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QUASIANALYTIC FUNCTIONALS AND PROJECTIVE
DESCRIPTIONS

JOSE BONET and REINHOLD MEISE*

(To our friend Dietmar Vogt on the occasion of his 60th birthday)

Abstract

The topology of the weighted inductive limit of Fréchet spaces of entire functions in N variables
which is obtained as the Fourier Laplace transform of the space of quasianalytic functionals on
an open convex subset of RV cannot be described by means of weighted sup-seminorms.

1. Introduction

Let o/ (RV) denote the space of all real analytic functions on R with complex
values. Its strong dual ./ (RY); is isomorphic to an (LF)-space #.</'(RY) of
entire functions on CV via Fourier Laplace transform. Each step space of this
(LF)-space is a Fréchet space whose topology is given by weighted sup-norms.
Ehrenpreis [9] showed that the topology of Z#.&/'(RY) cannot be described by
weighted sup-seminorms. Similar questions on the projective description were
later investigated by various authors (see Bierstedt [1]).

In the present paper this question is investigated for the spaces & {/w}(G)
of entire functions on CV which arise as the Fourier Laplace transforms of
&) (G)},, where G is a convex open set in RV and &,,)(G) denotes the space
of all w-ultradifferentiable functions of Roumieu type on G for a given weight
function @ (see 2.1). When w is a non-quasianalytic weight function, we
showed in [4] that the natural (LF)-topology on &, (G) cannot be given
by weighted sup-seminorms. Now we prove that this result also holds when w
is quasianalytic (see Theorem 3.1). To do this we have to use arguments which
are quite different from those that we applied in [4], because they were based
on the fact that &, (G) contains non-trivial functions with compact support.

The proof of our main result (Theorem 3.1) relies on the observation that
Theorem 3.1 holds if for each convex open set G in RV there exists u €
&) (RY) having special properties (see Lemma 3.2) such that the convolution
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operator T,, induced by p maps &,(G) into itself and is not surjective. For
N = 1 the existence of such a quasianalytic functional @ can be shown by
modifying a construction in Braun, Meise, and Vogt [8]. The case N > 1 is
then reduced to the case N = 1 by elementary geometric considerations.

2. Notation and Preliminaries

In this preliminary section we introduce the notation that will be used through-
out the paper. By |-| we denote the Euclidean norm on CV, N € N, while for
acCVandr >0welet B(a,r) :={zeC":|z—al| <r).

2.1. Weight functions. A function w : R — [0, oo[ is called a weight
function if it is continuous, even, increasing on [0, oo[, and if it satisfies w (0) =
0, w(1) > 0, and also the following conditions:

() w(2t) = O(w(t)) as ¢ tends to infinity.
(B) w(t) = O(2) as ¢t tends to infinity.
(v) log(t) = o(w(t)) as ¢ tends to infinity.
(8) ¢ :t— w(e')is convex.
A weight function w is called non-quasianalytic, if it satisfies

/w@dt<oo.
1

t2

Otherwise it is called quasianalytic.
The radial extension @ of a weight function w is defined as

@ :C"— [0, o0, @(2) == w(|z]).

It will also be denoted by w in the sequel, by abuse of notation. The Young
conjugate of the function ¢ = ¢,,, which appears in (), is defined as

¢*(x) :=supfxy —p(y) : y > 0}.

ExamPLE 2.2. The following functions are weight functions (possibly after
a change on the interval [—§, §], for suitable § > 0).

1) o@):=1t"0<a<1.

() w(t) :=1log(1+ [th?, B > 1.

(3) (1) := [t|(og(1 + [1])#, § > 0.

4 o) :=|t|.
The weight function in (3) is quasianalytic for 8 € ]0, 1] and non-quasianalytic
for § > 1. The weight function in (4) is also quasianalytic.
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2.3. Spaces of ultradifferentiable functions. Let w be a given weight func-
tion. For a compact subset K of R and m € N denote by C*(K) the space
of all C*°-Whitney jets on K and define

Sy (K) == {f € C®(K) : | fllkm

1
:= sup sup | f@(x)|exp (—Eqb*(mlal)) < oo}.

xeK geN)

For an open set G in RV, define the space of all w-ultradifferentiable functions
of Roumieu type on G as

& (G) == {f € C*(G) : For each K C G compact
there is m € N so that || f||gx.m < oo}.

