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THE TRACIAL TOPOLOGICAL RANK OF EXTENSIONS
OF C∗-ALGEBRAS
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Abstract

Let 0 → J → A → A/J → 0 be a short exact sequence of separable C∗-algebras. We
introduce the notion of tracially quasidiagonal extension. Suppose that J and A/J have tracial
topological rank zero. We prove that if (A ,J ) is tracially quasidiagonal, then A has tracial
topological rank zero.

1. Introduction

In the connection with classification of nuclearC∗-algebras the notion of tracial
topological rank was introduced (see [9] and 2.1 below for the definition). It
is a non-commutative version of covering dimension for topological spaces
which plays a very important role in the classification of nuclear C∗-algebras.
In this paper, we are interested in those C∗-algebras with tracial topological
rank zero. Finite dimensional C∗-algebras are usually considered to have zero
rank. AF-algebras are C∗-algebras which can be approximated pointwisely in
norm by finite dimensional C∗-algebras. Therefore they are also considered to
have zero rank. C∗-algebras with tracial topological rank zero are C∗-algebras
that can be approximated pointwisely by finite dimensional C∗-algebras in
“measure” (or in trace). A precise definition and further explanation will be
given below (see 2.1 and 2.2 as well as 2.3). A unital simple C∗-algebra, with
tracial topological rank zero has real rank zero, stable rank one and weakly
unperforated K0 and is quasidiagonal.

A classification of separable simple nuclear C∗-algebras with tracial topo-
logical rank zero which satisfy the Universal Coefficient Theorem was recently
established in [13] (see also [12]). It is therefore important to know the tra-
cial topological rank of certain C∗-algebras. All unital simple AH-algebras
with slow dimension growth and with real rank zero have tracial topological
rank zero (see [5] and also [15]). Many unital separable simple C∗-algebras
with real rank zero, stable rank one, weakly unperforated K0 are known to
have tracial topological rank zero (cf. [14]). These results together with the
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recent result of Q. Lin and N. C. Phillips (see [19]) imply many simple crossed
products have tracial topological rank zero. Kishimoto ([8]) shows that certain
crossed products associated with non-commutative shifts have tracial topolo-
gical rank zero. By results in [12] and [13], these C∗-algebras can be classified
by their K-theory and therefore are isomorphic to some simple AH-algebras.
Non-simple cases were also studied in [6], where it is shown, among other
things, that the tracial topological rank of C(X) ⊗ A is bounded by the sum
of dimension of X and the tracial topological rank of A . This further shows
that tracial topological rank behaves similar to that of covering dimension for
commutative C∗-algebras. In this paper, we will study the tracial topological
rank of C∗-algebra, extensions.

Let 0 → J → A → B → 0 be a short exact sequence of C∗-algebras. In
what follows, if C has tracial topological rank zero, we will write TR(C ) = 0.
Suppose that TR(J ) = TR(B) = 0. The problem that we are interested in
is when TR(A ) = 0. If both B and J have real rank zero, i.e., RR(J ) =
RR(B) = 0, then it is proved in [23] and [2] that RR(A ) = 0 if and only if
every projection in B lifts to a projection in A . This requires the index map
from K0(B) to K1(J ) to be zero. For the case of tracial topological rank zero,
in order to have TR(A ) = 0, certain finite dimensional C∗-subalgebras in
B should be lifted to A . If A is a quasidiagonal extension (see 2.13), then
all finite dimensional C∗-subalgebras can be lifted. If A is an AF-algebra,
then the extension is also quasidiagonal. From this, naturally, we first study
quasidiagonal extensions. We show that if the extension is quasidiagonal, then
TR(A ) = 0. However C∗-algebras with tracial topological rank zero are not
in general AF. In fact, it is “tracially AF”. We discovered that condition that
the extension is quasidiagonal is rather too strong for TR(A ) = 0. This leads
us to the notion of “tracially quasidiagonal” extensions (see 4.1). Indeed, we
show that, under the condition that TR(eJ e) = 0 for any projection e ∈ A and
TR(B) = 0, TR(A ) = 0 if and only if the extension is tracially quasidiagonal
(Theorem 5.2). This result has been used in the subsequent papers [17] and
[18].
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2. Preliminaries

Throughout the paper, we assume that A is a unital separable C∗-algebra and
J is a closed ideal of A and π : A → A/J = B is the quotient map. So we
have the following short exact sequence:

(e-1) 0 −→ J −→ A
π−→ B −→ 0.

(1) We also let A+ denote the set of positive elements in A .
(2) For a C∗-subalgebra A1 of A , we write a ∈ε A1 if there is b ∈ A1

such that ‖a − b‖ < ε.
(3) Let A be a C∗-algebra and a, b ∈ A+. We write [a] ≤ [b] if there

is x ∈ A such that x∗x = a and xx∗ ∈ Her(b) = bAb, the hereditary
C∗-subalgebra generated by b. We write n[a] ≤ [b] if there are mutually
orthogonal elements c1, . . . , cn ∈ Her(b) such that [a] ≤ [ci], i = 1, 2, . . . .

For more information about the relation [a] ≤ [b], please see [4], [22], [10]
and [9].

(4) Define a non-negative function f
δ1
δ2

by

f
δ1
δ2
(t) =




1 t ≥ δ1

t − δ2

δ1 − δ2
δ2 < t < δ1

0 t ≤ δ2

.

(5) I (k) denotes the class of all C∗-algebras which are unital hereditary
C∗-subalgebra of C∗-algebras of the form C(X) ⊗ F , where X is some k-
dimensional finite CW complex and F is a finite dimensional C∗-algebra.
These are typical C∗-algebras with rank k.

Definition 2.1 (cf. 3.1 in [9] and [6]). Let A be a unital separable C∗-
algebra. We say that A is of tracial topological rank no more than k (denoted
by TR(A ) ≤ k) if for any ε > 0, any finite subset F in A containing b ∈ A+,
any 0 < σ4 < σ3 < σ2 < σ1 < 1 and any integer n > there exist a projection
p and a C∗-subalgebra B ∈ I (k) of A with 1B = p such that

(1) ‖xp − px‖ = ‖[x, p]‖ < ε,

(2) pxp ∈ε B, ∀x ∈ F ;

(3) n
[
f σ1
σ2
((1 − p)b(1 − p))

] ≤ [
f σ3
σ4
(pbp)

]
.

If TR(A ) ≤ k but TR(A ) �≤ k − 1, we write TR(A ) = k. If A has no unit,
we define TR(A ) = TR(A +), where A + is the C∗-algebra obtained by unit
1 adjoined in A .
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Remark 2.2. The condition (3) above means that (1−p)b(1−p) is much
“smaller” than pbp. Indeed if σ > 0 is given, the above definition implies that
we may choose p so that τ(1 − p) < σ for all tracial states τ . Thus condition
(1), (2) and (3) say that the part of F which can not be approximated by B has
arbitrarily small trace. If AF-algebras are viewed as C∗-algebras which can
be approximated pointwisely in norm by finite dimensional C∗-algebras, then
C∗-algebras with tracial topological rank zero may be viewed as C∗-algebras
which can be approximated pointwisely in “measure” (or in trace). When A

is simple, the condition (3) can be replaced by [1 − p] ≤ [a] for any given
non-zero a ∈ A+ which simply says that 1−p is arbitrarily small. Comparing
positive elements in a non-simple C∗-algebra becomes much more difficult.
The complexity of (3) above are due to this fact.

