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GEVREY-WELL-POSEDNESS FOR WEAKLY
HYPERBOLIC OPERATORS WITH
HOLDER-CONTINUOUS COEFFICIENTS

F. COLOMBINI, D. DEL SANTO and T. KINOSHITA

1. Introduction

We shall consider the equation

(1.1) Ofu— " aij()dydu=0 in [0,T] xR

ij=1
with initial data

(1.2) u(, x) =ug(x), hu(0,x) =u;(x) in R,

where (a;;(¢))1<i j<n is a real symmetric matrix for all # € [0, T']. Defining
a(t, &) = Z;’JZI ajj (t)éiéj/l&‘lz, we will say that the equation (1.1) is strictly
hyperbolic if a(t, £) satisfies

(1.3) a(t,&) =3¢y >0 forall r€[0,T], § €R;\{0}.

We will say that the equation (1.1) is only weakly hyperbolic if

(1.4) a(t, &) =0 forall 7€[0,T], § € Ri\ {0}

Throughout this paper the coefficients a;; (¢) are supposed to be non-smooth:
we assume that

(1.5) ai;j(1) € C*([0,T])  for i,j=1,2,...,n,

where C*([0, T]) is the space of Holder-continuous functions of order o on
[0, T] (f(¢) € C*(]0, T]) if f(¢) has continuous derivatives on [0, T'] up to
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the order [«], the largest integer less or equal than «, and

1D @) — f1D o)
<

|t — s|o—led

[o]
I flceqory =Y sup [f® @O+ sup

u +00).

o 1€[0,T1 0<s<t<T

Under the assumptions (1.3) and (1.5), if « > 1, the Cauchy problem (1.1),
(1.2) is well-posed in C*°(R%), while, if 0 < o < 1, the problem (1.1), (1.2)
is well-posed in G*(R”), the Gevrey class of order s, with 1 < s < ﬁ (see
[1]). Under the assumptions (1.4) and (1.5), if 0 < @ < oo, the problem (1.1),
(1.2) is well-posed in the Gevrey classes of order 1 < s < 1 + % (see [6]).
Some counter examples constructed using fast oscillatory coefficients show
that these results cannot be improved from the point of view of the value of
the Gevrey indexes.

We emphasize the fact that the regularity of the coefficients does not neces-
sarily determine the speed of their oscillations. It is then natural to introduce,
apart from the regularity, a new condition on the coefficients in order to con-
trol their oscillations. In our previous papers [2], [3] and [4] we assumed the
oscillation condition as follows:

aij(t)eCl((O, T]) fori,j=1,2,...,n
(1.6) ;
{ |0;a(t, &) < M forallt € (0,T], & € Rg‘ \ {0},

14

where g > 1 — . Assuming (1.3) (resp. (1.4)), (1.5) and (1.6), we showed that
the Cauchy problem (1.1), (1.2) is well-posed in the Gevrey classes of order

(1.7) 1§S<<;%T>(lia) if g1

l<s<3 ifg <3
(1.8) resp.

Lss < (149) () ifq 23

REMARK 1.1. As the parameter ¢ tends to infinity, the oscillation condition
(1.6) loses sense and (1.7) and (1.8) approach to the results of [1] and [6].

REMARK 1.2. The oscillation speed is expressed in term of the first derivat-
ives of the coefficients; therefore, as the exponent « of the regularity condition
(1.5) tends to one, the oscillation condition (1.6) gives less effect to the well-
posedness, and again (1.7) and (1.8) approach to the results of [1] and [6].

In the present paper, in order to control the speed of oscillation of the
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coefficients, we assume, instead of (1.6), the following condition: if 8 € N\{0},

a;j(t) e CF(0,T] fori,j=1,2,...,n

(1.9) ]
10fa(t, &) < — foralls € (0.71.§ € R\ {0),

and, if 8 € (0, +00) \ N,
(1.10)
a,-j(t)eC[ﬂ]((O, T fori,j=1,2,...,n

0/a(s. ) — 8" at.8)] M )
(s — 1)p—TF] < -, foralld <t <s<T.&eRg\ {0}

REMARK 1.3. The condition (1.10) can be equivalently expressed in the
following way: for all ¢ € (0, T), a;;(¢) € CP([e, T) and there exists M > 0
such that |la(-, &) l|csqery < Me 4 foralle € (0,T) and & € Rg\{O}.

Assuming (1.5), without loss of generality, we can bound ourselves to con-
sider in (1.9) and (1.10) only in the case when ¢ > B — «. Our first result
concerns the strictly hyperbolic case.

THEOREM 1.4. LetT > 0,0<oa < 1,a < Band g > B — o. Assume that
(1.3), (1.5) and (1.9) or (1.10) hold. Then the Cauchy problem (1.1) and (1.2)
is well-posed in the Gevrey classes of order

(1.11)
_ q . B—a
R R TIE Ea ’f">max{1’1—a}
<s<
(B) = ifg<land0 <o <pB <.

-8

Ifp>1landq < %, the Cauchy problem (1.1) and (1.2) is well-posed in
Cc™.

REMARK 1.5. When 8 = 1, (1.11) coincides with (1.7).

REMARK 1.6. As g tends to infinity or B tends to «, (1.11) approaches to
the result of [1].

Let us turn now to the weakly hyperbolic case.

