir : X{ ,(R) = Map; (CP', CP" 1) > Q8! x @>§*"~!.

As far as the author knows, there is no published matter which proves the fact
that P,?n Ry~ X ([)k] (R). By the same reason as in (i), it seems likely that this
5 s u W
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is in fact a homotopy equivalence for n > 4. In connection with this, we have

[5]
PLR=[]C©  and Xy, (R) =~ ]_[Xmm(qk 2O

[5]
q=0

The first homotopy equivalence is clear and the second is proved in [13]. Hence,
Pk ,(R) and XY, al ,(R) are not unstably homotopy equivalent.

(ii1) Note that Q,E” ] (F) is the space of polynomials without n-fold real roots,

and Y} «.n (F) is the space of n-tuples of polynomials without real common roots.
Restricting to the real line, there is a natural map

i YE,(0) — Q8™

It is proved in [11] that there are homotopy equivalences

(3.1) ol ~ sllan —2) ~ Y[["]] ©  (m=2)

where as in Section 2, J [ ](Zn — 2) denotes the [ ] th stage of the James
construction which builds 52"~
(iv) As in (iii), there is a natural map

i Y, (R) — Q8"
It is proved in [14] that there is a homotopy equivalence

(3.2) ol Ry ~ s — 2) ~ Y[[g’]]’n(R) (n > 4).

By [14, p. 88], (3.2) does not hold for n = 3 (i.e. for k = 6, 7 or 8, Q,%S(R) *
J2(1)). But we have

~[(]* D Y
Q (R) {([2i| + 1) pomts} Y[ ]2(R)'

The first homotopy equivalence is clear and the second is proved in [12].
When n = 2, Theorem B (iv) holds unstably:

k
iy N 4
YERR) 2 [ [ Xininigk—02(O)-
q=0
Setting i =0ori =o00inthe homotopy equivalence, we obtain the result for

[ 1 2(R) in (ii) or the result for Y[[ ]]2(R) in (iv).
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In [1], Arnold performed calculations of H*(szkjrli’z(C); Z) (i > 0) in low
dimensions. The results are given as follows (compare [1, p. 48]).

(1) For 1 < ¢ <2k —2, Hy(P5 ! ,(0):;2) = 0.

(2) For2k — 1 < g <2k + 3, Hy(P5; ,(Q); Z) are cyclic and the orders
are given by the following table.

TaBLE 1. The orders of the groups H, (P ,(Q); Z) 2k — 1 < q <2k +3)

i\gq 2k —1 2k 2k + 1 2k +2 2k +3
0,1 0 0 0 0 0
2,3 [ee) k+1 0 0 0
4,5 0o k+1 2/k k+2)/2 0
6,7 I k+1 2/k ((k+2)/2)(2/k) 3/k
8,9 I k+1 2/k ((k+2)/2)(2/k) 6/kv
00 00 k+1 2/k ((k +2)/2)(2/k) 6/ kv
Here

(1) We introduce the notation

a

a/lb=——,
ged(a, b)

where gcd(a, b) is the greatest common divisor of the integers a and b.

(2) Wehavev =1ifk # 1 (mod4). If k = 1 (mod4), then v is either 1 or
2. But the exact value is left unknown.

The stability theorem in [1, p. 43] is stated as follows: For a fixed ¢,
H,y(Py 5(C); Z) is stable for i > 2(g — 2k + 1).

Using Theorems B and C, we can calculate Table 1 easily as follows.
First, by Theorem C, we can replace szkjrll.’z(C) by X’;;E ; ].2(C)' Next, using
Theorem B (i), we see that as a vector space, H, (X I’:E%]J(C); Z/ p) (where
p is a prime) is isomorphic to the subspace of H*(Wk_l(Z); Z/ p) spanned
by monomials of weight < k + [’5] (Hence, the above stability theorem is
equivalent to the following assertion, which can be proved easily: each ele-
ment of Hq(Wk_l(Z); Z/p) has weight < g — k + 1.) It is easy to determine
H,(W*=1(2); Z/p) from the mod p Serre spectral sequence for the fibration

Q28 > wk12) —» J1 ).
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The result is given in [10]. As an application, we can determine the value of v.
LeEmMA 3.3. In Table 1, we have v = 1 if k = 1 (mod 4).

