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THE TRACIAL TOPOLOGICAL RANK OF EXTENSIONS
OF C*-ALGEBRAS

SHANWEN HU, HUAXIN LIN and YIFENG XUE

Abstract

Let0 - ¢ — & — &/ ¥ — 0 be a short exact sequence of separable C*-algebras. We
introduce the notion of tracially quasidiagonal extension. Suppose that _# and ./ /J have tracial
topological rank zero. We prove that if (&, #) is tracially quasidiagonal, then ./ has tracial
topological rank zero.

1. Introduction

In the connection with classification of nuclear C*-algebras the notion of tracial
topological rank was introduced (see [9] and 2.1 below for the definition). It
is a non-commutative version of covering dimension for topological spaces
which plays a very important role in the classification of nuclear C*-algebras.
In this paper, we are interested in those C*-algebras with tracial topological
rank zero. Finite dimensional C*-algebras are usually considered to have zero
rank. AF-algebras are C*-algebras which can be approximated pointwisely in
norm by finite dimensional C*-algebras. Therefore they are also considered to
have zero rank. C*-algebras with tracial topological rank zero are C*-algebras
that can be approximated pointwisely by finite dimensional C*-algebras in
“measure” (or in trace). A precise definition and further explanation will be
given below (see 2.1 and 2.2 as well as 2.3). A unital simple C*-algebra, with
tracial topological rank zero has real rank zero, stable rank one and weakly
unperforated K and is quasidiagonal.

A classification of separable simple nuclear C*-algebras with tracial topo-
logical rank zero which satisfy the Universal Coefficient Theorem was recently
established in [13] (see also [12]). It is therefore important to know the tra-
cial topological rank of certain C*-algebras. All unital simple AH-algebras
with slow dimension growth and with real rank zero have tracial topological
rank zero (see [5] and also [15]). Many unital separable simple C*-algebras
with real rank zero, stable rank one, weakly unperforated K, are known to
have tracial topological rank zero (cf. [14]). These results together with the
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recent result of Q. Lin and N. C. Phillips (see [19]) imply many simple crossed
products have tracial topological rank zero. Kishimoto ([8]) shows that certain
crossed products associated with non-commutative shifts have tracial topolo-
gical rank zero. By results in [12] and [13], these C*-algebras can be classified
by their K -theory and therefore are isomorphic to some simple AH-algebras.
Non-simple cases were also studied in [6], where it is shown, among other
things, that the tracial topological rank of C(X) ® &/ is bounded by the sum
of dimension of X and the tracial topological rank of /. This further shows
that tracial topological rank behaves similar to that of covering dimension for
commutative C*-algebras. In this paper, we will study the tracial topological
rank of C*-algebra, extensions.

Let0 > ¢ — &/ — % — 0 be a short exact sequence of C*-algebras. In
what follows, if € has tracial topological rank zero, we will write TR(%) = 0.
Suppose that TR(_#) = TR(A) = 0. The problem that we are interested in
is when TR(&/) = 0. If both # and _# have real rank zero, i.e., RR(_#) =
RR(Z%) = 0, then it is proved in [23] and [2] that RR(&/) = 0 if and only if
every projection in A lifts to a projection in /. This requires the index map
from K((A) to K (_£) to be zero. For the case of tracial topological rank zero,
in order to have TR(&/) = 0, certain finite dimensional C*-subalgebras in
2 should be lifted to of. If &/ is a quasidiagonal extension (see 2.13), then
all finite dimensional C*-subalgebras can be lifted. If ./ is an AF-algebra,
then the extension is also quasidiagonal. From this, naturally, we first study
quasidiagonal extensions. We show that if the extension is quasidiagonal, then
TR(/) = 0. However C*-algebras with tracial topological rank zero are not
in general AF. In fact, it is “tracially AF”. We discovered that condition that
the extension is quasidiagonal is rather too strong for TR(./) = 0. This leads
us to the notion of “tracially quasidiagonal” extensions (see 4.1). Indeed, we
show that, under the condition that TR (e_#¢) = O for any projection e € .27 and
TR(#) = 0, TR(&) = 0if and only if the extension is tracially quasidiagonal
(Theorem 5.2). This result has been used in the subsequent papers [17] and
[18].
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2. Preliminaries

Throughout the paper, we assume that .¢/ is a unital separable C*-algebra and
J is aclosed ideal of &f and n: &/ — &/ ¢ = A is the quotient map. So we
have the following short exact sequence:

(e-1) 0— ¢ — oA > B—0.