THEOREM 1.7. Let T > 0 and q > B — «. Assume that (1.4), (1.5) and
(1.9) or (1.10) hold. Then, if 0 < o < B < 2, the Cauchy problem (1.1), (1.2)
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is well-posed in the Gevrey classes of order

(1.12)
_ « q .
(A)_(1+2)<—q+a—ﬂ) if ¢ > max{3, B+ 2},
les<l p_od+9)+@-De=-p \
B = Da—p PrI=a=3
C)=1+ g otherwise.

Moreover, if 0 < a < 2 < B, the Cauchy problem (1.1), (1.2) is well-posed
in the Gevrey classes of order

(1.13)
_ o q : 4B —a)
w=(1+3)(;5e=5) Tz e
s <
_ a\(q+B+2 . 4B —a)
(D)_max{2,<1+2>(q+a+2)} ifg < o

REMARK 1.8. When 8 = 1, (1.12) coincides with (1.8).

REMARK 1.9. As g tends to infinity or 8 tends to «, (1.12) and (1.13)
approach to the result of [6].

REMARK 1.10. By the conditions (1.9) or (1.10) the oscillation of the coef-
ficients is allowed, with the prescribed speed, near the point t = 0. Actually
it is possible to prove analogous well-posedness results when the oscillation
occurs around any point 7 € [0, T'] and conditions similar to (1.9) or (1.10) are
valid (see [2]).

The results of Theorem 1.4 and part of those of Theorem 1.7 are sharp. To
see this we shall consider the Cauchy problem

02u — a(1)d*u = 0 in[0,1] x R!

(1.14)
u(0, x) =up(x), ou(0,x)=u;(x) in R}C

and the oscillation of a(¢) will take place near + = 1. The sharpness of the
value (B) of Theorem 1.4 is proved by the counter example constructed in [1];
the next result concernes only the value (A).

THEOREM 1.11. Let0 <a < 1,0 < B and q > B — a. Then there exists a
function a(t) : [0, 1] — [3, 3] belonging to C*([0, 1) N CE([0, 1 — &) for
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all ¢ € (0, 1) and satisfying

a8V () — a8V (g)] Im
(1.15) 7 =T < 1=y forall 0<s <t <1,
p— s - —

and there exist ug(x), uj(x) € GS(R}C) such that the Cauchy problem (1.14)
has no solution in C! ([0, 1]; (D‘Y)’) if

q

S > )
gl —a)+a—p

where (D*)' is the space of Gevrey ultradistributions of order s. In particular
when B € N, (1.15) can be replaced by

()
(1.16) POl =

forall te][0,1).

Our last result shows that the value (A) in Theorem 1.7 cannot be improved.
We remark that the counter example of [6] proves that also the value (C) of
Theorem 1.7 is sharp.

THEOREM 1.12. Let0 < o < Bandq > B —«. Then there exists a function
a(t) : 10, 1] — [0, 2] belonging to C* ([0, 1HNCch (o, 1—¢])foralle € (0, 1)
and satisfying the condition (1.15), and there existuy(x), u;(x) € G* (R}C) such
that the Cauchy problem (1.14) has no solution in C' ([0, 1]; (DS)’) if

= (03) Grama)

In particular when 8 € N, (1.15) can be replaced by (1.16).

The paper is organized as follows: in Paragraph 2 we state and prove some
preliminary results on Holder-continuous functions which will be used in the
proofs on the main theorems. Paragraph 3 is devoted to the proof of the The-
orem 1.4 and Paragraph 4 to that one of the Theorem 1.7. In the last paragraph
we give a sketch of the proof of the Theorem 1.11 and only some ideas about
that one of the Theorem 1.12, pointing out to the interested reader the similar
constructions of counter examples in [1], [6], [7], [2], [3], [4] and [5].

2. Preliminaries

In this section we recall and we prove some lemmata of real analysis which
characterize the functions satisfying the assumptions (1.9) or (1.10).
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LEMMA 2.1 (Lemma 1 in [6]). Let T > 0 and B > 1. Then there exists
M > 0 such that for all non-negative function g(t) defined in [0, T] and
belonging to CP ([, T1) for all ¢ € (0, T), we have

T
2.1) /\{g(t)l/ﬂ}’ydtgMHgH‘C/,ﬁm forall ae€0,T).

From Lemma 2.1, we immediately get the following result.

LEMMA 2.2. Let T > 0, B8 > 1 and q > 0. Let g(t) be a non-negative
function defined in [0, T] and belonging to CP([e, T]) for all ¢ € (0, T).
Assume that there exists M > 0 such that

|g(lﬂl)(s) _ g(lﬂJ)(t)| M

M - p )
TEpYET == forallO0 <t <s <T,if B is not an integer,

ey M U
lg()"] < i forallt € (0, T], if B is an integer.
Then there exists M' > 0 such that

T
(2.2) /|{g(t)1/ﬁ}/}dt§M’a_"/ﬂ forall ae0,T).

In the proofs of the Theorem 1.7 we will use, together with (2.2), another
inequality. To obtain it we start quoting the following lemma.

LEMMA 2.3 (Lemma 1 in [8]). Let 1 < B < 2. Then there exists M > 0
such that for all non-negative function g(t) € C#(R) we have

ey — o\ /B
2.3) |g<o>’|sM|g<a)|1—1/ﬂ(sup 1£'(s) gm') forall o cR

t<s (s _I)ﬂ_l

Lemma 2.3 is the key ingredient in the proof of the following result.

