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THE �-SPHERICAL TRANSFORM AND ITS
INVERSION

ANGELA PASQUALE

Abstract
The �-spherical transform is defined as a simultaneous generalization of the Harish-Chandra’s
spherical transform on Riemannian symmetric spaces of noncompact type and of the spherical
Laplace transform on noncompactly causal symmetric spaces as defined by Faraut, Hilgert and
Ólafsson. An extension of Ólafsson’s expansion formula allows us to deduce an inversion formula
for the �-spherical transform on the space of W�-invariant C∞ functions with compact support.

Introduction

Harish-Chandra’s theory of spherical functions on Riemannian symmetric
spaces of noncompact type has been recently generalized in two different dir-
ections. On one side, there has been a sort of analytic continuation of Harish-
Chandra’s theory to a, in general non-geometric, context in which the spherical
functions are considered as depending on additional complex parameters (the
multiplicities). This is the theory of hypergeometric functions associated with
root systems, constructed by Heckman and Opdam from the late 1980s (see
e.g. [5], [6], [17] and references therein). Their construction was motivated
by the theory of special functions. In one variable, the spherical functions on
Riemannian symmetric spaces of rank-one are special cases of the Gaussian
hypergeometric functions (or, more precisely, of the Jacobi functions of the
first kind). Heckman and Opdam moved into the opposite direction and con-
structed hypergeometric functions in more variables by analytically continuing
in the multiplicities the spherical functions on Riemannian symmetric spaces
of higher rank. On the other side, there have been attempts of extending Harish-
Chandra’s theory to non-Riemannian symmetric spaces. A class in which the
extension turned out to be quite successful consists of the so-called noncom-
pactly causal (NCC) symmetric spaces. The theory of spherical functions on
these spaces started in the 1990s with the work of Faraut, Hilgert and Ólafsson
(see e.g. [1], [8] and [10]).

In [18] we have developed a theory of spherical functions which general-
izes Heckman-Opdam’s theory of hypergeometric functions associated with
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root systems and which also includes as special geometric instance the theory
of Faraut-Hilgert-Ólafsson (see also [11]). These generalized functions have
been called �-spherical functions because, for a fixed geometric multiplicity
function on a root system �, the different geometric situations (e.g. Rieman-
nian or NCC) are obtained by selecting a set � of positive simple roots in
�.

In this paper we define and study the integral transform associated with
the �-spherical functions, which we call the �-spherical transform. By con-
struction it contains as special cases Opdam’s transform [16], hence Harish-
Chandra’s spherical transform, and the spherical Laplace transform as defined
in [1].

Suppose� is a root system in the dual space �∗ of a Euclidean space �. For
a fixed multiplicity function m on �, each �-spherical function ϕ�(m; λ, a)
depends on two variables: a spectral parameter λ in the complex dual �∗

C of �,
and a space parameter a in a certain open domain A� in a split Cartan space A
with Lie algebra �. More precisely, A� = exp ��, where �� is an open convex
cone containing the positive Weyl chamber �+ and invariant under the Weyl
group W� of the root system generated by �. Let f be a sufficiently regular
W�-invariant function on A�. The �-spherical Fourier transform of f is the
W�-invariant function F�f (m) on �∗

C defined by

F�f (m; λ) := 1

|W�|
∫
A�

f (a)ϕ�(m; λ, a)δ(m; a) da,

where δ(m; a) is a certain density and da is a suitable normalization of the
Haar measure on A. We refer to Sections 2 and 3 for the precise definitions.

Our main result is the inversion of the�-spherical transform on the space of
W�-invariant C∞ functions with compact support in A�. The resulting inver-
sion formula extends the formula of Ólafsson for the inversion of the spherical
Laplace transform on NCC symmetric spaces [10]. In the case of NCC spaces,
the inversion has been obtained by reduction to the Riemannian case. We fol-
low the same approach here and reduce the case of the�-spherical transform to
the inversion of Opdam’s transform [16]. The proof has two main ingredients:
(a) An easy generalization of Ólafsson’s functional relation, which allows us to
write the the hypergeometric functions associated with root systems as linear
combinations of arbitrary �-spherical functions; (b) Various estimates for the
�-spherical functions developed in [18], which guarantee the convergence of
the integrals involved in the computations.

Acknowledgements. This paper is part of the Habilitationsschrift of the
author. She wishes to express her gratitude to Joachim Hilgert, Gestur Ólafsson
and Eric Opdam for valuable discussions.
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1. Notation and preliminaries

Let � be an l-dimensional real Euclidean vector space with inner product 〈·, ·〉.
For every λ in the dual space �∗ of �, letAλ ∈ � be determined by the condition
that λ(H) = 〈H,Aλ〉 for all H ∈ �. If λ �= 0, then Hλ := 2Aλ/〈Aλ,Aλ〉
satisfies λ(Hλ) = 2. The assignment 〈λ,µ〉 := 〈Aλ,Aµ〉 defines an inner
product in �∗. The complexification �C := � ⊗R C of � can be viewed as the
Lie algebra of the complex torus AC := �C/Z{iπHα : α ∈ �}. We write
exp : �C → AC for the exponential map, with multi-valued inverse log. The
split real formA := exp � ofAC is an abelian subgroup ofAC with Lie algebra
� such that exp : � → A is a diffeomorphism. The polar decomposition of AC

is AC = AT , where T := exp(i�) is a compact torus with Lie algebra i�.
Let � be a (not necessarily reduced) root system in the dual �∗ with asso-

ciated Weyl group W . For every α ∈ �, we denote by rα the reflection in �∗
defined by rα(λ) := λ− λ(Hα)α for all λ ∈ �∗. Let �+ be a choice of posit-
ive roots in � and � = {α1, . . . , αl} the fundamental system of simple roots
associated with �+. We respectively denote by �+

i and �+
u the indivisible

and unmultipliable roots in�+. The positive Weyl chamber �+ consists of the
elements H ∈ � for which α(H) > 0 for all α ∈ �+. We set A+ := exp �+.