PrOOF. We set k = 4s + 1. Since 6/ kv is in the stable range, it suffices to
determine Hg,,5(W*(2); Z). Since 6/ kv = { z\c/lfln Z i é and2/k =2, we
have
Z)2®Z/2 v=1

4s . ~
Hsove @iz = {20957 0]

From the mod 2 Serre spectral sequence for the fibration Q25% — W*(2) —
J*(2), we have

y - Ho(Q%S3%Z/2)
E ¢, 01)
P ¥ @ H(225%,2/2) p=38s

p=8iwith) <i<s—1

0 otherwise

where x and ¢ are (torsion free) generators of H>(25°;Z/2) and H, (*S3;Z/2),
respectively, and (¢, Q1(¢)) is the ideal generated by ¢ and Q;(¢). It is clear
that x* ® > and x* ® 1> * Q;(1) are nonzero permanent cycles. Hence,
Hg, 5s(W*(2); Z/2) = Z/2 @ Z/2. This completes the proof of Lemma 3.3.

4. Proof of Theorem B

In this section, every homology is with Z/ p-coefficients, where p is a prime.
Theorem B (i) is proved in [10]. Since the proofs of (ii)—(iv) are similar, we
prove (ii).

PROPOSITION 4.1. The homologies of the both sides of Theorem B (ii) are
isomorphic.

ProOOF. We prove by induction with making / larger. The case for / = 0
is proved as follows. First, by constructing homology classes explicitly, we
find a lower bound for the mod p homology of X,?’H(R). (Compare Lemma
4.2.) Next, considering a geometrical resolution of a resultant, we construct a
spectral sequence of the Vassiliev type. The spectral sequence converges to the
mod p homology of X 2,71 (C) and the E'-term coincides with the lower bound.
Hence, the spectral sequence collapses at the E'-term and the lower bound is
in fact an upper bound. (Compare Lemma 4.4.)

LEMMA 4.2. We define the weight of an element of H.(25"~") as usual,
but that of H,(Q22S*'~") to be twice the usual one. Let Ly be the subspace
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of H,(QS" ! x Q2521 spanned by monomials of weight < k. Then every
element of Ly, is in the image of i, where iy : X,?’n(R) — Q8" x Q2§21
is the inclusion. Hence, these elements are a lower bound for H, (X,({)’n (R)).

ProoF. The proof of the lemma is similar to [2] and proceeds as follows.
First, there is an inclusion
(4.3) Ng.in : X5, (O = X3 (R).

To construct this, we fix a homeomorphism 4 : C 3 H..For (p1(2),...,
Pn(2)) € Xf”,(C), we write p;(z) = []?_,(z — ;). Then we set

Ng,in(P1(2), ..., pn(2))

q q
= (H(z — h(ey )@ = hy 1), - [ [ = ez — h(as,n»).
s=1 s=1

Take an element @ ® B € H,(QS"! x Q252"~1) of weight < k. By [2], we
can construct 8 in X(q)’n(C) for some ¢, hence using 7, 0,,, We can construct 8
in X9, (R). Then using the loop sum ¢ : X  (R) x X?  (R) = X} . (R),
which is defined in the same way as in the loop sum X} (C) x X? (C) —
X 1(31 +hy.n(©) in [2], we can constructa ® B in X ,?’n (R). This completes the proof
of Lemma 4.2.

LEMMA 4.4. The lower bound of Lemma 4.2 is in fact an upper bound.

PrOOF. We prove the lemma along the lines of [14, p. 151]. We indicate
where to change. Let ¥ be the complement of X ,(R) in ¥ = R* U {oc}.

There is a space G(X), a geometrical resolution of X, so that G(X) ~ X.
G(X) has a filtration

4.5)

Fo(G(2)) = {oo} C FiI(G(X)) C F2(G(X)) C--- C Fi(G(X)) = G(2).