Remark 2.3. Real rank is also a non-commutative topological rank for
C∗-algebras. S. Zhang showed ([25]) that every purely infinite simple C∗-
algebra has real rank zero. It is perhaps not exactly what we expect to happen.
C∗-algebras with tracial topological rank zero behave more like zero rank non-
commutative space. For example, a simple C∗-algebra A with TR(A ) = 0
has real rank zero as well as stable rank one. See also [6] for a discussion
related to tensor products. K-theory of C∗-algebras with TR(A ) = k also
behaves similarly to that of C∗-algebras in I (k) (see [7]). More facts about
tracial topological rank can be found in [9]–[13] and [6].

The following proposition is taken from [6].

Proposition 2.4. Let A be a unital separable C∗-algebra. Then following
statements are equivalent:

(a) TR(A ) ≤ k;

(b) for any ε > 0, any 0 < σ4 < σ3 < σ2 < σ1 < 1 and any finite subset
F ⊂ A containing b ∈ A+, there exist a nonzero projection p ∈ A

and aC∗-subalgebra A0 ∈ I (k) of A with unit p such that the following
conditions are satisfied:

(1) ‖xp − px‖ < ε, pxp ∈ε A0,∀x ∈ F ;

(2)
[
f σ1
σ2
((1 − p)b(1 − p))

] ≤ [
f σ3
σ4
(pbp)

]
;

(c) for any ε > 0, any 0 < σ4 < σ3 < σ2 < σ1 < 1, any finite subset
F ⊂ A containing b1, . . . , bn ∈ A+ and any integer n > 0, there are
a nonzero projection p ∈ A and a C∗-subalgebra A0 ∈ I (k) of A with
unit p such that the following conditions are satisfied:

(1′) ‖xp − px‖ < ε, pxp ∈ε A0,∀x ∈ F ;

(2′) n
[
f σ1
σ2
((1 − p)bj (1 − p))

] ≤ [
f σ3
σ4
(pbjp)

]
, j = 1, . . . , n.
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For convenience, we list some known results as lemmas. Let A be a unital
C∗-algebra. From [9] and [22], we have

Lemma 2.5. Let a, b ∈ A+ and p be a projection in A .

(1) If a ≤ λb for some λ > 0, then [a] ≤ [b];

(2) [a] = [a2];

(3) If there is x ∈ A such that a = x∗x, b = xx∗, then [a] = [b] and
[f σ2

σ1
(a)] = [f σ2

σ1
(b)] for any 0 < σ1 < σ2 < ‖a‖;

(4) If ‖a − b‖ < δ2, then [f δ1
δ2
(a)] ≤ [b] for any 0 < δ2 < δ1;

(5) Suppose that ‖a‖ ≤ 1, ‖b‖ ≤ 1. Then for any 0 < δ4 < δ3 < δ2 <

δ1 < 1, there is δ = δ(δ3, δ4) > 0 such that ‖a − b‖ < δ implies that
[f δ1

δ2
(a)] ≤ [f δ3

δ4
(b)];

(6) If 0 ≤ a ≤ b, then [f σ1
σ2
(a)] ≤ [f σ3

σ4
(b)] for 0 < σ4 < σ3 < σ2 < σ1 <

1.

Corollary 2.6. Let A be a C∗-algebra and a ∈ A+. Then

(1) [f σ1
σ2
(a)] ≤ [f σ3

σ4
(a)] for 0 < σ4 < σ3 < σ2 < σ1 < 1;

(2) [f σ1
σ2
(a)] ≤ [f d1

d2
◦ f σ3

σ4
(a)], [f d1

d2
◦ f σ1

σ2
(a)] ≤ [f σ3

σ4
(a)] for any 0 < d2 <

d1 < 1.

Proof. (1) Since f σ1
σ2
(t) ≤ f σ3

σ4
(t), the assertion comes from Lemma 2.5

(1).
(2) A simple computation shows that f d1

d2
◦ f σ3

σ4
= f σ5

σ6
, where σ5 = σ4 +

d1(σ3 − σ4), σ6 = σ4 + d2(σ3 − σ4). Noting that σ5 > σ6 and σ2 − σ5 >

(σ3 − σ4)(1 − d1) > 0, we have [f σ1
σ2
(a)] ≤ [f σ5

σ6
(a)] by (1).

Corollary 2.7. Let a ∈ A with 0 ≤ a ≤ 1 and p be a nonzero projection
in A . Then for any 0 < σ4 < σ3 < σ2 < σ1 < 1, there is δ = δ(σ3, σ4) such
that ‖ap − pa‖ < δ implies

[
f σ1
σ2
(a)

] ≤ [
f σ3
σ4
(pap)

] + [
f σ3
σ4
((1 − p)a(1 − p))

]
[
f σ1
σ2
(pap)

] + [
f σ1
σ2
((1 − p)a(1 − p))

] ≤ [
f σ3
σ4
(a)

]
.

Proof. Let δ < δ(σ3, σ4)/2 be as in Lemma 2.5 (5). Note that

‖pap + (1 − p)a(1 − p) − a‖ < δ.

The assertions can be obtained from Lemma 2.5 (5).
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The following is taken from [6]:

Lemma 2.8. For any 0 < σ4 < σ3 < 1 and any integer m, there is δ =
δ(σ3, σ4,m) > 0 such that for any C∗-algebra A , any b ∈ A+ with ‖b‖ ≤ 1,
any mutually orthogonal projections pj , j = 1, 2, . . . , m, with p = ∑m

j=1 pj
and any σ1, σ2 with 0 < σ4 < σ3 < σ2 < σ1 < 1, if ‖pjb − bpj‖ ≤ δ,
1 ≤ j ≤ m, then

(e-2)

[
f σ1
σ2

( m∑
j=1

(pjbpj )
)]

≤ [
f σ3
σ4
(pbp)

]

and
[
f σ1
σ2
(pbp)

] ≤
[
f σ3
σ4

( m∑
j=1

(pjbpj )
)]

.

Lemma 2.9 ([9], Theorem 5.8 and Theorem 5.3). Let A be a unital sep-
arable C∗-algebras with TR(A ) ≤ k. Then TR(Mn(A )) ≤ k for n ≥ 1 and
TR(C ) ≤ k for any unital hereditary C∗-algebra C of A .

Corollary 2.10. Let A be a unitalC∗-algebra with TR(A ) ≤ k and J be
a closed ideal of A . If J admits an approximate unit consisting of projections,
then TR(J ) ≤ k.

The following lemma is a standard argument of function approximation
(see for example Lemma 2.5.11 of [16]).

Lemma 2.11. Let a ∈ A+ with 0 ≤ a ≤ 1 and f (t) be a continuous
function on [0, 1] with f (0) = 0. Then for any ε > 0, there is δ = δ(f, ε) > 0
such that for any nonzero projection p ∈ A with ‖ap−pa‖ < δ one has that
‖f (pap) − pf (a)p‖ < ε and ‖f (a)p − pf (a)‖ < ε.

Lemma 2.12. Let 0 < σ4 < σ3 < δ4 < · · · < δ1 < σ2 < σ1 < 1 and
n be a positive integer. There is δ > 0 satisfying the following: Suppose that
A is a C∗-algebra a, b, xi ∈ A (i = 1, . . . , n) with 0 ≤ a ≤ 1 such that
x∗
i xi = f

δ1
δ2
(a) and xix

∗
i ∈ Her(f δ3

δ4
(b)), and xix

∗
i (i = 1, . . . , n) are mutually

orthogonal. If there is a projection p ∈ A such that ‖py − yp‖ < δ for
y ∈ {a, b, xi, x∗

i , i = 1, . . . , n}, then

n
[
f σ1
σ2
(pap)

] ≤ [
f σ3
σ4
(pbp)

]
.