Let �∗
C be the space of all C-linear functionals on �. The C-bilinear extension

to �∗
C and �C of the inner products 〈·, ·〉 on �∗ and � will also be denoted by

〈·, ·〉. The action ofW extends to � by duality, to �∗
C and �C by C-linearity, and

to AC and A by the exponential map. Moreover,W acts on functions f on any
of these spaces by (wf )(x) := f (w−1x), w ∈ W .

A multiplicity function on� is aW -invariant functionm : � → C. Setting
mα := m(α) for α ∈ �, we therefore have mwα = mα for all w ∈ W . The set
M of all multiplicity functions on � is a subspace of the finite-dimensional
C-vector space C� . The subset of M consisting of all multiplicity functionsm
withmα ≥ 0 for all α ∈ � is denoted by M+. A multiplicity functionm ∈ M+
is said to be even ifmα ∈ 2N for all α ∈ �. We say thatm is geometric if there
is a Riemannian symmetric space of noncompact type G/K with restricted
root system � such that mα is the multiplicity of the root α for all α ∈ �.
Otherwise, m is said to be non-geometric.

We adopt the multiplicity notation commonly used in the theory of sym-
metric spaces. It differs from the notation employed by Heckman and Opdam
in the following ways. The root system R used by Heckman and Opdam is re-
lated to our root system � by the relation R = {2α : α ∈ �}; the multiplicity
function k in Heckman-Opdam’s work is related to our m by k2α = mα/2.

For α ∈ � and λ ∈ �∗
C we set

(1) λα := λ(Hα)

2
= 〈λ, α〉

〈α, α〉 .
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The restricted weight lattice of � is the set P of all λ ∈ �∗ with λα ∈ Z for all
α ∈ �. Notice that 2α ∈ P for all α ∈ �. The elements of �∗

C \ P are said to
be generic.

If λ ∈ P , then the exponential eλ defined by eλ(a) := eλ(log a) is single
valued onAC. The C-linear span of the eλ is the ring C[AC] of regular functions
on the affine algebraic variety AC. The lattice P is W -invariant, and the Weyl
group acts on C[AC] according tow(eλ) := ewλ. The algebra C[Areg

C ] of regular
functions on Areg

C := {h ∈ AC : e2α(logh) �= 1 for all α ∈ �} is the subalgebra
of the quotient field C(AC) of C[AC] generated by C[AC] and by 1/(1 − e−2α)

for α ∈ �+. Its W -invariant elements form the subalgebra C[Areg
C ]W . Notice

that A+ ⊂ A
reg
C .

Let S(�C) denote the symmetric algebra over �C considered as the space of
polynomial functions on �∗

C, and let S(�C)
W be the subalgebra of W -invariant

elements. We shall also indicate with S(�C) the algebra of the corresponding
constant-coefficient differential operators ∂(p) on AC and �C. The algebra
of differential operators on AC with coefficients in C[Areg

C ] is denoted by
D(Areg

C ) := C[Areg
C ] ⊗ S(�C). The Weyl groupW acts on D(Areg

C ) according to

w
(
ϕ ⊗ ∂(p)

)
:= wϕ ⊗ ∂(wp).

We write D(Areg
C )W for the subspace of W -invariant elements. Considering

D ∈ D(Areg
C ) as element of D(Areg

C )⊗ C[W ], we shall usually writeD instead
of D ⊗ 1.

Let LA denote the Laplace operator on A. Then

(2) L(m) := LA +
∑
α∈�+

mα
1 + e−2α

1 − e−2α
∂(Aα)

generalizes to arbitrary multiplicity functionsm the radial component onA+ of
the Laplace operator on a Riemannian symmetric space G/K of noncompact
type. Heckman and Opdam proved in [5] that the commutant D(�,m,�) :=
{Q ∈ D(Areg

C )W : L(m)Q = QL(m)} of L(m) in D(Areg
C )W is a commutative

algebra which plays the role for the triple (�, �,m) of the commutative algebra
of the radial components on A+ of the invariant differential operators on a
Riemannian symmetric space of noncompact type. The algebra D(�,m,�)
can be constructed algebraically. Indeed one has

D(�,m,�) := {D(p,m) : p ∈ S(�C)
W },

where the differential operator D(p,m) can be explicitly given in terms of
Dunkl-Cherednik operators (see [4]). For instance, one has

L(m)+ 〈ρ(m), ρ(m)〉 = D(pL,m),



the �-spherical transform and its inversion 269

where pL(λ) = 〈λ, λ〉 and

(3) ρ(m) := 1

2

∑
α∈�+

mαα.

Let λ ∈ �∗
C be fixed. The system of differential equations

(4) D(p,m)ϕ = p(λ)ϕ, p ∈ S(�C)
W ,

is called the hypergeometric system of differential equations with spectral
parameter λ associated with the data (�, �,m). For geometric multiplicities,
the hypergeometric system (4) agrees with the system of differential equations
on A defining Harish-Chandra’s spherical function of spectral parameter λ.