F,(G (T)—F —1(G (X)) has connected components indexed by non-negative
integers (s, t) with s+2r=p. If we forget the “simplex part”, then F), (G(X))—
F,_1(G (X)) consists of n-tuples of polynomials which have exactly p distinct
common roots. The integers (s, t) with s + 2¢t = p parametrize the connected
component in which s of the common roots are real and ¢ of them belong
to H, (where H. is the open upper half-plane), hence ¢ of them belong to
H_ since polynomials are real. The connected component parametrized by
(s, 1) is a fibered product of the following two fiber bundles: They have a
common base C(R) x C;(H,), where C;(X) denotes the configuration space
of unordered i-tuples of distinct points in X. The fibers of the two bundles
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are the (s 4t — 1)-dimensional open simplex and R*~", respectively. Let
E"(G(X)) be the mod p spectral sequence associated to the filtration (4.5).
The above argument shows that E 11)’ , may be nontrivial only for 1 < p < k so

that
E}’,q — @ H(k_/’)n+s+t—q—l(ct(c);:tz/p)’

s+2t=p

where £Z/ p denotes the local system locally isomorphic to Z/p but changes
the orientation over the loops defining odd permutations. Using the fact that
D,£%(n) ~ £?®=2 pD,£°(2) (compare [3]), this is equivalent to

(5]
E/la,q — @ ﬁkn+2t(n—2)—l7(n—1)—q—l(Dt%-O(n)) ® I’:I'kn—p(n—l)—q—l(S())'

t=1

Let 1 < *. From the Alexander duality, we have

dim H.(X} ,(R))
ko [5] k
<> > dim H (2P0 DE0%(n)) 4+ > dim H, (57" ).
p=2 t=1 p=1

Let u,_» be the generator of H,_ (25" "). Identifying H,(X®?~200"=2
D,£%(n)) with ui’:zt ® ﬁ*(D,éo(n)) and H,(SP"?) with u”_,, we see that
H*(X,?’n(R)) is at most as big as L. This completes the proof of Lemma 4.4,
and, consequently, Proposition 4.1 holds for / = 0.

Next, we prove Proposition 4.1 for general /. By the same arguments as in
[10, Propositions 4.5, 5.4], we have the following long exact sequence:
4.6) - — HJ(XI(R) —> H.(XL,R)
@ _
— Hejuon(Xp_;,,(R) — Ho (X}, (R)) —> - -

where i is the inclusion. To construct this, note the following decomposition
as sets

X, ,(R) — X' (R) = ]_[ SP*(R) x SP'(H.) x X}_,,(R)
s+2t=I

and use the fact that H(SP*(R)) = O for s > 2, where H} is the cohomology
with compact supports.
The homomorphism

®: Heyuon(X)_,,,(R) — Heoy (X' (R))
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is given as follows. We give the case for / = 2i. It is easy to see that the second
homotopy equivalence of Theorem B (ii) is equivalent to

(4.7) X7, (R) ~ len(C) v R @Hbe=b-t(xd LRV SY).

From inductive hypothesis, we have

(48) H*—Zi(n—l)(xl(c)fﬁ,n(R))
o~ *721.(”71)()(([)%]_[,’"((:)) D H*,z,»(n,l)(zn—2X,?,2i,1,n (R) \ S”—z)

and

(4.9) Ho (XE (R) = Hot (X[, (O)-

Let 0 i—1
¥ Hosioon (X[, (©) — H(X(17,©)

be the homomorphism corresponding to @ in the long exact sequence (4.6)
with X (R) replaced by X (C). Then ® : (4.8) — (4.9) is given by mapping
the first summand by 1 and the second summand by 0. Hence Proposition 4.1
holds for general /.