Proof. Set di = 1
i
, i = 1, . . . , 8. By Lemma 2.5 (5), there is ηi > 0 such

that, for any x, y ∈ A+ with ‖x‖ ≤ 1 and ‖y‖ ≤ 1, if ‖x − y‖ < ηi then
[f di

di+1
(x)] ≤ [f di+2

di+3
(y)], i = 1, 2, 3, 4, 5. Let η0 = 1

8 min{η1, η2, η3, η4, η5}.
By Lemma 2.11, there is η′

1 > 0 such that ‖[x, p]‖ < η′
1 implies∥∥f δ1

δ2
(pxp) − pf

δ1
δ2
(x)p

∥∥ < η0 and
∥∥[
p, f

δ1
δ2
(x)

]∥∥ < η0.
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Also there is η′
2 > 0 such that ‖[p, x]‖ < η′

2 implies

∥∥f σ3
σ4
(pxp) − pf σ3

σ4
(x)p

∥∥ < η0 and
∥∥[
p, f σ3

σ4
(x)

]∥∥ < η0.

Let δ = 1
2n min{η0, η

′
1, η

′
2}. Now suppose p is a projection satisfying

‖[p, y]‖ < δ for all y ∈ {a, b, xi, x∗
i , i = 1, 2, . . . , n}. Then

n
[
f σ1
σ2
(pap)

] ≤ n
[
f

d1
d2

◦ f
δ1
δ2
(pap)

]
(by Corollary 2.6 (2))

≤ n
[
f

d3
d4

(
pf

δ1
δ2
(a)p

)]
(by Lemma 2.5 (5))

=
n∑

i=1

[
f

d3
d4
(px∗

i xip)
]

(x∗
i xi = f

δ1
δ2
(a))

=
n∑

i=1

[
f

d3
d4
(xipx

∗
i )

]
. (by Lemma 2.5 (3))

Note that
∥∥∑n

i=1(xipx
∗
i )−p

(∑n
i=1 xix

∗
i

)
p
∥∥ < 2nδ < η3. Thus, by Lemma

2.5 (5),

n∑
i=1

[
f

d3
d4
(xipx

∗
i )

] =
[
f

d3
d4

( n∑
i=1

(xipx
∗
i )

)]
≤

[
f

d5
d6
p
( n∑
i=1

xix
∗
i

)
p

]
.

Since
∑n

i=1 xix
∗
i ∈ f

δ3
δ4
(b)Af

δ3
δ4
(b) and f σ3

σ4
(b)f

δ3
δ4
(b) = f

δ3
δ4
(b), we have

[
f

d5
d6
p
( n∑
i=1

xix
∗
i

)
p

]
=

[
f

d5
d6

(
pf σ3

σ4
(b)

( n∑
i=1

xix
∗
i

)
f σ3
σ4
(b)p

)]
.

Note that ∥∥[
p, f σ3

σ4
(b)

]∥∥ < η0

and ∥∥pf σ3
σ4
(b)p − f σ3

σ4
(pbp)

∥∥ < η0.

This implies that ‖pf σ3
σ4
(b) − f σ3

σ4
(pbp)‖ < 2η0. Note also that {xix∗

i } are
mutually orthogonal. Thus

∥∥∑n
i=1 xix

∗
i

∥∥ ≤ 1. Therefore

∥∥∥∥pf σ3
σ4
(b)

( n∑
i=1

xix
∗
i

)
f σ3
σ4
(b)p − f σ3

σ4
(pbp)

( n∑
i=1

xix
∗
i

)
f σ3
σ4
(pbp)

∥∥∥∥ < 8η0 < η5.
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Finally

[
f

d5
d6

(
pf σ3

σ4
(b)

( n∑
i=1

xix
∗
i

)
f σ3
σ4
(b)p

)]

≤
[
f

d7
d8

(
f σ3
σ4
(pbp)

( n∑
i=1

xix
∗
i

)
f σ3
σ4
(pbp)

)]
(by Lemma 2.5 (5))

≤
[
f σ3
σ4
(pbp)

( n∑
i=1

xix
∗
i

)
f σ3
σ4
(pbp)

]
≤ [

f σ3
σ4
(pbp)

]
.

Thus we obtain n[f σ1
σ2
(pap)] ≤ [f σ3

σ4
(pbp)].

Definition 2.13. Let A and J be as in (e-1). Recall that the pair (A ,J )

is said to be quasidiagonal if there is an approximate unit {rn}∞1 of J consisting
of projections such that limn→∞ ‖rnx − xrn‖ = 0 for all x ∈ A .

The following proposition follows immediately from the definition.

Proposition 2.14. Let (A ,J ) be quasidiagonal. Then for any projection
e ∈ A , (eAe, eJ e) is quasidiagonal.

Thus, combining Lemma 2.14 and Lemma 2.10, we have

Corollary 2.15. Let (A ,J ) be quasidiagonal such that TR(J ) ≤ k.
Then for any projection p ∈ A , TR(pJp) ≤ k.

Lemma 2.16. Let A be a σ -unital but non-unital C∗-algebra. If TR(A ) =
0, then A admits an approximate unit consisting of projections.

Proof. Let h be a strictly positive element in A . We first prove that for
any ε > 0 there is a projection e ∈ A such that ‖(1 − e)h‖ < ε.

Since TR(A +) = 0, there is a nonzero projection p ∈ A + and a finite
dimensional C∗-algebra A1 of A + with unit p such that

(1) ‖hp − ph‖ < ε/3,

(2) php ∈ε/3 A1 and

(3) [1 − p] ≤ [p]. Let ρ be the canonical homomorphism of A + onto C
(the complex field).

Then either ρ (p) = 0 or ρ (1 − p) = 0. From (3) above, we have [ρ (1 −
p)] ≤ [ρ (p)], so that ρ(1 − p) = 0, i.e., 1 − p ∈ A . Put A0 = A ∩ A1.
Then A0 is an finite dimensional C∗-algebra with the unit q. Set e = 1−p+q

(qp = q).
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Choose a = a1 + λ ∈ A1 with a1 ∈ A such that ‖php − a‖ < ε/3. Then
|λ| < ε/3 and

‖(1 − e)h‖ = ‖(1 − q)(ph − php) + (1 − q)(php − a) + (1 − q)a‖
≤ ‖ph − hp‖ + ‖php − a‖ + |λ| < ε.

Now put εn = n−1. Then by the above argument, there is a projection e1 ∈ A

such that ‖(1−e1)h‖ < ε1. Since TR((1−e1)A
+(1−e1)) = 0, by Lemma 2.9,

we obtain a projection e2 ∈ (1 − e1)A (1 − e1) such that

‖(1 − e2)(1 − e1)h
2(1 − e1)‖ < ε2

which implies that

‖(1 − e1 − e2)h‖2 = ‖(1 − e2)(1 − e1)h
2(1 − e1)(1 − e2)‖ < ε2

2 .

Set En = ∑n
i=1 ei , n = 1, 2. Using the same proof as in the [2, Proposition

2.9], we can obtain an increase sequence {En}∞1 in A consisting of projections
such that ‖(1 − En)h‖ < εn for n ≥ 1, that is, {En}∞1 is an approximate unit
for A .

3. Quasidiagonal extensions

The following is well known (see Lemma 2.11 (2) and (3) of [24] and [3,
Lemma 9.8, Lemma 9.9].

Lemma 3.1. Let (J ,A , π) be as in (e-1). Suppose that (A ,J ) is quasidi-
agonal. Then for any finite dimensional C∗-subalgebra C ⊂ B, there is a
C∗-subalgebra A0 ⊂ A which is isomorphic to C such that π(A0) = C .
Moreover, we can find an approximate unit {rn}∞1 of J consisting of projec-
tions such that rnx = xrn, ∀x ∈ A0, n ≥ 1.