In the following we shall consider meromorphic functions f on �∗
C with

singular locus contained in the union of a locally finite (generally infinite)
family H of affine complex hyperplanes Hr,α = {λ ∈ �∗

C : λα = r}. We say
that f has at most a simple pole along the hyperplane Hr,α if the function λ �→
(λα−r)f (λ) extends to be holomorphic in a neighborhood of Hr,α \

⋃
H ∈H

H �=Hr,α

H .

2. �-spherical functions

At every point h ∈ Areg
C , the space of local solutions of (4) near h consists of

holomorphic functions and its dimension is the order |W | of the Weyl group,
that is the hypergeometric system is holonomic of rank |W | (cf. [6], Corollary
4.1.8. See also [17], Theorem 6.7). Paralleling Harish-Chandra’s work, Heck-
man and Opdam [5] constructed for generic λ ∈ �∗

C a basis for the solution
space of (4) on A+ using the so-called Harish-Chandra series.

The Harish-Chandra series +(m; λ, a) is defined as a formal power series
on A+ with the prescribed asymptotic behavior e(λ−ρ)(log a):

+(m; λ, a) = e(λ−ρ)(log a)
∑
µ∈2,

-µ(m; λ)e−µ(log a), a ∈ A+.

Here , := {∑l
j=1 njαj : nj ∈ N0

}
is the positive semigroup generated

by the fundamental system of simple roots � := {α1, . . . , αl} in �+. For
µ ∈ 2, \ {0}, the coefficients -µ(m; λ) are rational functions of λ ∈ �∗

C
determined from the recursion relations

〈µ,µ−2λ〉-µ(m; λ) = 2
∑
α∈�+

mα
∑
k∈N

µ−2kα∈,

-µ−2kα(m; λ)〈µ+ρ−2kα−λ, α〉,
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with initial condition -0(m; λ) = 1, which are derived by formally inserting
the series for + into the differential equation (4) corresponding to p = pL.
The relations yield unique solutions -µ(m; λ) provided 〈µ,µ − 2λ〉 �= 0 for
all µ ∈ 2,. For these λ ∈ �∗

C, the series converges absolutely and uniformly
on compact subsets of A+. In fact, the Harish-Chandra series extends as a
holomorphic function of λ on �∗

C \ P . Moreover, for λ ∈ �∗
C \ P one can

use Harish-Chandra series to build a basis for solution space of the entire
hypergeometric system with spectral parameter λ.

Theorem 2.1. (a) ([15], Corollary 2.3) There is a connected and simply
connected open subsetU ofT containing the identity element e so that the
Harish-Chandra series +(m; λ, h) extends as a meromorphic function
of (m, λ, h) ∈ M ×�∗

C ×A+U . Its singularities are at most simple poles
located along the hyperplanes of the form M × Hn,α × A+U , where

Hn,α := {λ ∈ �∗
C : λα = n}

is a complex hyperplane in �∗
C corresponding to some α ∈ �+

i and
n ∈ N.

(b) ([6], Corollary 4.2.6) If λ ∈ �∗
C is generic, then {+(m;wλ, a) : w ∈ W }

is a basis of the solution space on A+U of the hypergeometric system
(4) with spectral parameter λ.

Let � denote an arbitrary subset of the fundamental system of positive
simple roots � = {α1, . . . , αl}. The set 〈�〉 of elements in � which can be
written as linear combinations of elements from � is a subsystem of �. Its
Weyl group W� is generated by the reflections rj := rαj with αj ∈ �. We
denote by 〈�〉i and 〈�〉u respectively the indivisible and unmultipliable roots
in 〈�〉. Their subset of positive roots are indicated with 〈�〉+i and 〈�〉+u . Then

(5) W�(�
+ \ 〈�〉+) ⊂ �+ \ 〈�〉+ and W�(�

+
i \ 〈�〉+i ) ⊂ �+

i \ 〈�〉+i .

As in [11] and [18], we introduce the following c-functions. For a multipli-
city function m on �, a root α ∈ �+ and λ ∈ �∗

C we set

c+α (m; λ) := -
(
λα + mα/2

4

)
-

(
λα + mα/2

4 + mα
2

) ,

c−α (m; λ) := -
(−λα − mα/2

4 − mα
2 + 1

)
-

(−λα − mα/2
4 + 1

) .
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Define c±
�

and c±,c
�

by

c+
�
(m; λ) :=

∏
α∈〈�〉+

c+α (m; λ), c−
�
(m; λ) :=

∏
α∈�+\〈�〉+

c−α (m; λ),(6)

c−,c
�
(m; λ) :=

∏
α∈〈�〉+

c−α (m; λ), c+,c
�
(m; λ) :=

∏
α∈�+\〈�〉+

c+α (m; λ),(7)

with the conventions

c+∅ ≡ c+,c
�

:= 1 and c−
�

≡ c
−,c
∅ := 1.

The W -invariance of m and (5) imply that c−
�
(m; λ) and c+,c

�
(m; λ) are W�-

invariant functions of λ ∈ �∗
C. When α/2 is not a root (e.g. when� is reduced),

then
c+α (m; λ) = -(λα)

-(λα +mα/2)

c−α (m; λ) = -(−λα −mα/2 + 1)

-(−λα + 1)
.

Definition 2.2 ([11] and [18]). Let� ⊂ � be any subset of simple roots
and let U be the open subset of T from Theorem 2.1. The function on A+U
defined for generic λ ∈ �∗

C by
(8)
ϕ�(m; λ, h) := c−

�
(m; λ)

∑
w∈W�

c+
�
(m;wλ)+(m;wλ, h), h ∈ A+U

is called the �-spherical function of spectral parameter λ.

