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GENERALIZED DIVISION POLYNOMIALS

TAKAKAZU SATOH

Abstract

Let E be an elliptic curve with complex multiplication by the ring O of integers of an imaginary
quadratic field F'. We give an explicit condition on @ € OF so that there exists a rational function
Y satisfying div ¥y = > PeKcr[a][P] — Npjq(@)[0] where [«] is the multiplication by o map.
We give an algorithm to compute v/, based on recurrence formulas among these functions. We
prove that the time complexity of this algorithm is O (Np /Q(oz)z*'g ) bit operations under an FFT
based multiplication algorithm as Nr/q () tends to infinity for the fixed E.

1. Introduction

Let k be a perfect field. It is known that for an elliptic curve E/k andn € N
there exists a rational function v, on E satisfying div(y,) = ), c E[n][P] —
n?[0], where O is the point at infinity. See e.g. Silverman[10, Exercise 3.7]
for char (k) # 2, 3, Koblitz[7] for char(k) = 2. If E is given by the Weierstrass
model, such functions are polynomials of coordinate functions and they are
called division polynomials.

Now let E : Y? = X3 + aX + b be an elliptic curve admitting complex
multiplications by the ring O of integers of an imaginary quadratic field F
where a and b are algebraic integers. Put K := F(a, b). In this paper, we
generalize division polynomials for some o« € O — Z. Our goal is to give a
deterministic algorithm to compute generalized division polynomials and to
estimate its bit complexities. More specifically, in Corollary 2.6, we prove that
arational function v, on E satisfying div(ye) = >, ekerfa]lP1—NF/Q ()[O]
exists if and only if either Nr,q() is an odd integer or 2|« (in Of). We call
such an element of Of unbiased. Then, with a suitable normalization, we
derive the relation

(1.1) ViVatyVa—y — YaVpiryVp—y = VarpVa—pVs

for «, B, y € Op provided all indexes appearing in (1.1) are unbiased (Corol-
lary 3.7). Choosing y carefully, we obtain recurrence formulas which gives
an efficient algorithm to compute generalized division polynomials. Since our
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generalized polynomials only exist for unbiased elements in Op, itis important
to construct recurrence formulas with unbiased elements. In Corollary 4.3, we
prove that v, is a polynomial of coordinate functions with coefficients in O,
the ring of integers of K. Choose w € Oy satisfying Op = Z + wZ. (Later
in (2.2), we specify w explicitly.) Define ||n + mow|| := max(|n|, |m|). Note
Nrjq(a) = O(lla]| 2. Using integrality of v,, we can estimate the growth rate
of the coefficients of ¥, to be O( |l log ||«]|) in Theorem 6.4. Combining
these results, we obtain, as our main result, an estimate for the time complexity
(measured by the number of bit operations) to compute ¥,,:

THEOREM. Let u be a constant such that the number of bit operations
used for multiplication of two n bit integers is O (n"). Assume that @ € Op is
unbiased. Then, we can compute , with O((Jla|* log ||||)*) bit operations.

In order to avoid technical difficulties, we limit ourselves to the case where
End(FE) is the maximal order of F'. Under this restriction, End(E) is aDedekind
domain and, in particular, every non-zero ideal has a prime ideal decomposi-
tion.

Generalized division polynomials are closely related to the problem of find-
ing the explicit form of complex multiplications. Stark[12] obtained the follow-
ing algorithm to compute explicit complex multiplication. Let g be the Wei-
erstrass g-function associated to E. For a given a € Op, his algorithm finds
polynomials u, v with coefficients in K such that g («z) = u(9 (2))/v( (2))
by the continued fraction approximation. From v, it is possible (in theory) to
obtain v,. (For example, v is a constant multiple of wg if Npjq(a) is odd.) Al-
though the growth rate of the number of arithmetic operations in K to obtain v
is of polynomial order w.r.t. Nr/q(«), the time complexity w.r.t. bit operations
is not known. Straightforward implementation suggests that its space com-
plexity grows exponentially as Nr/q (o) tends to the infinity. Hence, Stark’s
algorithm is infeasible in practice.

A better method is to perform Stark’s algorithm once for w. Assume that
a ;= m + nw € Op is given. Since the m times map and the n times map
are expressed in terms of ordinal division polynomials, we obtain an explicit
formula for complex multiplication by «. This is what was done by Abel [1] for
the case Or = Z[+/—1]. (Of course, no computational complexity analysis
is given in this 19th century paper.) This method performs several arithmetic
operations over K (X) whose time complexities w.r.t. bit operations are difficult
to estimate because they involve greatest common divisor computations over
K[X].

Although our main interest is an efficient algorithm to compute generalized
division polynomials, some topics related to (1.1) have independent interests.
Durst [5] obtained (1.1) in the case where y in (1.1) is restricted to be a unit
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and where E is of the form Y2 = X* + b. Chudnovsky and Chudnovsky [4]
mentioned this relation in the context of elliptic curve primality and factoriz-
ation tests, but no further relation than Durst [5] is given. As to integrality, in
case that the class number of F := Q(v/—d ) is one and that d > 7, Joux and
Morain [6, §2] proved that %1/[ v—a (Hg in their notation) is a polynomial of the
X-coordinate function with coefficients in Z. This is better than Corollary 4.3
by a factor of d. It is an open problem that for which F or « a similar property
holds. As to the space complexity, we note that McKee [8] gave a slightly
better estimate than ours for ordinal division polynomials.

The rest of this paper is organized as follows. After giving some notation,
we introduce the notion of unbiasedness in Section 2 and prove some basic
properties. In Section 3, generalized division polynomials are defined and
we prove the recurrence formula (1.1). Section 4 is devoted to the proof of
the integrality of generalized division polynomials. Section 5, which is of
different nature from the preceding sections, considers the space complexity
on arithmetic operations on O . Finally in Section 6, we prove our main result
Theorem 6.6.

NoOTATION. Let E be an elliptic curve given by
(1.2) Y2=X+aX+b

with algebraic integers a and b. The X-coordinate function and Y -coordinate
function are denoted by & and 7, respectively. The point at infinity of E is
denoted by 0. We use T := —&/n as a local parameter at O unless otherwise
noted. Throughout this paper, we assume E admits complex multiplication by
the ring Op of integers of an imaginary quadratic field F. Put K := F(a, b).
For « € Oy, there is a unique endomorphism [«] € End(E) satisfying 7 o
[a] = at + O(7?). The map [-] is a ring isomorphism (see e.g. Silverman[11,
Prop. I1.1.1]). For an ideal a of OF, we put

Elal:={P e E:[a]P =0 forall a € a}.