Lemma 3.2. Let (J ,A , π) be as in (e-1) and 0 < σ4 < σ3 < δ4 < δ3 <

δ2 < δ1 < σ2 < σ1 < 1. Suppose that (A ,J ) is quasidiagonal. If p ∈ A is a
projection, a ∈ (1−p)A (1−p) and b ∈ pAp are nonzero positive elements
with 0 ≤ a, b ≤ 1 such that

n
[
f

δ1
δ2
(π(a))

] ≤ [
f

δ3
δ4
(π(b))

]
then there exists a projection r ∈ (1 − p)J (1 − p) such that

n
[
f σ1
σ2
((1 − p − r)a(1 − p − r))

] ≤ [
f σ3
σ4
(b)

]
wheren is a positive integer. Moreover, for any finite subset F ⊂ A and ε > 0,
if ‖px − xp‖ < ε for all x ∈ F , then we can require that ‖rx − xr‖ < 3ε for
all x ∈ F ∪ {a}.
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Proof. Let di = 1
i+1 , i = 1, 2, . . . , 18. Choose a sufficiently small η > 0

depending on δi , σi and di . There is vi ∈ B such that viv∗
i = π(f

δ1
δ2
(a)) and

{v∗
i vi, i = 1, . . . , n} are mutually orthogonal elements of Her(π(f δ3

δ4
(b))).

Choose ui ∈ A such that π(ui) = vi . Then

ci = uiu
∗
i − f

δ1
δ2
((1 − p)a(1 − p)) ∈ J , i = 1, . . . , n.

There are mutually orthogonal elements {yi : i = 1, . . . , n} ⊂ Her(f δ3
δ4
(b))

such that π(yi) = u∗
i ui , (i = 1, . . . , n). Let ei = u∗

i ui − yi ∈ J , (i =
1, . . . , n). Since (A ,J ) is quasidiagonal, there is a projection g ∈ J such
that ‖ci(1 − g)‖ < δ, ‖ei(1 − g)‖ < δ, i = 1, . . . , n

and for all x ∈ F ∪ {
f σ3
σ4
(b)p, a, b,

} ∪ {
ui, u

∗
i , uiu

∗
i , u

∗
i ui, yi, y

1/2
i , i =

1, . . . , n,
}
, ‖xg − gx‖ < δ.

It follows from ‖(1 − p)g − g(1 − p)‖ < δ that there exists projections
r ∈ (1 − p)J (1 − p), r̄ ∈ pJp such that ‖(1 − p)g(1 − p) − r‖ < 2δ and
‖p(1−g)p−r̄‖ < 2δ. Furthermore if we choose δ < ε/5, then ‖px−xp‖ < ε

for all x ∈ F ∪ {a} implies

‖xr − rx‖ ≤ ‖xr − x(1 − p)g(1 − p)‖
+ ‖x(1 − p)g(1 − p) − (1 − p)g(1 − p)x‖
+ ‖(1 − p)g(1 − p)x − rx‖

< 2δ + (2ε + δ) + 2δ

< 3ε.

Also we have

‖(1 − p − r) + r̄ − (1 − g)‖
≤ ‖1 − p − (1 − p)g(1 − p) + p(1 − g)p

− ((1 − p)(1 − g)(1 − p) + p(1 − g)p)‖
+ ‖(1 − p)(1 − g)(1 − p) − p(1 − g)p − (1 − g)‖

< 4δ.

Choose δ so small that (by applying Lemma 2.5 (5), Lemma 2.11 and
Lemma 2.9)

(e-3)
[
f

d1
d2

◦ f
δ3
δ4
((1 − g)a(1 − g))

] ≤ [
f

d3
d4
((1 − g)f

δ1
δ2
(a)(1 − g))

]
.

and
(e-4)[
f

d9
d10
((1 − g)f

δ3
δ4
(b)df

δ3
δ4
(b)(1 − g))

] ≤ [
f

δ3
δ4
(f

δ3
δ4
(b)(1 − g)d(1 − g)f

δ3
δ4
(b))

]
.
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Therefore (with sufficiently small δ),

n
[
f σ1
σ2
((1 − p − r)a(1 − p − r))

]
≤ n

[
f σ1
σ2
((1 − p − r)a(1 − p − r))

] + n
[
f σ1
σ2
(r̄ar̄

]
≤ n

[
f σ1
σ2
((1 − p − r) + r̄)a((1 − p − r) + r̄))

]
(by Corollary 2.7)

≤ n
[
f

d1
d2

◦ f
δ1
δ2
((1 − g)a((1 − g))

]
(by Corollary 2.6 and Lemma 2.5 (5))

≤ n
[
f

d3
d4
((1 − g)f

δ1
δ2
(a)(1 − g))

]
(by (e-3))

Since ‖(1−g)(f
δ1
δ2
(a)−uiu

∗
i )(1−g)‖ = ‖(1−g)ci(1−q)‖ < δ, i = 1, . . . , n,

with sufficiently small δ, we have

n
[
f

d3
d4
((1 − g)f

δ1
δ2
(a)(1 − g))

]
≤

n∑
i=1

[
f

d5
d6
((1 − g)uiu

∗
i (1 − g))

]
(by Lemma 2.5 (5))

=
n∑

i=1

[
f

d5
d6
(u∗

i (1 − g)ui)
]

(by Lemma 2.5 (3))

≤
n∑

i=1

[
f

d7
d8
((1 − g)u∗

i ui(1 − g))
]

(by Lemma 2.5 (5))

Also since ‖(1−g)(u∗
i ui−yi)(1−g)‖ = ‖(1−g)ei(1−g)‖ < δ, i = 1, . . . , n,

with sufficiently small δ,

n∑
i=1

[
f

d7
d8
((1 − g)u∗

i ui(1 − g))
]

≤
n∑

i=1

[
f

d9
d10
((1 − g)yi(1 − g))

]
(by Lemma 2.5 (5))

≤
n∑

i=1

[
f

d11
d12

(
y

1/2
i (1 − g)y

1/2
i

)]
(by Lemma 2.5 (5))

=
[
f

d11
d12

( n∑
i=1

(
y

1/2
i (1 − g)y

1/2
i

))]
(yiyj = 0 if i �= j)

≤
[
f

d13
d14

(
(1 − g)

( n∑
i=1

yi

)
(1 − g)

)]
(by Lemma 2.5 (5))
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Since yi ∈ Her
(
f

δ3
δ4
(b)

)
and f

δ3
δ4
(b)f σ3

σ4
(b) = f

δ3
δ4
(b), we have

n∑
i=1

yi = (
f σ3
σ4
(b)

)1/2
( n∑
i=1

yi

)(
f σ3
σ4
(b)

)1/2
, i = 1, . . . , n.

Let y =
n∑

i=1
yi , then

[
f

d13
d14

((1 − g)y(1 − g))
]

= [
f

d13
d14

((1 − g)(f σ3
σ4
(b))1/2y(f σ3

σ4
(b))1/2(1 − g))

]
≤ [

f
d15
d16

(
(f σ3

σ4
(b))1/2)(1 − g)y(1 − g)(f σ3

σ4
(b))1/2

)]
(by Lemma 2.5 (5))

≤ [
f d17

d18
◦ f σ3

σ4
(b)

]
(by Lemma 2.5 (6))

≤ [
f σ4
σ3
(b)

]
.