As a linear combination of the Harish-Chandra series+(m;wλ, h), the�-
spherical function of spectral parameter λ is by construction a solution of the
hypergeometric system (4) of spectral parameter λ.

Example 2.3. When � = �, then

ϕ�(m; λ, h) =
∑
w∈W

c+
�
(m;wλ)+(m;wλ, h)

has been first considered by Heckman and Opdam in [5]. The hypergeometric
function associated with the root system � is

F(m; λ, h) := ϕ�(m; λ, h)
c+� (m; ρ(m)) =

∑
w∈W

c(m;wλ)+(m;wλ, h),

where c(m; λ) denotes Harish-Chandra’s c-function. The function F(m; λ, h)
is normalized so that F(m; λ, e) = 1, in analogy to the classical requirement
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imposed on the spherical functions on Riemannian symmetric spaces. For
geometric multiplicities m, the hypergeometric functions F(m; λ, h) agree
with Harish-Chandra’s spherical functions. In particular, ϕ�(m; λ, h) reduces
to a spherical function up to a multiplicative factor depending only on the
multiplicities.

Example 2.4. Suppose � is the restricted root system of a NCC sym-
metric space (in particular � is reduced). Let �0 be the fundamental system
for the positive compact roots �+

0 and set � := �0. Then 〈�〉 = �0, and
W� = W0 is the so-called small Weyl group. Up to a factor depending only
on the multiplicities, the �-spherical functions reduce to Unterberger’s [19]
for arbitrary multiplicities, and to the spherical functions on NCC symmetric
spaces for geometric multiplicities.

Example 2.5. When � = ∅, then W∅ = {id}, hence ϕ∅(m; λ, h) =
c−∅ (m; λ)+(m; λ, h).

The function ϕ� is a priori defined only for λ ∈ �∗
C generic and h ∈ A+U .

In the case � = �, Heckman and Opdam proved that ϕ�(m; λ, h) extends as
aW -invariant holomorphic function in M × �∗

C ×U�, where U� denotes aW -
invariant tubular neighborhood ofA inAC (see e.g. [6], §4.3–4.4). Their result
parallels the regularity properties of the spherical functions on Riemannian
symmetric spaces. For arbitrary � ⊂ �, there exists a certain W�-invariant
open domain U� ⊂ AC such that the right-hand side of (8) extends as a W�-
invariant holomorphic function of h ∈ U�, as a W�-invariant meromorphic
function of λ ∈ �∗

C and as entire function of m ∈ M. See Theorem 2.6 below.
The domain U� is a tubular neighborhood in AC of an open domain A� con-
structed as follows. Let �+ denote the closure of the positive Weyl chamber,
and let A+ := exp(�+). We define

�� := W�(�+)0 and A� := exp �� = W�(A+)0,

where 0 denotes the interior. Then �� is aW�-invariant open convex cone (see
[18], Lemma 1.5.10).

The duplication formula for the gamma function

(9)
√
π -(2z) = 22z−1-(z)-(z+ 1/2)

yields

c−
�
(m; λ) =

∏
α∈�+

i \〈�〉+i

1√
π

-
(− λα

2 − mα
4 + 1

2

)
-

(− λα
2 − mα

4 − m2α
2 + 1

)
2λα+mα/2 -(−λα + 1)

,
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which justifies the definition of

(10)

n−
�
(m; λ) :=

∏
α∈�+

i \〈�〉+i
-

(
−λα

2
− mα

4
+ 1

2

)
-

(
−λα

2
− mα

4
− m2α

2
+ 1

)

(11)

d−
�
(m; λ) :=

∏
α∈�+

i \〈�〉+i
2λα+mα/2

√
π -(−λα + 1)

as the numerator, respectively the denominator, of c−
�
(m; λ). When 2α /∈ �+

for all α ∈ �+
i \ 〈�〉+i (e.g. when � is reduced), the duplication formula (9)

implies

n−
�
(m; λ) =

∏
α∈�+\〈�〉+

2λα+mα/2
√
π -

(
−λα − mα

2
+ 1

)
.

The regularity properties of the �-spherical functions are collected in the
following theorem.

Theorem 2.6. ([11], Theorem 8.3, or [18], Theorem 3.5) There exists a
W�-invariant tubular neighborhood U� of A� in AC such that the function

ϕ�(m; λ, h)
n−
� (m; λ) = 1

d−
� (m; λ)

∑
w∈W�

c+
�
(m;wλ)+(m;wλ;h)

extends as a holomorphic function of (m, λ, h) ∈ M × �∗
C × U� and satisfies

ϕ�(m;wλ, h)
n−
� (m;wλ) = ϕ�(m; λ, h)

n−
� (m; λ) = ϕ�(m; λ,wh)

n−
� (m; λ)

for allw ∈ W� and (m, λ, h) ∈ M ×�∗
C ×U�. In particular, the λ-singularities

of the�-spherical function ϕ�(m; λ, h) are contained (counted with multipli-
cities) in the polar set of the numerator function n−

�
(m; λ). The λ-singularities

are at most simple poles when � is a reduced root system.
Furthermore, the function

ϕ�(m; λ, h)
c−� (m; λ)

is holomorphic in λ on B� := {λ ∈ �∗
C : Re λα < 1 for all α∈�+

i \ 〈�〉+i }.
When� is reduced andm ∈ M+ is an even multiplicity function, then theλ-

singularities of the�-spherical functions are indeed located only along finitely
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many complex hyperplanes. We refer to [12], Section 3, for more information
on this special case.

For � �= �, the �-spherical functions are singular in the space variable a
along the “walls” ofA�. An upper bound for the order of singularity is provided
by the next theorem in the case m ∈ M+.