It is proven in Silverman[11, Prop. II.1.4] that E[a] is a free Or/a module
of rank 1. In particular, #E[a] = N(a) where N(-) is the norm of an ideal.
By a prime ideal, we mean a non-zero prime ideal. The principal ideal of O
generated by o € Op is denoted by (&) p. For simplicity, we write E[{«)F]
as Ela]. For A € E and f € K(E), we denote the order of zero of f at A
by ord4 f, whereas for a prime ideal p of a Dedekind domain R and @ € R,
we understand ordy, a as an additive p-adic valuation of a. These two usages
of ord are clearly distinguished by context.
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2. Unbiased Ideals

In this section, we introduce the notion of unbiased groups and unbiased ideals.
Then we obtain some basic properties of unbiased ideals.

DEFINITION 2.1. A finite Abelian group G is said to be unbiased if Y g =0.
geG

Note that unbiasedness depends only on the isomorphism classes of Abelian
groups.
LEMMA 2.2. Let G be a finite Abelian group.

(1) Assume that G = G| ® G, where gcd(#G 1, #G) = 1. Then G is
unbiased if and only if both G| and G, are unbiased.

(2) The group G is unbiased if #G is odd.
(3) Assume that #G is even. Then G is unbiased if and only if G contains a
subgroup isomorphic to Z/2Z & Z/2Z.

Proor. (1) Observe

dg=) > (gg)= (#Gz D g #Gy ) g2>.

geG 81€G| 226G 21€G 22€G>

Hence “if part” is obvious. To prove converse, note that (#G,)a = Ofora € G,
implies a = 0 since #G is prime to #G . Thus, G is unbiased. Unbiasedness
of G, follows from the same way.

(2)Since Y68 =D _4c6 =8 = — D_gei & We have

2.1 2) g=0.
geG
Multiplying @ € Z, we have the assertion.

(3) Dueto (1) and (2), we may assume that G is isomorphicto Z/2"Z&- - -®
Z/2"Z where r € N and ny, ..., n, € N. By a straightforward computation,
we see that the latter group is unbiased if and only if r > 2. Assume that G
contains subgroup which is isomorphic to Z/2Z & Z/2Z. Then G contains at
least three elements of order two. Hence G cannot be cyclic, which means
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r > 2. Therefore G is unbiased. On the other hand, in case of r > 2, the group
Z/2MZ & --- d Z/2" Z contains a subgroup isomorphic to Z/2Z & Z/2Z. So
does G.

DEFINITION 2.3. We say anideal a of O is unbiased if a is the zero ideal or
E[a] is an unbiased subgroup of E. An element o of Op is said to be unbiased
if the principal ideal generated by « is unbiased.

LEMMA 2.4. Let a and b be ideals of Op. The following properties hold:
(1) E[a+ 0] = E[a]l N E[b].
2) Ifa+ 0 = Op, then E[a] @ E[b] is isomorphic to E[ab] under the map
@ defined by (P, Q) := P + Q.

ProoF. (1) Obviously, E[a + 0] C El[a] and E[a + 0] C E[b]. Hence
Ela+ 0] C E[a]N E[b]. Lety € a+ b. Take o € a and B € b satisfying
a+pB = y.Thenforany P € E[a]NE[b]itholdsthat[y]P = ([a]+[BDP =
O, which implies P € E[a + b].

(2)Let P € E[a]and Q € E[b]. Since O is commutative, P+ Q € E[ab].
We prove ¢ is surjective. By the assumptions, there exist « € aand B € b
such that « + 8 = 1. For any A € E[ab], we have A = [B]A + [«]A with
[B]A € E[a] and [¢]A € E[b]. Therefore, ¢ is surjective. Then ¢ must be
injective because #E[ab] = N (ab) = #E[a]#E[b].

THEOREM 2.5. Let a be an ideal of Op. Then a is unbiased if and only if
either 2)pla (i.e. (2)F D a)or N(a) is odd.

Proor. The assertion clearly holds for the zero ideal. In what follows, we
assume that a is not the zero ideal. The if part is a direct consequence of Lemma
2.2. To prove converse, we have to show that a is a biased ideal if 2| N (a) and
(2) r 1 a. We consider the following three cases.

(1) In case that 2 remains prime in Op: Any ideal of O with even norm is
divisible by (2) r, hence there is nothing to prove.

(i) In case that 2 ramifies: Let (2) » = p*. Then, there exists a non-negative
integer e and an ideal b whose norm is odd such that a = p°b. Butif e = 0,
then N(a) is odd and if e > 2, then (2)r|a. Therefore ¢ = 1 and hence
E[a] = E[p] ® E[b]. Moreover, #E[p] = 2 and #E[b] is odd. Since E[p] is
biased, E[a] is also biased.

(iii) In case that 2 splits: By the similar observation as above, a decomposes
as a = p°b where e > 1, p is one of prime ideals dividing (2) and b is an
ideal of odd norm. Therefore, E[a] = E[p°] & E[b]. Since 2 splits, we have
E[p¢] = Op/p¢ = Z/2¢Z. Hence E[p°] is biased and so is E[a].

COROLLARY 2.6. Let @ € Op. Then « is unbiased if and only if either 2|«
in Of or Np/q(a) is odd.
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COROLLARY 2.7. Let a and b be unbiased ideals. Then ab is also unbiased.

COROLLARY 2.8. Let d be a square free positive integer such that F =

Q(/—d). Put

N —d (—d =2,3 mod 4),

(2.2) W=7 _ [/
% (—d = 1 mod 4).

Let m and n be integers.

(1) Incase ofd =1 mod 4, m 4+ nw is unbiased except form = n = 1 mod
2.

(2) In case of d = 2 mod 4, m + nw is unbiased except for m = 0 mod 2
and n = 1 mod 2.

(3) In case of d = 3 mod 8, any element of Or is unbiased.
(4) Incase of d =7 mod 8, m + nw is unbiased if and only if n = 0 mod 2.