Corollary 3.3. Let (J ,A , π) be as in (e-1) and 0 < σ4 < σ3 < δ4 <

δ3 < δ2 < δ1 < σ2 < σ1 < 1. Suppose that (A ,J ) is quasidiagonal. If
a ∈ A with 0 ≤ a ≤ 1 and

n
[
f

δ1
δ2
((1 − π(p))π(a)(1 − π(p)))

] ≤ [
f

δ3
δ4
(π(p)π(a)π(p))

]
for some projection p ∈ A , then there exists a projection r ∈ (1−p)J (1−p)

such that
n
[
f σ1
σ2
((1 − p − r)a(1 − p − r))

] ≤ [
f σ3
σ4
(pap)

]
,

where n is an integer. Moreover, for any finite subset F ⊂ A and ε > 0, if
‖px − xp‖ < ε for all x ∈ F ∪ {a} we can require that ‖rx − xr‖ < 3ε for
all x ∈ F ∪ {a}.

Now we prove following theorem:

Theorem 3.4. Let

0 −→ J −→ A
π−→B −→ 0

be a short exact sequence of C∗-algebras with A unital and (A ,J ) quasidi-
agonal. Suppose that for any ε > 0, any finite subset F ⊂ A containing a
nonzero positive element a, any integer n > 0 and any 0 < σ4 < σ3 < δ4 <

δ3 < δ2 < δ1 < σ2 < σ1 < 1, there exits a projection q̄ ∈ B and a finite
dimensional C∗-subalgebra F ⊂ B with q̄ = 1F such that

(i) ‖q̄π(x) − π(x)q̄‖ < ε, q̄π(x)q̄ ∈ε F̄ for all x ∈ F and
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(ii) n
[
f

δ1
δ2
((1 − q̄)π(a)(1 − q̄))

] ≤ [
f

δ3
δ4
(q̄π(a)q̄)

]
.

Then there is a finite dimensional C∗-subalgebra F ⊂ A with 1F = p,
π(p) = q̄ and π(F ) = F and a projection r ∈ (1 − p)J (1 − p) such that

(1) ‖(p + r)x − x(p + r)‖ < 32ε and ‖rx − xr‖ < 24ε for x ∈ F ,

(2) (p + r)x(p + r) ∈18ε F + rJ r for x ∈ F and

(3) n
[
f σ1
σ2
((1 − p − r)a(1 − p − r))

] ≤ [
f σ3
σ4
((p + r)a(p + r))

]
.

Moreover, if TR(J ) ≤ k, TR(B) = 0, then TR(A ) ≤ k.

Proof. Let δ4 > d4 > d3 > σ3, σ2 > d1 > d2 > δ1. By Lemma 3.1, we
can find a finite dimensional C∗-subalgebra A0 of A with 1F0 = p0, and an
approximate unit {rn}∞1 consisting of projections in J such that π(p0) = q,
π(A0) = F and rn commute with A0, n = 1, 2, . . . .

Condition (i) implies that there are ax, bx ∈ J , cx ∈ A0 such that

‖xp0 − p0x − ax‖ < ε, ‖p0xp0 − bx − cx‖ < ε, ∀x ∈ F .

Choose n0 such that

‖(1 − rn0)ax‖ < ε, ‖ax(1 − rn0)‖ < ε,

‖(1 − rn0)bx‖ < ε and ‖bx(1 − rn0)‖ < ε

for all x ∈ F . Set p = p0(1− rn0), F1 = pA0p. Then π(p) = q, π(F1) = F

andF1 is finite-dimensional with unitp. We havepxp ∈2ε F1, ‖xp−p0xp‖ <

2ε for all x ∈ F . Moreover, for any x ∈ F ,

‖xp − pxp0‖ ≤ ‖xp − p0xp‖ + ‖bx(1 − rn0) − (1 − rn0)bx‖
+ ‖(p0xp0 − bx − cx)(1 − rn0)

− (1 − rn0)(p0xp0 − bx − cx)‖ < 6ε,

‖xp − px‖ = ‖xp − pxp0 + p(xp0 − p0x − ax) + pax‖ < 8ε

Applying 3.3 to condition (ii), we can find a nonzero projection r ∈ (1 −
p)J (1 − p) such that

(e-5) n
[
f σ1
σ2
((1 − p − r)a(1 − p − r))

] ≤ [
f

d1
d2
(pap)

]
and ‖xr − rx‖ < 24ε, ∀x ∈ F . Therefore, we have

‖x(p + r)− (p + r)x‖ < 32ε, (p + r)x(p + r) ∈18ε F1 + rJ r, ∀x ∈ F

and
(e-6)
n
[
f

δ1
δ2
((1 − p − r)a(1 − p − r))

] ≤ [
f

δ3
δ4
(pap)

] ≤ [
f σ3
σ4
((p + r)a(p + r))

]



138 shanwen hu, huaxin lin and yifeng xue

by (e-5) and Corollary 2.7.
Now assume that TR(B) = 0 and TR(J ) ≤ k. Then there is a finite

dimensional C∗-subalgebra F of B with 1F = q such that

(a) ‖π(x)q − qπ(x)‖ < ε,

(b) qπ(x)q ∈ε F for all x ∈ F and

(c)
[
f

δ1
δ2
((1 − q̄)π(a)(1 − q̄))

] ≤ [
f

δ3
δ4
(q̄π(a)q̄)

]
.

Thus by the above argument, there are a finite dimensionalC∗-subalgebraF
of A with 1F = p,π(p) = q̄,π(F ) = F̄ and a projection r ∈ (1−p)J (1−p)

such that

(e-7) ‖px − xp‖ < 8ε, ‖rx − xr‖ < 24ε, pxp ∈2ε F,

for all x ∈ F and n
[
f

d1
d2
((1 − p − r)a(1 − p − r))

] ≤ [
f

d3
d4
(pap)

]
.

By Lemma 2.9, TR(J ) ≤ k implies that TR(rJ r) ≤ k. So that there is a
nonzero projection e ≤ r and there is a C∗-subalgebra J0 of rJ r with unit e
which belongs to I (k) such that

(e-8) ‖erxr − rxre‖ < ε, exe ∈ε J0,

for all x ∈ F and
[
f

d1
d2
((r − e)a(r − e))

] ≤ [
f

d3
d4
(eae)

]
.

Set p1 = p + e and Aε = F + J0. Then Aε ∈ I (k) with the unit p1. We also
have ‖p1x − xp1‖ < 41ε and p1xp1 ∈19ε Aε , ∀ x ∈ F . Furthermore, with
sufficiently ε,[

f σ1
σ2
((1 − p1)a(1 − p1))

]
≤ [

f
d1
d2
((1 − p − r)a(1 − p − r))

]
+ [

f
d1
d2
((r − e)a(r − e))

]
(by Lemma 2.5)

≤ [
f

d3
d4
(pap)

] + [
f

d3
d4
(eae)

]
(by (e-7) and (e-8))

= [
f

d3
d4
(pap + eae)

] ≤ [
f σ4
σ3
(p1ap1)

]
(by Lemma 2.5).

4. Tracially quasidiagonal extensions of C∗-algebras

Definition 4.1. Let (J ,A , π) be as in §1. We say that (A ,J ) is tracially
quasidiagonal if for any ε > 0, any 0 < σ4 < σ3 < σ2 < σ1 < 1 and any
subset F = {x1, . . . , xk, b} ⊂ A with b ∈ A+, there exist a projectionp ∈ A

and a C∗-subalgebra C of A with 1C = p such that

(1) ‖px − xp‖ < ε for all x ∈ F ;
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(2)
[
f σ2
σ1
((1 − p)b(1 − p))

] ≤ [
f σ4
σ3
(pbp)

]
;

(3) pxp ∈ε C for all x ∈ F and

(4) C ∩ J = pJp and (C, pJp) is quasidiagonal.