It is endowed with the topology given by the representation
&) (G) = proj _g ind,. &1 (K),

where K runs over all compact subsets of G.

Note that &, (G) is a countable projective limit of (DFN)-spaces, which
is ultrabornological, reflexive and complete. If w is non-quasianalytic this
follows from Braun, Meise, Taylor [7], Proposition 4.9. If w is quasianalytic,
this follows from Rosner [16], Satz 3.25, together with Vogt [18], Theorem 3.4,
and Wengenroth [19], Theorem 3.5. By &, (G)" we denote the dual of &, (G)
while &,,;(G)), denotes the strong dual. When w is quasianalytic, the elements
of &,)(G)" are called quasianalytic functionals on G.

REMARK 2.4.
(a) If w is the weight function w(¢) = |¢|, then the space &, (G) coincides
with the space &7 (G) of all real analytic functions on G. Martineau [11]
proved that &/ (G) is ultrabornological.

(b) The classes of ultradifferentiable functions of Roumieu type in 2.3 are
defined as in Braun, Meise, and Taylor [7].

2.5. Support functions. For a compact set K in RV, K # ¢, the support
function i g of K is defined as

hg :RY — R, hg (&) :=sup (x,&).
xek

Obviously, g is a convex function which is positively homogeneous.
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2.6. Weighted spaces of holomorphic functions. Let o be a weight function
and G an open convex subset of RY. Choose an increasing sequence (K,),en
of convex compact subsets of G which satisfy the following conditions: K,, C

K+ and UneN K, = G. For n € N denote by 4, the support function of K,
and define forn € N, k € N the weights v, ; € C(CV) by

2.1 Unk(2) 1= exp (—hn(lm 7) — %w(Z)) :

The family (v, x)neN.xen is denoted by ¥;, . Next denote by H (CV) the space
of all holomorphic functions on CV and for a given non-negative upper semi-
continuous function v on CV define the weighted semi-normed space

Hv = {f e HCY) I flly := su;z/lf(z)lv(z) < oo}.

zeC

Then the weighted (LF)-space of entire functions associated with w and G is

defined as
Veo.H :=1ind,_, proj_;, Hv, .

2.7. Fourier-Laplace transform. Let o be a weight function and G a convex
open setin RY. Then it is easy to check that for each u € &,}(G)’', the Fourier-
Laplace transform fi of u, defined by

f(2) := puy(exp(—i (x, 2))), zeCV,

(where (x, z) 1= ZJNZI xjzj), is in 7, ¢ H. In fact, the Fourier-Laplace trans-
form
F g{w}((;)/b - %a),GHa gg(ﬂ) =M,

is a linear topological isomorphism. When  is non-quasianalytic, this was
shown in Braun, Meise, and Taylor [7], Theorem 7.4. When w is quasianalytic
this was shown by Meyer [14] when N = 1 and in general by Rosner [16],
Satz 2.19.

2.8. The projective hull HVw,G. For w, G, and 7, ¢ as in 2.6, we define the
system V, ¢ of weights associated with 7, ¢ according to Bierstedt, Meise
and Summers [2], 0.2, as

Vw,(; = {6 :CVN > [0,00[: Tis upper semi-continuous and for each

n € N there exist «,, > 0 and k(n) € N such thatv < «, v”,k(,,)}.
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Then the projective hull H Vw,(; of 7, ¢ H is defined as

HV, = proj «~veV, g Hv.

It is easy to check that HV,, ¢ is a complete locally convex space and that
Vw.cH C HV, ¢ with continuous inclusion.

3. Main results

In this section we state and prove the main result of this paper which answers
the following question in the negative: Is it possible to obtain the topology of
the (LF)-space 7, ¢ H by the weighted sup-seminorms || - ||, v C Vw,g or in
other words, is %;, ¢ H a topological subspace of its projective hull HV , ?
The precise result is stated in the following theorem.

THEOREM 3.1. For each weight function w and for each convex open set
G in RY, the topology of Vi, g H is strictly finer than the one induced by its
projective hull HV , .

