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GEVREY-WELL-POSEDNESS FOR WEAKLY
HYPERBOLIC OPERATORS WITH

HÖLDER-CONTINUOUS COEFFICIENTS

F. COLOMBINI, D. DEL SANTO and T. KINOSHITA

1. Introduction

We shall consider the equation

(1.1) ∂2
t u −

n∑
i,j=1

aij (t)∂xi ∂xj u = 0 in [0, T ] × Rn
x

with initial data

(1.2) u(0, x) = u0(x), ∂tu(0, x) = u1(x) in Rn
x,

where (aij (t))1≤i,j≤n is a real symmetric matrix for all t ∈ [0, T ]. Defining
a(t, ξ) =∑n

i,j=1 aij (t)ξiξj /|ξ |2, we will say that the equation (1.1) is strictly
hyperbolic if a(t, ξ) satisfies

(1.3) a(t, ξ) ≥ ∃c0 > 0 for all t ∈ [0, T ], ξ ∈ Rn
ξ \ {0}.

We will say that the equation (1.1) is only weakly hyperbolic if

(1.4) a(t, ξ) ≥ 0 for all t ∈ [0, T ], ξ ∈ Rn
ξ \ {0}.

Throughout this paper the coefficients aij (t) are supposed to be non-smooth:
we assume that

(1.5) aij (t) ∈ Cα([0, T ]) for i, j = 1, 2, . . . , n,

where Cα([0, T ]) is the space of Hölder-continuous functions of order α on
[0, T ] (f (t) ∈ Cα([0, T ]) if f (t) has continuous derivatives on [0, T ] up to
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the order [α], the largest integer less or equal than α, and

‖f ‖Cα([0,T ]) =
[α]∑
k=0

sup
t∈[0,T ]

|f (k)(t)| + sup
0≤s<t≤T

|f ([α])(t) − f ([α])(s)|
|t − s|α−[α]

< +∞).

Under the assumptions (1.3) and (1.5), if α ≥ 1, the Cauchy problem (1.1),
(1.2) is well-posed in C∞(Rn

x), while, if 0 < α < 1, the problem (1.1), (1.2)
is well-posed in Gs(Rn

x), the Gevrey class of order s, with 1 ≤ s < 1
1−α

(see
[1]). Under the assumptions (1.4) and (1.5), if 0 < α < ∞, the problem (1.1),
(1.2) is well-posed in the Gevrey classes of order 1 ≤ s < 1 + α

2 (see [6]).
Some counter examples constructed using fast oscillatory coefficients show
that these results cannot be improved from the point of view of the value of
the Gevrey indexes.

We emphasize the fact that the regularity of the coefficients does not neces-
sarily determine the speed of their oscillations. It is then natural to introduce,
apart from the regularity, a new condition on the coefficients in order to con-
trol their oscillations. In our previous papers [2], [3] and [4] we assumed the
oscillation condition as follows:

(1.6)

{
aij (t) ∈ C1((0, T ]) for i, j = 1, 2, . . . , n

|∂ta(t, ξ)| ≤ ∃M
tq

for all t ∈ (0, T ], ξ ∈ Rn
ξ \ {0},

where q > 1−α. Assuming (1.3) (resp. (1.4)), (1.5) and (1.6), we showed that
the Cauchy problem (1.1), (1.2) is well-posed in the Gevrey classes of order

(1.7) 1 ≤ s <

(
q

q − 1

)(
1

1 − α

)
if q > 1.

(1.8)

(
resp.

{
1 ≤ s ≤ 3

2 if q < 3

1 ≤ s <
(
1 + α

2

)(
q

q+α−1

)
if q ≥ 3

)

Remark 1.1. As the parameter q tends to infinity, the oscillation condition
(1.6) loses sense and (1.7) and (1.8) approach to the results of [1] and [6].

Remark 1.2. The oscillation speed is expressed in term of the first derivat-
ives of the coefficients; therefore, as the exponent α of the regularity condition
(1.5) tends to one, the oscillation condition (1.6) gives less effect to the well-
posedness, and again (1.7) and (1.8) approach to the results of [1] and [6].

In the present paper, in order to control the speed of oscillation of the
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coefficients, we assume, instead of (1.6), the following condition: ifβ ∈ N\{0},

(1.9)



aij (t) ∈ Cβ(0, T ] for i, j = 1, 2, . . . , n

|∂βt a(t, ξ)| ≤
∃M
tq

for all t ∈ (0, T ], ξ ∈ Rn
ξ \ {0},

and, if β ∈ (0,+∞) \ N,
(1.10)

aij (t) ∈ C[β]((0, T ]) for i, j = 1, 2, . . . , n∣∣∂ [β]

t a(s, ξ) − ∂
[β]
t a(t, ξ)

∣∣
(s − t)β−[β]

≤
∃M
tq

for all 0 < t < s ≤ T , ξ ∈ Rn
ξ \ {0},

Remark 1.3. The condition (1.10) can be equivalently expressed in the
following way: for all ε ∈ (0, T ), aij (t) ∈ Cβ([ε, T ]) and there exists M > 0
such that ‖a(·, ξ)‖Cβ([ε,T ]) ≤ Mε−q for all ε ∈ (0, T ) and ξ ∈ Rn

ξ\{0}.
Assuming (1.5), without loss of generality, we can bound ourselves to con-

sider in (1.9) and (1.10) only in the case when q > β − α. Our first result
concerns the strictly hyperbolic case.

Theorem 1.4. Let T > 0, 0 ≤ α < 1, α < β and q > β − α. Assume that
(1.3), (1.5) and (1.9) or (1.10) hold. Then the Cauchy problem (1.1) and (1.2)
is well-posed in the Gevrey classes of order
(1.11)

1 ≤ s <



(A) = q

q(1 − α) + α − β
if q > max

{
1,

β − α

1 − α

}

(B) = 1

1 − β
if q ≤ 1 and 0 ≤ α < β < 1.

If β ≥ 1 and q <
β−α

1−α
, the Cauchy problem (1.1) and (1.2) is well-posed in

C∞.

Remark 1.5. When β = 1, (1.11) coincides with (1.7).

Remark 1.6. As q tends to infinity or β tends to α, (1.11) approaches to
the result of [1].

Let us turn now to the weakly hyperbolic case.

Theorem 1.7. Let T > 0 and q > β − α. Assume that (1.4), (1.5) and
(1.9) or (1.10) hold. Then, if 0 ≤ α < β ≤ 2, the Cauchy problem (1.1), (1.2)
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is well-posed in the Gevrey classes of order
(1.12)

1 ≤ s <




(A) =
(

1 + α

2

)(
q

q + α − β

)
if q ≥ max{3, β + 2},

(B) = q
(
1 + α

2

)+ (q − 3)(α − β)

q + (q − 2)(α − β)
if β + 2 < q < 3,

(C) = 1 + β

2
otherwise.

Moreover, if 0 ≤ α < 2 < β, the Cauchy problem (1.1), (1.2) is well-posed
in the Gevrey classes of order
(1.13)

1 ≤ s <



(A) =

(
1 + α

2

)(
q

q + α − β

)
if q ≥ 4(β − α)

2 − α
,

(D) = max

{
2,

(
1 + α

2

)(
q + β + 2

q + α + 2

)}
if q <

4(β − α)

2 − α
.

Remark 1.8. When β = 1, (1.12) coincides with (1.8).

Remark 1.9. As q tends to infinity or β tends to α, (1.12) and (1.13)
approach to the result of [6].