Proor. This corollary follows from Theorem 2.5 and the fact that N ,q (m+
nw) = m?>+n’d ford = 1,2 mod 4 and Nrjqm+nw) = m?* —mn + #nz
for d = 3 mod 4. Note 2 ramifies in case of (1) and (2), remains prime in case
of (3), and splits in case of (4).

REMARK 2.9. The condition (2) r|a cannot be replaced by 4| N (a). Indeed,
letd = 7 mod 8 and let p be a prime ideal dividing (2) r. Then, the ideal p?is
biased and its norms is 4.

3. Generalized Division Polynomials

First we introduce generalized division polynomials and prove recurrence for-
mulas among them. Our definition is straightforward analogue of a definition of
ordinal division polynomials (see e.g. Cassels [3, Formulary]). For simplicity,
we write Nr/q(a) as N(a) for o € Op. To begin with, we recall a condition
on a divisor which comes from a rational function. Let D := Z;’zl a;[P;] be
a divisor on an elliptic curve E. Then there exists a rational function f on E
whose divisor is D if and only if ) »_,a; = 0and > ;_,a; P; = O (see e.g.
Silverman [10, Cor. II1.3.5]). Therefore, for a finite subgroup G of D, there
exists a rational function f on E satisfying div(f) = ) p.;[P] — #G[O] if
and only if G is an unbiased group. Similarly, for « € O — {0}, there exists
a rational function f on E satisfying

3.1) div(f)= Y [P1=N@IO]

PeKer[o]
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if and only if « is an unbiased endomorphism. However, a divisor determined
a rational function only up to constant multiple. We specify this constants as
follows.

DEeFINITION 3.1. Let @ € Of be a non-zero unbiased element. Define the
a-th division polynomial ¥, by div s = D pegerpy[ P1 — N(@)[O] and the
normalization condition

(3.2) Yy = (=N lgg=Ne@+ 4

We also define an auxiliary function v, for any « € Op by conditions
div ¥y = O pekera) 2LP] — 2N (@)[0] and ¥, = o>z 2V@+2 4 ... Since
(2.1) holds for any finite group, such function exists and it holds that ¥, = W2
for unbiased . By convention, we put ¥ := 0 and v/ := 0.

ExAMPLE 3.2. For the curve Y> = X° + 5X, we see ¥, /-7 is a con-

stant multiple of £2 4+ 2 — /—1 by straightforward computation (or Stark’s
algorithm). Since £ = 772 — 572 4+ O(z%), we have

Voiymr = Q+V=DE 45
=Q2++V/=Dt* =15 -10vV=1+4 0(z%).

REMARK 3.3. In case @ € N, our v, coincides with the notation used in
[10, Exercise 3.7]. For a unit € of O, we see 1y, = & (a constant function).

LEMMA 3.4. Let a be an unbiased element. In case that N (o) is odd,
Y, € K|[&] and deg‘é Yo = (N(a) — 1)/2. Otherwise, %Wa € K[&] and

deg, (F¥a) = (N (@) —4)/2.

Proor. Since Ker[«] is defined over K (recall K O F), there is f €
K (E) satisfying (3.1). Noting & € K((r)) and n € K((r)), we see that f
is expanded as a_N(a)+1r_N(“)+1 + - with a_y)+1 € K. Threfore, there
exists a constant ¢ € K* satisfying ¥, = cf, which implies ¥, € K(E).
Since [—1](Ker[«r]) = Ker[«], there exists constant ¢ satisfying ¥, o [—1] =
cy. Note T o [—1] = —7. Therefore v, o [—1] = ¢, for odd N(«) and
Yyo[—1] = —1, foreven N («). Since [—1] is the unique non-trivial element
of Gal(K(E)/K (§)), we see ¥, € K (&) for odd N(«) and %Wa € K (&) for
even N («). However they are regular outside of {0'}. Hence we see they are
polynomials of &. The assertions on degree follows from ordy & = —2.

LEMMA 3.5. Let o and B be non-zero unbiased elements of Op. Then

Vap = (Wa 0 [BD) - ¥y
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Proor. Since char(K) = 0, every endomorphism is separable, hence un-
ramified (Silverman [10, II1.4.10(c)]). By a straightforward computation, we
see div Yup = div((¥y o [B]) - 1//}9’(“)). Indeed,

divyeg = D [P1=N@PIO]

PeKer[a]o[B]

=[ﬂ]*< > [P])—N(ocﬁ)[@]

PeKer[a]

= [BI"(div Yo + N(@)[O]) — N(@)N(B)[O]

= V(BT V) + N(a)< 3 [p]) ~ N@N(B)IO]

PeKer[B]

= div(yy o [B]) + N(a) div .

Thus there exists a constant ¢ € K™ satisfying ¥, = c(¥, o [B]) - 1///‘;\/(“). By

definition,
Waﬂ — (_1)N(aﬂ)*1a'3T*N(W)+1 + ...

while 1”‘1 _ (_I)N(a)_la‘f_N(a)+l + ...

Yy o[B8l = (_1)N(a)—1a(13_[ .. .)—N(oc)+1
— (—1)N(a)_106,3_N(a)+1T_N(a)+1 T+

N —_ —_
Y@ = (NPT NEH N @
_ (_I)N(aﬂ)—N(a)IBN(a).L.—N(Olﬂ)+N(0t) R

Hencec = 1.

The proof of the next proposition is more or less the same as the proof for the
ordinal division polynomials and is already outlined in Cassels [3, Formulary].
However, in case that o and 8 € Op satisfies (¢ + B)r + (¢ — B)r # Op,
the function ¥, g¥«—g have a double pole. We need to handle (at least) this
case separately, which is omitted in [3].

PrOPOSITION 3.6. Let o and B be non-zero elements of O such that ¢ + 8
and o — B are unbiased. Then

_ chJr,B Wafﬁ .

Eola] —£o[p] = — LtV
* Jals
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ProoF. The assertion is obvious in case of « = +8. Assume o # B and
o # —pB and consider the function ¢ defined by

&a &ﬁ
wOH’,B l/’ozfﬁ .