REMARK. For w(t) = |t| and G = R", Theorem 3.1 is due to Ehrenpreis
[9]. For non-quasianalytic weight functions it was proved by the present authors
in [4], Theorem 1. However, that proof uses the non-quasianalyticity of w in
two ways. First by the existence of non-trivial functions in &, (R") having
compact support and second by the fact that @ admits a harmonic extension
to the upper and lower half plane in C (see [7], sect. 2). Both facts are not
available when w is quasianalytic. Hence we have to use a new approach in
this case.

REMARK. In [4] it was also shown that for non-quasianalytic weight func-
tions  the algebraic equality %, s H = HV, ¢ holds for each convex open
set in RV. For quasianalytic weight functions this question will be investigated
in Bonet, Meise, and Melikhov [6], where the research of [5] is continued.

The proof of Theorem 3.1 will be given only at the end of this section since
we need to provide several auxiliary results first. A main point in our proof is
the following lemma.

LeEMMA 3.2. Let G be an open convex set in RN and let w and o be weight
functions which satisfy o(t) = o(w(t)) as t tends to infinity. Assume that
F e A(CY) satisfies the following two conditions:

(1) Thereis C > 1 such that |F(z)| < Cexp(Co(z)) for z € CV.

(2) There are R > 0 and D > 1 such that for each z € CV, |z| > R, there
exists w € CV such that

t—w < Do(z) and |F(w) = %exp(—Da(z)).
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Then the multiplication operator
MF Z%‘w’GH—> %w,GH, Mp(f) = Ff,

is an injective topological homomorphism if V,,  H is endowed with the to-
pology induced by HV ,, ¢.

Proor. It is easy to check that M is injective, linear, and continuous for
the topology induced by H 'V, . Hence it remains to show that the division
map Ff — f is continuous for this topology. To do so, it is no restriction to
assume that the existing constants C and D in (1) and (2) are both equal to
C.Let R as in (2). Since 0 = o(w) there is L > 0 such that o (z) < |z| + L,
7€ CV. Ifz,¢ € CV satisfy |z — ¢| < 4Co(z), then

(3.1 IZ] = lz] +4Co(2) = (4C + Dlz| +4CL,

hence 0 (¢) < To(z) + T for some T > 1 depending only on o. Therefore,
we can apply condition (1) to conclude the existence of A > 0 and B > 0

such that
sup  |F(¢)| < Aexp(Bo(2)).
|z—¢|<4Co (2)

Let D := B + 2C and fix w € V, ;. Without loss of generality, we may
assume that w is continuous and strictly positive by [2], Proposition 0.2. Then
for each [ € N there are o; > 0 and k(/) € N such that, for each z € CV,

1
w(z) <o CXP(—hl(Im 7) — mw(z)) = oy k(1) (2).

We define _
v(z) ;= sup  w(¢)exp(Da(§))
lz—=¢|=4Co (£)

and show that ¥ can be estimated by a weight w € V,, ;. Since each function
h,, is convex and positively homogeneous, &, is subadditive on RY. Moreover,
for each n € N, there is H, > 1, such that &, (x) < H,|x| for every x € RV,
Therefore, for each z, ¢ € C with |z — ¢| < 4Co (¢), we have

(3.2) hy,(Imz) < h,(Im¢)+4H,Co (¢).

Moreover, since o (t) = o(t) there is Ry > R with o (t) < t/(8C) if t > Ry.
We determine R; > Ry such that |z| > R; and | — z| < 4Co(¢) imply
[¢] = Ry.For |z| > Ry and |¢ — z| < 4Co(¢) we then have

1
IZ] <16 =zl + [zl =4Co(0) + 12| < EI(I +1z], andhence || < 2|z].
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Again by 0 = o(w), for each n € N, there is L,, > 0 such that,

(3.3) (4H,C + D)o (¢) < ;a)(i) + L, forall ¢ eCV.
2k(n)

Next note that if ¢, z € CV satisfy |¢ — z| < 4Co(¢) interchanging z and ¢

we get from (3.1)
lz] < (4C+ 1)|¢|+4CL.

Therefore, condition (&) for the weight w implies the existence of K > 0 and
S € N, depending only on w such that

w(z) = K(o((1 +40)[¢]) + w(ALC) + 1) < Sw(f) +S.