LEMMA 2.4, Let 1 < B < 2. Then there exists M' > 0 such that for all
a,b € Rwitha < b, forall § € (O, b%”) and for all non-negative function
g(t) € CP(la, b]) we have

1/
4 18 = Mg (gl e + 818l crgony)

forallt € [a+6,b — 4]
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PROOF. Let ¢(t) be a non-negative function belonging to C#(R) such that
o) =1forallt > 1 and ¢(¢r) = 0 forall ¢+ < 0. Let us define

HOE {1 —§0<t_Ta)}g(a)
) o) o ol o

Since g(¢) is a non-negative function belonging to C#(R), by Lemma 2.3 we
deduce that there exists M > 0 such that, for all o € R satisfying g(o) # 0,

_ : 3'6) — g1\
2.5) {z@)"F] = m (f‘i‘? W)

Noticing that

- 1 ,(t—a
g =<9 (—){g(t) —g@)}

) )
1 b — t—a b—t ,
+8<p< 3 ){ (b) — (t)}+{<p( 3 )+¢<T)—l}g(t),
we have
18'(s) — &' (1)
(s — 1)1
_ (5918 6) — g@) — 59/ (59) () — (@)}
- (s —t)ﬂ 1
N |30/ (52){g ) — g()} — 19/ (52){g(B) — g}
(s —1)F-1
N e (5% +o(52) — 1}g') = {o(54) + o(5) — 1} 0]
(s —1)p-1
(2.6) =]+11+111.

We first estimate /. We remark that the support of ¢ ( ) is contained in
[a, a + &]. We shall consider two different cases. Suppose first thata <t <
a + & < s. In this case we have that go’(%) = 0. Since s > a + § and
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8 >t — a, using also the fact that ¢’ (1) = 0, we obtain

3¢/ (5™ —g@}] _ l¢'(59)] 1) — g(@)|

= (s —1)P-! C (s — )P )
B U | I O R {0
T (a+8 -1k t—a

L oM —¢'(59)] 180 —s@
BRI S t—a

1—
< 8" Pllgllcsw gl qan)-

Next suppose a <t < s < a + 4. Noticing thats — ¢t <dands —a < §, we
deduce

U]t —a\| lgts) —g®] 1 o' (52) — o' (59)]
’faw( a>'@_oﬂ1 TN
51.¢C—aN.Q—Mg@+%U_gH
) ) (s —1)f-1
Lsma [F) —e (5] lsw —s@

8P (u_l

B-1 _
5 T) §—d

1 1B s—a

< E(S =) llellcwliglictqapn + S—ﬂ”(p”Cﬂ(R)”g”CI([a,b])

< 28" Plellcsmllgllcr qapn-
Therefore we get
(2.7) 1 <28 Pllglicemllglcrian-
Similarly we get
(2.8) 1T < 28" Plollcsmyllglcipan-
To estimate 111 we remark that the supports of {(p(%) + go(l%) — 1} and

{go(’_T“) + (p(bT_’) - 1} are contained in [a, b] and consequently we may only
consider the case of a <t < s < b. We deduce
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111 < 1205 —e(5) I8 @1 (%) — e (55) 1@l
B (s —)f~! (s — 1)p~1
L le(59) +e(552) ~1]Ig') — ')
(s —1)p-1

le(54) —e(5)] 1gml  e(%52) —e(F)] 1g'0l
s s—a z‘—a)ls_1 8/5—1
lg'(s) — &' ()]
(s —1)P~!
(2.9 < 28" Pllglicswligher oy + Igllct sy
Thus, by (2.6)—(2.9) it follows that

18'(s) — &' ()]

1_
Up—— 5 = 65" Pllolicsryliglc qapy + Igllctapy-
1<s (s —1)

This together with (2.5) implies (2.4), since |{g(#)'/* }/| = |{g®)"/* }/| for all
t € [a+ 65, b — §] satisfying g(¢) # 0.

LEMMA 2.5. Let T > 0,0 <y < landy < q. Let h(t) be a function
defined in [0, T'| and belonging to CY ([e, T]) for all ¢ € (0, T). Assume that
there exists M > 0 such that

M<% forall0 <t <s<T ifO0<y<l,
G—nr B

M
LEGI t_q forallt € (0,T] if y =1.

Then there exists M > 0 such that
M
ta4-r

(2.10) \h(t)] < forall te(0,T].

ProoF. Since the case of y = 1 is trivial, we suppose that 0 < y < 1.
Let 0 < #tp < T/2. We remark that there exists nyp € N \ {0} such that
T/2"* <1y < T/2™. Since |h(ty) — h(2o)| < M1y "™, we have

|h(to)| < |h(Q2to)| + M1y @7,

and similarly
1h(210)| < [h(4t0)| + M (21)~1*7.
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Recursively, we deduce that

no—1
] = h(2w)] + i 3
j=0

(24-7)i"
Hence we get for all t € (0, T /2]

M
h)| < h — Ity
()] < T/§:?§T| O+ T 5%

From this the inequality (2.10) follows easily.