(1) We also let 7, denote the set of positive elements in ..

(2) For a C*-subalgebra .of; of &, we write a €. & if there is b € &
such that |ja — b|| < €.

(3) Let of be a C*-algebra and a, b € /.. We write [a] < [b] if there
is x € A such that x*x = a and xx* € Her(b) = bAD, the hereditary
C*-subalgebra generated by b. We write n[a] < [b] if there are mutually
orthogonal elements cy, ..., ¢, € Her(b) such that [a] < [¢;],i =1,2,....

For more information about the relation [a] < [b], please see [4], [22], [10]
and [9].

(4) Define a non-negative function fa‘i‘ by

1 t >4
5 t— 06
t) = 6 t <.
5, (1) 53, 2 <1 <3
0 t <64,

(5) #® denotes the class of all C*-algebras which are unital hereditary
C*-subalgebra of C*-algebras of the form C(X) ® F, where X is some k-
dimensional finite CW complex and F is a finite dimensional C*-algebra.
These are typical C*-algebras with rank k.

DEFINITION 2.1 (cf. 3.1 in [9] and [6]). Let &/ be a unital separable C*-
algebra. We say that o/ is of tracial topological rank no more than k (denoted
by TR(&/) < k) if for any € > 0, any finite subset & in &/ containing b € &/,
any 0 < 04 < 03 < 03 < 01 < 1 and any integer n > there exist a projection
p and a C*-subalgebra B € ¥ of .o/ with 1 = p such that

(D llxp = pxll = lIlx, plll <,
2) pxp €c B,Vx € F;
3) n[f2((1 = p)b( — p)] < [f2(pbp)].

If TR(&) < kbut TR(%) £ k — 1, we write TR(&/) = k. If &/ has no unit,
we define TR(./) = TR(A ), where &/ is the C*-algebra obtained by unit
1 adjoined in .2/.
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REMARK 2.2. The condition (3) above means that (1 — p)b(1 — p) is much
“smaller” than pbp. Indeed if o > 0 is given, the above definition implies that
we may choose p so that 7(1 — p) < o for all tracial states 7. Thus condition
(1), (2) and (3) say that the part of & which can not be approximated by 2 has
arbitrarily small trace. If AF-algebras are viewed as C*-algebras which can
be approximated pointwisely in norm by finite dimensional C*-algebras, then
C*-algebras with tracial topological rank zero may be viewed as C*-algebras
which can be approximated pointwisely in “measure” (or in trace). When &/
is simple, the condition (3) can be replaced by [1 — p] < [a] for any given
non-zero a € &/, which simply says that 1 — p is arbitrarily small. Comparing
positive elements in a non-simple C*-algebra becomes much more difficult.
The complexity of (3) above are due to this fact.

REMARK 2.3. Real rank is also a non-commutative topological rank for
C*-algebras. S. Zhang showed ([25]) that every purely infinite simple C*-
algebra has real rank zero. It is perhaps not exactly what we expect to happen.
C*-algebras with tracial topological rank zero behave more like zero rank non-
commutative space. For example, a simple C*-algebra &/ with TR(&/) = 0
has real rank zero as well as stable rank one. See also [6] for a discussion
related to tensor products. K-theory of C*-algebras with TR(%/) = k also
behaves similarly to that of C*-algebras in #® (see [7]). More facts about
tracial topological rank can be found in [9]-[13] and [6].