Forn € Nand ¢, z € CV as before and |z| > R; we now get from (3.2) and
(3.3)

1
Un.kn)(§) exp(Da (¢)) = exp(—hn(lmé“) - mw@) + DO({))

< exp(—hn(lm z) — %a)({) + 4H,C + D)o({))

L B B 1
<e exp( h,(Im z) —2k(n)a)(§)>

Lu,% _ _ 1
<e"e exp( h,(Imz) 2Sk(n)w(2))'

If we now define B, := anelt:, I(n) := 2Sk(n) € N then for z € CV,
|z] > R, and n € N we have

E(Z) =< ,ann,l(n) (2).

Since v is bounded on the disc in CV of center 0 and radius R;, ¥ can be
estimated by an element in Vw,c, and we can select w € Vw’G which is
strictly positive and continuous such that ¥ < w.

Now, the same argument given at the end of the proof of [3], Proposition
2.5, permits us to use the condition (2) to show that there is € > 0 such that,
if f € V., cH satisfies | Ff|, < €, then || |l < 1. This completes the proof
of the continuity of the division.

REMARK 3.3. Assume that u € %”{w}(RN )’ satisfies the following continuity
estimate

For each m € N there exists C,, > 0 such that

G4 I1@)] = Cull gl Ty, for each § € &y RY).
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Then for each open set G in RV, w induces a convolution operator,

TM . %{w}(G) - g{w}(G)’ Tu(¢) =uxkd x> wl@dx =),

which is linear and continuous. The adjoint operator 7} of 7}, is given by
T : &u)(G) — &u)(G), Ty (v) i= [t *v,

where i % v($) = v(u * ¢), while f(¢) = pu($) and ¢(x) = ¢(—x) for
¢ € &, (RY), x e RV,
If G is convex, then the Fourier-Laplace transform & : &,,(G), — 7,,cH

is a linear topological isomorphism by 2.7. Let F := &% (1) = [ and define
Mr: 746 = Vo Mp(f) = Ff.
Then the following identity holds:

(3.5) FoT! =Mpo.

The next proposition shows that the proof of Theorem 3.1 can be reduced
to the construction of a convolution operator 7, on &, (G) which is not sur-
jective.

PROPOSITION 3.4. Let G be an open convex subset of RN and let  be a
weight function. Assume that there exists i € %{w}(RN ) and there is a weight

function o which satisfies 0 = o(w) such that F := ,li satisfies the conditions
(1) and (2) of Lemma 3.2. If the operator T,, : &,,(G) — &(G) is not
surjective, then the topology induced by HV ,, ; is strictly coarser than the
topology of V. H.

ProoF. Suppose that the two topologies coincide. By Lemma 3.2 the op-
erator
Mrp:VocH — 7, 6H, Mp(f):=Ff
is an injective topological homomorphism. According to (3.5), the operator

T;i . g{w}(G);) e g{w}(G)/b

is also an injective topological homomorphism. Since &, (G) is reflexive, a
direct application of the Hahn-Banach theorem implies that

T/L : g{w}(G) - g{w}((;)

is surjective in contradiction to the hypothesis.
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REMARK. For N > 3 it follows from Rosner [16] that there even exist
partial differential operators 7), which satisfy the hypotheses of Proposition
3.4. However, for N = 2 no partial differential operator with this property
exists. This and the fact that heavy machinery is needed to obtain Rosner’s
results is the reason why we are going to use convolution operators and an
argument which reduces the general case to the case N = 1.

Next we present a version of an example due to Braun, Meise and Vogt
[8], 3.11, which is suitable to construct later the functional u required in
Proposition 3.4.

LEMMA 3.5. Let w be a weight function. There is a weight function oy,
satisfying oo(t) = o(w(t)) as t tends to infinity, and there is F € H(C) such
that the following conditions are fullfilled:

(1) Thereis C > 0 with |F(z)| < Cexp(oyp(z)), z € C.

(i) V(F) := {z € C: F(z) = 0} consists of a sequence {a; : j € N} of
simple zeros with Im a; > 2 for each j € N.

(iii) Foreachn € N there are infinitelymany j € NwithIma;/w(a;) = 1/n.
(iv) There is €y > 0 such that, if w € C\ Ufil B(aj, 1), then

|F(w)| = € exp(—ap(w)).

(v) Thereareey > 0and Ko > Osuchthat, ifw € Csatisfies1 < |w — a;| <
2 for some j € N, then

|F(w)| = €0 exp(—=Kooo(a))).