For R > 0, let

(12) �∗
C(R) := {λ ∈ �∗

C : Re〈λ, α〉 < R for all α ∈ �+}.
Since only finitely many singular hyperplanes intersect �∗

C(R), the λ-singulari-
ties of ϕ� in �∗

C(R) are canceled by multiplication by a polynomial function
which is a finite product of linear factors in 〈λ, α〉 with α ∈ �+. We set

(13) δ(m; a) :=
∏
α∈�+

∣∣eα(log a) − e−α(log a)
∣∣mα

for all a ∈ A.

Theorem 2.7. Suppose m ∈ M+. Assume that mα > 0 for all α ∈ �, and
set m2α = 0 if 2α /∈ �. Let R > 0 and let �∗

C(R) be as in (12).

(a) ([18], Theorem 4.17 and Lemma 4.11) There exists c ∈ [0, 1) (depending
only on the multiplicity function m and explicitly computable) such that
for a polynomial pR and and a constant CR,m > 0

|pR(λ)+(m; λ, a)| δ(m; a)(c+1)/2 ≤ CR,m(1+|λ|)degpRe(cρ(m)+Re λ)(log a)

for all a ∈ A+ and λ ∈ �∗
C(R). Moreover there is R0 > 0 such that we

can choose pR ≡ 1 for all R with 0 < R < R0.

(b) ([16], Theorem 3.15) For all a ∈ A and λ ∈ �∗
C

|ϕ�(m; λ, a)| ≤ |W |1/2 c+
�
(m; ρ(m)) emaxw∈W Re(wλ(log a)).

(c) ([18], Theorem 5.5) Let c be as in (a). For a ∈ A�, let a� ∈ W�a ∩ A+
be the unique element of the W�-orbit of a lying in A+. Moreover, set

ReW�λ(log a) := max
w∈W�

Rewλ(log a)

for all λ ∈ �∗
C. Then there exists a polynomial p�,R,m(λ) and constants

C�,R,m > 0, d(�,R,m) ≥ 0 such that
∣∣p�,R,m(λ)ϕ�(m; λ, a)∣∣ δ(m; a)(c+1)/2

≤ C�,R,m(1 + |λ|)d(�,R,m)e(cρ(m)+ReW�λ)(log a�)
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for all a ∈ A� and λ ∈ �∗
C,�(R).

3. The �-spherical transform

In this section we define the�-spherical transform ofW�-invariant functions.
Here and in the following we suppose that m ∈ M+. Under this assumption,
the function δ(m; a) in (13) is continuous and W -invariant in a ∈ A.

Definition 3.1. Let � ⊂ � and let f be a W�-invariant function on
A� = W�(A+)0. The �-spherical Fourier transform of f associated with the
data (�, �,m) is theW�-invariant function F�f (m) on �∗

C defined for λ ∈ �∗
C

by

F�f (m; λ) := 1

|W�|
∫
A�

f (a) ϕ�(m; λ, a)δ(m; a) da

=
∫
A+
f (a)ϕ�(m; λ, a)δ(m; a) da,(14)

provided the integral converges. Here da is a suitable normalization of the
Haar measure on A.

Example 3.2. When� = �, then F� agrees with the transform of [16] (see
also [6], p. 205). In particular, for geometric multiplicities, we recover Harish-
Chandra’s spherical transform forK-bi-invariant functions on the Riemannian
space G/K .

Example 3.3. Suppose� is the restricted root system of a NCC symmetric
space, and let � = �0 be as in Example 2.4. For geometric multiplicities the
�-spherical transform is the spherical Laplace transform of [1] and [10]. To
our knowledge, the �-spherical transform for � = �0 and arbitrary non-
geometric multiplicities does not appear in the literature.

For � �= �, the �-spherical functions ϕ�(m; λ, a) are singular along the
“walls” of the domainA�, but the estimates of Theorem 2.7(c) ensure that (for
almost all λ ∈ �∗

C) the function ϕ�(m; λ, a)δ(m; a) vanishes along the walls
of A�. Hence, as in the case � = �, the defining integral for F�f (m; λ)
converges under the only condition of sufficiently fast decay of f at infinity
on A�. In fact, since c ∈ [0, 1), we can even admit some singularity for f
along the walls of A�. Applied to functions which are compactly supported in
A�, the �-spherical transform inherits the regularity properties in λ ∈ �∗

C of
the�-spherical functions. Indeed, letCc(A�)

W� denote the set ofW�-invariant
continuous functions onA� with compact support. Then a classical application
of the theorems of Fubini and Morera prove the following proposition.
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Proposition 3.4. The �-spherical Fourier transform F�f (m; λ) of f ∈
Cc(A�)

W� is aW�-invariant meromorphic function of λ ∈ �∗
C. Its singularities

are located (counting multiplicities) in the polar set of the numerator function
n−
�
(m; λ) defined by formula (10). When � is reduced, then all singularities

are simple poles.

In [10], Ólafsson proved that the spherical functions on a NCC symmetric
space G/H , initially defined by means of an integral formula for all λ in
a certain domain in �∗

C, admit on A+ an expansion of the form (8). Using
the classical expansion of the the spherical functions on the Riemannian dual
symmetric space G/K in terms of the Harish-Chandra series, he deduced a
functional relation expressing the spherical functions on G/K in terms of the
spherical functions on G/H . Our definition of �-spherical functions allows
us to easily extend his functional relation to our context. In fact, Ólafsson’s
expansion and functional relation hold even in some tubular neighborhood of
A� in AC.