Obviously, if A is quasidiagonal, then A is tracially quasidiagonal.

Definition 4.2. Let A be a unital C∗-algebra. We say that A satisfies the
property (Pk) if the following holds: for any ε > 0, any integer n, any finite
subset F ⊂ A containing a nonzero element a ∈ A+ and any 0 < σ4 < σ3 <

σ2 < σ1 < 1 there exist a projection and a C∗-subalgebra C of A with 1C = p

and with TR(C ) ≤ k such that

(1) ‖px − xp‖ < ε for all x ∈ F ,

(2) n
[
f σ1
σ2
((1 − p)a(1 − p))

] ≤ 2
[
f σ3
σ4
(pap)

]
and

(3) pxp ∈ε C for all x ∈ F .

Lemma 4.3. Let A be a unital C∗-algebra with the property (Pk). Then for
any ε > 0, any integer n > 0, any finite subset F ⊂ A containing nonzero
element a ∈ A+ and any 0 < σ4 < σ3 < σ2 < σ1 < 1, there exists a
C∗-subalgebra B ∈ I (k) of A with 1B = p such that

(1) ‖px − xp‖ < ε, pxp ∈ε B, for all x ∈ F ;

(2) n
[
f σ1
σ2
((1 − p)a(1 − p))

] ≤ 3
[
f σ3
σ4
(pap)

]
.

Proof. For any ε > 0 and any 0 < σ4 < σ3 < d10 < d9 < · · · < d2 <

d1 < σ2 < σ1 < 1, there is a C∗-subalgebra C of A with 1C = p1 and with
TR(C ) ≤ k such that

(1) ‖p1x − xp1‖ < ε/3, p1xp1 ∈ε/3 C , for all x ∈ F ;

(2) n
[
f

d1
d2
((1 − p1)a(1 − p1))

] ≤ 2
[
f

d3
d4
(p1ap1)

]
.

For any x ∈ F , choose x̂ ∈ C such that ‖p1xp1−x̂‖ < ε/3. Since TR(C ) ≤ k,
it follows that there is aC∗-subalgebra B of C with 1B = p ≤ p1 and B ∈ I (k)

such that

(3) ‖px̂ − x̂p‖ < ε/3, px̂p ∈ε/3 B, for all x ∈ F ;

(4) (n + 2)
[
f

d7
d8
((p1 − p)â(p1 − p))

] ≤ [
f

d9
d10
(pâp)

]
.

From condition (1) and (3), it is easy to check that ‖xp − px‖ < ε and
pxp ∈ε B, for all x ∈ F . By Lemma 2.5 (5),

[
f

d1
d2
((p1 − p)a(p1 − p))

] ≤ [
f

d7
d8
((p1 − p)â(p1 − p))

]
and

[
f

d3
d4
(p1ap1)

] ≤ [
f

d5
d6
(â)

]
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with ε sufficiently small. Therefore, by applying Lemma 2.5 to Condition (2)
and (4), we have, with sufficiently small ε,

n
[
f σ1
σ2
((1 − p)a(1 − p))

]
≤ n

[
f

d1
d2
((1 − p1)a(1 − p1))

] + n
[
f

d1
d2
((p1 − p)a(p1 − p))

]
≤ 2

[
f

d3
d4
(p1ap1)

] + n
[
f

d1
d2
((p1 − p)a(p1 − p))

]
≤ 2

[
f

d5
d6
(â)

] + n
[
f

d7
d8
((p1 − p)â(p1 − p))

]
≤ (n + 2)

[
f

d7
d8
((p1 − p)â(p1 − p))

] + [
f

d7
d8
(pâp)

]
≤ 2

[
f

d9
d10
(pâp)

] + [
f

d9
d10
(pâp)

]
≤ 3

[
f σ3
σ4
(pap)

]
.

Lemma 4.4. Suppose that B is a finite dimensional C∗-algebra. Then for
any a, b ∈ B+, any integer k and any 0 < σ4 < σ3 < δ4 < δ3 < δ2 < δ1 <

σ2 < σ1 < 1,

k
[
f

δ1
δ2
(a)

] ≤ k
[
f

δ3
δ4
(b)

]
implies

[
f σ1
σ2
(a)

] ≤ [
f σ3
σ4
(b)

]
.

Proof. There exists w ∈ Mk(B) such that

w∗w = diag
( k︷ ︸︸ ︷
f

δ1
δ2
(a), . . . , f

δ1
δ2
(a)

)
and ww∗ ∈ Her

(
diag

( k︷ ︸︸ ︷
f

δ3
δ4
(b), . . . , f

δ3
δ4
(b)

))
.

Let σ ′
3, σ

′
4 be such that σ4 < σ3 < σ ′

4 < σ ′
3 < δ4 < δ3. Since f

σ ′
3

σ ′
4
(b)f

δ3
δ4
(b) =

f
δ3
δ4
(b), we have

ww∗ ≤ diag
(
f

σ ′
3

σ ′
4
(b), . . . , f

σ ′
3

σ ′
4
(b)

)
.

If Tr is the standard trace defined on B, then

rank diag
(
f σ1
σ2
(a), . . . , f σ1

σ2
(a)

) ≤ Tr
[
diag(f δ1

δ2
(a), . . . , f

δ1
δ2
(a))

]
= Tr(w∗w) = Tr(ww∗)

≤ Tr diag
(
f

σ ′
3

σ ′
4
(b), . . . , f

σ ′
3

σ ′
4
(b)

)
≤ rank diag

(
f σ3
σ4
(b), . . . , f σ3

σ4
(b)

)
.

It follows that rank(f σ1
σ2
(a)) ≤ rank(f σ3

σ4
(b)) and [f σ1

σ2
(a)] ≤ [f σ3

σ4
(b)].
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Lemma 4.5. Let A be a C∗-algebra satisfying the property (P0). Then for
any integer n > 0, any a, b ∈ A+, any 0 < σ4 < σ3 < δ4 < δ3 < δ2 < δ1 <

σ2 < σ1 < 1,

9(n + 1)
[
f

δ1
δ2
(a)

] ≤ 3
[
f

δ3
δ4
(b)

]
implies n

[
f σ1
σ2
(a)

] ≤ [
f σ3
σ4
(b)

]
.

Proof. There is w ∈ M9(n+1)(A ) such that

w∗w = diag
( 9(n+1)︷ ︸︸ ︷
f

δ1
δ2
(a), . . . , f

δ1
δ2
(a)

)
and ww∗ ∈ Her

(
diag

(
f

δ3
δ4
(b), f

δ3
δ4
(b), f

δ3
δ4
(b), 0, . . . , 0

))
.

Let b0 = diag(f
δ′

3

δ′
4
(b), f

δ′
3

δ′
4
(b), f

δ′
3

δ′
4
(b), 0, . . . , 0), where σ3 < δ′

4 < δ′
3 < δ4.

Then
ww∗ = b

1/2
0 ww∗b1/2

0 ≤ b0.

Set di = 1
i
, i = 1, . . . , 24. Write w = (wij )9(n+1)×9(n+1) and set

F = {wij : 1 ≤ i, j ≤ 9(n + 1)} ∪ {a, b}.

By Lemma 4.3, there exist a projection p and a finite dimensional C∗-subalge-
bra B with 1B = p such that

(1) ‖px − xp‖ < ε for all x ∈ F , pxp ∈ε B for all x ∈ F and

(2) n
[
f

d3
d4

(
(1 − p)f

δ1
δ2
(a)(1 − p)

)] ≤ 3
[
f

d5
d6

(
pf

δ1
δ2
(a)p

)]
.