We show that ¢ has no pole. It is expanded as

= (ola] =&o[B])

(@2 =B D124 ) (a2r N@F2 L (B2 2NB+2 L
(DN @ + pyr NI 4
((=DN@=P—1(g — B)r NP+l 4 .. )

at the point at infinity. Noting

(3.3) N(a+B)+ N( —p) =2N(x) +2N (),
we see that ¢ is expanded as

(3.4) p=—-140(7)

atO.For P € E[a]—E[B],wehaveordp(§o[a]—&o[B]) = —2, ordp(&a) =
2, Ordp(v;"g) = 0, ordp(Yoyp) = ordp(¥y—pg) = 0. Thus ordp ¢ = 0. The
similar argument applies for P € E[8] — E[«]. Let P € E[a] N E[B] — {0}
and let Vp be the translation by P map (i.e. Vp(A) = P + A). Observe

EolaloV_p=a2(toV_p) 2 +---

But t o V_p is alocal parameter at P and [«] o V_p = [«]. The same formula
holds for 8. Using o # %8, we see ordp (£ o[ar] —& o[B]) = —2. On the other
hand, ordp (/) = 2, ordp(V¥g) = 2, ordp (Y4 p) = 1 and ordp(Yy—p) = 1.
Hence ordp ¢ = 0.

Now we consider a possible pole of ¢ outside of E[a] U E[B]. It comes
from Y4 gVa—p, henceitliesin E[a+ B]U E[oe — B] — {O'}. We consider three
sub-cases. In case P € E[a + B] — E[a — B], we have [a](P) = —[B](P),
which implies & ([a](P)) = &([B1(P)). By definition, ordp ¥o4p = 1 and
ordp ¥y—p = 0. Hence ordp ¢ > 0. The same is true for P € E[a — B] —
El[a + B]. Finally, assume P € E[e + ] N E[e — B] and P # (. By
the former condition, 2[«](P) = O and 2[B8](P) = O. However, we have
assumed [@](P) # O and [B](P) # O. Thus [«](P) and [B](P) are non-
trivial 2-torsion points of E. Since

£([a](A = P)) = §(—[al(A — P)) = &([a](=A) + [«](P))
= &§([a](=A) — [a](P)) = &([a](=A = P))
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forall A € E, weseethat&o[a]oV_p isaneven function and that the expansion
of £o[a] at P withrespect to the local parameter 7 o V_ p consists of even degree
terms. The same holds for [8]. Therefore, £([a](P)) = &([B](P)) means
ordp(§ o[a] —& o[B]) = 2. On the other hand, ordp Yo = ordp Yy_p = 1.
Consequently, ordp ¢ > 0.

Since ¢ has no poll at all, it is a constant function and its value is —1 by
(3.4). This completes the proof.

COROLLARY 3.7. Let o, B, y be elements of Of such thata = 8, B + v,
y &£ « are unbiased. Then

&ﬂlpaﬂ/‘/’a—y - &a‘//ﬁ—&-y‘pﬁ—y = wa+ﬂ1pa—ﬁ&y-

PROOF. Again, the assertion is trivial for 8y = 0. Otherwise, this follows
from Proposition 3.6 and the identity (§ o[¢] —&o[y]) —(Eo[B]—Eo[y]) =
§ofa]l —§o[B]

Let w be as in (2.2). For @ € F, we put
(3.5) llall := max(]s], |£])

where s, t € Q are uniquely determined by & = s + fw.

PRrROPOSITION 3.8. Leta € Of be unbiased. Then, there exist seven unbiased
elements B1,...,B¢ € Op,8 € {1,2, 0w, |1 +w, | —w, 1 +2w}andt € {0, 1, 3}
satisfying the following conditions:

(D) Y = W3, Ve Vs — W3, Ve V5V
Q@) 18Il < 3llecll +2 forall i
Explicitly, the following formulas holds for u € Og: In case of d = 3 mod 4,
Vo = VW V2 = Vg Vu2) /¥,
Vot = Vs = Vi Yt
Voo = WaVur2o = ViroVu-o) Vo
Vaurivo = W Vus2420 = VartsoVum1-0) Vi o-

Letu =m +nwwithm,n € Z. In case of d = 7 mod 8,
3.7
Vou = Yu(Wy Va2 — Yoy Vu2)/V2  (n:even),

Vou = Wi o VuriroVu-t+o — VisoVutrl—oVu-1-0) /Y20 (1 :0dd),
w2u+l = W;sz - W3+1¢u—1 (l’l : even),
Voust = (Vp_pVurrroVuro — Vs tro Vit —oVu—1-0)/ Vit (1 :o0dd).

(3.6)
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In case of d = 1 mod 4, in addition to (3.7), we have
(3.8)
Vouro = W Vusrzo — VoroVu-o)/ Ve (m :even),

Vouro = W Vur120%ir1 — Vo poYi-1toVu-1-0)/¥y  (m :odd).
Similarly, in case of d = 2 mod 4, we have (3.7) and

3.9
Vouriro = W Vusrt20 — Vi s 1voVu-1-0)/Vir,  (m =nmod?2),

Vourito = W o Vutr-o — ¥ Vu1420)/¥5_,  (m #nmod 2).

ProOF. Recurrence formulas (3.6)—(3.9) are immediate consequence of Co-
rollary 3.7, which implies the existence of f, ..., B¢, § and ¢. Unbiasedness
of B1, ..., Be and § follows from Corollary 2.8. Finally, the assertion (2) is a
consequence of the inequality

1 z

< gl2e+al+ |y =3

||x+y||_2|| x4zl + ||y >
forany x, y,z € F.

4. Integrality of Division Polynomials

Let T be an indeterminate. For an unbiased element « € Op, define ¥, (T) €
K[T] by ,
Vo = Vo(8) (Nr/q(@) is odd),

1 .
;Vfa =W, (§) (Nr/q(@) is even).
In this section, we prove that ¥, € Og[T]. For a nonzero ideal a of O, we
put
A(T):= ] (T—gPy.