Remark 1.10. By the conditions (1.9) or (1.10) the oscillation of the coef-
ficients is allowed, with the prescribed speed, near the point t = 0. Actually
it is possible to prove analogous well-posedness results when the oscillation
occurs around any point t̄ ∈ [0, T ] and conditions similar to (1.9) or (1.10) are
valid (see [2]).

The results of Theorem 1.4 and part of those of Theorem 1.7 are sharp. To
see this we shall consider the Cauchy problem

(1.14)

{
∂2
t u − a(t)∂2

xu = 0 in [0, 1] × R1
x

u(0, x) = u0(x), ∂tu(0, x) = u1(x) in R1
x

and the oscillation of a(t) will take place near t = 1. The sharpness of the
value (B) of Theorem 1.4 is proved by the counter example constructed in [1];
the next result concernes only the value (A).

Theorem 1.11. Let 0 ≤ α < 1, α < β and q > β − α. Then there exists a
function a(t) : [0, 1] → [ 12 , 3

2

]
belonging to Cα([0, 1]) ∩ Cβ([0, 1 − ε]) for
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all ε ∈ (0, 1) and satisfying

(1.15)
|a([β])(t) − a([β])(s)|

(t − s)β−[β]
≤

∃M
(1 − t)q

for all 0 ≤ s < t < 1,

and there exist u0(x), u1(x) ∈ Gs(R1
x) such that the Cauchy problem (1.14)

has no solution in C1
(
[0, 1]; (Ds)′

)
if

s >
q

q(1 − α) + α − β
,

where (Ds)′ is the space of Gevrey ultradistributions of order s. In particular
when β ∈ N, (1.15) can be replaced by

(1.16) |a(β)(t)| ≤
∃M

(1 − t)q
for all t ∈ [0, 1).

Our last result shows that the value (A) in Theorem 1.7 cannot be improved.
We remark that the counter example of [6] proves that also the value (C) of
Theorem 1.7 is sharp.

Theorem 1.12. Let 0 ≤ α < β and q > β−α. Then there exists a function
a(t) : [0, 1] → [0, 2] belonging toCα([0, 1])∩Cβ([0, 1−ε]) for all ε ∈ (0, 1)
and satisfying the condition (1.15), and there exist u0(x), u1(x) ∈ Gs(R1

x) such
that the Cauchy problem (1.14) has no solution in C1

(
[0, 1]; (Ds)′

)
if

s >

(
1 + α

2

)(
q

q + α − β

)
.

In particular when β ∈ N, (1.15) can be replaced by (1.16).

The paper is organized as follows: in Paragraph 2 we state and prove some
preliminary results on Hölder-continuous functions which will be used in the
proofs on the main theorems. Paragraph 3 is devoted to the proof of the The-
orem 1.4 and Paragraph 4 to that one of the Theorem 1.7. In the last paragraph
we give a sketch of the proof of the Theorem 1.11 and only some ideas about
that one of the Theorem 1.12, pointing out to the interested reader the similar
constructions of counter examples in [1], [6], [7], [2], [3], [4] and [5].

2. Preliminaries

In this section we recall and we prove some lemmata of real analysis which
characterize the functions satisfying the assumptions (1.9) or (1.10).
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Lemma 2.1 (Lemma 1 in [6]). Let T > 0 and β ≥ 1. Then there exists
M > 0 such that for all non-negative function g(t) defined in [0, T ] and
belonging to Cβ([ε, T ]) for all ε ∈ (0, T ), we have

(2.1)
∫ T

a

∣∣{g(t)1/β
}′∣∣ dt ≤ M

∥∥g∥∥1/β
Cβ [a,T ] for all a ∈ (0, T ).

From Lemma 2.1, we immediately get the following result.

Lemma 2.2. Let T > 0, β ≥ 1 and q ≥ 0. Let g(t) be a non-negative
function defined in [0, T ] and belonging to Cβ([ε, T ]) for all ε ∈ (0, T ).
Assume that there exists M > 0 such that


|g([β])(s) − g([β])(t)|
(s − t)β−[β]

≤ M

tq
for all 0 < t < s ≤ T , if β is not an integer,

|g(t)(β)| ≤ M

tq
for all t ∈ (0, T ], if β is an integer.

Then there exists M ′ > 0 such that

(2.2)
∫ T

a

∣∣{g(t)1/β
}′∣∣ dt ≤ M ′a−q/β for all a ∈ (0, T ).

In the proofs of the Theorem 1.7 we will use, together with (2.2), another
inequality. To obtain it we start quoting the following lemma.

Lemma 2.3 (Lemma 1 in [8]). Let 1 < β ≤ 2. Then there exists M > 0
such that for all non-negative function g(t) ∈ Cβ(R) we have

(2.3) |g(σ )′| ≤ M|g(σ )|1−1/β

(
sup
t<s

|g′(s) − g′(t)|
(s − t)β−1

)1/β

for all σ ∈ R.

Lemma 2.3 is the key ingredient in the proof of the following result.

Lemma 2.4. Let 1 < β ≤ 2. Then there exists M ′ > 0 such that for all
a, b ∈ R with a < b, for all δ ∈ (0, b−a

2

)
and for all non-negative function

g(t) ∈ Cβ([a, b]) we have

(2.4) |g(t)′| ≤ M ′|g(t)|1−1/β
(∥∥g∥∥1/β

Cβ([a,b]) + δ1−β
∥∥g∥∥

C1([a,b])

)1/β

for all t ∈ [a + δ, b − δ].
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Proof. Let ϕ(t) be a non-negative function belonging to Cβ(R) such that
ϕ(t) = 1 for all t ≥ 1 and ϕ(t) = 0 for all t ≤ 0. Let us define

g̃(t) =
{

1 − ϕ

(
t − a

δ

)}
g(a)

+
{
ϕ

(
t − a

δ

)
+ ϕ

(
b − t

δ

)
− 1

}
g(t) +

{
1 − ϕ

(
b − t

δ

)}
g(b).

Since g̃(t) is a non-negative function belonging to Cβ(R), by Lemma 2.3 we
deduce that there exists M > 0 such that, for all σ ∈ R satisfying g̃(σ ) �= 0,

(2.5)
∣∣{g̃(σ )1/β

}′∣∣ ≤ M

(
sup
t<s

|g̃′(s) − g̃′(t)|
(s − t)β−1

)1/β

.