Proor. Sincelogt = o(w(t)) as t tends to infinity, we select (s;); in [2, oo
such that

(@) sj41 > 4s; forall j € N, and
(b) n(t) :=card{j € N |s; <t} satisfies n(t) logt = o(w(t)) as ¢ tends to
infinity.
Then we apply [7], 1.7 and 1.8 (a), to find a weight function o such that
n(t)logt = o(op(t)) and op(t) = o(w(t)) as t tends to infinity. For each
J € N, weselecta; € Cwith |a;| = s; such that condition (iii) in the statement
and Ima; > 2 for j € N are satisfied. As in [8], 3.11, we define
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which is an entire function by Rudin [17], Theorem 15.6 and satisfies condition
(ii). Proceeding as in [8], 3.11, if |z| > sy,

4
log |F(z)| <n(|z])log|z| +1log2 + 5

This implies condition (i) in the statement.

Next we show that condition (iv) holds. Since oy is a weight function, there
is t; > s such that if r > £, then, for some K > 0, 0p(2t) < Koy(t). Now
select ty > t; with logt < #Uo(t). If |z| = ty, we have

4 1
1 < 2log(2|z]) + 9= 4log(2|z]) = EGo(ZIZI) < 00(2).

Now select jo € N with s;, > #9. Suppose that w € C\ U;'i] B(aj, 1) satisfies
|w| > sj,. Then there is [ > jo such thats; < |w| < s;41. Since |w —a;| > 1
and |w — a;4+1| > 1, we can proceed as in [8], 3.11, to conclude

4
log |F(w)| > —2log2|lw]) — 9 > —op(w).

This yields |F(w)| > exp(—op(w)) if [w| > sj,, w & U/oil B(a;, 1), which
clearly implies condition (iv).

We suppose now that 1 < |w —a;| < 2 for some j > jo + 1. Either
si—1 < |w| < sjors; < |w| < sj+1. Inany case, we can proceed as above to
get

|F(w)| = exp(—op(w)).
Since |w — a;| < 2, we apply [7], Lemma 1.2, to find S > 0 and K > 0 with
—oo(w) > —§ — Koy(aj). Therefore |F(w)| > e S exp(—Koy(a;)). Since
F (w) does not vanish on
Jot1
U{wecC:iizw—gl=2},

j=1
we can conclude (v).

DEFINITION 3.6. Let a = (¢;);, B = (f;); be sequences of non-negative
real numbers such that ; — 00, as j — oo and let (7,),en be an increasing
sequence tending to 1 or to co. For k, n € N, we set

ad 1
A(n, k) = {x eV x e = Z Ix,;IeXp<rnoq,- + %ﬂf') < OO},

j=1

1
K(n, k)= {x € OV |lxllnx == sup |xj] exp<—rna, — ﬁ,) < oo}.

jeN
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We put, for n € N, 1, (a, B) := ind; A(n, k), and we denote by A(w, B) the
projective spectrum (A, (@, B), i,/ ), where i, is the inclusion map. Then let

Ala, B) = proj, indg A(n, k), and K(a, B) :=ind, proj, K (n, k)

and note that A(w, 8) is a countable projective limit of (DFN)-spaces, and
K (o, B) is an (LF)-space. By Meise [12], 1.6, A(«, B) is a complete Schwartz
space and A(«, B)), coincides with K (c, B).

The following result follows from Braun, Meise, and Vogt [8], Proposi-
tion 3.7, and Vogt [18], Theorem 4.3. The basic facts about the functor Proj1
can be found in these articles.

LEmMA 3.7. Let a = (j); and B = (B;); be sequences of non-negative
real numbers such that B; — 00 as j — oo and let (r,),en be an increasing
sequence tending to 1 or to co. The following conditions are equivalent:

(1) Proj' A, ) = {0},

(2) M, B) is bornological (or barrelled),

(3) K(«a, B) is a complete (or regular) (LF)-space,

(4) there exists 5 > O such that the set of finite limit points of the set {a; / B; |
J € N, B; # 0} is contained in {0} U [, ool.

