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A PARTIAL RESOLUTION OF THE PUNCTUAL
HILBERT SCHEME OF A NONSINGULAR
SURFACE

MARTIN G. GULBRANDSEN

1. Introduction

The punctual Hilbert scheme of a nonsingular surface is a variety whose closed
points correspond to subschemes of finite length n, say, supported at a fixed
point on the surface. It is singular in general. A less singular model has been
suggested by A. S. Tikhomirov [8], namely a certain component of the variety
parameterizing flags & C & C --- C &, of subschemes, where each §;
has length i and is supported at the chosen point. It is not obvious, however,
how to determine whether a given flag belongs to this particular component.
In this paper we show that a necessary, and at least for n < 7 sufficient,
condition is that the associated filtration of ideals I; D I D --- D I, has the
multiplicative property I;I; C I;; ;. The variety parameterizing such flags can
be algorithmically computed. In particular we find that the suggested model
for the punctual Hilbert scheme is singular forn = 5. This corrects an assertion
of S. A. Tikhomirov’s paper [9], where nonsingularity is erroneously claimed
for n = 5. In [8], A. S. Tikhomirov showed that the model is nonsingular for
n < 4, aresult we also obtain here.

In sections 2—4 we construct a scheme parameterizing flags of subschemes in
amore general setting. In sections 5—6 we specialize to the case of anonsingular
surface.

I would like to thank Geir Ellingsrud for many valuable discussions. Also
I thank Roy Skjelnes and the anonymous referee for useful comments.

2. Punctual Hilbert schemes of flags

Let k£ be an algebraically closed field. By a scheme we shall mean a locally
Noetherian scheme over k. Product of schemes means product over k through-
out. If Y| and Y, are closed subschemes of a third scheme X, the expression
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Y, NY; denotes their scheme theoretic intersection and Y; € Y, means scheme
theoretic inclusion. By a map of schemes we always mean a morphism in the
category of schemes.

Let (A, m) be a local Artinian k-algebra of finite type. Then X = Spec A
is a projective scheme, hence the Hilbert scheme Hilb"(X) parameterizing
subschemes £ C X of length n exists [5].

Introduce the following notation: For a map of schemes f:Y’ — Y, let

XY xX —YxX

denote the product of f with the identity map on X. Furthermore, for any

scheme Y, let
iy: Y — Y x X

denote the closed immersion obtained by identifying
Y =Y x Spec(A/m) C Y x X.

To make formulas slightly more readable, we write i} in place of (iy), for
push forward along iy.
We want to construct a scheme Flag” (X) parameterizing complete flags of

subschemes
LCc---CéCX

such that each &; has length i.

DerINITION 2.1.  The Hilbert functor of complete flags in X of length n is
the contravariant functor

Flag"(X): Schy — Sets

from the category of locally Noetherian schemes over & to the category of sets
that associates to a scheme 7 the set of n-tuples of families

T xSpec(A/m)=W, Cc---CcW,CT x X,

with W; being defined by the ideal sheaf ¢; C Orx, such that
(I) each W; is flat and finite of degree i over T
(D) i5.(%/H#i+1) is an invertible sheafon 7 fori =1,2,...,n — 1.

REMARK 2.2. For k-valued points, condition (II) is automatic, thus a scheme
representing Flag”" (X) does parameterize complete flags of subschemes in X.
In fact, a k-valued point consists of subschemes & C X of length i, defined
by ideals

InC"'CIIZmCA.
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The sheaf 5. (_#; /_#i+1) is now nothing but the k-vector space I; /(1;+1 +ml;).
Consider the obvious inclusions

Ly cml+ iy C ;.

By Nakayama’s lemma, the rightmost inclusion must be strict. By the as-
sumption on lengths, the leftmost inclusion must then be an equality, that is,

ml; C Ii+1' Thus
i/ +mly) =1 /114

which is one-dimensional.
Similarly one can show that condition (II) is automatic for any reduced
locally Noetherian base scheme 7', but we shall not need this fact.

In the next section we shall prove the following result.

THEOREM 2.3. There exists a scheme Flag" (X) representing Flag" (X).