Finally, we construct (stable) maps from the right-hand side of Theorem
B (ii). First, the unstable map from the right-hand side of the first homotopy
equivalence of Theorem B (ii) or the first stable summand in (4.7) is essen-
tially the inclusion 7, ; , in (4.3). Next, the stable map from the second stable
summand in (4.7) is constructed as follows. By Example 2.2 (iii), we have an
inclusion ¢ : §@+DE=D=1 s X3 (R). Consider the following composite
of maps

(4.10)  SHDE=D=loe (xR LR v SY)
x1 i i

= X3 R X X[y, (R) = XELR),
where p is the loop sum. This induces a stable map from the second stable
summand in (4.7). Note that the unstable (resp. stable) map for the first (resp.
second) homotopy equivalence of Theorem B (ii) are compatible with the
homology splitting by weights. Using Proposition 4.1, it is easy to show that
these maps induce isomorphisms in homology, hence are stable homotopy
equivalences. This completes the proofs of Theorems B (ii).

5. Proofs of Theorem A (i) for F = C and Theorem C

The proof of Theorem A proceeds as follows.
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(A) For 0 < j <n — 1, the inclusions
l I I I
Pkn,n(F) — Pk11+j,n(F) and an,n(F) — an+j,n(F)

induce isomorphisms in homology. Hence, we consider P,fn’n (F) or Qfm’n (F)
instead of P,f’n (F) or Qi’n (F).
(B) We construct stable maps

fin (F): Xi,(F) = P, ,(F) and gn(F) : Y, (F) = Q% ,(F)

so that fko)n (F) = g,?)n (F). Here we consider the domains X,l{’n (F) and Y,i’n (F)
to be the right-hand sides of the stable homotopy equivalences in Theorem B.
(Compare (5.2) for the construction of fkl’n (OB

(C) We prove that fk(fn (F) is a stable homotopy equivalence.

By (1.1), we know P,?M © ’Tv X,?’n (C) without specifying a stable map.

Hence, for fkq,l(C), the problem is only to prove that the stable homotopy
equivalence is given by f,gn (C©). But this is immediate from the construction
of a stable map.

On the other hand, for fk(fn(R), we need to prove that Pkon’n(R) o~ X,?’n(R)
at least without specifying a map. ’

(D) We prove inductively that f{ ,(F) and gj ,(F) are stable homotopy
equivalences.

We prove Step (D) by induction with making / larger.

(i) Since f2,(F) = gp ,(F), the initial steps for inductions are proved in
Step (C).

(i1) In order to prove the case for f,fyn (F), we construct two long exact se-
quences. One is to calculate H, (X,’C’n(F)) from H, (X,’;n1 (F)) and
H.(X{_,,(F)), and the other is to calculate H.(P}, ,(F)) from H,(P;, \(F))

kn,n

and H*(P((;c—l)n,n(F )) (where homology is with Z coefficients). These exact
sequences are connected by fk””(F), fkl;ll(F) and f,?f,,n(F). Hence we can
perform inductions.

The case for g,’m (F) is proved similarly.

Theorem C is proved by constructing unstable maps Fi&!(n) — P,in’n(C)
and Fi&'(n) — X ,’m (C) which are homotopy equivalences. The arguments
are refinements of the construction of the map ka’n(C) in (5.2). (Compare
Proposition 5.4.)

In this section, we prove Theorem A (i) for F = C and Theorem C.

PrOOF OF THEOREM A (i) FOR F = C. We follow Steps (A)—(D) above.
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(A) By the Alexander duality, the assertion of (A) is equivalent to the repe-
tition theorem in [1, p. 42].

(B) We construct a stable map fkl’” (C) along the lines of [5] and [10]. We
recall the stable splitting W' (n) % \/15 g D,& !(n) in Section 2. (Compare [10,

§ 2].) Let €>(q) be the set of g-tuples (ci, ..., c,) of little 2-cubes which
are pairwise non-overlapping. For a unit disc D*'~2, we take a basepoint
equalto (1,0, ...,0). Define Efi(n) to be the subspace of 4> (g) Xz, (D*—2)1
consisting of all elements of the form ({c, ..., ¢4), ¥1, ..., ¥4) such that there
are at most / of yy, ..., y, belong to D=2 — §27=3 We define £/ (n) by

gm=]]&m/ ~.