LEMMA 3.8. Let w be a weight function and let F € H (C) and o be as in
Lemma 3.5. Suppose that h,, : R — [0, ool is of one of the following types
@ h,() = (1— ),
(b) hy(1) = nlt],
(©) hy(t) = max (i1, nr).
Define v, 1 (z) := exp(—hn(lmz) — %a)(z)), z€ C WesetG =1-1,1, R
or 10, ool in the cases (a), (b) and (c) respectively. Then F € V,, g H, and we
have
(1) Mp(Vy,cH) =1{f € Voo,cH | f(aj) =0 foreach j € N}, hence this
ideal is closed in V,, g H, and
(2) the quotient Vo, c H/Mp(V,,.cH) is isomorphic to K («, B) with o =
(Ima;));, B = (w(a;))jandr, =1— ,—ll in case (a) and r, = n in cases
(b) and (c).

ProoF. The condition in Lemma 3.5 ensures that the function F belongs
to 7, r H and that the multiplication operator M defines a continuous linear
operator from 7, ¢ H into itself. We define

p:VycH — K(a, B) by p(f) = (f(a)));.
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Observe that, since Ima; > 2 by Lemma 3.5 (ii), then h,(Im a;) = r,|Im q;|,
n, j € N. Consequently, if f € 7;, cH, (f(a;)); € K(«, ), and the map p is
well defined and continuous. We claim that p is surjective. To prove this, fix
neNandx = (x;); € (\en K(n, k). Since || x][|,x < oo for each k, we can
find a weight function o such that

oo(t) <o(t) =o(w(t)) as t — 0o,

and
lx;| < exp(h,(Ima;) + o(q))), J€N.

Then fix ¢ € D(B(0, 2)) satisfying ¢|po.1) = 1 and |§—§(z)| < L for each
z € Cand some L > 0 and define
f@=) x6cz-a). zeC
j=1

Clearly f(z) = 0ifz € C\ U2, B(a;, 2). Then let

@ a7
|F(2)|> 97

v(z) :=

Obviously, v|p(,;,1) = 0 for each j € N. For 1 < |z —a;| <2 Lemma 3.5 (v)
gives

lu(z)| < Ix;IL < Lej " exp(h,(Ima;) + o (a;) + Kooo(a))).

|F(z)]

This implies, for C; > 0, and some S > 0, depending on the weight o, that
v(z) < Crexp(h,(Imz) + So(2)), if 1<|z—a;|<2,  jeN.

If we denote by d the Lebesgue measure on C = R?, we get
[ (v@lexp(hymz) = 5+ @) die) = € DY,
d

with D? := [.e 2@ di(z). By Hormander [10], 4.4.2, there exists g €
LIZOC(C) such that 3¢ = v and

/ (Ig(2)| exp(—h,(Im2) — (S + 2)0(2)))* dA < (C1 D)?,
C

and g € C*(C), since v € C*(Q).
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Then f := f+gF satisfies 3 f = 0, hence f € H(C). Moreover f(aj) =

f(a;) = x; for each j € N. Proceeding as in the estimate of v(z) above, we
have, for z € B(a;, 2),

£ ()] < Ixj] < Crexp(h,(Imz) + So(2)),

hence
/(If(z)l exp(—h,(Imz) — (S + 3)cr(z)))2 d\(z) < oo.
C

Since f is holomorphic, standard arguments now imply the existence of S; > 0

such that
sup | £ (2)| exp(—h, (Imz) — S)0(2)) < 0.

zeC

Aso(t) = o(w(t)) ast — oo, we conclude f € 7, ¢H and p(f) = (x;);.

The spaces 7, cH and K («, 8) are (LF)-spaces, therefore the map p is
a surjective homomorphism [13], 24.30, and 7, ¢ H/ ker p is isomorphic to
K (a, B). It remains to show that ker p = Mg (¥, cH) which is property
(1) in the statement. The inclusion Mg (7, cH) C ker p is trivial. Suppose
that g € 7, cH satisfies g(a;) = 0 for each j € N. Clearly, f := g/F
is holomorphic. Then note that there are m € N and a weight function ,
oo(t) < 1(t) = o(w(t)), as t — o0, such that

lg(2)| < Cexp(h,(Imz) + 1(2)), zeC.

We can apply the condition (iv) of Lemma 3.5 to conclude, for z € C\

U B D),
|f(2)| < C"exp(h,,(Imz) + S'1(2)),

for some S’ > 0 and C’ > 0. By the maximum principle applied to each
B(aj, 1), we conclude f € 7;, g H, as in Meise [12], proof of 2.3.