3. Construction of Flag” (X)

We construct Flag” (X) by induction on n. Forn = 1 we clearly have Flag! (X)=
Spec k, with universal family

Zy = Speck x Speck C Speck x X.

The main idea is the following: A closed point in Flag" (X) corresponds to
a filtration of ideals I; O - -- D I,,. Consider a closed point in P(Z,,/nl,), that
is a vector space quotient

I,/ml, — k — 0.

Such a quotient is also a homomorphism of A-modules, hence the kernel of

the composite
L, — I,/ml, — k

is an ideal I, . The extended filtration /; O --- D I,, D I,y defines a closed
point in Flag" ™' (X), and conversely any point arises in this way. The rest of
this section is a straightforward globalization of this “fibrewise” construction.

Suppose now, for some fixed n, there exists a scheme F = Flag"(X) rep-
resenting Flag" (X), and let

ZiC--CZ,CFxX
denote the universal flag, with Z; defined by the ideal sheaf .%; C O x. Define

the coherent Or-module
& =ird,
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and let
7:P&,) — F

denote the structure map. We want to show that P(%,) represents Flag" ™! (X)
by exhibiting a universal flag

Z\ C++ C Znp1 CP&) x X.
Fori =1,...,n, simply let
Zi=ny"(Z) CP@&) x X
which, since Z; is flat over F, is defined by the ideal sheaf
I = .

Furthermore, we define N
Zn+1 C P(%J x X

by the ideal sheaf .,gnﬂ, constructed as follows: Let

7 P(&,) » 7 -P(&,
(1 p1: Iy — iy Piy Iy =i T*E,

Ly
be the canonical surjection and let
2) ¢2: iF @ E, — iPEO(1)
be the map obtained by applying i P@) {0 the universal quotient
3) n*&, — 0(1) — 0

on P(%,). Then define ﬁnﬂ to be the kernel of ¢, o ¢;. The horizontal row in
the following diagram is then exact:

P&,
l*((p )n*%,,

) o/ e

~

0 It 7, i@ o) —s 0

By the short exact sequence in (4) we see that i ;(g”) (i n/ j,ﬂrl) is invertible,
hence condition (II) in definition 2.1 is fulfilled. The same exact sequence may
be rewritten

0— if®o1) — 03, — 0z, — 0
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from which we see that ZlH is flat and finite of degree n + 1 over P(&,), hence
condition (I) is satisfied as well.
The following theorem ends the induction step and thus proves theorem 2.3:

THEOREM 3.1. The flag Z cC - C Z,+ 1 constructed above has the fol-
lowing universal property: For any scheme T and any T -valued point

T xSpec(A/m)=W, C---C W,y CT xX
of Flag" ™! (X), there exists a unique map
f: I — P(%J

such that W; = f~! (Z)for each i. Hence P(&,) represents Flag"t! (X).

PROOF. Let % C Oryx be the sheaf of ideals defining W;. By the induc-
tion hypothesis we have assumed that F represents Flag” (X), so the families
Wi, ..., W, determine a unique map g: T — F such that W; = g}l (Z;) for
i =1,...,n.Since Z; is flat over F, the inverse image g}l(Z,») is defined by
gxJi hence % = g% .%. We want to show that g extends uniquely to a map f
in the diagram

P(&.)
® e
T—25F

such that fX_I(ZzH) = W1, or equivalently fy (inﬂ) = %.+1- Extending
g toamap f in the diagram (5) is equivalent to giving a quotient

(6) &g — £ —0

where Z is an invertible sheaf on T'. In fact, f is then the unique map such
that (6) is obtained by applying f* to the universal quotient (3).