PeE[a]—{0)
As before, we write Ay, as A, fora € Of. Note
4.1 div A, (&) = 2( Z [P] — N(a)[@])
PeE[a]
and hence
a2 W, (T)? (Nrq(@) is odd),

(4.2) Ag(T) =1 .
a2C(T)Vo(T)* (Npjq(e) is even).
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Here, C(T) := T? 4+ aT + b with a, b defined in (1.2). Let 8 be a prime ideal
of Ok lying above a prime ideal p of OF. Recall that §3-adic valuation has the
standard extension to K (7T) in the sense of Zariski and Samuel[13, §1V.13],
namely,

n
. i = 1 g .
ords (2; o T ) = olgilgn ordy o;

on K[T]. In order to prove ¥, (T) € Ok|[T], it is suffice to prove
ordg Ay (T) > —2ordy o

for any prime ideal . The fact that #E[m] = m? for m € N cause a difficulty
to the proof of the above formula. Let A be an torsion point of E of order p™.
Then, as is well known (see e.g. Silverman [10, Th. VIL.3.4]),

dsg
(4.3) ordy £(A) = —2——2P
pm — pm
This inequality implies, for example,
p*—1
ordg Ap(T) > =2 b1 ordg p

which is insufficient for our purpose. This problem might be solved by the
sharper inequality obtained by Oshikawa [9, Th. 4] with fine arguments on
hight of the formal group associated the reduction of E at ®§ (including bad
reductions). Here we employ an another method. We utilize the fact that
W, (T) € Ok|[T] for n € N. (This is well known. See e.g. Silverman [10,
Exercise 3.7]. Recall that in (1.2), we assumed that a and b are algebraic
integers.)

For a prime ideal p of the Dedekind domain R and a non-zero ideal a of a
subring of R, we denote by ord, a the largest integer e such that p® divides Ra.

LEMMA 4.1. Let p be a prime ideal of Of and *B a prime ideal of Ok lying
above p. Let a be an ideal of Of and put e := ordy a. Then, ordg A (T) =
ordg Ape(T).

ProOF. There exists an ideal b of O such that a = p°b. Recall E[a] =
E[p°] ® E[b] by Lemma 2.4. Thus

4.4) ordg Ay (T) = E ordg(T —&(P + Q))
PeE[p], QeE[b]
P#0 or Q#0
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We show ordy (P + Q) > Ofor Q # O.Letu € b—p.Put A := P+ Q and
assume ordg £(A) < 0. Hence, A belongs to the group of points of the formal
group associated to E over the ¥3-adic completion of K at (. Let r € p° be
arbitrary. Since End(E) is commutative, [u][r]A = [u][r]P + [r][u]Q = O.
However, u is a -adic unit and thus [r]JA = . This implies A € E[p‘].
Hence, Q = P — A € E[p¢], which contradicts to O # O by Lemma 2.4.
Therefore, ordyy (T — £(P + Q)) = 0 for O # O and the right hand side of
(4.4)is
> ordy(T — £(P)) = ordy Aye(T).
PeE[p]-{0}

PROPOSITION 4.2. Let a be a non-zero ideal of Or. Then, ordyg Ay (T) >
—2ordy a for a prime ideal '3 of Ok.

PROOF. Put p := Op N ¥ and e := ordy a. Let p be the prime number
belonging to p. By the preceding lemma, we have only to prove

4.5) ordg Ape(T) > —2eordg p.

We consider three cases:

In case that p splits: we have ordg p = ordy p and E[p¢] = Z/p¢Z. For
1 < m < e, there are exactly p” — p™~! points in E[p¢] whose order is p™.
By (4.3),

ordg Ay (T) = > min(0, ordy £(P))

PeE[pe]-{0}
e
m_1. —2ordy p
> Z(pm —-p 1)—m i;fl = —2eordg p.
p— p-—Dp

In case that p remains prime: Noting (4.2) and W, (T) € Ok[T], we have
ordsg Aye(T) = —2ordy p® + 2ordgg W,e (T) > —2e ordy p.

In case that p ramifies: Assume first that e is even. Then, p¢ = (p¢/?)r and
assertion follows the same argument as above. Let e be odd. In case of e = 1,
we have E[p] = Z/pZ and (4.5) holds by the same reason as the split case.
Now assume ¢ > 3 and putn := (¢ — 1)/2 and g := p". As is well known
Eolgl =& —Vyr1¥y—1/ qu (which can also be proved by Proposition 3.6).
Then, by a similar proof to Lemma 3.5, we have

Ap () =q" P VA E o [qD A () = g2 AyEY, — Yg1Vgs )V,
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Thus,
q 20 (G (T)W,(T)? (p #2),

Aye(T) =
’ {qzAp(Gq(T))C(T)‘I’q(T)2 (p=2),

where
TW(T)? — C(T)Vy 1 (T)Vyii(T) (p #2),

G,(T) := { )
TC(T)Wo(T)? — Wi (T)Wi1(T)  (p=2).

Because W;(T) € Ok[T] for any i € N, the polynomial G,(T) also belongs
to Ok|[T]. Thus,

ordg Ape(T) > —2ordg g + ordyg Ap(T) = —2e ordy b.

COROLLARY 4.3. Let « € Opf be unbiased. Then V,(T) € Ok[T] and
Yo € Okl§, 1l

5. Space Complexity for Polynomial Arithmetic Operations

We estimate space complexities for arithmetic operations on Og[T] where T
is an indeterminate. Estimates for additions, subtractions and multiplication
are simple. However, divisions give rise to a difficulty. For an integer n and
its divisor m, the bit size of the quotient n/m is not greater than that of .
Such a property does not holds for Ok [T]. In order to clarify an obstacle, let
us consider the integer ring Z[v/2] of the real quadratic field Q(+/2). Then,
/2 — 1 is a unit and (ﬁ — 1)" divides 1 for any n € N. But bit size of
1/(+/2—1)" is, in any sense, unbounded as 7 tends to infinity because finitely
many bits can represent finitely many elements in Z[+/2 ]. This suggests that
we need to utilize the fact that F' is an imaginary quadratic field in order to
bound the space complexity. Our method is based on the fact that the bit size
of o € Ok is not that different from Lk () := max; log, Nr,q(a;) where
a =), a0 with K = F(6).

First we note a technical lemma whose proof is given in Appendix. Although
it looks like an abstract nonsense, such an abstraction is necessary because it
is used twice in subsequent proofs with different coefficient rings. Let R be
an integral domain. For polynomials f and g € R[T] we denote by quo(f, g)
(resp. rem( f, g)) the quotient (resp. remainder) of the division f/g in k[T]
where k is the field of fractions of R.

LEMMA 5.1. Let R be an integral domain. Let L € Map(R, RU {—o0}) be
a map satisfying the following conditions.