REMARK. The cases (a) and (b) of Lemma 3.8 were treated in Meyer [15],
Theorem 2.8, for a larger class of functions; see also Meise [12], Lemma 2.5.
Since the case (c) does not appear there and since the proof is simpler in the
special case needed here, we decided to prove the lemma for the convenience
of the reader.

LEMMA 3.9. Let w be a weight function. For each open interval G in R there
is i € &uy(R) such that F := ,ch satisfies the conditions (i)—(v) of Lemma
3.5 for a weight function oy, and such that the convolution operator T, is not
surjective on &,y (G).
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ProoF. By dilation and/or translation, we may assume that G = ]—1, 1[ or
G = Ror G =]0, oo, and we can select a fundamental sequence of compact
intervals in G such that the support functions are of one of the types (a) or (b)
or (¢) in Lemma 3.8 respectively. Let F € H(C) and o be as in Lemma 3.5.
By 2.7 there exists . € &,)(R)" suchthat F = [?L Suppose that T, is surjective
on &,)(G). Proceeding as in Meise [12], 3.4, formulas (2), (3), it follows from
Lemma 3.8 that

(ker T,,), ~ Voo g H/Mp(V,, cH) ~ K (a, B).

Since Proj1 &} (G) = {0} (this is proved by Meyer [15] for G = |1, 1[ or
R, and by Rosner [16]) and since T}, is surjective, it follows from Vogt [18],
Theorem 1.5 (a result of Palamodov), that Proj1 (ker T,,) = {0}. Since A(a, B)
is semireflexive, and A(«, B);, = K («, B), we conclude Proj1 A(a, B) = {0}.
This contradicts Lemma 3.7 by the choice of «, § and Lemma 3.5 (iii).

LEMMA 3.10. Let G # ¥ be an open, convex, bounded subset of RN N > 2.
Then there exist a hyperplane H and a parallel hyperplane H, so that G lies
between H and H. and such that there are pointsa € HNdG andb € H,NIG
for which the segment la, b[ is contained in G.

PrOOF. Choose ag, a; € G such that diam G = |ag — a;|. Let H be the
hyperplane which is orthogonal to the vector a; — ag and which contains a,
and let H, be the parallel hyperplane through a;. If the line lag, a;[ lies in
G, the lemma is proved. Otherwise, the convexity of G implies that A :=
convhull(ag, a;) C dG. Now apply the following induction argument: Assume

that ay, . . ., a are points in dG for which
Ay = convhull(ag, ..., ay)
has dimension & (equiv. a; —ay, . . . , ax —ag are linearly independent). Choose

ahyperplane H; which contains A and is a supporting hyperplane for G. Since
Gis compact and convex, there is a;+; € dG such that G is contained between
Hj, and the hyperplane parallel to H; which contains aj;. Since G # ¥ and
open, ary+; ¢ Hy. If there is a point £ € Ay such that the open segment 1€, ai[
belongs to G, the lemma is proved. Otherwise

Ajy1 = convhull(ay, ..., axy1)
has dimension k + 1 and we can apply the induction step again. When k = N,

the existence of £ € Ay_; with ]§, ay[ C G is obvious. Hence the proof is
complete.
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LEMMA 3.11. Let G be an open convex set in RN, N > 2, which is unbounded
and is not equal to RN. Then G satisfies one of the following two alternative
conditions, up to a linear change of coordinates and up to a translation:

(1) GC{xeRN:x;>0}and {(¢,0,...,0):t >0} C G.
(2) There exists k with 1 < k < N — 1 and a bounded open convex set Gy,
in R, such that G = G, x RN,

PROOF. It is no restriction to assume O € G. Then define
¢ : SN 5 [0, o0, ¢ (&) :=sup{t > 0:1t& € G}.
Since G is unbounded, the set
My = (€ € S 1 §(§) = o0}

is not empty.

Case 1. There is &€ € M, such that —& & M,. Then ¢p(—&)(—&) € 0G.
Let H be a supporting hyperplane for G at this point. Then it is easy to see
that after a translation and a linear change of variables we have (1).