Noticing that

g̃′(t) = 1

δ
ϕ′
(
t − a

δ

){
g(t) − g(a)

}

+ 1

δ
ϕ′
(
b − t

δ

){
g(b) − g(t)

}+ {ϕ( t − a

δ

)
+ ϕ

(
b − t

δ

)
− 1

}
g′(t),

we have

|g̃′(s) − g̃′(t)|
(s − t)β−1

≤
∣∣ 1
δ
ϕ′( s−a

δ

){g(s) − g(a)} − 1
δ
ϕ′( t−a

δ

){g(t) − g(a)}∣∣
(s − t)β−1

+
∣∣ 1
δ
ϕ′( b−s

δ

){g(b) − g(s)} − 1
δ
ϕ′( b−t

δ

){g(b) − g(t)}∣∣
(s − t)β−1

+
∣∣{ϕ( s−a

δ

)+ ϕ
(
b−s
δ

)− 1
}
g′(s) − {ϕ( t−a

δ

)+ ϕ
(
b−t
δ

)− 1
}
g′(t)
∣∣

(s − t)β−1

≡ I + II + III.(2.6)

We first estimate I . We remark that the support of ϕ′( t−a
δ

)
is contained in

[a, a + δ]. We shall consider two different cases. Suppose first that a ≤ t <

a + δ < s. In this case we have that ϕ′( s−a
δ

) = 0. Since s > a + δ and



274 f. colombini, d. del santo and t. kinoshita

δ > t − a, using also the fact that ϕ′(1) = 0, we obtain

I =
∣∣ 1
δ
ϕ′( t−a

δ

){g(t) − g(a)}∣∣
(s − t)β−1

=
∣∣ϕ′( t−a

δ

)∣∣
(s − t)β−1

· |g(t) − g(a)|
δ

≤
∣∣ϕ′( t−a

δ

)∣∣
(a + δ − t)β−1

· |g(t) − g(a)|
t − a

≤ 1

δβ−1
·
∣∣ϕ′(1) − ϕ′( t−a

δ

)∣∣(
1 − t−a

δ

)β−1 · |g(t) − g(a)|
t − a

≤ δ1−β‖ϕ‖Cβ(R)‖g‖C1([a,b]).

Next suppose a ≤ t < s < a + δ. Noticing that s − t ≤ δ and s − a ≤ δ, we
deduce

I ≤ 1

δ
·
∣∣∣∣ϕ′
(
t − a

δ

)∣∣∣∣· |g(s) − g(t)|
(s − t)β−1

+ 1

δ
·
∣∣ϕ′( s−a

δ

)− ϕ′( t−a
δ

)∣∣
(s − t)β−1

·|g(s) − g(a)|

≤ 1

δ
·
∣∣∣∣ϕ′
(
t − a

δ

)∣∣∣∣ · (s − t)
∣∣g′(s + ∃θ(t − s)

)∣∣
(s − t)β−1

+ s − a

δβ
·
∣∣ϕ′( s−a

δ

)− ϕ′( t−a
δ

)∣∣(
s−a
δ

− t−a
δ

)β−1 · |g(s) − g(a)|
s − a

≤ 1

δ
(s − t)2−β‖ϕ‖C1(R)‖g‖C1([a,b]) + s − a

δβ
‖ϕ‖Cβ(R)‖g‖C1([a,b])

≤ 2δ1−β‖ϕ‖Cβ(R)‖g‖C1([a,b]).

Therefore we get

(2.7) I ≤ 2δ1−β‖ϕ‖Cβ(R)‖g‖C1[a,b].

Similarly we get

(2.8) II ≤ 2δ1−β‖ϕ‖Cβ(R)‖g‖C1[a,b].

To estimate III we remark that the supports of
{
ϕ
(
s−a
δ

) + ϕ
(
b−s
δ

) − 1
}

and{
ϕ
(
t−a
δ

)+ϕ
(
b−t
δ

)− 1
}

are contained in [a, b] and consequently we may only
consider the case of a ≤ t < s ≤ b. We deduce
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III ≤
∣∣ϕ( s−a

δ

)− ϕ
(
t−a
δ

)∣∣|g′(t)|
(s − t)β−1

+
∣∣ϕ( b−s

δ

)− ϕ
(
b−t
δ

)∣∣|g′(t)|
(s − t)β−1

+
∣∣ϕ( s−a

δ

)+ ϕ
(
b−s
δ

)− 1
∣∣|g′(s) − g′(t)|

(s − t)β−1

≤
∣∣ϕ( s−a

δ

)− ϕ
(
t−a
δ

)∣∣(
s−a
δ

− t−a
δ

)β−1 · |g′(t)|
δβ−1

+
∣∣ϕ( b−s

δ

)− ϕ
(
b−t
δ

)∣∣(
s−a
δ

− t−a
δ

)β−1 · |g′(t)|
δβ−1

+ |g′(s) − g′(t)|
(s − t)β−1

≤ 2δ1−β‖ϕ‖Cβ−1(R)‖g‖C1([a,b]) + ‖g‖Cβ([a,b])(2.9)

Thus, by (2.6)–(2.9) it follows that

sup
t<s

|g̃′(s) − g̃′(t)|
(s − t)β−1

≤ 6δ1−β‖ϕ‖Cβ(R)‖g‖C1([a,b]) + ‖g‖Cβ([a,b]).

This together with (2.5) implies (2.4), since
∣∣{g(t)1/β

}′∣∣ = ∣∣{g̃(t)1/β
}′∣∣ for all

t ∈ [a + δ, b − δ] satisfying g(t) �= 0.

Lemma 2.5. Let T > 0, 0 < γ ≤ 1 and γ < q. Let h(t) be a function
defined in [0, T ] and belonging to Cγ ([ε, T ]) for all ε ∈ (0, T ). Assume that
there exists M > 0 such that


|h(s) − h(t)|
(s − t)γ

≤ M

tq
for all 0 < t < s ≤ T if 0 < γ < 1,

|h′(t)| ≤ M

tq
for all t ∈ (0, T ] if γ = 1.

Then there exists M̃ > 0 such that

(2.10) |h(t)| ≤ M̃

tq−γ
for all t ∈ (0, T ].

Proof. Since the case of γ = 1 is trivial, we suppose that 0 < γ < 1.
Let 0 < t0 ≤ T/2. We remark that there exists n0 ∈ N \ {0} such that
T/2n0+1 ≤ t0 ≤ T/2n0 . Since |h(t0) − h(2t0)| ≤ Mt

−q+γ

0 , we have

|h(t0)| ≤ |h(2t0)| + Mt
−q+γ

0 ,

and similarly |h(2t0)| ≤ |h(4t0)| + M(2t0)
−q+γ .
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Recursively, we deduce that

|h(t0)| ≤ ∣∣h(2n0 t0
)∣∣+ Mt

−q+γ

0

n0−1∑
j=0

1

(2q−γ )j
.

Hence we get for all t ∈ (0, T /2]

|h(t)| ≤ sup
T/2≤s≤T

|h(s)| + M

1 − 2−q+γ
t−q+γ .

From this the inequality (2.10) follows easily.

Lemma 2.6. Let T > 0, 1 < β ≤ 2 and q ≥ β − 1. Let g(t) be a
non-negative function defined in [0, T ] and belonging to Cβ([ε, T ]) for all
ε ∈ (0, T ). Assume that there exists M > 0 such that

(2.11)




|g′(s) − g′(t)|
(s − t)β−1

≤ M

tq
for all 0 < t < s ≤ T if 1 < β < 2,

|g′′(t)| ≤ M

tq
for all t ∈ (0, T ] if β = 2.

Then there exists M ′ > 0 such that

(2.12) |g′(t)| ≤ M ′|g(t)|1−1/β t−q/β for all t ∈ (0, T /2).

Proof. We take an arbitrarily fixed point t0 ∈ (0, T /2). Setting a = t0/2,
b = T − t0/2 and δ = t0/2, by Lemma 2.4 we find that there exists M ′ > 0
such that for t ∈ [t0, T − t0] satisfying g(t) �= 0

∣∣{g(t)1/β
}′∣∣ ≤ M ′

(
‖g‖Cβ([t0/2,T−t0/2]) +

(
t0

2

)1−β

‖g‖C1([t0/2,T−t0/2])

)1/β

.

Applying Lemma 2.5 to the function g′(t) we deduce that

|g′(t)| ≤ M̃

tq−β+1
for all t ∈ (0, T ],

and consequently

‖g‖C1([t0/2,T−t0/2]) ≤ M1t
−q+β−1
0 .