LEMMA 2.6. Let T > 0,1 < 8 < 2andq > B — 1. Let g(t) be a
non-negative function defined in [0, T and belonging to C*([e, T1) for all
e € (0, T). Assume that there exists M > 0 such that

"(s) —g'(t M
Mf— forall0 <t <s<T ifl<pB<?2
(s —r)p-1 14

(2.11)

lg" ()] < % forallt € (0, T] ifB =2

Then there exists M' > O such that

(2.12) 1§’ < MgV =P forall te(0,T/2).

Proor. We take an arbitrarily fixed point ty € (0, 7/2). Setting a = /2,
b=T —ty/2 and § = ty/2, by Lemma 2.4 we find that there exists M’ > 0
such that for ¢t € [ty, T — 1o] satisfying g(¢t) £ 0

- 1
v / N /8
|{g(t) } | <M lgllcs 2,712 + B} lgllct (/2. 7=10/21) .

Applying Lemma 2.5 to the function g’(z) we deduce that

|g()|_tqﬁ1 fOIa E(,]],
and Consequently

—q+B—1
lgllcr 2. m—n/2) < Mity? .

On the other hand (2.11) implies that

gl o2, 71021 < Maty .
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Consequently
{e®)'?Y| < Mtg*"? forall 1 € [to, T — 1o] such that g(r) # 0.

In particul
n particular |{g(to)1/’3}/| - Mt(;q/ﬁ

and (2.12) follows .

LEMMA 2.7. Let T > O and o, v, B € (0, +00) witha < v < B. Let g(t)
be a function defined in [0, T and belonging to C*[0, T]1 N C#|e, T for all
e € (0, T). Assume that there exists M > 0 such that

9gs) — 8’ 'g)] _ M - .
(s — 1)B-1B] = P forall0 <t <s <T ifpisnotaninteger

M
Iafg(t)l < " forallt € (0, T] ifB is an integer.

Then, if v is not an integer, there exists M’ > 0 such that

g ) — o Me )| _ M

2.13
(2.13) (s — r)v—1v1 =

forall 0<t<s<T.

PrOOF. We fix a point 7, in the interval (0, T'). Since v is not an integer, by
the generalized Kolmogorov inequality (see [9]) we find that

v—a

M\ 7~ M’
to

g
el = Clellefitn el S = €

In particular, it also holds that

"8 () — 0 g )| m

(s — o)~ V=2
)

forall 7 <s <b.

Hence we get (2.13), since tj is an arbitrarily fixed point in (0, T').

3. Proof of Theorem 1.4

When s = 1, the Cauchy problem (1.1) and (1.2) is well-posed in G' which
is the topological vector space of analytic functions on R%} (see §8 in [1]).
Therefore we can devote ourselves to the proof when the Gevrey order s is
larger than 1; Moreover we suppose that the initial data u(x) and u (x) belong
to G*(R?) and have compact support. Our task is to investigate the regularity
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of the solution and this will be done by the usual way of energy estimates and
Paley-Wiener theorem.

By Fourier transform with respect to the space variable the Cauchy problem
(1.1) and (1.2) is changed into

3.1) Fv+ar,©)Efv=0 in [0,T] xR}
with initial data
(3.2) v(0,8) =vo(§) 9v(0,&) =vi(§) in R{.
We define the energy as
E@t,&) = a(t, §)IEP ] + 0,0,

where a(t, £)(> 3¢y > 0) is a differentable fuction which will be defined later.
Differentiating E (¢, £) with respect to the time and using the equation (3.1),
we have

WE(t, &) =2a(t, &)|E*R(@,v, v) + d,a(t, &)|E*[v]* + 2R(3v, d,v)

al‘~ ) ~
= 20a(1,6) — alt. OYEPAGv. v) + LG g e o
Q. ©)
@, &) — a ©)lg) 91, £)]
E 9 ~—
= o 9w

Hence Gronwall’s inequality yields
(3.3)

E(8) < E(O,S)GXP{/
0

E(t, &) fort € [0,T].

TaE) — alt, £) /T a, &) }
d —d
Jacn R Gee ©

for all t € [0, T']. By (1.3) we get
(3.4)

1 r 1 [T
E(t,§) < E(O,f)exp{ﬁ/; I&(t,é)—a(t,é)Idt|$|+c—O/0 Iaz&(t,é)ldt}

for all + € [0, T']. We extend the set of definition of the coefficients to the
whole R in such a way that g; ;j(t) = O forall t € (—oo, —=1]U [T + 1, 00)
and a; ;(t) € C*(R) N CP((0, +00)). We separate the proof into two parts
according tothecase that 0 <o < B < l,or0 <a <1 < B.

Letthen 0 < o < B < 1. We need the following result.

LEMMA 3.1. Let O < ¢ < 1 and p(t) be a non-negative function such
that p(t) € C;°(R), suppp C [—1, 1], and ffooop(r) dt = 1. Let a,(t, &) =
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ffoooa(t + e, &)p(r)dr. If a(t, §) satisfies (1.5) and (1.10) (or (1.9)) with
0 <a < B <1, then there exist L > 0 and K > 0 such that

(3.5) lac(t,&) —a(t,&)| < Le®, a2, £)] < Ke*™!
forallt € [0,T],
(3.6) las(t, &) —a(t,&)| < Lt &P, |8a:(t, &) < Kt~ 9eP~!

forallt € [%8, T].