Case 2. For each £ € M, also —& € M. Then span My, C G. Choose
coordinates so that

span M ={xeR":x,=0,...,x =0},

i. e., dimspan Moo = N — k. Denote by L := {x € RN . x; =0, j=
k+1,...,N}and let
Gy =GNL.

Since L N Mo, = @, Gy is a bounded convex set and it is easy to check that
now (2) holds.

ProoF oF THEOREM 3.1. We first treat the special case that G is an open
convex subset of RV for which there is an open interval G; C R such that

GNRx{0,...,0}) ={,0,...,0) : t € Gy},

and
G C{(x1,...,xy) € RV :x1 € G}

By Lemma 3.9, we find u € &, (R) such that 7, is not surjective on &,}(G1)

and that /i satisfies the conditions (i)—(v) of Lemma 3.5. Define v € &, (RM)
by
(1, ¢) == (1, (-, 0,...,0), ¢ €&yRY).
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Then D(z) = fi(zy) for each z = (z1,...,zx) € CV. Therefore it is easy to
check that the choice of i implies that F := b satisfies the conditions (1) and
(2) of Lemma 3.2. Hence it follows from Proposition 3.4 that the topology
induced by HVw,G is strictly coarser than the one of 7, s H, if we show
that the convolution operator T, : &,}(G) — &,(G) is not surjective. To
do so, assume that 7, is surjective. To show that this assumption implies the
surjectivity of T, let ¢ € &,,(G) be given. Then

d(x) == p(x1), x=(1,....,xn) €G

isin &, (G), due to the special form of G. Since we assume T;, to be surjective,
there is Y € &} (G) satisfying T,y = ¢. For x € G this implies

¢(x) = ¢(x,0,...,0) = (T,¥)(x,0,...,0) = v,(V((x,0,...,0) — y))
= M(J/(X -, O, ey 0)) = (TMW)(X),

where ¥ (x) = &(x, 0,...,0) for x € G;. Hence T, is surjective in con-
tradiction to our choice of w. Therefore the theorem is proved in the special
case.

To reduce the general case to the special case, let now G be a non-empty
open convex set in RV, Since G = RY is certainly of the form treated in the
special case, we may assume G # RY. Therefore it follows from Lemma 3.10
and 3.11 that modulo a translation we can find a hyperplane H through the
origin, and a real linear isomorphism ® : R¥ — R¥ such that

®G)c{yeRY:0<y <a}, a>0ora=oo,

O(H) ={y eR":y =0},
and ©(G) lies between ® (H) and a parallel hyperplane or in a half space de-
termined by ® (H ). Therefore @ (G) is a convex open subset as we considered

it in the special case.
Denote by ®7 the real adjoint of ®, and find d > 0 with

1
Skl 1@l =dxl,  xeRY.
If (K,), is a fundamental sequence of convex compact subsets of G, then

(®(K,)), is a fundamental sequence of convex compact subsets of ®(G).
Moreover, for each compact set K in RN

hoa) () = hg(®(y)), vy eRV.
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Next define
X : H(CY) - H(CY), X(9)(2) =g(®"(2)), zeC,

where ®7 is a real linear map canonically defined on CV. We show that X in-
duces a linear topological isomorphism from 7;, ¢ H onto 7;, (c)H . Indeed,
since (®~1)T = (®7)~!, only one estimate for the continuity is needed. Sup-
pose that g € ¥, ¢ H. Then there exists n € N such that for each k € N there
is C; > 0 such that

1 N
lg(2)| < Crexp| hg,(Imz) + ;w(z) , zeCV.
If z € CV, and k € N, we have

1
1X(2)(2)| = |g(@" (2)| < Cy eXP<hxn(Im o7 (2)) + %w(d)Tz))

L
< C]/( exp(hcp(Kn)(Im Z) =+ Za)(Z)),

for some L € N which depends only on w and d > 0.
It is easy to check that

wa(p(G) = {v o) (DT v e Va),G}-
This implies that
Y:HV,6— HV,o00c), Y@@ =X =g@ (), zeC”

is a linear topological isomorphism, too. If jg : ¥, cH — va,c denotes
the inclusion map then we obviously have

Yojoc=joc oX  andhence  joi =Y o jcoX .

By the special case jo () is not a topological homomorphism, therefore jg
cannot be a topological homomorphism. Thus we reduced the general case to
the special case.
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