The following proposition is taken from [6].

PROPOSITION 2.4. Let f be a unital separable C*-algebra. Then following
statements are equivalent:

(a) TR(H) < k;

(b) foranye > 0, any 0 < 04 < 03 < 0n < 01 < 1| and any finite subset
F C o containing b € 4., there exist a nonzero projection p €
and a C*-subalgebra oty € P of of with unit p such that the following
conditions are satisfied:

(D) llxp — pxll <€, pxp €c S, Vx € F;
Q) [f2(A = pb( = p)] < [fZ(pbp)];

(c) forany e > 0, any 0 < 04 < 03 < 0y < o1 < 1, any finite subset
F C A containing by, ..., b, € A, and any integer n > 0, there are

a nonzero projection p € o and a C*-subalgebra <4y € % of of with
unit p such that the following conditions are satisfied:

(1) |lxp — px|| < €, pxp €c o, Vx € F;
2) n[f2(A = p)bj(1 — p)] < [f2(pbip)]. j=1.....n.
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For convenience, we list some known results as lemmas. Let & be a unital
C*-algebra. From [9] and [22], we have
LEMMA 2.5. Leta, b € o/, and p be a projection in .
(1) If a < Ab for some A > 0, then [a] < [b];
(2) la] = [a?];
(3) If there is x € & such that a = x*x,b = xx*, then [a] = [b] and
Lf3 (@] = [f2:(B)] for any 0 < 01 < 03 < |al;
@) Iflla — b|| < &, then [fail (a)] < [b] for any 0 < 8, < §y;

(5) Suppose that ||la|| < 1, ||b]| < 1. Then for any 0 < 84 < 83 < & <
81 < 1, there lS 8 = 8(83,84) > O such that |la — b|| < § implies that

[l (@)] < [fy: (B)];

©) If 0<a=<b then[f; (@] <[f5;(D)]for0 <oy <03 <02 <0y <
1.

COROLLARY 2.6. Let of be a C*-algebra and a € .. Then

(D [f @] = [fgi(@]for0 <o4 <03 <0y <01 <1}

Q@) 2 @] <[5 0 [2@) [fi o f2H(@)] < [fZ(@)] for any 0 < dy <
d] < 1.

PrOOF. (1) Since f7!(t) < f;*(t), the assertion comes from Lemma 2.5
(1).

(2) A simple computation shows that f 5 © Jor = for, where os = o4 +
di(o3 — 04),06 = 04 + dy(03 — 04). Noting that 05 > 0g and 0 — 05 >
(03 —04)(1 —dy) > 0, we have [ f7! (a)] < [f,>(a)] by (1).

COROLLARY 2.7. Leta € o/ withQ < a < 1 and p be a nonzero projection
in &f. Then for any 0 < o4 < 03 < 0, < 01 < 1, there is § = §(03, 04) such
that |lap — pall < 8 implies

[fo @] = [f7(pap)] + [f72((1 = p)a(l = p))]

[£5 (pap)] + [ f51((1 = p)a(l = p)] < [ [ (@]

PrROOF. Let § < §(03,04)/2 be as in Lemma 2.5 (5). Note that

lpap + (1 — p)a(l — p) —al <.

The assertions can be obtained from Lemma 2.5 (5).
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The following is taken from [6]:

LEMMA 2.8. For any 0 < o4 < o3 < 1 and any integer m, there is § =
8(03, 04, m) > 0 such that for any C*-algebra <, any b € </, with |b| < 1,
any mutually orthogonal projections p;, j = 1,2,...,m, with p = Z;'”=1 Dj
and any 01,0, with 0 < 04 < 03 < 0y < o1 < 1, if |pib — bp;|| <,
1 <j<m,then

(-2) [ Q}qu] (£ (pbp)]
ad (750000 = | 12 (Ej(pﬂuh )|

LeEMMA 2.9 ([9], Theorem 5.8 and Theorem 5.3). Let o/ be a unital sep-
arable C*-algebras with TR(&f) < k. Then TR(M,,(&)) < k forn > 1 and
TR(¥) < k for any unital hereditary C*-algebra € of .