PrOOF. Let us prove for instance (3.6). By (1.10) (or (1.9)) we get for
de<t<T

[\S]

las(2,8) —a(t, §)| = V at +te, §)p(r)dr —/ a(t,§)p(r)dt

1
< f lalt + 76, &) — a(t, &) p(x) de
-1

</1 M Po(r)d
=/, (t_g)qlrel p(t)dr

M 1
)q 8ﬁ/ TP p(r)dt < Lt79¢P
t -1

=N
(r=3

o0

1 [* 1
|0ias (2, §)| = ‘g/ a(t + e, §)p'(v) dr — ;f a(t, §)p'(v) dt

o0 —00

1 1
5/1 a(t + 8. £) — alt, )]0/ ()] de

IA

1 M
< —f el 10/ (o)l d

eJo (t—e)

1
< et [ < ke,
(f — gt) —1

Let us come again to the proof of the Theorem 1.4. We define
oo

G(LE) = a1, §) = / alt + e, E)p() dr

—00
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where 0 < ¢ < 1.1If %s < 8 < T, by (3.5) and (3.6) we obtain

T ) T
fo G ) —alt, &) di < f0|ag(t, &) —al, )| di +/3 a1, &) — a(t, &) di

S T
5/ Le® dt+/ Lt~ &P dt
0 )

{C{e"‘8+sﬁlog8‘l} if0<g<1

3.7 =<
Cle®s + ePs'~1} ifl <g < oo.

T 8 T
f |9;a(t, §)|dt S/ Iatag(t,é)ldf-Ff 10:ae (2, §)| dt
0 0 5

S T
5/ Ks“ldt—i-/ Ki 9P~V dr
0 8

C(s '8 +eP"logs™") if0<g <1

(3.8) =
C(e*'s + ef18171) ifl <g < oo.

. ef~* if0<g<1
Taking § = b by (3.7) and (3.8) we get
g7 ifl <g < oo,

T
fo G, &) — e, )] di

{cﬁkgy4 if0<g<1 1

B—a
< < Ce* T loge™!,

Cet' ifl <g<oo

T
/ 9, &) dt
0

CePlloge™ if0<g <1 »
{ § 1= < Ce® M loge™".

<
- 4B .
Ce* 't ifl <g <o

Therefore by (3.4) we deduce that

E(t, &) < E(o,s)exp{C(E|4—8*We“+55%ﬁlogsf'} forall 7 € [0, T].
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Finally we choose the parameter & such that |€] = e~!. Then we get the
following energy inequality

E(1.§) = E(0.8) exp{ Clé|™ = log [¢1}

q(l—a)+a—p
q

(3.9) §E(O,§)exp{C|S|maX{ ’l_ﬂ}loglgl} forall 7 € [0, T

We consider now the case that 0 < o < 1 < 8. Taking v € («, 1), from
(2.13) we deduce that

la(s, &) —at, &) _ ’

O =

forall O0<t<s<T, éeR’g\{O}.

Arguing as in the previous case, with 8 and ¢ replaced by v and % re
spectively, we obtain

E(t,§) < E(0, s>exp{C|5|““‘m log|¢] |

max{ =4 =v

=E(0,§&) exp{C|§| }log|§|} for all ¢ € [0, T].

Hence, if ¢ > ‘f_;z we have, taking v = a + ’3;“,

(3.10) E(t.£) < E(0, g)exp{C|s| 10g|§|} for te[0,T].
Thus, by (3.9) and (3.10) we get the energy inequality

E@,§)

E©.§) exp{Clgl"

—

-8 . B —«
10g|§|} if ¢ > maxq 1,
< 1

E(0, &) exp{C|&|" P log |£|} if0<a<pB<l,B—a<gqg<l.

In virtue of Paley-Wiener theorem, {u(-,t);t € [0, T]} is bounded in the
Gevrey classes of order (1.11).

Ifg>1landg < ’f_;z, there exists 1 < v(< 2)
(2.13) we find that

drals, &) — d,a(t, M
a(s,§) = 0at. O M o 0<r<s<T. £ eR!\ {0},
(s—1) t

ﬂ_
—. By

o

and then
3 "

10fa, &) < forall 0<r<T, &eR!\{0).
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From [3] (see also [2]) we obtain the well-posedness in C*°. This concludes
the proof of Theorem 1.4.

4. Proof of Theorem 1.7

In this section we will prove the Theorem 1.7. The strategy will be the same
as in the previous proof: we will use the energy inequalities and the Paley-
Wiener Theorem. To obtain the energy inequalities we will divide the proof
into several parts according to the following cases: Case 1.0 < o < < 1,
Case2.0<a<l<pB<2,Case3.1l<a<p <2 Cased.0<a<?2<p.

Case l. 0<a < B <1

Since the coefficients may be not differentiable, they cannot enter directly
into the definition of the energy. As in the proof of Theorem 1.4 we regular-
ize the coefficients using Friedrichs’ mollifier: we put a.(¢, &) = ffooo a(t +
te, £)p(t) dt and we define

a.(t,&) + ¢ forO0<tr<3$§
a(t, &) =

2
as(t, &) + 1 ™25 gy fors <t <T,

where %8 <5 < T andy > 0. By (3.5) and (3.6) we obtain

/T lat.§) —at.§)|
0 va(, )

/‘S lag —a + &%| d +/T |a£ —a—l—t*ma"{z%q}e?” 4
= — dt t
0 Va 8 Va
8 Le® + &® T Lt=9gh 4 ¢~ max(2.F) gy
dr + dt