On the other hand (2.11) implies that

‖g‖Cβ([t0/2,T−t0/2]) ≤ M2t
−q

0 .
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Consequently∣∣{g(t)1/β
}′∣∣ ≤ Mt

−q/β

0 for all t ∈ [t0, T − t0] such that g(t) �= 0.

In particular ∣∣{g(t0)1/β
}′∣∣ ≤ Mt

−q/β

0

and (2.12) follows .

Lemma 2.7. Let T > 0 and α, ν, β ∈ (0,+∞) with α < ν < β. Let g(t)
be a function defined in [0, T ] and belonging to Cα[0, T ] ∩ Cβ[ε, T ] for all
ε ∈ (0, T ). Assume that there exists M > 0 such that


|∂ [β]
t g(s) − ∂

[β]
t g(t)|

(s − t)β−[β]
≤ M

tq
for all 0 < t < s ≤ T if β is not an integer

|∂βt g(t)| ≤ M

tq
for all t ∈ (0, T ] if β is an integer.

Then, if ν is not an integer, there exists M ′ > 0 such that

(2.13)

∣∣∂ [ν]
t g(s) − ∂

[ν]
t g(t)

∣∣
(s − t)ν−[ν]

≤ M ′

t
q(ν−α)

β−α

for all 0 < t < s ≤ T .

Proof. We fix a point t0 in the interval (0, T ). Since ν is not an integer, by
the generalized Kolmogorov inequality (see [9]) we find that

‖g‖Cν([t0,T ]) ≤ C
∥∥g∥∥1− ν−α

β−α

Cα([t0,T ])

∥∥g∥∥ ν−α
β−α

Cβ([t0,T ]) ≤ C

(
M

t
q

0

) ν−α
β−α

= M ′

t
q(ν−α)

β−α

0

.

In particular, it also holds that∣∣∂ [ν]
t g(s) − ∂

[ν]
t g(t0)

∣∣
(s − t0)ν−[ν]

≤ M ′

t
q(ν−α)

β−α

0

for all t0 < s ≤ b.

Hence we get (2.13), since t0 is an arbitrarily fixed point in (0, T ).

3. Proof of Theorem 1.4

When s = 1, the Cauchy problem (1.1) and (1.2) is well-posed in G1 which
is the topological vector space of analytic functions on Rn

x (see §8 in [1]).
Therefore we can devote ourselves to the proof when the Gevrey order s is
larger than 1; Moreover we suppose that the initial data u0(x) and u1(x) belong
to Gs(Rn

x) and have compact support. Our task is to investigate the regularity
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of the solution and this will be done by the usual way of energy estimates and
Paley-Wiener theorem.

By Fourier transform with respect to the space variable the Cauchy problem
(1.1) and (1.2) is changed into

(3.1) ∂2
t v + a(t, ξ)|ξ |2v = 0 in [0, T ] × Rn

ξ

with initial data

(3.2) v(0, ξ) = v0(ξ) ∂tv(0, ξ) = v1(ξ) in Rn
ξ .

We define the energy as

E(t, ξ) = ã(t, ξ)|ξ |2|v|2 + |∂tv|2,
where ã(t, ξ)(≥ ∃c0 > 0) is a differentable fuction which will be defined later.
Differentiating E(t, ξ) with respect to the time and using the equation (3.1),
we have

∂tE(t, ξ) = 2ã(t, ξ)|ξ |2�(∂tv, v) + ∂t ã(t, ξ)|ξ |2|v|2 + 2�(∂2
t v, ∂tv)

= 2{ã(t, ξ) − a(t, ξ)}|ξ |2�(∂tv, v) + ∂t ã(t, ξ)

ã(t, ξ)
ã(t, ξ)|ξ |2|v|2

≤ |ã(t, ξ) − a(t, ξ)||ξ |√
ã(t, ξ)

E(t, ξ) + |∂t ã(t, ξ)|
ã(t, ξ)

E(t, ξ) for t ∈ [0,T ].

Hence Gronwall’s inequality yields
(3.3)

E(t, ξ) ≤ E(0, ξ) exp

{∫ T

0

|ã(t, ξ) − a(t, ξ)|√
ã(t, ξ)

dt |ξ | +
∫ T

0

|∂t ã(t, ξ)|
ã(t, ξ)

dt

}

for all t ∈ [0, T ]. By (1.3) we get
(3.4)

E(t, ξ) ≤ E(0, ξ) exp

{
1√
c0

∫ T

0
|ã(t, ξ)−a(t, ξ)| dt |ξ |+ 1

c0

∫ T

0
|∂t ã(t, ξ)| dt

}

for all t ∈ [0, T ]. We extend the set of definition of the coefficients to the
whole R in such a way that ai,j (t) = 0 for all t ∈ (−∞,−1] ∪ [T + 1,∞)

and ai,j (t) ∈ Cα(R) ∩ Cβ((0,+∞)). We separate the proof into two parts
according to the case that 0 ≤ α < β ≤ 1, or 0 ≤ α < 1 < β.

Let then 0 ≤ α < β ≤ 1. We need the following result.

Lemma 3.1. Let 0 < ε ≤ 1 and ρ(t) be a non-negative function such
that ρ(t) ∈ C∞

0 (R), supp ρ ⊂ [−1, 1], and
∫∞
−∞ ρ(τ) dτ = 1. Let aε(t, ξ) =
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∫∞
−∞ a(t + τε, ξ)ρ(τ ) dτ . If a(t, ξ) satisfies (1.5) and (1.10) (or (1.9)) with

0 ≤ α < β ≤ 1, then there exist L > 0 and K > 0 such that

(3.5) |aε(t, ξ) − a(t, ξ)| ≤ Lεα, |∂taε(t, ξ)| ≤ Kεα−1

for all t ∈ [0, T ],

(3.6) |aε(t, ξ) − a(t, ξ)| ≤ Lt−qεβ, |∂taε(t, ξ)| ≤ Kt−qεβ−1

for all t ∈ [ 32ε, T ].
Proof. Let us prove for instance (3.6). By (1.10) (or (1.9)) we get for

3
2ε ≤ t ≤ T

|aε(t, ξ) − a(t, ξ)| =
∣∣∣∣
∫ ∞

−∞
a(t + τε, ξ)ρ(τ ) dτ −

∫ ∞

−∞
a(t, ξ)ρ(τ ) dτ

∣∣∣∣
≤
∫ 1

−1
|a(t + τε, ξ) − a(t, ξ)|ρ(τ) dτ

≤
∫ 1

−1

M

(t − ε)q
|τε|βρ(τ) dτ

≤ M(
t − 2

3 t
)q εβ
∫ 1

−1
|τ |βρ(τ) dτ ≤ Lt−qεβ

|∂taε(t, ξ)| =
∣∣∣∣1ε
∫ ∞

−∞
a(t + τε, ξ)ρ ′(τ ) dτ − 1

ε

∫ ∞

−∞
a(t, ξ)ρ ′(τ ) dτ

∣∣∣∣
≤ 1

ε

∫ 1

−1
|a(t + τε, ξ) − a(t, ξ)||ρ ′(τ )| dτ

≤ 1

ε

∫ 1

−1

M

(t − ε)q
|τε|β |ρ ′(τ )| dτ

≤ M(
t − 2

3 t
)q εβ−1

∫ 1

−1
|τ |β |ρ ′(τ )| dτ ≤ Kt−qεβ−1.