COROLLARY 2.10. Let & be a unital C*-algebra with TR(%f) < k and ¥ be
aclosed ideal of . If ¥ admits an approximate unit consisting of projections,
then TR(#) < k.

The following lemma is a standard argument of function approximation
(see for example Lemma 2.5.11 of [16]).

LEMMA 2.11. Leta € &, with0 < a < 1 and f(t) be a continuous
Sfunction on [0, 1] with f(0) = 0. Then for any € > 0, thereis§ = §(f,€) > 0
such that for any nonzero projection p € 4 with ||lap — pal| < & one has that
I f(pap) — pf(a)pll < €and | f(a)p — pf(a)| <e.

LEMMA 2.12. Let0 <04 <03 <83 <--- <8 <0p <0y < 1and
n be a positive integer. There is § > 0 satisfying the following: Suppose that
& is a C*-algebra a, b, x; € .52f (i=1, n) with 0 < a < 1 such that
x'x; = fsi] (a) and x;x} € Her(f (b)), and xix; (i =1,...,n)are mutually
orthogonal. If there is a projection p € & such that ||py — ypll < § for
yela, b xi,x,i=1,...,n}, then

n[ £ (pap)] < [£22(pbp)].

ProOOF. Setd; = -,i =1,...,8. By Lemma 2.5 (5), there is n; > 0 such
that, for any x, y € A+ with ||x|| < land ||y|| < 1,if ||x — y|| < n; then

L 1 < L7201 i = 1,2,3,4,5. Let no = -mln{m,nz 13, N4, N5}
By Lemma 2.11, there is 7} > O such that ||[x, p]|| < n} implies

| £ (pxp) — pfy Op|| <no and  |[p, £ ]| < no-
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Also there is 15, > 0 such that ||[p, x]|| < 15 implies
| fo(pxp) = pfZ)p| <m0 and  ||[p. f22 @] < no-

Let 6 = ﬁmin{no, n, n,}. Now suppose p is a projection satisfying

Ilp, ylll <8 forally € {a,b,x;,x},i =1,2,...,n}. Then

n[f2 (pap)] < n[fy o fy (pap)] ~ (by Corollary 2.6 (2))
<n[f;

P(pfi(@p)]  (by Lemma 2.5 (5))

= Z fRpxixp)]  Gfx = f) (@)
= Z 2 (xipx))]. (by Lemma 2.5 (3))

Note that || Y7 (x; px})— p(X_1_, xix7) p|| < 2n8 < n3. Thus, by Lemma
2.5(9),

n

S [fpaD)] = [fd4 (Z(x,px ))] [f;’:p(éxix?)p].

i=1

Since Z?:l xix; € f (b)A f (D) and f3 (D) f (b) = f (b), we have

[fj;p(éxix?)p] =[ “(» %)(Zxx )12 (b)p)]
Note that
I[p. £ @] < mo

and
|pfe®yp — £ (pbp)| < no.

This implies that || pf72(b) — f72(pbp)|| < 2no. Note also that {x;x;} are
mutually orthogonal. Thus || o x,»x;k” < 1. Therefore

H () inx?‘)ﬁ’f b)p = 12wbp) (3 xix7 ) £ (bp)
=1 i=1

< 8no < 1ns.
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Finally

[ “(» %)(ZH) (b)p)]

g[fdi (£ (pbp)(Zxx )f”*(pbp)ﬂ (by Lemma 2.5 (5))

[ (pbp)(zxz ) (pbp)} [£2(pbp)]-

Thus we obtain n[ /71 (pap)] < [f5: (pbp)].

DEFINITION 2.13. Let &/ and _# be as in (e-1). Recall that the pair (<, %)
is said to be quasidiagonal if there is an approximate unit {r,, }7° of _# consisting
of projections such that lim,,_, o, ||r,x — xr,|| = 0 forall x € .