< .
0 e s Vi max(2. 3 oy

1) T T
(L + 1)8% /dt + L&‘ﬂ_% / t—min{q—l,%q}dt + 8% / t—max{l,%}dt
0 s s

IA

C(e38+ef 2 logs™ +e2logs™) if0<g <2
@.1)

IA

C(e38 +ef7282 9 4 et logs™)  if2<g<3

C(e35+eP~ 1% £ eksl-4) if3<g<o0
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Similarly we have

T ~
/ |3z~a(f,€)| gt
o a(,é§)

4 T —max{Z,%"}
:/ |3t~ae(taé)|d[+/ |,ac (1, &) +~3z(t e”)|
o a(,é) 5 a(t,§)

dt

2q

3 Keo! T Kt 9gP-1 —|—Cl_max{2’7[}_18y
< dt + 2 dt
0 foid s tfmax{Z,T}gy

8 T T
=Kg‘1/ dt—|—Keﬁ‘V‘1/ t‘m‘“{"‘z'g}dt+C/ t~dt
0 8 s

C(e's+ef 7 logs™! +1logs™") if0<q=<3
4.2) < \
C(e7'6 47718175 +logs™")  if3 <gq < oo.
Taking
B if0<g <2
e if0<g<2 g =2a+2p if2<qg<3
§ = b and y = q
ed if2<gqg<oo0 o+ 28 .
if 3 < g < oo,
3
by (4.1) and (4.2) we get
ngloge_1 if0<g <2
T ~
la(z, §) —a(t, §)| o pa
/ 5) Ny < Cedt 5 loge™! if2<q <3
0o Va®) .
Cexta if3<gqg<o0

ﬂ+ﬁ;"‘ -1
S Ce 2 max({q,2} log & s

/T [0,a(t, &) di < o S A loge™' if0<g<3
0

a(t,§) B Cg*”fﬁqi loge™! if 3 < g < oo.
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Therefore by (3.3) we deduce that for all ¢ € [0, T']

E(§)
g+ﬂ;‘1 71+(maxw12)*2)(ﬂfa) 1] -
E(o,g)exp{c(ez mad | | 4 g T )loge }1f0<q§3
<
E(O,S)GXp{C(E%If;‘I+e‘1)e%iloge‘l} if 3<g <oo.

We choose the parameter ¢ such that

o, pa g w2 E-w
{82+max(q,2)|g|:8 + q 1f0<q§3

HHET if3<q < o0,
i.e.,
g~ if0<g<2
&= |g|—(1+37“—/3+73(‘ﬁqﬂx))7l if2<qg<3
g1+ if3 < g < oo.

Finally we get the following energy inequality
4.3)

E©, &) exp| ClgI T+ loglg] | if0<g <2

EG. &) < E(0, &) exp] C|g|lat@De=PYgU+5H=3@=A) " |og |§|}
T if2<q<3

—a

E(0, &) expl Clg Dm0+ 100 |g|} if3 < g < 0.

Case2. 0<a<1l<pB<?2

Here the coefficients are not differentiable only at the point # = 0; therefore we
regularize the coefficients with Friedrichs’ mollifier only in the neighborhhod
of + = 0 defining

3 a.(t, &) + & forO0<tr<$§
a(t, &) = .
a(t, &)+t m2g¥ ford <t <T,
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where 0 <6 < T and y > 0. By (3.5) we obtain

/Tld(t,é)—a(h%‘)ldt:/‘slas(t,f)—a(t,é)+8“|dH_ Tlemmer| ‘”28V|
0 va(,§) 0 va(,§) va(,§)

8 g —|—8 t ﬁ+2£7’
Lefv e, +[

\t /5+28V

:(L+1)s‘£/ dt+82/ 7 dr
0 1)

{c(sia +e%logs™!) if0<g<p+2
C

0

(4.4) =< . Vo
(628 +e28 7 72) ifB+2<gq < oo.

Since a(t, £) satisfies (1.9) or (1.10), by (3.5) and (2.12) we obtain

T ~ § T ~
/ laia(t’gﬂdt:/ |3tfls(t,€)ldt+/ |3z~a(t,€)ldt
o a(t,é§) o a(,é§) s a,é)
5/51{8&1 J 7|9, {a(t, &)}
0 &

2q Tfl
t+ 1 dt + 1 dt
* 8 (l‘ B2 g)’) :3 +2 8

-1 s ;) —X T4 2q
< Ke dt+ M'e t B2t
0 5 B+2

C(s'8+e Flogs™') if0<qg<p+2

logs™!

/\
&
9]

~

A

Cls'6+6778""72) iff+2<q < oo

er if0<qg<p+2 Bla+2)

s = b and >
e iff+2<q <o P+

by (4.4), (4.5) we get

/T @, 6) —at &)l Ceftiiloge! if0<q < p+2
r < »
0 a(,§) Cestd iff+2<q<oo
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dt <

/T |8,a(t, €)| Ce "7 loge™! if0<qg<pf+2
o aw$§) et ifp+2<qg<o0

P
5 Cg ]+max(q. B+2) log 8_1

Therefore by (3.3) we deduce that
E@t, &) < E(, s)exp{c(s%|g| + &) g e, 577 1ogs—1} for ¢ € [0, T].