0=q

Here

((Clv~-'acq>vylv~~'qu) ~ (<C19"'1aa--'7cq>7ylv~~'75)\l.v~~'vyt])
if y; = * (where Z means delete z). We set

q
F&m=]]8w/~ ad D& () = FE m)/F8 ).
j=0

Then £/ (n) is unstably homotopy equivalent to W/ (n) such that there is a stable
homotopy equivalence &' (n) = \/,_, D& (n).

We construct an unstable map

(5.1) 9, BL(n) > P (O

q.n gn,n
We identify

n—1
D% = {fzz"+0-z"_1+alz”_2+---+a,,_1 ta; €Y ail* < 1}.

i=1
A little 2-cube ¢ naturally defines a map ¢ : D?"~2 — C" (where we identify
C" with the space of monic polynomials over C of degree n) as follows. We fix
a homeomorphism i : C —> J2, where J = (0, ). For f =[] (z — ;) €

D=2 we set

an=Jle-con@yec.

i=I
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Now we set q
9L (et e fio f) =T [E ().

i=1

where the right-hand side is a multiplication of polynomials. Note that for
i # j,ci(f;)and ¢;(f;) do not have a common root. Since at most [ of f; is
of the form 2", ¥, , is indeed a map to P q” 2 (0.

REMARK. Let f = []/L,(z—a;) € Im ¥, ,. Then, by the definition of 9, ,,
we have o € Jr (1< j < gn). We use this fact in Section 6.

Now we define a stable map f/ , (C) : \/';:1 Dy&'(n) - P/, ,(C) to be the
following composite of maps:

52) fia(©: \/Ds<n> \/”’ (n) =% \/ Pl .(© - Pl (O,

q=1 q=1

where e : D E (n) —> :l (n)isa generahzatlon of the Snaith stable splitting
Q) — P/, ,(O.
Q) ~ X,?n(C) without

map and ] is the map 1nduced from inclusions P,
(C) We have a stable homotopy equivalence P,

qn n
kn n
specifying amap. (Compare (1.1).) From the construction of the map fk’n (O in

(5.2), it is easy to see that f,g ,(©) indeed gives a stable homotopy equivalence.
(D) The initial step for induction is proved in (C).

LEMMA 5.3. There is a commutative diagram

c— H (XN O) — Ho (XL, (Q) — Hioiu-n(XY_;,(O)

fﬁ;‘(Cnl Hn (C»l f,?,,_n(C)*l

- —> H,(P[1(Q) —> H.(P}, ,(©) —> Hy g1u—1y(P_;), ,(O))

kn,n
— Ho (X} (Q) —> -
fk’,;‘<c>*l
— H, (P, (C) —> -

where each row is exact and i are suitable inclusions.

PrOOF. The first row is similar to (4.6) and is proved in [10, Propositions
4.5, 5.4]. The second row can be proved similarly using the fact that

Pl (©) = P (C) = SP(Q) x PY_;), ().

kn,n
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From the construction of the stable map fk’ﬂ (C) in (5.2), the diagram of the
lemma is commutative. This completes the proof of Lemma 5.3.

Now using Lemma 5.3, we can prove inductively that fkl,n(C) induces an
isomorphism in homology, hence is a stable homotopy equivalence. This com-
pletes the proof of Theorem A (i) for F = C.

ProoF oF THEOREM C. Hereafter we assume (n, /) # (2, 0). By a similar
argument to the construction of the unstable map ﬁé,n in (5.1), we construct

an unstable map 1 1 1
Oyt Bg(n) > X, (O)

as follows. We identify

n—1
D> 2 = {g—(zz ,z—anl):aieC,Zlai|2§1}.

i=1
A little 2-cube ¢ naturally defines a map ¢ : D=2 — (" as follows. For
g=(z,z2—0a1,...,2—0y_1) € D=2 we set
c(g)=(z—coh(0),z—coh(ay),...,z—coh(a,_1)) € C".