(5.1) L(0) = —o0.
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(5.2) There exists a constant ¢y > 0 such that L(a+B) < max(L(x), L(B))+
ciforalla, B € R.

(5.3) There exists a constant c; > 0 such that L(af) < L(x) 4+ L(B) + ¢, for
alla, B € R.

For such a map L, we define L € Map(R[T], RU {—oc}) by

n

(5.4) L(Z aiTi) = max L(a;).

i=0
Then, for polynomials f, g € R[T], the following inequalities hold.
@ L(f £g) < max(L(f), L(g)) +c1.
() L(f8) < L(f) + L(g) +c) min(deg f. deg g) + c».
(c) Assume g # 0 and
(5.5 L(c(g)ar) = L(a)

forall @ € R. Assume also quo(f, g) € R[T]. Put c3 := max(f,(g) +
c1+¢2,0) and § := max(deg f — deg g, —1). Then, we have

(5.6) L(quo(f, g)) < L(f) + 8c;

and

(5.7) L(rem(f, g)) < L(f) + (8 + D).

We now consider the computational complexity of arithmetic operations on
Ok[T]. Let w be as in (2.2). Put v := [K : F] and take 8 € K satisfying
K = F(0). Later, we require 6 to be an element of Ok, but for now 6 is not
necessarily an algebraic integer. Let H be the monic minimal polynomial of
6 over F. It is important to construct K as a simple extension over F, not that
over Q. Define Ly € Map(F, RU {—o0}) and Lx € Map(K, R U {—o0}) by

logy Nrjq(a) (o #0)
—00 (a=0)

Lr(a) := {

and
v—1

e(La) = s Lrcan

i=0

respectively. Let L r be the extension of Ly to F[T] as was done in (5.4).
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THEOREM 5.2. Foro, B € K and ¢ € F, we have

Lg(ca) = Lr(c) + Lk (o),
Lk (o + B) <max(Lg(a), Lx(B)) + 2,
Lix(@B) < Lg(@) + Lx(B) + (v — D(Lr(H) +4).

PrOOF. Put # := {f € F[T] : deg(f) < v}. Determine A and B €
Pr by « = A(6) and 8 = B(6), respectively. By definition, Lg(x) =
ZF(A) and Lg(B) = I:F(B). Since T is mapped to 6 by the map F[T] —
FIT1/(H)riry = K, we have Lg(x + ) = Lp(A + B), Lg(af) =
Lr(rem(AB, H)) and Lk (ca) = Lg(cA). On the other hand, it is obvious
that L satisfies (5.1) and (5.3) with ¢, = 0. By (3.3), we have

Lp(a+ B) =max(Lp(a), Lr(B)) +2

for o, 8 € F, which shows that Ly satisfies (5.2) with ¢; = 2. Hence
Lemma 5.1 is applicable to L and the first two assertions are proved. Since
H is monic, the condition (5.5) for L = Ly and g = H is clearly satisfied.
Thus, the last assertion follows from Lemma 5.1.

COROLLARY 5.3. Let Ly € Map(K[T], RU{—00}) be the extension of Lk
asin (5.4).

(a) Y:here exists a constant ¢4 > 0 such that ZK(f +g) < max(f,K(f),
Lk(g) +caforall f,g € K[T]

(b) There exists a constant ¢s > 0 such that ZK(fg) < ZK(f) + EK(g) +
(min(deg f, degg) + l)cs forall f, g € K[T].

(c) Let g € K[T] and assume 1c(g) € Or. Then, there~ exist a constant
ce > 9 (depending on g)~such that Lg (quo(f, g)) < Lg(f) + 8ce and
that Lx(rem(f, g)) < Lx(f) + (8 4+ 1)cg for all f € K[T] where
3 := max(deg f —degg, —1).

PrOOF. The corollary is an immediate consequence of Lemma 5.1 and
Theorem 5.2.

From now on, we assume 6 € Og and put D := [Og : Op[0]]. We
representa € Ok asav-tuple (oo, ..., ®,—1) € O} wherea = Z;’:—(} a;0'/D.
Each u € Op is represented as a pair of integers (m, n) determined by u =
m + nw where w is defined as (2.2). On the other hand, we put Sp(m +nw) =
log, (max(|m|, 1)) 4 log,(max(|n|, 1)) + 6 and Sk («) := Z;’:—Ol Sr(a;). The
value Sp(u) is considered to be the bit size to store u € Op (not including
length of m and n) by the data structure described as above.
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THEOREM 5.4. There exist constants c7 > 0 and cg > 0 satisfying

1
ELK(W) —c7 < Skg(a) < vLlg(a) +c3

for all non-zero a € Ok.

PROOF. Let u := m + nw with m,n € Z and « := Y\~ o;6'/D with
a; € Op. Apparently, Np,q(u) < (d + 3) max(m?, n?). Hence, there is a
constant cg such that log, Nr/q(u) < c9 + 2Sr(u) for allu € OF. Thus,

Lg(Da) = mnax Lp(a) <c9+ 20r£1fl<xv Sr(ai) < co 4+ 28k ().

The left hand side is not less than Lk () since D € N. Conversely, m?> <
%NF/Q(M) and n? < %NF/Q (u). These are obvious for d # 3 mod 4 (recall
F = Q(+v/—d)). In case of d = 3 mod 4, they follow from

N ra(m 4 1) n 2+d2 d+1 2 2+ d
m nw)=\\m-—— -\ =——\n——m —_—m".
F/Q 2 4 4 d+1 d+1

and d > 3. Hence, there exists a constant ¢y such that Sr(u) < Lr(u) + cio
forall u € Op — {0}. We have Lr(a;) < Lg(a) +1log, D forall0 <i < v.
Thus,
Sk(@) < Y (Lr(ey) + cio) + 6#{i : o =0}
o; #0
<v(Lk(@)+log, D+cio+6).

This concludes the proof.

Using the above results, we have, for example, Sk (¢f) < 2v(Sk(a) +
Sk (B)) + 0() for o, B € Ok — {0}. However, this is insufficient for our
purpose. In the next section, we work with Lg as much as possible and use
Theorem 5.4 only once during the proof on a space complexity.