Uniqueness: Assume there exists an f in diagram (5) such that f§ (!7 ntl) =
Z.+1- We want to show that this determines the quotient (6) uniquely. This can
be seen by applying f*ip , to diagram (4). Firstly, applying ip . , to the map
¢1 in (1) we obtain the identity map on

(7) i I = s eI = THip Iy = 1,

Furthermore, applying i , to ¢ in (2) we recover the universal quotient (3).
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Thus, the result of applying ip . , to diagram (4) is the following diagram:

~ / n*f,,

ié(%@)‘ﬂnﬂ g ig(%ﬁn)‘ﬂ" > O(1) >0

Now applying f* and using the identity i7 fy = f*ip ,, we obtain

8*&
5 I — ij Iy —> L —>0
where £ = f*0(1). Hence f corresponds to the quotient
3) ir I — ip(Fn/Fns1) —> 0

and is thus uniquely determined by the families W;.

Existence: Simply define & = i} (%,/ #.+1) and let f be the unique map
corresponding to the quotient (8). This makes sense, since -# is invertible by
assumption. It remains only to check that we have fy.%,,1 = #,. For this,
apply fx to the short exact sequence in (4) to obtain

(9) f;j’nﬂ—l—)jn_)igg—)o'

Now observe that the canonical map _#,/.%,11 — i! % is an isomorphism,
under which the rightmost map in (9) may be identified with the canomcal map

fn - jn/jn—o—l Thus the kernel is fX n+l — agn+1’ that is, fX (Zn—H) -
Wn+1

PROPOSITION 3.2. The scheme Flag" (X) is connected.

Proor. If f: X — Y is a closed continuous surjective map of topological
spaces, it is elementary that X is connected if both Y and the fibers of f are.
We apply this to the structure map

P(&,) — Flag"(X).

This map is proper and the fibers are projective spaces. Hence Flag"!(X) =
P(&,) is connected if Flag" (X) is. The conclusion follows by induction on .
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4. Punctual Hilbert schemes of multiplicative flags

DEFINITION 4.1. A k-valued point in Flag"(X), corresponding to a filtration

of ideals
I,Cc---Cclh=mCA

is multiplicative if we have I;1; C I, foralli 4+ j < n.

We next construct a subscheme of Flag” (X), parameterizing only multi-
plicative flags in X.

DEFINITION 4.2. The Hilbert functor of multiplicative complete flags in X
of length 7 is the contravariant functor

Mult” (X): Schy — Sets

from the category of locally Noetherian schemes over k to the category of sets
that associates to a scheme T the set of n-tuples of families

T x Spec(A/m) =W, C---CW,CT x X,

with W; being defined by the ideal sheaf ¢ C Oryx, such that
(I) each W; is flat and finite of degree i over T
(1) i7(%/HFi+1) is an invertible sheaf on T for all i
() % ¢ € Fiqjforalli+ j <n.
We want to show that the condition % #; C % is closed, in the strong

sense that Mult” (X) is a closed subfunctor of Flag" (X). This is a consequence
of the following lemma:

LEMMA 4.3. Let m: Y — S be a morphism of locally Noetherian schemes
and let W, Z C Y be closed subschemes such that Z is flat and finite over S.
Then there exists a unique S-scheme

i:S— S

such that
(I) ZXSS/EWXSs/

D) if T — S is any S-scheme satisfying Z xs T C W xg T then there
exists a unique morphism g: T — § over S.

Furthermore, i is a closed immersion.

PrROOF. Suppose the lemma holds whenever S is affine. Then we may apply
the lemma to each S, in an affine open cover {S,} of S. Thus there exists closed
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immersions iy: S, — Sy, uniquely determined by properties (I) and (II) when
replacing S, W and Z with S,, WN S, and ZN S, . Again applying the lemma
to an affine open cover of each intersection S, N Sg, we see that the immersions
{i,} agree on the overlaps. Hence they may be glued to form the required closed
immersion i: §* — S. Thus we may assume S is affine.

Since Z is finite over S, Z is affine as well. Then we may choose a free
presentation

(10) 0 25 0 — Ogry — 0

where Z N W denotes the scheme theoretic intersection. Let f: 7' — § be any
rllorpl}ism, andlet Z = Z xgs T and W = W xg¢ T. We claim the condition
Z € W is equivalent to requiring f*m.¢ = 0: Form the fibre square

YXST#Y

|

T—f——>S

Then applying f* to (10) gives a free presentation of the structure sheaf of
ZNW: ~
03 L2 07 — 0705 — 0

Thus the condition Z < W,or equivalently ZNW = Z, is the same thing
as requiring f ¢ = 0. Now the restriction of % to Z is finite, hence affine,
SO f *¢ = 0 if and only i if 7, f ¢ = 0. Furthermore, as Z is flat over S,
n*f ¢ = f*m.¢. Hence V4 - W if and only if f*m,.¢ = 0 as claimed.