Lemma 3.5. There is aW�-invariant tubular neighborhood U� ofA� inAC

so that for all (m, λ, h) ∈ M ×�∗
C ×U� the following equality of meromorphic

functions holds:

(15) ϕ�(m; λ, h) =
∑

w∈W�\W

c+,c
�
(m;wλ)

c−� (m;wλ) ϕ�(m;wλ, h),

where the functions c+,c
�
(m; λ) and c−

�
(m; λ) are as in (6) and (7).

Proof. By W�-invariance in λ of c+,c
�
(m; λ), c−

�
(m; λ) and ϕ�(m; λ, a),

we obtain for all m ∈ M, h ∈ A+U and for generic λ ∈ �∗
C

ϕ�(m; λ, h)
:=

∑
w∈W

c+
�
(m;wλ)+(m;wλ, h)

=
∑

w∈W�\W

∑
w′∈W�

c+
�
(m;w′wλ)c+,c

�
(m;w′wλ)+(m;w′wλ, h)

=
∑

w∈W�\W

c+,c
�
(m;wλ)

c−� (m;wλ)
(
c−
�
(m;wλ)

∑
w′∈W�

c+
�
(m;w′wλ)+(m;w′wλ, h)

)

=
∑

w∈W�\W

c+,c
�
(m;wλ)

c−� (m;wλ) ϕ�(m;wλ, h).

The equality extends by analyticity to (m, λ, h) ∈ M × �∗
C ×U� for a suitable

W�-invariant tubular neighborhood U� of A� in AC.
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Let Cc(A�)
W� denote the space of continuous W�-invariant functions on

A� with compact support, and let C∞
c (A�)

W� denote the subspace of C∞
functions. Every f ∈ Cc(A�)

W� (resp., f ∈ C∞
c (A�)

W� ) extends uniquely to a
W -invariant compactly supported continuous (resp.,C∞) function onA, which
we still denote by f . The relations among �-spherical functions of Lemma
3.5 yield the following relations for the associated �-spherical transforms.

Corollary 3.6. For every f ∈ Cc(A�)
W� we have the following equality

of meromorphic functions of λ ∈ �∗
C:

F�f (m; λ) =
∑

w∈W�\W

c+,c
�
(m;wλ)

c−� (m;wλ) F�f (m;wλ).

4. Inversion of the �-spherical Fourier transform

In this section we establish the inversion formula for the �-spherical Fourier
transform on the space C∞

c (A�)
W� of W�-invariant compactly supported C∞

functions onA�. The method employed generalizes the procedure followed by
Ólafsson [10] in the case of the spherical transform on noncompactly causal
symmetric spaces, which is a reduction to the inversion of the Harish-Chandra’s
spherical transform on the dual Riemannian symmetric space. Similarly, we
shall deduce the inversion of the�-spherical Fourier transform from the inver-
sion of the �-spherical Fourier transform, which is due to Opdam [16]. The
reduction is obtained via Corollary 3.6. As in the previous sections, we always
consider multiplicity functions m ∈ M+ with mα > 0 for all α ∈ �, and set
m2α = 0 if 2α /∈ �.

Let � ⊂ � be fixed. The following lemma rephrases in our notation some
very well-known properties of the Harish-Chandra’s c-function for imaginary
values of the spectral parameter λ (see e.g. [2], Propositions 4.7.14 and 4.7.15).

Lemma 4.1. The functions c±
�

from (6) and (7) satisfy the following prop-
erties:

(a) c±
�
(m; −iλ) = c±

�
(m; iλ) = c±� (m; iλ) for all λ ∈ �∗, where denotes

complex conjugation.

(b) c±
�
(m; λ)c±

�
(m; −λ) is W�-invariant.

(c)
∣∣c±

�
(m; iλ)∣∣ is W�-invariant for all λ ∈ �∗.

(d) 1/c+
�
(m; λ) is a holomorphic function of λ in the open neighborhood

B�,m := {
λ ∈ �∗

C : Re λα
> max{−mα/2 − 1,−mα/2 −m2α} for all α ∈ 〈�〉+i

}
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of i�∗ in �∗
C.

(e) There are constants Cm > 0 and r(m) ≥ 0 such that

∣∣c+
�
(m; −iλ)∣∣−1 ≤ Cm(1 + |λ|)r(m)

for all λ ∈ �∗.

Recall the notation a� for the element of the W�-orbit of a ∈ A� lying in
A+.

Lemma 4.2. Let m ∈ M+, and let c ∈ [0, 1) be the constant occurring in
the estimates of Theorem 2.7. Let B� and B�,m be the open neighborhoods of
i�∗ in �∗

C respectively introduced in Theorem 2.7 and in part (d) of Lemma 4.1.
Define

(16) c�(m; λ) := c+
�
(m; λ)c−

�
(m; λ).

Then for every a ∈ A� the function

ϕ�(m; λ, a)
c�(m; λ)

is holomorphic in λ ∈ B� ∩ B�,m. Moreover, there is a constant Cm > 0 such
that

δ(m; a)
∣∣∣∣ϕ�(m; iλ, a)
c�(m; iλ)

∣∣∣∣ ≤ Cm |W�| δ(m; a)(1−c)/2ecρ(m)(log a�)

for all a ∈ A� and λ ∈ �∗.

Proof. The holomorphy of ϕ�(m; λ, a)/c�(m; λ) in B� ∩ B�,m follows
immediately from the last statement in Theorem 2.6 and Lemma 4.1(d).

According to (8), we have for all a ∈ A+ and generic λ ∈ �∗

ϕ�(m; iλ, a)
c�(m; iλ) =

∑
w∈W�

c+
�
(m; iwλ)
c+� (m; iλ) +(m; iwλ, a).