6. Complexity to Compute Generalized Division Polynomials

We give time and space complexities to compute W, (7') as || || tends to infinity.
Recall that E is a fixed elliptic curve Y?> = C(X) where C(T) = T3 +
aT + b (cf. (1.2)). We keep notation in the previous sections. For f(T) :=
Z?:o a;T' € Ok[T], we put o(f) := maxg<;<, Sk (@;). Throughout this
section, let  be a constant such that the number of bit operations to multiply
two n bit integers is O (n**) and that the number of arithmetic operations of a
coefficient ring to multiply two polynomials of degree less than n is O (n*). In
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what follows, c¢11, c12, . . . stand for suitable positive constants depending only
on E.

First, we convert recurrence formulas (3.6)—(3.9) in terms of W,’s and C,
i.e. polynomials of one variable. The result is as follows. Let u = m + nw with
m,n € Z.1In case of d = 3 mod 4,

W, (W2 W,n — W2, W, 2)/2C  (n: odd),

(6.1) Wy, =
W, (Wr (W — Wi, W, 2)/2  (n:even),
\'IIS\'IIIkFZ - "113_;,_1\11147] ) (I’l : Odd)’
(6.2) Wy =3 C2WW, 00 — W2 W, y, (m:even,n :even),
\IIS\IIHZ — C2\If3+1\11u,1, (m :odd, n : even),

(\IIS"IIMnLZw - \I”3 lyufw)/“pj)’ (m : Odd),

u+w

(6.3) Voo = (CPU3W,1p, — W3, W, ,)/W3  (m:even,n :even),

u+w

3 203 3 . .
VW20 —CV, Wy 0)/ VY, (m:even,n: odd),
\I’s\Du+2+2a)7\;’3+|+wwu—l—w (m $ n mOd 2)’
lI,l+a)
Crulw »—3 W, le
(6.4) Voyildw = u ut2iz —otlte - " (m=n=0mod 2),
\IJH-(u
\PS\IJV+2+2{"—C2\II3+I+ Vy—i—o
e (m =n =1 mod 2).
\Iji+w
In case of d = 7 mod 8, recurrence formulas are
W, (W2 W, — W2, W, ) (n : even)
2 : ’
65) Wy =1 :
Vo YirttoYit1ro— Yo Vit 1o WYi—1-0 (n - odd)
lI’Zw ) ’
CW, 1 — W\, (m : even, n : even),
3 23 . .
VoW, —C Y, W, (m :odd, n : even),
(66) \Ijzu+l = 3 C2‘I’L%_a,lpquZer\I’quw*\I’M2+|+w\l’u+l—mq/u—l—w (m ceven. i : Odd)
Wit ’ ’
\l’,%_wq’u+2+m“l’u+w_C2w3+1+w\yu+l—w\l}u—]—w (m . Odd n: Odd)
W20 ’ T ’
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In case of d = 1 mod 4, in addition to (6.5) and (6.6), we use

CZ\I’S q}LH»Zw -V
W3

2]

3
utw k[lu —0

(m : even, n : even),

W3, 4o, —C203

utw lIIM —@
3
\Ilw

(m :even, n : odd),

(67) "Ij2u+w =

22 2
CU V1420Vt =Y o Yi—140 Yi-1-0

v

(m :odd, n : even),

2 22
\puf[\pquH»Zw\le»l_C \pu+|+wlpufl+w‘pu—l—w
3
\I’w

(m :odd, n : odd).

Similarly, in case of d = 2 mod 4, we use (6.5) and (6.6) and

23 3
C \]IM \I’L¢+2+2(u — \IIZH_ I+w Yy i—p

(m =n =0mod 2),

vy,
V¥ Yoio () =y = 1 mod 2)
\IJ?"'U) o o ’
(68) \Ij2u+1+(u =
O V2oV Vit (m : even, n : odd)
v : , N s

3 23
lI/L(+w‘Ilu+2—w_C \IJM+1 ‘yu—H—Zw
3
v,

(m :odd, n : even).

For completeness, we present an algorithm to compute W,,.

ALGORITHM 6.1.
Input: unbiased & € OF, a, b € Ok, square free d € N.
Output: ¥,
Procedure:
Lo (lell =4 {
2: if (¥, is not yet computed) {
3 compute W, by Stark’s method (or its variant) and store it
4: }
5: return W,;
6: }
7: compute W, by one of suitable formulas (6.1)-(6.8) (recursive call)
8: return ¥ ;

REMARK 6.2. Since ¥_, = —W¥,, without loss of generality, we can restrict
o to have non-negative real part. In practice, we have better to use a recurrence
formula to compute W44, and W43, (if 4 £ 3w is unbiased).

In the rest of this section, we analyze computational complexities of Al-
gorithm 6.1. Since we store W, only for ||| < 4, the asymptotic space com-
plexity is bounded by O (Nr,q(a)o (W,)). Onceits space complexity is known,
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we can estimate time complexities for multiplications needed in evaluation of
recurrence formulas. In order to evaluate whole complexity of Algorithm 6.1,
we need a growth rate estimate concerning such an algorithm containing re-
cursive call. This is a variant of Aho, Ullman, Hopcroft [2, Theorem 2.1]. The

proof will be given in Appendix.

LEMMA 6.3. Leta > 0, b > 0, ¢ > 0, d > 0 be real numbers and let
k > 2,1 > 0beintegers. Let y € Map(N, R.) is a monotone non decreasing
function and assume y satisfies

6.9) y(n) < ay ([%] + 1) + bnf(log n)¢

for all n > M, with a constant M > 1. Then,
O (n'%“(logn)?) (a > k°),
y(n) =1 0m(ogn)™™)  (a =k,
O (n¢(logn)?) 0 < a < k°).

Now we can prove our main results.

_ THEOREM 6.4. The following estimates hold as || tends to infinity:
Lk (We) = O(lla)*log lal)) and o (We) = O(ller]|* log flc|)).