Since Z is flat and finite over S,
(11) 7.0 =5 7,0,

is a map of locally free sheaves of finite rank on S. Thus m,¢ can be locally
represented by a matrix of regular functions, hence its vanishing locus has a
canonical structure of a closed subscheme i: S" — S. Then i*7.¢p = 0, so i
has property (I). Furthermore, if a morphism f: 7 — S satisfies f*m.¢ = 0,
then the image in Or of the ideal sheaf defining S’ C S is zero, which says
that f factors through i. So i has property (II).

THEOREM 4.4. Mult" (X) is a closed subfunctor of Flag" (X).

ProoF. Let S denote a scheme and hg its functor of points. Consider a
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cartesian diagram " Mult” (X)

I l

hs —— Flag"(X)

where £ is the fibre product functor. We claim there exists a closed subscheme
S’ € § and an isomorphism 4 = hg such that the map & — hg is compatible
with the inclusion map hy — hg.

The image of a morphism 7 — S under the given map kg — Flag"(X) is
a flag

(12) Wy,cCc---cW,cXxT.

Let % C Oxr denote the ideal sheaf corresponding to W;. By definition, /4 is
the subfunctor of &g whose T-valued points are the morphisms 7 — § such
that the corresponding flag (12) has the multiplicative property

(13) Fit € Ly forall i+ j <n.

Thus our claim is that there is a closed subscheme §’ € S such that T — §
factors through S’ if and only if property (13) holds. This can be seen as follows:

The image of the identity map ids under the given map hs — Flag"(X) is
a flag

(14) ZiCc---CZ,CXxS

over S, with Z; corresponding to some ideal sheaf .%; C Oy . For any morph-
ism T — S, the corresponding flag (12) is just the pullback of the flag (14)
along T — §. Thus the existence of S’ C S is a consequence of lemma 4.3,
appliedtoY =X x S, W =V (4)and Z = Z;, ;, for each i and ;.

COROLLARY 4.5. There exists a closed subscheme Mult" (X) C Flag"(X)
representing Mult" (X).

REMARK 4.6. The scheme Mult" (X) can be constructed more explicitly in
the same fashion that we constructed Flag” (X): Consider the universal flag

ZyC---CZ, CFlag"(X) x X,
with Z; defined by the ideal sheaf .%;. Denote by
Wy C---C W, CMult"(X) x X

their restriction to Mult” (X), with W; defined by the ideal sheaf _#;. In section
3 we constructed Flag"™ (X) as P(&,), where &, = i%.%,. Thus Mult"*! (X) is
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the maximal subscheme of P(&,) such that the restriction of the universal flag
has the multiplicative property. This is precisely the universal property of

w:P(%,) — Mult"(X)

where

g;n = fn/27;()1 i+1jn7i,

considered as a coherent sheaf on Mult"(X) = W; C Mult"(X) x X. Thus
we have an isomorphism Mult"*! (X) = P(%,) over Mult" (X). The universal
multiplicative flag

WiC- o C Wy CMult"™(X) x X

is defined by ideals jl DD jnH where j,- = ny % fori < n, whereas
FZ.+1 1s the kernel of the canonical map

S — ifT00)
where O (1) now denotes the tautological invertible sheaf on P(&#,).

PRrOPOSITION 4.7. The scheme Mult" (X) is connected.

ProoOF. Using the construction of Mult” (X) in remark 4.6, the proof of 3.2
can be repeated.