Then we set

0F L ((Cta o g)s 81 s 8g) = (T8 - Ty (8g))

where the right-hand side means componentwise multiplication of n-tuples of
polynomials. Since at most [ of g; is of the form (z, ..., z), Q,l{’n is indeed a
map to Xé’n (O).

Since P,f’n (©)and X ,lm (C) are simply connected, the inclusion of Step (A) is
in fact ahomotopy equivalence. Hence, Theorem C follows from the following:

PROPOSITION 5.4. (i) There are unstable maps H,in : Fiel(n) — P,fn’n O
and H,é’n : FEl(n) — X,lm (C) so that the following diagrams are homotopy
commutative:

k Y] k k
10 & (n) Lo ]_[ L 11 & ) —=> e, ]_[X (o)
q=0 q=0

1 e b
F&l(n) _tha P, (O Fi&'(n) LITIN X, (©)

(i1) The maps H,f’n and ﬁ,fn are homotopy equivalences.
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PRrOOF. (i) The right diagram for / = 0 and n > 3 is Theorem 1.4 in [7].
By a similar argument, we can prove (i).

(i) By Theorem A (i) for F = C and Theorem B (i), H,i’n and ﬁ,ﬁn in-
duce isomorphisms in homology. Since the both sides of H,i’n and ﬁ,ﬁn are
simply connected, (ii) follows. This completes the proof of Proposition 5.4,
and, consequently, of Theorem C.

6. Proofs of Theorem A (i) for F = R and (ii)

We follow Steps (A)—(D) in Section 5.

(A) By a similar argument to the repetition theorem in [1, p. 42], it is easy
to show that (A) holds for P}, ,(R)and Q}, . ,(F) (0 < j <n—1).

(B) Since the arguments are similar, we construct gzi (R) and give remarks
for the other cases. Similarly to n,;, in (4.3), there is an inclusion uq n
Im 19’ — qun .(R) defined as follows. Let f = ]_[ _1z—a;) € Im 195’1 0
By Remark after (5.1), we have o; € J? (1 < j < gn). We define v .(f) to
be the polynomial whose roots are o; and @; (1 < j < gn). Usmg thlS we
have a stable map

v o0, o€, D& (n) —> 03, ,R).

By a similar argument to (4.10), the fact QO (R) = PO 2(R) ~ §"=2 (compare
Example 2.2 (i)) gives a stable map 7"~ 2)D G (n) — Q(p+2q)n ,(R). This
map naturally defines g7 (R)
In order to construct f '(R), it is convenient to use (4.7), and in order to
construct gk’n (O), note that the map fk’n (©)in(5.2)isin fact amap to an,n (0.
(C) In order to prove that f,gn (R) is a stable homotopy equivalence, it suffices
to prove that

(6.1) P (R ~ X} (R

without specifying a map. This is proved in the same way as in the proof
of P2 (C) : XO ,(Q) in [14, p. 151] and an outline is as follows. Let X,

kn,n
and T, be the complements of P, (R) and X} ,(R) in §*" = R*" U {00},
respectively. Recall that in Lemma 4.4, we dlscussed the spectral sequence
E"(G(Z,)) which converges to H, (G(%,)). Similarly, we can consider the
spectral sequence E"(G(X))). We see that E'(G(X)) = E'(G(X,)). Then
by the same argument as in [14, p. 151], we can prove that G(X,) = G(EZ)

Since G(X,) ~ %, and the Spanier-Whitehead duals of stably homotopy equi-
valent spaces are stably homotopy equivalent, we have P,?n 2(R) = X,? 2(R).
: T Ok
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This completes the proof of (6.1), and hence fko’n(R) is a stable homotopy
equivalence.

Since fl?,n (F)= 81?,,1 (F), g,‘()’n (F) is also a stable homotopy equivalence.

(D) The initial step for induction for Theorem A for F = R is proved in
(6.1). Similar diagrams to Lemma 5.3 hold. For example, in order to prove
Theorem A (i) for F = R, we substitute (4.6) for the first row of Lemma 5.3.
Then we can prove inductively that fkl,n (R) and g,lc,n(F ) are stably homotopy
equivalent.
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