ProoF. For n € N, define

(6.10) A(n) = max Lx(¥,)

ller]

where ||-|| is defined in (3.5). A generic form of recurrence formulas is
W, = (C*Wj Wg Wy — CP2Wg Wy W)/ W

where t1,1, € {0, 1} and B, ..., B¢, 6, t are as in Proposition 3.8. Note there
are finitely many (pricisely six) possibilities for 6. Since Ic(W;) € Op,
Lx(Wy) < Lg(CMWg Wy, Wy — C*2Wg Wy Wy ) + (Npjq(a) + cir)er
< max(Lg (C*" W5 Wy, W), L (C*2W5 Wp Wp))
+ c13NFa) + ci4
< max2Lx (W) + Lk (Wg,) + L (),
2Lk (Wp,) + L (Wg,) + L (W) + c15Nrjq(@) + cig
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Because of Proposition 3.8(2) and (6.10), we have Lg (W5,) < A([14l] +2)
and hence

llexl

Lx(¥,) < 4A<|:7] + 2) + c15Npjq(a@) + cie.

Apparently, Np/q(a) < (3 + d)|lee||*. Since A is a monotone non-decreasing
function, _ n
Lx(Wy) < 4n ([5] +2) + e’ + i

for all ||a|| < n. Taking maximum for ||| < n, we obtain

n

A(n) <4\ ([2] + 2) + c17n® + ci6.

Hence, A(n) = O(n*logn) by Lemma 6.3. Now assertion on L is obvious
and that on o follows from Theorem 5.4.

REMARK 6.5. As for ordinal division polynomials, McKee [8] proved
o(¥,) = O(n?), which is better than our result by a factor of logn. It is
an open problem whether we can remove the log ||| factor from our result.

THEOREM 6.6. Let U, be the number of bit operations to compute \V, by
Algorithm 6.1. Then, U, = O((||a||410g [l |D™).

PrOOF. The proof is similar to the preceding theorem. Letting y (n) =
max U,, we obtain

leell<n

llex]

Uy < 6y ([T] + 2) + O((Nrjq(@)o (Wa))")

o (el .
=6v{|= |t 2 ) + O((lle][ log [ler[)™)
by Theorem 6.4. Thus y (n) < 6y ([n/2] +2) + O((n*logn)"). Since pu > 1,
we have 2% > 6 regardless of a multiplication algorithm. Then Lemma 6.3
yields y (n) = o((n* log n)*), which proves the theorem.

7. Appendix: proofs of technical lemmas

Here we present proofs of two technical lemmas for completeness. The proofs
are not difficult but highly computational.

PROOF OF LEMMA 5.1. Putn := deg f and m := deg g. Assume f(T) =
Yo fiT and g(T) = Y"1, & T". For simplicity, we understand that g; = 0
fori <Qori > m.
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(a) This is obvious from (5.1) and (5.2).

(b) Note ;
L(XI: ai> < 1nsllasxU L(a;))+ (v — 1)
=
forv e Nand ay,...,a, € R. This follows from an induction on v. Without

loss of generality, we may assume n < m. Then,

L(fe) = O<r]p<an§+nL( > figk—i>

0<i<n

< max  max (L(f) + L(g—i) + c2) + ney,
0<k<m+n 0<i<n
from which the assertion follows.

(c) Putg := quo(f, g) and r := rem( f, g) for simplicity. We use induction
on §. The assertion clearly holds for § = —1, i.e., deg f < degg. In case of
8 = 0, the condition g € R[T] implies that f, is a multiple of g,, and that ¢q is
a constant f,/g,. Hence L(f,) = L(gnq) = L(g) by (5.5) and in particular
(5.6) holds. Then

Loy =L(f —qg) = max (L(f; = q8i-nn))
= max (max(L(fi), L(fu) + L(8i=n+m) + c2) + 1)

<L(f)+L(g)+c1+ecr < L(f)+a.

Assume (5.6) and (5.7) are true in case § < k for k € N. Suppose § = k. Put
f':=quo(f, T)andq’ := quo(q, T). Then T (f' —q’g) = qog+r— fo where
qo 1s the constant term of g. Hence gog + 7 — fo is divisible by 7" and we have
' =q'g+r withr’ := quo(qog +r — fo, T). Hence degr’ < deg g, which
implies ' = rem(f’, g). Note f',q’,r’ € R[T]. Since deg f' — degg =
6 — 1 < k, we have

(7.1) L(¢") < L(f") + (deg(q) — es
and
(7.2) L(r') < L(f) + deg(q)c;

by the induction hypothesis. On the other hand, Tr’ + fy = gog + r implies

(7.3) L(qo) < L(Tr' + fo) = max(L(r'), L(fp))
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and
(7.4) L(r) < L(Tr' + fo) +¢3

by the induction hypothesis for § < 0. Now, (5.6) follows from (7.1)—(7.3).
Similarly, we have

L(r) < max(L(r), L(fy)) + ¢3 < max(L(f") + deg(q)cs, L(fo)) + ¢3
< L(f) + (deg(q) + Dcs.
Thus, all the assertions are proved.

PrOOFOFLEMMA 6.3. Define g€ Map((1,00),R) by g(t) := y ([t + 25 ])
for ¢t > 1. We observe

H R ER SR R B

(Note that kkfll is a solution x of the equation x = 7 +1.) Using non decreasing
property of y and (6.9) we see

" < e T enlie 27 (oa s 1 X ¢

—_— — — 0 —
SO= A\ Tr=1 k—1] U Tk

t okl kl\¢ koY

<ay §+m +b l‘+kT1 log l‘+m

fort > M, — % Hence, there exist positive constants M, and M3 satisfying
t
g(t) < ag (;) + Myt (log 1)’

for all t > M;. Assume t > kM3 and define My € Nby M3 < tk™™+ < kM3,
or, explicitly My := [logk Mf] Then, for 0 < i < My, it holds that

i, (1 i+1 d i AN )
ag F <a I4 ﬁ +61M2 F lOg F .

Summing up this formula for 0 <i < My, we obtain

M4—1 .
M ! c d ay!
g(1) < aMig (—kM4> + it dlogn’ Y- ()

(7.5) =0

My—1

log, a i
< (M%) gkMs) +1Mallogn Y ()

i=0
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In case of a > k¢, we have

Ms—1 . . k(t/ M)k
i (i> _ Mak =1 iy L osae
P k¢ ak—¢ —1 ak—< —1

and hence g(1) = O(t"°%%(log1)?). In case of a = k¢, the inequality (7.5)
clearly shows g(1) = O(°(log#)?*"). In case of 0 < a < k¢, the series
Zfio(ki)l converges and therefore g(1) = O (t¢(log#)?). The lemma follows
from y(n) = g(n + %)
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