The following proposition follows immediately from the definition.

PROPOSITION 2.14. Let (&£, #) be quasidiagonal. Then for any projection
e € A, (ede,efe) is quasidiagonal.

Thus, combining Lemma 2.14 and Lemma 2.10, we have

COROLLARY 2.15. Let (4, #) be quasidiagonal such that TR(#) < k.
Then for any projection p € &, TR(p £p) < k.

LEMMA 2.16. Let « be a o -unital but non-unital C*-algebra. If TR(&)
0, then o/ admits an approximate unit consisting of projections.

PROOF. Let & be a strictly positive element in /. We first prove that for
any € > 0 there is a projection e € &/ such that ||(1 — e)h]| < €.

Since TR(&/ ™) = 0, there is a nonzero projection p € /' and a finite
dimensional C*-algebra .of; of .&/* with unit p such that

(1) |lhp — ph|l < €/3,
(2) php /3 <) and

(3) [1 — p] < [p]. Let p be the canonical homomorphism of &/ onto C
(the complex field).

Then either p (p) = 0 or p (1 — p) = 0. From (3) above, we have [p (1 —
p)] <[p(p)],sothat p(1 — p) =0,ie.,1 —p e . Put Ay = o N .
Then 2/, is an finite dimensional C*-algebra with the unitg. Sete = 1—p+g¢q

(gp = q).
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Choose a = a; + A € & with a; € & such that | php — a|| < €/3. Then
M| < €/3 and

(1 = e)all = [I(1 = q)(ph — php) + (1 = q)(php — a) + (1 — g)al|
< llph — hp|l + lIphp — al + [A| < €.

Now put €, = n~'. Then by the above argument, there is a projection e; € .2/
suchthat || (1 —e)h]|| < €;.Since TR((1—e1) & (1—e;)) = 0,by Lemma?2.9,
we obtain a projection e; € (1 — e1) /(1 — e1) such that

11— e) (1 —enh*(1 —e)| < &
which implies that
(1 —er —enhl*> = [[(1 — e)(1 —eh*(1 —e))(1 — ex)|| < €.

Set E, = > ,e;, n = 1,2. Using the same proof as in the [2, Proposition
2.9], we can obtain an increase sequence { E, }7° in .« consisting of projections
such that ||(1 — E,)h|| < €, for n > 1, that is, {E,}{° is an approximate unit
for /.

3. Quasidiagonal extensions

The following is well known (see Lemma 2.11 (2) and (3) of [24] and [3,
Lemma 9.8, Lemma 9.9].

LEMMA 3.1. Let (£, o, i) be as in (e-1). Suppose that (£, F) is quasidi-
agonal. Then for any finite dimensional C*-subalgebra € C 9B, there is a
C*-subalgebra sy C o which is isomorphic to € such that w(sfy) = €.
Moreover, we can find an approximate unit {r,}° of ¥ consisting of projec-
tions such that rpx = xr,, Vx € Sy, n > 1.

LEMMA 3.2. Let (¢, o, m)beasin(e-1)and0 < o4 < 03 < 84 < 83 <
8, < 81 < 0y < o1 < 1. Suppose that (£, ) is quasidiagonal. If p € o is a
projection, a € (1 — p)/ (1 — p) andb € psd p are nonzero positive elements
with 0 < a,b < 1 such that

n[fy (w@)] < [f (®))]
then there exists a projectionr € (1 — p) #(1 — p) such that
n[fo((1—p—=rall —p—r)] < [f2b)]

where n is a positive integer. Moreover, for any finite subset # C &f ande > 0,
if || px —xp|| < € forall x € &, then we can require that ||rx — xr| < 3¢ for
all x € # U {a}.
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PROOF. Letd; = %,