From (1), we have â, b̂ ∈ B and ŵij ∈ B such that

‖pap − â‖ < ε, ‖pbp − b̂‖ < ε, ‖pwijp − ŵij‖ < ε.

Let ŵ = (ŵij ) and b̂0 = diag(f
δ′

3

δ′
4
(b̂), f

δ′
3

δ′
4
(b̂), f

δ′
3

δ′
4
(b̂), 0, . . . , 0). Note

‖ diag(f δ1
δ2
(â), . . . , f

δ1
δ2
(â)) − ŵ∗ŵ‖

≤ ‖ diag(f δ1
δ2
(â), . . . , f

δ1
δ2
(â)) − diag(pf δ1

δ2
(a)p, . . . , pf

δ1
δ2
(a)p)‖

+ ‖ diag(pf δ1
δ2
(a)p, . . . , pf

δ1
δ2
(a)p) − diag(p, . . . , p)w∗w diag(p, . . . , p)‖

+ ‖ diag(p, . . . , p)w∗w diag(p, . . . , p) − ŵ∗ŵ‖
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and

∥∥ŵŵ∗ − b̂
1/2
0 ŵŵ∗b̂1/2

0

∥∥
≤ ‖ŵŵ∗ − diag(p, . . . , p)ww∗ diag(p, · · · , p)‖
+ ∥∥diag(p, . . . , p)ww∗ diag(p, . . . , p)

− diag(p, . . . , p)b1/2
0 ww∗b1/2

0 diag(p, . . . , p)
∥∥

+ ∥∥diag(p, . . . , p)b1/2
0 ww∗b1/2

0 diag(p, . . . , p) − b̂
1/2
0 ŵŵ∗b̂1/2

0

∥∥.
So by Lemma 2.11, for sufficiently small ε,

∥∥diag
(
f

δ1
δ2
(â), . . . , f

δ1
δ2
(â)

) − ŵ∗ŵ
∥∥ < δ(d11, d12)

and
∥∥ŵŵ∗ − b̂

1/2
0 ŵŵ∗b̂1/2

0

∥∥ < δ(d13, d14),

where δ(d11, d12) and δ(d13, d14) are as in (5) of Lemma 2.5. Therefore, in
M9(n+1)(B), we have

[f d9
d10
(diag(f δ1

δ2
(â), . . . , f

δ1
δ2
(â))] ≤ [f d11

d12
(ŵ∗ŵ)] (by Lemma 2.5 (5))

= [f d11
d12

(ŵŵ∗)] (by Lemma 2.5 (3))

≤ [f d13
d14

(b̂
1/2
0 ŵŵ∗b̂1/2

0 )] (by Lemma 2.5 (5))

≤ [f d15
d16

(b̂0)] (by Lemma 2.5 (6)),

that is 9(n + 1)[f d9
d10

◦ f
δ1
δ2
(â)] ≤ 3[f d15

d16
◦ (f

δ′
3

δ′
4
(b̂)] in M9(n+1)(B).

For sufficiently small ε, (in M9(n+1)(B)) we have

3
[
f

d15
d16

◦ (f
δ′

3

δ′
4
(b̂)

] ≤ 3
[
f

d17
d18

(pf
δ′

3

δ′
4
(b)p)

]
(by Lemma 2.5 (5))

≤ 3
[
f

d19
d20

◦ f
δ′

3

δ′
4
(b̂)

]
.

Thus we obtain 9(n + 1)[f d9
d10

◦ f
δ1
δ2
(â)] ≤ 3[f d19

d20
◦ f

δ′
3

δ′
4
(b̂)] in M9(n+1)(B). It

follows from Lemma 4.4,

(e-9) 3(n + 1)
[
f

d7
d8

◦ f
δ1
δ2
(â)

] ≤ [
f

d19
d20

◦ f
δ′

3

δ′
4
(b̂)

]
.



the tracial topological rank of extensions of C∗-algebras 143

Finally, we have

n[f σ1
σ2
(a)]

≤ n[f d1
d2

◦ f
δ1
δ2
(a)] (by Corollary 2.6 (2))

≤ n[f d3
d4
((1 − p)f

δ1
δ2
(a)(1 − p))] + n[f d3

d4
(pf

δ1
δ2
(a)p)] (by Corollary 2.7)

≤ (n + 3)[f d5
d6
(pf

δ1
δ2
(a)p)] (by (2))

≤ 3(n + 1)[f d7
d8

◦ f
δ1
δ2
(â)] (by Lemma 2.5 (5))

≤ [f d19
d20

◦ f
δ′

3

δ′
4
(b̂)] (by (e-9))

≤ [f d21
d22

(pf
δ′

3

δ′
4
(b)p)] (by Lemma 2.5 (5))

≤ [f d21
d22

(pf
δ′

3

δ′
4
(b)p)] + [f d21

d22
((1 − p)f

δ′
3

δ′
4
(b)(1 − p))]

≤ [f d23
d24

◦ f
δ′

3

δ′
4
(b)] (by Corollary 2.7)

≤ [f σ3
σ4
(b)] (by Corollary 2.6 (2)).

Theorem 4.6. Let A be a unital C∗-algebra having (P0). Then TR(A ) =
0.

Proof. Let ε > 0 and n > 0 be an integer and F ⊂ A be a finite subset
containing nonzero elements a ∈ A+ and 0 < σ4 < σ3 < σ2 < σ1 < 1.
By Lemma 4.5, there are a projection p1 ∈ A and a finite dimensional C∗-
subalgebra B of A with 1B = p1 such that

(1) ‖p1x − xp1‖ < ε, p1xp1 ∈ε B, for all x ∈ F ,

(1) 9(n + 1)
[
f

d1
d2
((1 − p1)a(1 − p1))

] ≤ 3
[
f

d3
d4
(p1ap1)

]
.

Thus by Lemma 4.5, we have n[f σ1
σ2
((1 − p)a(1 − p))] ≤ [f σ3

σ4
(pap)]. It

follows that TR(A ) = 0.

5. The main result

Theorem 5.1. Let

0 −→ J −→ A −→ B −→ 0

be a short exact sequence of C∗-algebras, where A is a unital C∗-algebra.
Suppose that TR(J ) = 0 and TR(B) = 0. Then TR(A ) = 0 if (A ,J ) is
tracially quasidiagonal.

Proof. Fix ε > 0, an integer n, a finite subset F ⊂ A containing a positive
element a and σ4 < σ3 < σ2 < σ1 < 1. Let σ3 < d22 < d21 < · · · < d1 < σ2.
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Without loss of generality, we may assume that F is in the unit ball of A .
Choose a positive number η which depends only on ε, F , σ ′

i s and d ′
i s.

Since TR(B) = 0, there is a finite dimensional C∗-subalgebra F̄ ⊂ B

with 1F̄ = q̄ such that

(1) ‖q̄π(x) − π(x)q̄‖ < η for all x ∈ F ,

(2) q̄π(x)q̄ ∈η F̄ for all x ∈ F and

(3) (n + 1)
[
f

d13
d14

((1 − q̄)π(a)(1 − q̄))
] ≤ [

f
d15
d16

(q̄π(a)q̄)
]
.