5. Punctual Hilbert schemes of points on a nonsingular surface

For the rest of this text we consider the following situation: Assume k has
characteristic zero. Fix an algebraic surface S over k and a nonsingular point
p € S.LetOs , denote thelocal ring at p andletm,, C Oy, , denote its maximal
ideal. Any subscheme & C S of length n and supported at p is contained in the
(n — 1)’st infinitesimal neighbourhood X = Spec O ,/nt,. Thus the scheme
Hilb" (X) parameterizes length n subschemes of S supported at p. We let

H (n) = Hilb" (X)) eq

denote the underlying reduced subscheme. We suppress S and p from the
notation, as the definition of H (n) only depends on the (n — 1) st infinitesimal
neighbourhood of p, whose isomorphism class is independent of the choices
of S and p.

It is well known that H (n) is irreducible and has dimension n — 1 (proved
by Briancgon [1] over the complex numbers, see e.g. Ellingsrud and Lehn [2]
for a proof in a more general setting). However, it is singular in general. For
instance, H (3) is isomorphic to the projective cone over the twisted cubic in
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P3. In the rest of this paper we present work towards finding a natural resolution
of singularities of H (n).
Following Le Barz [7], we make the following definition:

DEFINITION 5.1. A subscheme & C S, supported at p, is curvilinear if there
exists a curve C which contains £ and is nonsingular at p.

It is well known ([1], [6]) that the subset of H (n) consisting of curvilinear
subschemes is open, dense and nonsingular. The following result is also well
known:

LEMMA 5.2. Let & C S be a subscheme supported at a point p. If € is
curvilinear, there is a unique flag

§1C---Cé1C6

with &; of length i. In fact, &; is the intersection of & with the (i — 1)’st infin-
itesimal neighbourhood of p in S.

Proor. Suppose C is a nonsingular curve through p containing &, locally
defined by the ideal J C Oy ,. Let & C & be a subscheme of length i and let
I C I; C Oy, be the ideals defining & and &;. Then we have m; C I;, hence

J—l—mj,gl—i—mﬁ,g[i.

But the left hand side is the ideal defining the (i — 1) st infinitesimal neighbour-
hood of p in C, which has colength i since C is nonsingular. Since the right
hand side ideal I; has colength i also, the inclusions are actually equalities.
In particular I; = I + m;, which shows that &; is uniquely determined as the
intersection of & with the (i — 1) st infinitesimal neighbourhood of p in S.

Define
HF (n) = Flag"(X)

red

which is a reduced scheme whose closed points correspond to flags of subs-
chemes in S supported at p. The canonical map

Flag" (X) —> Hilb"(X)

induces a map
on:HF(n) — H(n).
PROPOSITION 5.3. There is a unique component HF' (n) € HF (n) which is
mapped birationally onto H(n) by p,,.

Proor. LetU C H (n) be the open subset corresponding to curvilinear sub-
schemes. By lemma 5.2, the fibre p ! (£) is a single point for every (closed)
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pointé € U. Hence p, is bijective over U. Since p, is proper and U is nonsin-
gular, Zariski’s main theorem [4, prop. 4.4.1] shows that p, is an isomorphism
over U. Thus the closure HF' (n) of p,; Y(U) in HF (n) is the unique component
mapping birationally onto H (n).

Denote by
pn:HF' (n) — H(n)

the restricted map. We call this a partial resolution of H (n). This construction
has been studied by Tikhomirov in [8], where he proves that p, is a resolution
of singularities for n < 4. The problem addressed in the next section is how to
determine whether a given flag belongs to the component HF’(n). This leads
us to a different proof of Tikhomirov’s result (theorem 6.1) and also the new
result that HF’(5) is singular (theorem 6.2).
Define
HMF (n) = Mult" (X),o4

which is a reduced scheme whose closed points correspond to multiplicative
flags of subschemes in S supported at p. Since Mult” (X) is a closed subscheme
of Flag"(X), we find that HMF (n) is a closed subscheme of HF(n). The
motivation for studying HMF (n) is the following observation:

PROPOSITION 5.4. Any (closed) point in HF'(n) is multiplicative, hence
HF' (n) is contained in HMF (n).

ProoF. Denote by U € H (n) the open set consisting of curvilinear points.
Let V C HF'(n) denote the inverse image of U by the map p,: HF'(n) —
H (n). By definition, HF’(n) is the closure of V in HF (n).