Notice that i�∗ ⊂ �∗
C(R) for all R > 0. We can therefore fix R > 0 small

enough in Theorem 2.7 so that the polynomial pR is identically equal to 1.
Observing moreover that

∣∣∣∣c
+
�
(m; iwλ)
c+� (m; iλ)

∣∣∣∣ = 1
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by part (c) of Lemma 4.1, we obtain

δ(m; a)
∣∣∣∣ϕ�(m; iλ, a)
c�(m; iλ)

∣∣∣∣ ≤
∑
w∈W�

δ(m; a) |+(m; iwλ, a)|

≤ Cm,c
∑
w∈W�

δ(m; a)(1−c)/2e(cρ(m)+Re iwλ)(log a)

= Cm,c |W�| δ(m; a)(1−c)/2ecρ(m)(log a�)

The inequality extends byW�-invariance toA� and by continuity to all λ ∈ �∗.

Corollary 4.3. For every f ∈ C∞
c (A�)

W� , the function

F�f (m; iλ)
c�(m; iλ)

is real analytic in λ ∈ �∗. Moreover, for every N ∈ N there is a constant
C�,N,m,f > 0 such that

∣∣∣∣F�f (m; iλ)
c�(m; iλ)

∣∣∣∣ ≤ C�,N,m,f (1 + |λ|)−N

for all λ ∈ �∗.

Proof. For every a ∈ A�, the function ϕ�(m; λ, a)/c�(m; λ) is holo-
morphic inB�∩B�,m and f is continuous and compactly supported inA�. The
usual application of the theorems of Fubini and Morera yields that F�f (m; λ)/
c�(m; λ) is holomorphic in λ ∈ B� ∩ B�,m. In particular, its restriction to i�∗
is real analytic.

By [6], Theorem 2.1.1, the operator L(m) is self-adjoint with respect to the
measure δ(m; a) da on A. Moreover for all λ ∈ �∗

L(m)ϕ�(m; iλ) = −(〈λ, λ〉 + 〈ρ, ρ〉)ϕ�(m; iλ) = −(|λ|2 + |ρ|2)ϕ�(m; iλ),

which implies

L(m)Nϕ�(m; iλ) = (−1)N
(|λ|2 + |ρ|2)Nϕ�(m; iλ)

for all N ∈ N. The function f is C∞ and compactly supported in A�, so no
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boundary values occur in the following computation:

(|λ|2 + |ρ|2)N F�f (m; iλ)
c�(m; iλ)

=
∫
A�

f (a)
(|λ|2 + |ρ|2)N ϕ�(m; iλ, a)

c�(m; iλ) δ(m; a) da

= (−1)N
∫
A�

f (a)
L(m)Nϕ�(m; iλ, a)

c�(m; iλ) δ(m; a) da

= (−1)N
∫
A�

[
L(m)Nf (a)

] ϕ�(m; iλ, a)
c�(m; iλ) δ(m; a) da.

Lemma 4.2 gives for some constant C ′
�,N,m,f > 0

(|λ|2 + |ρ|2)N
∣∣∣∣F�f (m; iλ)
c�(m; iλ)

∣∣∣∣ ≤
∫
A�

∣∣L(m)Nf (a)∣∣
∣∣∣∣ϕ�(m; iλ, a)
c�(m; iλ)

∣∣∣∣ δ(m; a) da

≤ C ′
�,N,m,f ,

from which the claim follows.

For every λ ∈ �∗
C we define the function E�(m; λ) on A� by requiring that

the equality

(17) E�(m; λ, a) = c−
�
(m; λ)

c
+,c
� (m; λ) ϕ�(m; λ, a)

holds for all a ∈ A+. ThenE�(m; λ, a) is aW�-invariant real analytic function
of a ∈ A� and a W�-invariant meromorphic function of λ ∈ �∗

C.

Remark 4.4. Notice that E�(m; λ, a) = ϕ�(m; λ, a). When m is an even
multiplicity function, we have

c−
�
(m; λ)

c
+,c
� (m; λ) =

∏
α∈�+\〈�〉+

c−α (m; λ)
c+α (m; λ) =

∏
α∈�+\〈�〉+

sin(πλα)

sin [π(λα +mα/2)]

= (−1)d(m,�)

where d(m,�) := 1
2

∑
α∈�+\〈�〉+ mα . HenceE�(m; λ, a) = ±ϕ�(m; λ, a) for

all �.

Theorem 4.5. There is a constant k > 0 (depending only on the normaliz-
ation of the measures) so that for all f ∈ C∞

c (A�)
W� the following inversion
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formula holds: For all a ∈ A�

(18) f (a) = k
|W |
|W�|

∫
i�∗

F�f (m; λ)E�(m; −λ, a) dλ

|c�(m; λ)|2 ,

where dλ is a suitable normalization of the Lebesgue measure on i�∗.