Let {ēj } be a finite set of standard (partial isometries and projections) gen-
erators of F̄ . Let {aj } ⊂ A such that ‖aj‖ ≤ 1 and π(aj ) = ēj . Let xi (i =
1, 2, . . . , n+ 1) be in B such that x∗

i xi = f
d13
d14

((1 − q̄)π(a)(1 − q̄)) and xix
∗
i

(i = 1, 2, . . . , n+1) are mutually orthogonal elements in Her(f d15
d16

(q̄π(a)q̄)).
Put yi ∈ A withπ(yi) = xi and ‖yi‖ ≤ 1 (i = 1, 2, . . . , n+1) and 0 ≤ bi ≤ 1
in A such that π(bi) = xix

∗
i and b1, b2, . . . , bn+1 are mutually orthogonal.

Let 0 ≤ q ′ ≤ 1 be in A such that π(q ′) = q̄. Set

G = F ∪ {
aj , yi, y

∗
i , q

′, f d13
d14

((1 − q ′)a(1 − q ′)), f d15
d16

(q ′aq ′)
}
.

Choose 1/64 > δ > 0 which depends only on what η depends on and on G .
Since (A ,J ) is tracially quasidiagonal, there exists a projection p ∈ A and
a C∗-subalgebra C0 ⊂ A such that 1C0 = p, C0 ∩ J = pJp and (C0, pJp)

is quasidiagonal and such that

(4) ‖px − xp‖ < δ for all x ∈ G ,

(5) pxp ∈δ C0 for all x ∈ G and

(6) n
[
f

d1
d2
((1 − p)a(1 − p))

] ≤ [
f

d3
d4
(pap)

]
.

Since ‖π(p)q̄ − q̄π(p)‖ < δ, we obtain a projection q̄1 ∈ π(C0) such that

(7) ‖π(pq ′p) − q̄1‖ < 4δ.

With sufficiently small δ, there is a finite set of standard generators {e′
j }

of a finite dimensional C∗-subalgebra F̄1 in π(C0) with 1F̄1
= q̄1 which is

isomorphic to (possibly a summand of) F̄ such that ‖ē′
j − q̄1ej q̄1‖ < 5δ. With

sufficiently small δ, by Lemma 2.5 (5), we have

[
f

d7
d8
((π(p) − q̄1)π(a)(π(p) − q̄1))

]
≤ [

f
d9
d10
((π(p) − π(p)q̄π(p))π(a)(π(p) − π(p)q̄π(p)))

]
≤ [

f
d11
d12

(π(p)(1 − q̄)π(a)(1 − q̄)π(p))
]
.
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Since (n + 1)[f d13
d14

((1 − q̄)π(a)(1 − q̄))] ≤ [f d15
d16

(q̄π(a)q̄)], by applying
Lemma 2.12, we have

(n + 1)
[
f

d11
d12

(π(p)(1 − q̄)π(a)(1 − q̄)π(p))
] ≤ [

f
d17
d18

(π(p)q̄π(a)q̄π(p))
]

≤ [
f

d19
d20

(π(p)q̄π(a)q̄π(p))
]

≤[
f

d21
d22

(q̄1π(a)q̄1)
]
.

Therefore

(8) (n + 1)
[
f

d7
d8
((π(p) − q̄1)π(a)(π(p) − q̄1))

] ≤ [
f

d21
d22

(q̄1π(a)q̄1)
]
.

Moreover, with sufficiently small δ, by using (1), (2), (4), (5) and (7), we
have

(9) ‖q̄1y − yq̄1‖ < 5(δ + η) for y ∈ π(pGp), and

(10) q̄1yq̄1 ∈5(δ+η) F̄1 for y ∈ π(pGp).

Since (C0, pJp) is quasidiagonal, it follows from Theorem 3.4, with suffi-
ciently small δ andη and using (8), (9) and (10), that there is a finite dimensional
C∗-subalgebra F1 ⊂ C0 with 1F1 = q1, π(q1) = q̄1 and π(F1) = F̄1 and a
projection r1 ∈ (p − q1)J (p − q1) such that

(11) ‖(q1 + r1)x − x(q1 + r1)‖ < η and ‖rx − xr‖ < η for x ∈ F ,

(12) (q1 + r1)x(q1 + r1) ∈η F1 + r1J r1 for x ∈ F and

(13) (n+1)
[
f

d5
d6
((p−q1 −r1)a(p−q1 −r1))

] ≤ [
f σ3
σ4
((q1 +r1)a(q1 +r1))

]
.

Note q1 ∈ C0. Let C1 = F1 + r1J r1. Since TR(J ) = 0 and r1 ∈ J , then
TR(r1J r1) = 0. Note q1 ∈ C0 and q1 and r1 are orthogonal. So TR(C0) = 0.
It follows that TR(C1) = 0 and 1C1 = q1 + r1. Now,

n[f σ1
σ2
((1 − q1 − r1)a(1 − q1 − r1))]

≤ n[f d1
d2
((1 − p)q(1 − p))]

+ n[f d1
d2
((p − q1 − r1)a(p − q1 − r1))] (by Corollary 2.7)

≤ [f d3
d4
(pap)] + n[f d1

d2
((p − q1 − r1)a(p − q1 − r1))] (by (6))

≤ [f d5
d6
((p − q1 − r1)a(p − q1 − r1))] + [f d1

d2
((q1 + r1)a(q1 + r1))]

+ n[f d1
d2
((p − q1 − r1)a(p − q1 − r1))] (by Corollary 2.7)

≤ (n + 1)[f d5
d6
((p − q1 − r1)a(p − q1 − r1))] + [f d5

d6
((q1 + r1)a(q1 + r1))]

≤ 2[f σ3
σ4
(q1 + r1)a(q1 + r1))] (by (13)).
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In other words, A satisfies the property (P0). Thus, by Theorem 4.6, we have
shown TR(A ) = 0.

Theorem 5.2. Let 0 −→ J −→ A −→ B −→ 0 be a short ex-
act sequence of C∗-algebras, where A is a unital C∗-algebra. Suppose that
TR(eJ e) = 0 for any projection e ∈ A and TR(B) = 0. Then TR(A ) = 0
if and only if (A ,J ) is tracially quasidiagonal.

Proof. By Theorem 5.1, it suffices to show the “only if” part. So we assume
that TR(A ) = 0. For any ε > 0, and finite subset F ⊂ A containing nonzero
element a ∈ A+ and any 0 < σ2 < σ1 < 1, there exists a finite dimensional
C∗-subalgebra D of A with 1D = p such that

(1) ‖px − xp‖ < ε for all x ∈ F ,

(2) pxp ∈ε D for all x ∈ F ,

(3) [f σ1
σ2
((1 − p)a(1 − p))] ≤ [f σ3

σ4
(pap)] (where 0 < σ4 < σ3 < σ2).

Write D = Mn1 ⊕ Mn2 ⊕ · · · ⊕ Mnl . Let eki , i = 1, 2, . . . , nk be a max-
imal set of mutually orthogonal minimal projections in Mnk (k = 1, 2, . . . , l).
By the assumption TR(eki J eki ) = 0. It follows from Corollary 2.16 that
eki J eki admits an approximate identity {uikn } consisting of projections. Put
dk
n = diag(u1k

n , . . . , unkkn ) and En = d1
n ⊕ d2

n ⊕ · · · ⊕ dl
n. Then {En} commutes

with every element in D. Furthermore, {En} forms an approximate identity for
pJp consisting of projections. Therefore

‖Enx − xEn‖ → 0 as n → ∞
for all x ∈ D + pJp. Let C = D + pJp. Then C ∩ J = pJp, (C, pJp)

is quasidiagonal and C/pJp is a quotient of D which is finite dimensional.
This shows that (A,J ) is tracially quasidiagonal.

Remark 5.3. There are examples of tracially quasidiagonal extensions
which are not quasidiagonal. These examples and unexpected interesting con-
sequences will appear elsewhere(see [17]).
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