First consider a (closed) point in V, that is, a flag

§1C--Cé,
with &, curvilinear. Then, if & corresponds to the ideal /; C Ox, , we have
I; = m; + I, forall i

by lemma 5.2. Then it is obvious that /;I; C I; ;.
Thus V C HMF (n). Since HMF (n) is closed in HF (n) and HF' (n) is the
closure of V, we have HF' (n) C HMF (n).

QUESTION 5.5. Is the converse to proposition 5.4 true, i.e. do we have an
equality HF'(n) = HMF(n)? As HF'(n) is a component of HF (n), this is
equivalent to asking whether HMF (n) is irreducible.
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The calculations in section 6 show that the answer to the question is positive
for n < 7. For higher n we do not know. We remark that HMF (n) is at least
connected, by proposition 4.7.

6. Examples

To describe HMF (n), we follow the construction of Mult”(X) in remark 4.6.
More explicitly, let U = Spec A be an affine open subset of Mult”(X). We
want to describe an affine open cover for the inverse image of U in Mult"*! (X),
denoted Mult"*! (X) | - With notation as in remark 4.6, the family W; is defined
over U by the ideal J; = I'(U x X, %) in the affine coordinate ring of U x X.

Then
Mult" ' (X)|,, = P(M)

where -
M = F(U )_J/ZUO v+1Jnv

considered as an A-module. To give concrete equations for P(M), choose a
free presentation

)

YRl SRS/ y SN}

Then P(M) = Proj R where

(15) R=Alt,....t1/(X; &1jtj -0 X &rity)-

Thus P(M) is covered by the affine open subsets V; = Spec R; where R; is
the degree O part of the localization R,,. The universal quotient is the homo-

morphism
M®R, — R, — 0

sending f; ® 1 to T; = t;/t; (in particular f; ® 1 + 1). Hence, on V; the
universal flag is defined by ideals

~

JiD--D ~7n+1
where JNU = JyR; forv < n, and
Jn1 =T fi — [i)jzi + (ZZ;(]) Jos1dn—v) Ri

As long as the rings R; are nilpotent-free, this gives an algorithm for com-
puting an open cover of HMF (n). Otherwise we should divide by the nilrad-
ical to get the underlying reduced scheme. It turns out that in all our ex-
amples, i.e. whenever n < 7, Mult" (X) is already reduced, hence HMF (n) =
Mult" (X). We do not know whether this is true for arbitrary n.
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Clearly, Mult? (X) = HMF(2) = H(2) = P'. The next result describes
HMF (3) and HMF (4). We are going to use the following (well known and
easy to derive) classification of punctual subschemes of length 2 and 3 on a
nonsingular surface: For a suitable choice of local parameters, any subscheme
of length two may be defined by an ideal of the form

(-xv yz) C @S,p‘

Thus any such subscheme is curvilinear. For subschemes of length three, there
are two types: Firstly there are the curvilinear ones, which for a suitable choice
of local parameters may be defined by an ideal of the form

(xv )’3) - @S,p'

Secondly there is just one non curvilinear subscheme of length three, namely
the first infinitesimal neighbourhood of p, defined by

2 2 2
ny, = (x%, xy, y°) C Os,p.

THEOREM 6.1. For n = 2 and 3 the sheaf %, is locally free of rank 2,
hence HMF (n + 1) is a P'-bundle over HMF (n). In particular, HMF (3) and
HMF (4) are nonsingular.

PROOF. Any point in HMF (2) is curvilinear, hence &, has rank two every-
where. Thus it is locally free.

A punctual subscheme of length 3 is either the first order infinitesimal
neighbourhood of p or it is curvilinear. Consider a point in HMF (3), that is a
filtration of ideals

LCchcCli=m,.