depending on §;, o; and d;. There is v; € 2 such that v;v} = n(f‘i‘ (a)) and

i=1,2,...,18. Choose a sufficiently small n > 0

{vfv;,i = 1,...,n} are mutually orthogonal elements of Her(r ( fg?f (b))).
Choose u; € .« such that 7 (u;) = v;. Then

c=uwul — fi'(A=pa(l—p)ye g, i=1..n

There are mutually orthogonal elements {y; : i = 1, ..., n} C Her( f(ff (b))
such that w(y;) = ufu;, i = 1,...,n). Lete; = ulu; —y; € £, (i =
1,...,n). Since (&, #) is quasidiagonal, there is a projection g € _# such
that

le:i(1 =)l <4, le:(l =gl <é, i=1,....n

and for all x € # U { 7 (b)p.a,b, } U {Mi,M?,Miuf,u}kui»)’i»yil/z

I,....n }, llxg — gx|l <.
It follows from ||[(1 — p)g — g(1 — p)|| < § that there exists projections

re(l—p)#f0—p),repfpsuchthat|(l— p)g(l—p)—r| < 28and
lp(1—g)p—r]l < 26. Furthermore if we choose § < €/5,then ||px—xp| < €

forall x € & U {a} implies

b=

lxr —rx|| < llxr —x(1 —p)g(l — p)ll
+[x(1 = p)g(l — p) — (A = p)g(l — p)x||
+ 11— p)g(l — p)x —rx||
<254 (2¢ +68) +26

< 3e.

Also we have

A=p—r)+7r—0=2l
<[l=p-U0=-pgl—p)+p(d-gp
—((A=pd=gU—=p)+pd-=gpl
+Id-pAd -0 =-p)—pd—-—gp—=1=2gl
< 4.

Choose 6 so small that (by applying Lemma 2.5 (5), Lemma 2.11 and
Lemma 2.9)

@3 [fl o f2((1—gall — )] < [££(1 — ) fy (@1 —g))].

and
(e-4)
(£ (1 =) f2 @S 01— )] < [f2 (2 B)A - 9d(1 — ) f B)]-
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Therefore (with sufficiently small 4),

n[ 3 —p—rya(l — p—r))]
< n[f7((A = p—na(l = p—r)]+n[f7)(Far]

[ffzl (Ad=p-r)+rjad—-p—-r)+ f))] (by Corollary 2.7)
n[ ((1 —g)a((1 —g))] (by Corollary 2.6 and Lemma 2.5 (5))
n[ (1= @) fy @) (1 —g)]  (by (e-3))

Since [|(1—-g)(f3! (@) —uu}) (A=) = [(1—ci(1—=g)|| < 8,i =1,..., n,
with sufficiently small §, we have

n[ £ (1= g) fy (@) (1 — g))]

< Z[fdd:((l —Quiu(l —g)] (by Lemma 2.5 (5))
=Y [ = gun] (by Lemma 2.5 (3))
< Z[fj;((l —Qufu;(1 —g)] (by Lemma 2.5 (5))

Alsosince [|(1—) ufu; —y)(1—g)|| = l(1—ge;(1-)ll <8,i =1,...,n,
with sufficiently small §,

n

> £ = gutui (1 — g))]

i=1

Z 21 =g)yi(1—g))] (by Lemma 2.5 (5))
[fa (321 = )3 ")] (by Lemma 2.5 (5))

[fjllzl (Z(yilﬂ(l — g)yil/Z))] (yiy; =0ifi # j)

i=1

[f;’:; (a-o (X w)a- g))} (by Lemma 2.5 (5))

i=1
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Since y; € Her( f(;ff(b)) and f (b) [ (b) = f (b), we have
Zy, = (e ®) (X w)(me)'” =t

i=1

n
Lety = ) y;, then
i=1

[fin (1 — @)y — )]
=[£I = (F2 OGN Py(F2 )21 — g))]

< [AE (U2 o)A =)y — @) (f2(5)'/?)]  (by Lemma 2.5 (5))
[fdls fe (b)] (by Lemma 2.5 (6))
<[ ®)]