Let us come again to the proof of the Theorem 1.4. We define

ã(t, ξ) = aε(t, ξ) =
∫ ∞

−∞
a(t + τε, ξ)ρ(τ ) dτ
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where 0 < ε ≤ 1. If 3
2ε < δ ≤ T , by (3.5) and (3.6) we obtain

∫ T

0
|ã(t, ξ) − a(t, ξ)| dt ≤

∫ δ

0
|aε(t, ξ) − a(t, ξ)| dt +

∫ T

δ

|aε(t, ξ) − a(t, ξ)| dt

≤
∫ δ

0
Lεα dt +

∫ T

δ

Lt−qεβ dt

≤
{
C
{
εαδ + εβ log δ−1

}
if 0 < q ≤ 1

C
{
εαδ + εβδ1−q

}
if 1 < q < ∞.

(3.7)

∫ T

0
|∂t ã(t, ξ)| dt ≤

∫ δ

0
|∂taε(t, ξ)| dt +

∫ T

δ

|∂taε(t, ξ)| dt

≤
∫ δ

0
Kεα−1 dt +

∫ T

δ

Kt−qεβ−1 dt

≤
{
C
(
εα−1δ + εβ−1 log δ−1

)
if 0 < q ≤ 1

C
(
εα−1δ + εβ−1δ1−q

)
if 1 < q < ∞.

(3.8)

Taking δ =
{
εβ−α if 0 < q ≤ 1

ε
β−α

q if 1 < q < ∞,
by (3.7) and (3.8) we get

∫ T

0
|ã(t, ξ) − a(t, ξ)| dt

≤
{
Cεβ log ε−1 if 0 < q ≤ 1

Cε
α+ β−α

q if 1 < q < ∞
≤ Cε

α+ β−α

max{q,1} log ε−1,

∫ T

0
|∂t ã(t, ξ)| dt

≤
{
Cεβ−1 log ε−1 if 0 < q ≤ 1

Cε
α−1+ β−α

q if 1 < q < ∞
≤ Cε

α−1+ β−α

max{q,1} log ε−1.

Therefore by (3.4) we deduce that

E(t, ξ) ≤ E(0, ξ) exp
{
C
(|ξ | + ε−1

)
ε
α+ β−α

max{q,1} log ε−1
}

for all t ∈ [0, T ].
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Finally we choose the parameter ε such that |ξ | = ε−1. Then we get the
following energy inequality

E(t, ξ) ≤ E(0, ξ) exp
{
C|ξ |1−α− β−α

max{q,1} log |ξ |
}

≤ E(0, ξ) exp
{
C|ξ |max

{
q(1−α)+α−β

q
,1−β

}
log |ξ |

}
for all t ∈ [0, T ](3.9)

We consider now the case that 0 ≤ α < 1 < β. Taking ν ∈ (α, 1), from
(2.13) we deduce that

|a(s, ξ) − a(t, ξ)|
(s − t)ν

≤
∃M ′

t
q(ν−α)

β−α

for all 0 < t < s ≤ T , ξ ∈ Rn
ξ \ {0}.

Arguing as in the previous case, with β and q replaced by ν and q(ν−α)

β−α
re-

spectively, we obtain

E(t, ξ) ≤ E(0, ξ) exp
{
C|ξ |1−α− ν−α

max{q(ν−α)/(β−α),1} log |ξ |
}

= E(0, ξ) exp

{
C|ξ |max

{
q(1−α)+α−β

q
,1−ν
}

log |ξ |
}

for all t ∈ [0, T ].

Hence, if q >
β−α

1−α
we have, taking ν = α + β−α

q
,

(3.10) E(t, ξ) ≤ E(0, ξ) exp
{
C|ξ | q(1−α)+α−β

q log |ξ |
}

for t ∈ [0, T ].

Thus, by (3.9) and (3.10) we get the energy inequality

E(t, ξ)

≤



E(0, ξ) exp

{
C|ξ | q(1−α)+α−β

q log |ξ |
}

if q ≥ max

{
1,

β − α

1 − α

}

E(0, ξ) exp
{
C|ξ |1−β log |ξ |} if 0 ≤ α < β < 1, β − α < q ≤ 1.

In virtue of Paley-Wiener theorem, {u(·, t); t ∈ [0, T ]} is bounded in the
Gevrey classes of order (1.11).

If β > 1 and q <
β−α

1−α
, there exists 1 < ν(< 2) such that q ≤ β−α

ν−α
. By

(2.13) we find that

|∂ta(s, ξ) − ∂ta(t, ξ)|
(s − t)

≤ M ′

t
for all 0 < t < s ≤ T , ξ ∈ Rn

ξ \ {0},

and then

|∂βt a(t, ξ)| ≤
∃M ′′

t
for all 0 < t ≤ T , ξ ∈ Rn

ξ \ {0}.
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From [3] (see also [2]) we obtain the well-posedness in C∞. This concludes
the proof of Theorem 1.4.

4. Proof of Theorem 1.7

In this section we will prove the Theorem 1.7. The strategy will be the same
as in the previous proof: we will use the energy inequalities and the Paley-
Wiener Theorem. To obtain the energy inequalities we will divide the proof
into several parts according to the following cases: Case 1. 0 ≤ α < β ≤ 1,
Case 2. 0 ≤ α ≤ 1 < β ≤ 2, Case 3. 1 < α < β ≤ 2, Case 4. 0 < α < 2 < β.

Case 1. 0 ≤ α < β ≤ 1

Since the coefficients may be not differentiable, they cannot enter directly
into the definition of the energy. As in the proof of Theorem 1.4 we regular-
ize the coefficients using Friedrichs’ mollifier: we put aε(t, ξ) = ∫∞

−∞ a(t +
τε, ξ)ρ(τ ) dτ and we define

ã(t, ξ) =
{
aε(t, ξ) + εα for 0 ≤ t ≤ δ

aε(t, ξ) + t− max{2, 2q
3 }εγ for δ ≤ t ≤ T ,

where 3
2ε ≤ δ ≤ T and γ ≥ 0. By (3.5) and (3.6) we obtain

∫ T

0

|ã(t, ξ) − a(t, ξ)|√
ã(t, ξ)

dt

=
∫ δ

0

|aε − a + εα|√
ã

dt +
∫ T

δ

∣∣aε − a + t− max{2, 2q
3 }εγ
∣∣

√
ã

dt

≤
∫ δ

0

Lεα + εα√
εα

dt +
∫ T

δ

Lt−qεβ + t− max{2, 2q
3 }εγ√

t− max{2, 2q
3 }εγ

dt

≤ (L + 1)ε
α
2

∫ δ

0
dt + Lεβ− γ

2

∫ T

δ

t− min{q−1, 2q
3 }dt + ε

γ

2

∫ T

δ

t− max{1, q3 }dt

≤



C
(
ε

α
2 δ + εβ− γ

2 log δ−1 + ε
γ

2 log δ−1
)

if 0 < q ≤ 2

C
(
ε

α
2 δ + εβ− γ

2 δ2−q + ε
γ

2 log δ−1
)

if 2 < q ≤ 3

C
(
ε

α
2 δ + εβ− γ

2 δ1− 2q
3 + ε

γ

2 δ1− q

3
)

if 3 < q < ∞
(4.1)
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Similarly we have