We choose the parameter ¢ such that erlgEl =¢e L ie., g = |§|_(1+%)71. We
get the following energy inequality

Et1,§) < E©,§) exp{Clg| "8+ wiiiw log ¢}

E(O,S)GXP{CISI“%“ loglél} if0<g=<p+2
4.6) =
E©, &) exp{Clg| "D P og g} ifg = p2.

Case3. 1l <a<p <2

In such a case we define
3 a(t,&) +¢&“ forO0<tr<$§
a(t, &) = 2
a(t, &)+t g’ for§ <t <T,

where 0 < 6§ < T and y > 0. We easily obtain

T ~
/ la(t.§) —at.)| . _
0 a(t, )

/ l ﬂ+28V
\/t_m(g)’
8 Y
582/ dt+82/ TR dt
0 8

C(e38+e%logs™!) if0<g=<p+2
4.7)
C

A

(8%5+8281_m) ifB+2<qg<oo.
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a(t, &) satisfies (1.9) or (1.10), so that by (2.1) and (2.12) we obtain

T ~ ) T ~
/ |3z~a(f,§)|dt=/ laia(t’Sth—l—/ laia(t’Sth
0 a(t»S) 0 Cl(t, S) ) Cl(t, S)

3 / pfac O] / \at{agr,sﬁ}! "
0 S

(e) (Fer)s
T
+2_qf tdt
B+2Js

5 T
SMCe_I/ dt—I—M’e_;/ 1T dt +
0 P

2q

logs™!
B+2 8

C(s'8+e Flogs™!) if0<qg<p+2
(4.8) <

C(s7'8+¢778'772) iff+2<q < oo

Similarly as the previous case, by (3.3), (4.7) and (4.8) we get the energy
inequality (4.6).

Case4. 0<a<2<§p

If v € (max{l, «}, 2) then we can use (2.13) instead of (1.9) or (1.10) and
consequently arguing as in the previous case we obtain (4.6) with § and ¢
replaced by v and % respectively, i.e.

E(t.8)
E(0, &) exp{Cl&] 49 " log |£]} iro < % sv+2

=

E(0, &) exp{Cl&|1+D " ~0+D 75 00 g} if q;v——cx) zvte
—

Since v can be taken arbitrarily close to 2, we get

(4.9) E@.$§)

1 4(8 —
E(0, &) exp{Clé|* log 51} if0<q< B0

o= o — — 4 [—
E0.8)exp{Clg|1*3 =0+ 5 log ]} ifg > (fff)'

=
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Nevertheless when0 < g < 4('3 “)

We define

we are able obtain a better energy estimate.

a.(t,&)+¢e* for0<tr<§if0<a<1
at,&) =13 at, &)+ for0<tr=<difl<a<?2
a(t,&)+¢e”¥ for§<t<T,

where 0 < § < T and y > 0. Similarly as the Case 2 and the Case 3, using
also (2.2) we obtain

T et —_—
/ |a(t,’§)~ a(t’g)ldt _C(e%cﬁ—l—e%)
0 a(t, &)
T ~ T
fo —la;t(’tf)ﬂ dt <Ce ‘5465 /6 |0,{a, £)7 }|dt

<C(e7's+ehs7h).

B—a
Taking § = ¢#++2 and y = W, by we get
/T 6. 6) —al. )] | e
0 va(,§) B

T ~
/ |8’~a(t’€)|dt§Ca_§%++§.
o a(t,§)

Therefore by (3.3) we deduce that

E(t,é)fE(O,é)exp{ (82(;1;2) &+ &~ ﬁiﬁﬁﬁ)} for t € [0, T].

af+aq+2B _atq+2 | 2
We choose the parameter ¢ such that ¢ 26+ || = ¢ F+2 i.e. &€ = || =2,
Then at last we get the energy inequality
(4.10)

E(t. &) < E(O,g)exp{aa%} (if 0<gq < %)
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Conclusion of the proof
Thus, by (4.3), (4.6), (4.9) and (4.10) we get the energy inequality

E(.8)
ay—1_ ay—1 =
E©, &) exp|Cle 0 1og g )

4(8 —
if05a<2,qzmax{3,ﬁ+2,y}
—

E(0, §) exp{c|é§|{q+(q—2)(a—ﬂ)}{q(1+%)+(q—3)(ot—ﬂ)}’1 log |§|}
f0<a<p<1,2<qg<3

IA

E©0.§) exp{Clg| 45 og [¢1]

O<a<pB<l,B—a<qg=<?2
if
O<a<2,1<p<2,B—a<qg<p+2

min{l 2(a+q+2) }
E'(O7 %‘) exp{c|§‘| 2 2+a)(B+q+2) log |€:|}

4(f—a)

f0<a<2<B,B-a<qg<-—F—-

By virtue of Paley-Wiener theorem, {u(-,t);¢t € [0, T]} is bounded in the
Gevrey classes of order (1.12) and (1.13). This concludes the proof of The-
orem 1.7.

5. Sketch of the proofs of Theorems 1.11 and 1.12

Let us start with the proof of Theorem 1.11. Let «(¢) be a C*, real, non-
negative, 2 -periodic function such that «(r) = 0 for all 7 in a neighborhood

of 0 and fozn a(t)cos’ Tdt = 7. Let o, be defined in the following way
a: (1) = 1 — dea(t) sin 2t — 2ea/ (1) cos® T — 4’ (v) cos” 7.
Easily we see that there exists M > 0 such that
lag(t) — 1] < Me, |l (7)| < Me forall 7 eR.