If I3 is curvilinear, then
L/(hI+15) = /L1

is two dimensional as before. If not, then I3 = (x2, xy, y?). For a suitable
choice of local parameters we may assume I, = (x, y?). Then

L+ 1 = (293, xy?)

and hence
L)L+ 13) = (xy, )

is two dimensional. Thus 3 has rank two everywhere.
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The surface HMF (3) can be determined completely. In fact it is isomorphic
to the minimal ruled surface F5. For this, let R = k[ag, a;], then HMF (2) =
H (2) = Proj R with universal family defined by the ideal

(16) J = (a1y — apx, x>, xy, y*) C R®; Ox. .

Then the sheaf %, corresponds to the graded R-module N with generators

f=a1y —aopx g=x’

h=xy k=y>?
where f has degree 1 and the rest have degree 0. The relations are
arth = apg a1k = aph.

From this we conclude that N is isomorphic to R(—1) & R(2) in positive
degrees, where f generates the summand corresponding to R(—1), and g, &
and k generate the summand corresponding to R(2). Thus

Fr = 0Opi (—1) D Op:1 (2)

and the associated projective bundle is F;.

Finally, we remark that HF (4) is reducible, so HMF(4) = HF'(4) is not
the only component. In fact, above the rational curve in HF (3) = HMF (3)
consisting of filtrations of the form

2
rnp=I3C12C11=rn,,

where I, varies freely in a P!, every fibre in HF(4) is a P?. Thus the inverse
image of this curve has dimension 3, which therefore cannot be contained in
the irreducible three dimensional variety HMF (4). To give an explicit example,

the ideals 5 3 5 5 )
(x7,xy,y) C (x7,xy,y) C(x7,y) C(x,y)

define a point in HF (4) which is not multiplicative.
For n = 5 we obtain the following, which corrects [9, Theorem 1].

THEOREM 6.2. HMF (5) is singular along a curve, but irreducible.

ProOF. We compute the restriction of HMF (5) to a particular open affine
chart Uy C HMF(4). By the same method one can compute an open cover
explicitly.

With notation as in equation (16), let Uy C HMF(2) be the open affine
subset defined by ay # 0. Then

U, = Spec kla]



20 MARTIN G. GULBRANDSEN

where a = a;/ayp, and the universal flag is defined by the ideals
(17 Ji=0y) b=y —xy).
Carrying through the recipe given above, we find

HMF (3)|,, = Projklallbo, bi]

where the generators b; correspond to #; in equation (15). We define the open
affine Us € HMF(3) by by # 0, then the universal flag on Us; is defined by
ideals J; D J> D J3, where J; and J, are the ideals in (17) and

J3 = (b(ay — x) — y*, (ay — x)x, (ay — X))

where b = by /by. (We should really write J1k[a, b] and Jrk[a, b] in place of
Ji and J;, but this shouldn’t cause any confusion.) Since

a((ay —x)y) — (ay —x)x = (ay —x)> € J3
we find that Us trivializes %3 and
HMF(4)|U3 = Projk[a, b][co, c1].

where again the new coordinates ¢; correspond to #; in equation (15). Define
Uy C HMF (4) by co # 0, then the universal flag is defined over U4 by

Ji = (c(b(ay —x) — y*) — (ay — x)y, b(ay — x)y — y°, (ay — x)*)

where ¢ = ¢1/cyp, together with Jy, J,, J3 as above.
Now we are in position to describe the restriction of HMF (5) to U,. The
module

M = Jy/(J1Js + 2 J3)
is generated by
f=clblay —x) = y*) — (ay —x)y
g =blay—x)y -y’
h = (ay — x)?

and the element bh — cf is contained in J, J3, thus
HMF(5)|U4 = Projkla, b, c][F, G, H]/(bH — cF).

In fact, since this is irreducible, reduced and of dimension four, the found
relation bh — cf is the only one.
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Thus HMF (5) | Us is irreducible and singular along a curve. Repeating the
calculations while moving U, around proves the statement.

By the same procedure one may test the irreducibility of HMF (n), and hence
question 5.5, for higher n. The explicit calculations get rather involved, but with
the aid of the computer program Singular [3], using a primary decomposition
algorithm, it has been verified that HMF (n) is irreducible for n < 7, and
also that Mult" (X) is already reduced. At 8 points we stopped due to lack of
computer power.
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