∫ T

0

|∂t ã(t, ξ)|
ã(t, ξ)

dt

=
∫ δ

0

|∂taε(t, ξ)|
ã(t, ξ)

dt +
∫ T

δ

∣∣∂taε(t, ξ) + ∂t
(
t− max{2, 2q

3 }εγ
)∣∣

ã(t, ξ)
dt

≤
∫ δ

0

Kεα−1

εα
dt +
∫ T

δ

Kt−qεβ−1 + Ct− max{2, 2q
3 }−1εγ

t− max{2, 2q
3 }εγ

dt

= Kε−1
∫ δ

0
dt + Kεβ−γ−1

∫ T

δ

t− min{q−2, q3 } dt + C

∫ T

δ

t−1 dt

≤
{
C
(
ε−1δ + εβ−γ−1 log δ−1 + log δ−1

)
if 0 < q ≤ 3

C
(
ε−1δ + εβ−γ−1δ1− q

3 + log δ−1
)

if 3 < q < ∞.
(4.2)

Taking

δ =
{
ε

β−α

2 if 0 < q ≤ 2

ε
β−α

q if 2 < q < ∞
and γ =




β if 0 < q ≤ 2

(q − 2)α + 2β

q
if 2 < q ≤ 3

α + 2β

3
if 3 < q < ∞,

by (4.1) and (4.2) we get

∫ T

0

|ã(t, ξ) − a(t, ξ)|√
ã(t, ξ)

dt ≤



Cε

β

2 log ε−1 if 0 < q ≤ 2

Cε
α
2 + β−α

q log ε−1 if 2 < q ≤ 3

Cε
α
2 + β−α

q if 3 < q < ∞

≤ Cε
α
2 + β−α

max{q,2} log ε−1,

∫ T

0

|∂t ã(t, ξ)|
ã(t, ξ)

dt ≤

Cε

−1+ (max{q,2}−2)(β−α)

q log ε−1 if 0 < q ≤ 3

Cε
−1+ β−α

q log ε−1 if 3 < q < ∞.
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Therefore by (3.3) we deduce that for all t ∈ [0, T ]

E(t, ξ)

≤


E(0, ξ) exp

{
C
(
ε

α
2 + β−α

max{q,2} |ξ | + ε
−1+ (max{q,2}−2)(β−α)

q

)
log ε−1

}
if 0<q≤3

E(0, ξ) exp
{
C
(
ε

α
2 |ξ | + ε−1

)
ε

β−α

q log ε−1
}

if 3≤q<∞.

We choose the parameter ε such that

{
ε

α
2 + β−α

max{q,2} |ξ | = ε
−1+ (max{q,2}−2)(β−α)

q if 0 < q ≤ 3

ε
α
2 |ξ | = ε−1 if 3 ≤ q < ∞,

i.e.,

ε =




|ξ |−(1+ β

2 )
−1

if 0 < q ≤ 2

|ξ |−(1+ 3α
2 −β+ 3(β−α)

q
)−1

if 2 ≤ q ≤ 3

|ξ |−(1+ α
2 )

−1
if 3 ≤ q < ∞.

Finally we get the following energy inequality
(4.3)

E(t, ξ) ≤




E(0, ξ) exp
{
C|ξ |(1+ β

2 )
−1

log |ξ |
}

if 0 < q ≤ 2

E(0, ξ) exp
{
C|ξ |{q+(q−2)(α−β)}{q(1+ α

2 )+(q−3)(α−β)}−1
log |ξ |

}
if 2 < q ≤ 3

E(0, ξ) exp
{
C|ξ |(1+ α

2 )
−1−(1+ α

2 )
−1 β−α

q log |ξ |
}

if 3 < q < ∞.

Case 2. 0 ≤ α ≤ 1 < β ≤ 2

Here the coefficients are not differentiable only at the point t = 0; therefore we
regularize the coefficients with Friedrichs’ mollifier only in the neighborhhod
of t = 0 defining

ã(t, ξ) =
{
aε(t, ξ) + εα for 0 ≤ t ≤ δ

a(t, ξ) + t
− 2q

β+2 εγ for δ ≤ t ≤ T ,
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where 0 ≤ δ ≤ T and γ ≥ 0. By (3.5) we obtain

∫ T

0

|ã(t, ξ) − a(t, ξ)|√
ã(t, ξ)

dt =
∫ δ

0

|aε(t, ξ) − a(t, ξ) + εα|√
ã(t, ξ)

dt +
∫ T

δ

|t− 2q
β+2 εγ |√
ã(t, ξ)

dt

≤
∫ δ

0

Lεα + εα√
εα

dt +
∫ T

δ

t
− 2q

β+2 εγ√
t
− 2q

β+2 εγ

dt

= (L + 1)ε
α
2

∫ δ

0
dt + ε

γ

2

∫ T

δ

t
− q

β+2 dt

≤
{
C
(
ε

α
2 δ + ε

γ

2 log δ−1
)

if 0 < q ≤ β + 2

C
(
ε

α
2 δ + ε

γ

2 δ
1− q

β+2
)

if β + 2 < q < ∞.
(4.4)

Since a(t, ξ) satisfies (1.9) or (1.10), by (3.5) and (2.12) we obtain∫ T

0

|∂t ã(t, ξ)|
ã(t, ξ)

dt =
∫ δ

0

|∂taε(t, ξ)|
ã(t, ξ)

dt +
∫ T

δ

|∂t ã(t, ξ)|
ã(t, ξ)

dt

≤
∫ δ

0

Kεα−1

εα
dt +
∫ T

δ

∣∣∂t{a(t, ξ) 1
β

}∣∣(
t
− 2q

β+2 εγ
) 1

β

dt + 2q

β + 2

∫ T

δ

t−1 dt

≤ Kε−1
∫ δ

0
dt + M ′ε− γ

β

∫ T

δ

t
− q

β+2 dt
2q

β + 2
log δ−1

≤


C
(
ε−1δ + ε

− γ

β log δ−1
)

if 0 < q ≤ β + 2

C
(
ε−1δ + ε

− γ

β δ
1− q

β+2
)

if β + 2 < q < ∞.
(4.5)

Taking

δ =

 ε

β−α

β+2 if 0 < q ≤ β + 2

ε
β−α

q if β + 2 < q < ∞
and γ = β(α + 2)

β + 2
,

by (4.4), (4.5) we get

∫ T

0

|ã(t, ξ) − a(t, ξ)|√
ã(t, ξ)

dt ≤

Cε

α
2 + β−α

β+2 log ε−1 if 0 < q ≤ β + 2

Cε
α
2 + β−α

q if β + 2 < q < ∞
≤ Cε

α
2 + β−α

max{q, β+2} log ε−1
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∫ T

0

|∂t ã(t, ξ)|
ã(t, ξ)

dt ≤

Cε

−1+ β−α

β+2 log ε−1 if 0 < q ≤ β + 2

Cε
−1+ β−α

q if β + 2 < q < ∞
≤ Cε

−1+ β−α

max{q, β+2} log ε−1

Therefore by (3.3) we deduce that

E(t, ξ) ≤ E(0, ξ) exp
{
C
(
ε

α
2 |ξ | + ε−1

)
ε

β−α

max{q, β+2} log ε−1
}

for t ∈ [0, T ].