Let .
w,(T) = cos T exp (28 / a(s) cos® s ds).
0
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The function w; is the solution of the following Cauchy problem
w, + o (t)w, =0 in R
we(0) =1 w,(0) =0.

We consider three monotone sequences {hz}, {ox}, {ex} of positive real
numbers such that

5D hy — o0, & — 0, o — 0,
(5.2) &g < 2M)! forall ke N,
(5.3) he, hepr(A)~ ' e N forall ke N,
+00
(5.4) Y st
k=0

We define, for all k € N,

0 +00
k
tk=1—<?+ E ;Oj),

j=kt1
and Pk Pk
ou-2en]
Weset op, (hi(t — 1)) fort e I
“W=1 for £ € [0, 1]\+lek.
k=0

a(t) satisfies that a(t) : [0,1] — [, 2] and a(r) € CP[0,1) (since a €

C[0, 1)). It is possible to prove that if

(5.5 sup exhy < +00,
keN

then a(t) € C¥[0, 1] and if

+00 q
(5.6) sup 8khf (Z ,0,) < o0,
keN =k

then the condition (1.15) ((1.16) if § is an integer) is satisfied.
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We denote by ¢y the solution of the following Cauchy problem

{ o +hlat)g =0
o) =1 @ () =0.

We have ¢, (t) = wy, (hk(t - tk)) for all r € I;.. we deduce that

Pk 1 , Pk
</)k(f - ?> =6XP<—§8khk,0k), @k(l - ?) =0,
t +& =ex 18 h AN +& =0
Dre\ Uk 5 szkﬂk, Dr\ Uk > .

We introduce the energy

E, () = hia®)|g (D> + gy ()%,

and then for all k € N and for all ¢ € [0, #; — px/2] we can obtain

k-1
E, (1) < h% exp(—ekhk,ok +2M Zgjhj,oj>.
Jj=0
Now we suppose that
k—1
(5.7) 4M28jhjp,- < exhypx,

j=0
sothat £y, () < h,% exp(—%skhkpk) forallk € Nandforalls € [0, t;y — pr/2).
We define

+00 +00
up(x) = Z(ﬂk (0)e'", u(x) = Z(pli(o)elhkx’
k=0 =

and

“+oo
u(t,x) =Y g(t)e".
k=0

Finally we suppose that for all s > 50

q _
g(l—a)+a—B —

1
(5.8) lim h} — exthypr = —o0.

k—+00
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Thus we have that for all s > s, there exists C; > 0 such that

o (D] + |y (1)] < Cyexp(—hy )

forall k € Nandforall¢ € [0, t; — pr/2). But by (5.8) ¢ (tx + pi/2) increases

1

faster than exp(h; ) for all s > so. Consequently u € C'([0, 1); G*) and
u ¢ C'([0, 11; (D*)') for all s > so.
We take fora =0

4 L
_ ATk _ (1-B/9)k —
hk—N y pk—w[N q ], 8k—k_q,
and for o > O,
4m L
_ pgktl _ (I=(B—a)/q0)k _
he= N = e [N e =

where N and 1/L are integers sufficiently large and [x] denotes the maximum
integer less or equal than x. With these choices, (5.1)—(5.8) are all satisfied.

To prove Theorem 1.12 we introduce a real non-negative function p such
that 0 < u(r) < lforallt € R, u(r) =0forallt < —1/3 and u(r) = 1
for all T > 1/3. We consider three monotone sequences {5;}, {vr} and {px}, of
positive real numbers such that

(59) 80 = 1, 51{ -0

(5.10) v — +00, o — 0,

(5.11) we/(ok8?),  w/@m)eN  forall keN,
+o0

(5.12) Y o= 1/2.
k=0

We set

3 +o0 P +o0
r_ k )
tk:l—(i,ok+2 E ,Oj), l‘k—l—<?+2 E ;OJ),

j=k+1 j=k+1

and

Pk Pk / Pk Pk
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We define
1
5/{0!5(%0 — 1)

Sk + (Skg1 — i) ((t — 1)/ pr)
0

a(t) =

293

L0
fort e [O,t ——]
07
fort € I
fort € I

fort =1,

where € is a small positive constant. Easily we see that a(t) € C*([0, 1))
and a(¢) € [0, 2] for all ¢+ € [0, 1]; the condition (5.9) implies that a(t) €

C°([0, 1]). Requiring that
Vi
Pk

(5.13) sup sk(

keN

then a(t) € C*([0, 1]), while if

(5.14)
keN

then condition (1.15) holds.

o
) < 400,

" B st q
(i) (o) <
Pk ik

We define ug(x), u;(x), u(t, x) as in the proof of the Theorem 1.11. Re-

quiring that

(5.15) 2M ¥ v; < ;vk
j=0
and, forall s > (1 + %)(ML#})’
1/s
(5.16) kgr&o(m> ~ log & — v = —o0,

the conclusion of the theorem follows as before. It is sufficient to find the
sequences satisfying (5.9)—(5.16). A good choice is, for « = 0,

1
o = —, Y :471Nk+1,
Tkt g
and, for o > 0,
(Sk:N_‘Ii‘;%, Uk=47TNk+l,

O Lual”

[ka,i/ZN%]

Lo

(B—a)k

I:vk(Sli/ZN ata—p ]
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