Proof. Let f ∈ C∞
c (A�)

W� and extend it byW -invariance to a function in
C∞
c (A), which we still denote by the symbol f . Opdam’s inversion formula

for F�(m) gives for all a ∈ A and for a constant k > 0 depending only on the
normalization of the measures

f (a) = k

∫
i�∗

F�f (m; λ) ϕ�(m; −λ, a) dλ∣∣c+� (m; λ)∣∣2

(see Theorem 9.13(3) in [16] or formula (8.7) in [17]). Corollary 3.6, the W -
invariance of ϕ�(m; λ, a) and c+

�
(m; λ), and the properties of the functions

c±
�

from Lemma 4.1 imply therefore the following formal computation for
a ∈ A+:

f (a)

= k
∫
i�∗

F�f (m; λ)ϕ�(m; −λ, a) dλ∣∣c+� (m; λ)∣∣2

= k
∑

w∈W�\W

∫
i�∗

F�f (m;wλ)ϕ�(m; −λ, a)c
+,c
�
(m;wλ)

c−� (m;wλ)
dλ

c+� (m; λ)c+� (m; −λ)

= k
∑

w∈W�\W

∫
i�∗

F�f (m;wλ) ϕ�(m; −wλ, a)
c−� (m;wλ)c+,c� (m; −wλ)

dλ

c+� (m;wλ)c+� (m; −wλ)

= k
∑

w∈W�\W

∫
i�∗

F�f (m; λ) ϕ�(m; −λ, a)
c−� (m; λ)c+,c� (m; −λ)

dλ

c+� (m; λ)c+� (m; −λ)

= k
|W |
|W�|

∫
i�∗

F�f (m; λ)E�(m; −λ, a) dλ

|c�(m; λ)|2 .

The computation is justified provided at the first step we can interchange the
integral sign with the summation. This is equivalent to verifying the conver-
gence of the integral

∫
i�∗

F�f (m; λ)E�(m; −λ, a) dλ

|c�(m; λ)|2 .
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The absolute value of the integrand is
∣∣∣∣F�f (m; λ)
c�(m; λ)

∣∣∣∣
∣∣∣∣c

−
�
(m; −λ)ϕ�(m; −λ, a)

c
+,c
� (m; −λ)c�(m; −λ)

∣∣∣∣ =
∣∣∣∣F�f (m; λ)
c�(m; λ)

∣∣∣∣
∣∣∣∣ϕ�(m; −λ, a)
c+� (m; −λ)

∣∣∣∣ .
By Lemma 4.1 (e), there are constants C > 0 and r ≥ 0 (depending on m)
such that ∣∣c+

�
(m; −λ)∣∣−1 ≤ C(1 + |λ|)r

for all λ ∈ i�∗. Theorem 2.7(b) proves the existence of a constant C ′ (depend-
ing on m) such that |ϕ�(m; −λ, a)| ≤ C ′

for all λ ∈ i�∗ and a ∈ A�. Finally, Corollary 4.3 yields for all λ ∈ i�∗ and all
n ∈ N ∣∣∣∣F�f (m; λ)

c�(m; λ)
∣∣∣∣ ≤ C�,N,m,f (1 + |λ|)−N.

By selecting N ∈ N large enough, the required convergence is achieved.

Remark 4.6. Since ϕ�(m; λ, a) = E�(m; λ, a), the version of the inver-
sion formula given by Theorem 4.5 is the exact analog for the set � ⊂ � of
Opdam’s inversion formula for the transform associated with the hypergeomet-
ric functions associated with root systems. Up to a constant multiple, it agrees
with Opdam’s inversion formula for � = �, and hence with the inversion
formula for the spherical transform on Riemannian symmetric spaces in the
geometric case (see e.g. [2], Theorem 6.4.1). In the geometric case of noncom-
pactly causal symmetric spaces, the inversion formula reduces to Ólafsson’s
formula (Theorem 6.13 in [10]. See also Corollary 4.8).

For future reference we record the inversion formula as deduced from The-
orem 4.5 for the transform corresponding to Harish-Chandra series (i.e. when
� = ∅) and for the spherical Laplace transform on NCC symmetric spaces.

Corollary 4.7. There is a constant k > 0 (depending only on the normal-
ization of the measures) so that for all f ∈ C∞

c (A
+) the following inversion

formula holds: For all a ∈ A�

f (a) = k |W |
∫
i�∗

F∅f (m; λ) ϕ�(m; −λ, a) dλ

c+� (m; −λ)c−∅ (m; λ) ,

where dλ is a suitable normalization of the Lebesgue measure on i�∗.

LetG/H be a NCC symmetric space. We assume the notation of Chapter 8
in [8]. In particular, we denote by cmax the maximal cone in � associated with the
causal structure. The cmax is invariant under the small Weyl groupW0 (see also
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Example 2.4). Let c0
max be the interior of cmax, and set S0 := H(exp c0

max)H .
Let ϕλ and ψd

λ respectively denote the spherical functions on G/H and on its
Riemannian dual G/K . As common in this context, we write δ(a) instead of
δ(m; a).
Corollary 4.8 ([10], Theorem 6.13). Let f be aH -bi-invariantC∞ func-

tion on S0/H such that f |exp cmax is compactly supported. Then the spherical
Laplace transform

L f (λ) :=
∫
S0/H

f (x)ϕλ(x) dx = σ

∫
A+
f (a)ϕλ(a)δ(a) da

is inverted by

f (a) = σ ′ |W |
|W0|

∫
i�∗

L f (λ)ψd
−λ(a)

dλ

cd(−λ)c(λ) ,

where c(λ) is the c-function onG/H and cd(λ) is Harish-Chandra’s c-function
on G/K . Here dλ is a suitable normalization of the Lebesgue measure on
i�∗, and σ and σ ′ are constants only depending on the normalization of the
measures.

Proof. In the notation of [8] and Example 2.4, we have

cd(λ) = c+
�
(m; λ)

c+� (m; ρ(m)) ,

ψd
λ (a) = ϕ�(m; λ, a)

c+� (m; ρ(m)) ,

c(λ) = c�0
(m; λ)

c�0
(m; ρ(m)) ,

ϕλ(a) = ϕ�0
(m; λ, a)

c�0
(m; ρ(m)) .
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