We choose the parameter ε such that ε
α
2 |ξ | = ε−1, i.e., ε = |ξ |−(1+ α

2 )
−1

. We
get the following energy inequality

E(t, ξ) ≤ E(0, ξ) exp
{
C|ξ |(1+ α

2 )
−1−(1+ α

2 )
−1 β−α

max{q,β+2} log |ξ |
}

=



E(0, ξ) exp

{
C|ξ |(1+ β

2 )
−1

log |ξ |
}

if 0 < q ≤ β + 2

E(0, ξ) exp
{
C|ξ |(1+ α

2 )
−1−(1+ α

2 )
−1 β−α

q log |ξ |
}

if q ≥ β + 2.
(4.6)

Case 3. 1 < α < β ≤ 2

In such a case we define

ã(t, ξ) =
{
a(t, ξ) + εα for 0 ≤ t ≤ δ

a(t, ξ) + t
− 2q

β+2 εγ for δ ≤ t ≤ T ,

where 0 ≤ δ ≤ T and γ ≥ 0. We easily obtain

∫ T

0

|ã(t, ξ) − a(t, ξ)|√
ã(t, ξ)

dt ≤
∫ δ

0

εα√
εα

dt +
∫ T

δ

t
− 2q

β+2 εγ√
t
− 2q

β+2 εγ

dt

≤ ε
α
2

∫ δ

0
dt + ε

γ

2

∫ T

δ

t
− q

β+2 dt

≤
{
C
(
ε

α
2 δ + ε

γ

2 log δ−1
)

if 0 < q ≤ β + 2

C
(
ε

α
2 δ + ε

γ

2 δ
1− q

β+2
)

if β + 2 < q < ∞.
(4.7)
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a(t, ξ) satisfies (1.9) or (1.10), so that by (2.1) and (2.12) we obtain

∫ T

0

|∂t ã(t, ξ)|
ã(t, ξ)

dt =
∫ δ

0

|∂ta(t, ξ)|
ã(t, ξ)

dt +
∫ T

δ

|∂t ã(t, ξ)|
ã(t, ξ)

dt

≤
∫ δ

0

∣∣∂t{a(t, ξ) 1
α

}∣∣
(εα)

1
α

dt +
∫ T

δ

∣∣∂t{a(t, ξ) 1
β

}∣∣(
t
− 2q

β+2 εγ
) 1

β

dt

+ 2q

β + 2

∫ T

δ

t−1 dt

≤ MCε−1
∫ δ

0
dt + M ′ε− γ

β

∫ T

δ

t
− q

β+2 dt + 2q

β + 2
log δ−1

≤


C
(
ε−1δ + ε

− γ

β log δ−1
)

if 0 < q ≤ β + 2

C
(
ε−1δ + ε

− γ

β δ
1− q

β+2
)

if β + 2 < q < ∞.
(4.8)

Similarly as the previous case, by (3.3), (4.7) and (4.8) we get the energy
inequality (4.6).

Case 4. 0 ≤ α < 2 < β

If ν ∈ (max{1, α}, 2) then we can use (2.13) instead of (1.9) or (1.10) and
consequently arguing as in the previous case we obtain (4.6) with β and q

replaced by ν and q(ν−α)

β−α
respectively, i.e.

E(t, ξ)

≤



E(0, ξ) exp

{
C|ξ |(1+ ν

2 )
−1

log |ξ |} if 0 <
q(ν − α)

β − α
≤ ν + 2

E(0, ξ) exp
{
C|ξ |(1+ α

2 )
−1−(1+ α

2 )
−1 β−α

q log |ξ |} if
q(ν − α)

β − α
≥ ν + 2.

Since ν can be taken arbitrarily close to 2, we get

(4.9) E(t, ξ)

≤



E(0, ξ) exp

{
C|ξ | 1

2 log |ξ |} if 0 < q <
4(β − α)

2 − α

E(0, ξ) exp
{
C|ξ |(1+ α

2 )
−1−(1+ α

2 )
−1 β−α

q log |ξ |} if q ≥ 4(β − α)

2 − α
.
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Nevertheless when 0 < q <
4(β−α)

2−α
we are able obtain a better energy estimate.

We define

ã(t, ξ) =



aε(t, ξ) + εα for 0 ≤ t ≤ δ if 0 ≤ α < 1

a(t, ξ) + εα for 0 ≤ t ≤ δ if 1 ≤ α < 2

a(t, ξ) + εγ for δ ≤ t ≤ T ,

where 0 ≤ δ ≤ T and γ ≥ 0. Similarly as the Case 2 and the Case 3, using
also (2.2) we obtain∫ T

0

|ã(t, ξ) − a(t, ξ)|√
ã(t, ξ)

dt ≤ C
(
ε

α
2 δ + ε

γ

2
)

∫ T

0

|∂t ã(t, ξ)|
ã(t, ξ)

dt ≤ Cε−1δ + ε
− γ

β

∫ T

δ

∣∣∂t{ã(t, ξ) 1
β

}∣∣dt
≤ C
(
ε−1δ + ε

− γ

β δ
− q

β

)
.

Taking δ = ε
β−α

β+q+2 and γ = αβ+αq+2β
β+q+2 , by we get

∫ T

0

|ã(t, ξ) − a(t, ξ)|√
ã(t, ξ)

dt ≤ Cε
αβ+αq+2β
2(β+q+2) ,

∫ T

0

|∂t ã(t, ξ)|
ã(t, ξ)

dt ≤ Cε
− α+q+2

β+q+2 .

Therefore by (3.3) we deduce that

E(t, ξ) ≤ E(0, ξ) exp
{
C
(
ε

αβ+αq+2β
2(β+q+2) |ξ | + ε

− α+q+2
β+q+2

)}
for t ∈ [0, T ].

We choose the parameter ε such that ε
αβ+αq+2β
2(β+q+2) |ξ | = ε

− α+q+2
β+q+2 , i.e. ε = |ξ |− 2

α+2 .
Then at last we get the energy inequality
(4.10)

E(t, ξ) ≤ E(0, ξ) exp
{
C|ξ | 2(α+q+2)

(2+α)(β+q+2)

} (
if 0 < q <

4(β − α)

2 − α

)
.
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Conclusion of the proof

Thus, by (4.3), (4.6), (4.9) and (4.10) we get the energy inequality

E(t, ξ)

≤




E(0, ξ) exp
{
C|ξ |(1+ α

2 )
−1−(1+ α

2 )
−1 β−α

q log |ξ |
}

if 0 ≤ α < 2, q ≥ max

{
3, β + 2,

4(β − α)

2 − α

}

E(0, ξ) exp
{
C|ξ |{q+(q−2)(α−β)}{q(1+ α

2 )+(q−3)(α−β)}−1
log |ξ |

}
if 0 ≤ α < β ≤ 1, 2 < q < 3

E(0, ξ) exp
{
C|ξ |(1+ β

2 )
−1

log |ξ |
}

if

{
0 ≤ α < β ≤ 1, β − α < q ≤ 2

0 ≤ α < 2, 1 < β ≤ 2, β − α < q < β + 2

E(0, ξ) exp
{
C|ξ |min{ 1

2 ,
2(α+q+2)

(2+α)(β+q+2) } log |ξ |
}

if 0 ≤ α < 2 < β, β − α < q <
4(β−α)

2−α
.

By virtue of Paley-Wiener theorem, {u(·, t); t ∈ [0, T ]} is bounded in the
Gevrey classes of order (1.12) and (1.13). This concludes the proof of The-
orem 1.7.

5. Sketch of the proofs of Theorems 1.11 and 1.12

Let us start with the proof of Theorem 1.11. Let α(t) be a C∞, real, non-
negative, 2π -periodic function such that α(τ) = 0 for all τ in a neighborhood
of 0 and

∫ 2π
0 α(τ) cos2 τ dτ = π . Let αε be defined in the following way

αε(τ ) = 1 − 4εα(τ) sin 2τ − 2εα′(τ ) cos2 τ − 4ε2α2(τ ) cos4 τ.

Easily we see that there exists M > 0 such that

|αε(τ ) − 1| ≤ Mε, |α′
ε(τ )| ≤ Mε for all τ ∈ R.

Let

wε(τ) = cos τ exp

(
2ε
∫ τ

0
α(s) cos2 s ds

)
.
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The function wε is the solution of the following Cauchy problem{
w′′

ε + αε(τ )wε = 0 in R

wε(0) = 1 w′
ε(0) = 0.

We consider three monotone sequences {hk}, {ρk}, {εk} of positive real
numbers such that

hk → +∞, εk → 0, ρk → 0,(5.1)

εk ≤ (2M)−1 for all k ∈ N,(5.2)

hk, hkρk(4π)
−1 ∈ N for all k ∈ N,(5.3)

+∞∑
k=0

ρk ≤ 1.(5.4)

We define, for all k ∈ N,

tk = 1 −
(
ρk

2
+

+∞∑
j=k+1

ρj

)
,

and
Ik =
[
tk − ρk

2
, tk + ρk

2

]
.

We set

a(t) =



αεk
(
hk(t − tk)

)
for t ∈ Ik

1 for t ∈ [0, 1] \
+∞⋃
k=0

Ik .

a(t) satisfies that a(t) : [0, 1] → [ 12 , 3
2

]
and a(t) ∈ Cβ[0, 1) (since a ∈

C∞[0, 1)). It is possible to prove that if

(5.5) sup
k∈N

εkh
α
k < +∞,

then a(t) ∈ Cα[0, 1] and if

(5.6) sup
k∈N

εkh
β

k

(+∞∑
j=k

ρj

)q
< +∞,

then the condition (1.15) ((1.16) if β is an integer) is satisfied.
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We denote by ϕk the solution of the following Cauchy problem{
ϕ′′
k + h2

ka(t)ϕk = 0

ϕk(tk) = 1 ϕ′
k(tk) = 0.

We have ϕk(t) = wεk

(
hk(t − tk)

)
for all t ∈ Ik . we deduce that

ϕk

(
tk − ρk

2

)
= exp

(
−1

2
εkhkρk

)
, ϕ′

k

(
tk − ρk

2

)
= 0,

ϕk

(
tk + ρk

2

)
= exp

(
1

2
εkhkρk

)
, ϕ′

k

(
tk + ρk

2

)
= 0.

We introduce the energy

Eϕk (t) = h2
ka(t)|ϕk(t)|2 + |ϕ′

k(t)|2,
and then for all k ∈ N and for all t ∈ [0, tk − ρk/2] we can obtain

Eϕk (t) ≤ h2
k exp

(
−εkhkρk + 2M

k−1∑
j=0

εjhjρj

)
.

Now we suppose that

(5.7) 4M
k−1∑
j=0

εjhjρj ≤ εkhkρk,

so that Eϕk (t) ≤ h2
k exp
(− 1

2εkhkρk
)

for all k ∈ N and for all t ∈ [0, tk −ρk/2).
We define

u0(x) =
+∞∑
k=0

ϕk(0)e
ihkx, u1(x) =

+∞∑
k=0

ϕ′
k(0)e

ihkx,

and

u(t, x) =
+∞∑
k=0

ϕk(t)e
ihkx .

Finally we suppose that for all s > q

q(1−α)+α−β
= s0

(5.8) lim
k→+∞h

1
s

k − εkhkρk = −∞.
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Thus we have that for all s > s0 there exists Cs > 0 such that

|ϕk(t)| + |ϕ′
k(t)| ≤ Cs exp

(−h
1
s

k

)
for all k ∈ N and for all t ∈ [0, tk −ρk/2). But by (5.8) ϕk(tk +ρk/2) increases

faster than exp
(
h

1
s

k

)
for all s > s0. Consequently u ∈ C1

(
[0, 1);Gs

)
and

u �∈ C1
(
[0, 1]; (Ds)′

)
for all s > s0.

We take for α = 0

hk = Nk+1, ρk = 4π

Nk+1

[
N(1−β/q)k

]
, εk = L

kq
,

and for α > 0,

hk = Nk+1, ρk = 4π

Nk+1

[
N(1−(β−α)/q0)k

]
, εk = L

Nαk
,

where N and 1/L are integers sufficiently large and [x] denotes the maximum
integer less or equal than x. With these choices, (5.1)–(5.8) are all satisfied.

To prove Theorem 1.12 we introduce a real non-negative function µ such
that 0 ≤ µ(τ) ≤ 1 for all τ ∈ R, µ(τ) = 0 for all τ ≤ −1/3 and µ(τ) = 1
for all τ ≥ 1/3. We consider three monotone sequences {δk}, {νk} and {ρk}, of
positive real numbers such that

δ0 = 1, δk → 0(5.9)

νk → +∞, ρk → 0,(5.10)

νk/(ρkδ
1/2
k ), νk/(4π) ∈ N for all k ∈ N,(5.11)

+∞∑
k=0

ρk ≤ 1/2.(5.12)

We set

tk = 1 −
(

3

2
ρk + 2

+∞∑
j=k+1

ρj

)
, t ′k = 1 −

(
ρk

2
+ 2

+∞∑
j=k+1

ρj

)
,

and

Ik =
[
tk − ρk

2
, tk + ρk

2

]
, I ′

k =
[
t ′k − ρk

2
, t ′k + ρk

2

]
.
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We define

a(t) =




1 for t ∈
[
0, t0 − ρ0

2

]
δkαε̄
(
νk
ρk
(t − tk)

)
for t ∈ Ik

δk + (δk+1 − δk)µ((t − tk)/ρk) for t ∈ I ′
k

0 for t = 1,

where ε̄ is a small positive constant. Easily we see that a(t) ∈ C∞([0, 1))
and a(t) ∈ [0, 2] for all t ∈ [0, 1]; the condition (5.9) implies that a(t) ∈
C0([0, 1]). Requiring that

(5.13) sup
k∈N

δk

( νk
ρk

)α
< +∞,

then a(t) ∈ Cα([0, 1]), while if

(5.14) sup
k∈N

δk

(
νk

ρk

)β(+∞∑
j=k

ρj

)q
< +∞,

then condition (1.15) holds.
We define u0(x), u1(x), u(t, x) as in the proof of the Theorem 1.11. Re-

quiring that

(5.15) 2M
k−1∑
j=0

νj ≤ ε̄

2
νk

and, for all s >
(
1 + α

2

)(
q

q+α−β

)
,

(5.16) lim
k→+∞

(
νk

ρkδ
1/2
k

)1/s

− log δk − νk = −∞,

the conclusion of the theorem follows as before. It is sufficient to find the
sequences satisfying (5.9)–(5.16). A good choice is, for α = 0,

δk = 1

k + 1
, νk = 4πNk+1, ρk = Lνkδ

1/2
k[

νkδ
1/2
k N

βk

q−β

]
and, for α > 0,

δk = N
− qαk

q+α−β , νk = 4πNk+1, ρk = Lνkδ
1/2
k[

νkδ
1/2
k N

(β−α)k

q+α−β

] .
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