COROLLARY 3.3. Let (#, o, ) be asin (e-1) and 0 < 04 < 03 < 84 <
83 < 8 < & < op < o1 < 1. Suppose that (4, #) is quasidiagonal. If
ac€AwithO)<a<1and

[ (1 = ()@ —2(p))] < [£2 @ (p)m@m(p))]
for some projection p € S, then there exists a projectionr € (1—p) #(1—p)
such that
n[fg (1= p=rall — p—m)] < [f7(pap)],

where n is an integer. Moreover, for any finite subset # C &f and € > 0, if
lpx — xp|l < € forall x € & U {a} we can require that ||rx — xr|| < 3¢ for
all x € # U {a}.

Now we prove following theorem:

THEOREM 3.4. Let
0— F—>AS5B—0

be a short exact sequence of C*-algebras with &/ unital and (4, #) quasidi-
agonal. Suppose that for any € > 0, any finite subset # C & containing a
nonzero positive element a, any integern > 0 and any 0 < 04 < 03 < 84 <
83 < 8, < 81 < 0y < o1 < 1, there exits a projection g € RB and a finite
dimensional C*-subalgebra F C B with § = 15 such that

1) llgr(x) —m(x)g| <€, gm(x)g € Ffor all x € & and
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(i) n[ (1= Pr@d —g)] < [ £ Gr@)]
Then there is a finite dimensional C*-subalgebra F C & with lp = p,
w(p) = q and w(F) = F and a projectionr € (1 — p) #(1 — p) such that

(D) I(p+7r)x —x(p+r)|l <32 and |rx — xr|| < 24e forx € F,

Q) (p+r)x(p+r) g F+r frforx € F and

@) n[f2 (A —=p—ra(l—p—r)] < [f2(p+ralp+r)]
Moreover, if TR(#) <k, TR(%) = 0, then TR() < k.

PrOOF. Let 84 > dy > d3 > 03,07 > d| > d» > §;. By Lemma 3.1, we
can find a finite dimensional C*-subalgebra .2/ of &/ with 15, = po, and an
approximate unit {r,}{° consisting of projections in _# such that 7w (pg) = ¢,
() = F and r, commute with &/, n = 1,2, ....

Condition (i) implies that there are a,, b, € _£, ¢y € & such that

xpo — pox —axll <€, |poxpo — by — cxll <, Vx e F.
Choose ng such that
(I —=rpacll <€, llax(1 —ry)ll <e,
(1 —ru)bxll <€ and [be(l —ry)ll <€

forall x € #.Set p = po(1 —r,,), Fi = plop. Thenn(p) = q,n(F)) = F
and F is finite-dimensional with unit p. We have pxp €5c F, ||[xp— poxp| <
2¢ for all x € &. Moreover, for any x € &,

lxp — pxpoll < llxp — poxpll + [1bx(1 — ryy) — (1 — rag) byl
+ 1(poxpo — by — c)(1 —1yy)
— (1 = ruy)(poxpo — by — c2)|| < 6,
lxp — pxll = llxp — pxpo + p(xpo — pox — ax) + pax|l < 8e

Applying 3.3 to condition (ii), we can find a nonzero projection r € (1 —
p).#(1 — p) such that

(e-5) n[f2 (1= p—ra(l — p—r)] < [ £ (pap)]
and ||xr — rx|| < 24e, Vx € &. Therefore, we have
lx(p+r)—(p+r)xll <32, (p+r)x(p+r) €ise F1 +rfr, VxeF

and
(e-6)
n[fai‘ (A=p—rjal—p—-r)] < [f,;?(Pap)] <[fZp+na(p+r)]
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by (e-5) and Corollary 2.7.

Now assume that TR(%) = 0 and TR(#) < k. Then there is a finite

dimensional C*-subalgebra F of % with 13 = g such that
@) llmr(x)g —gm(x)| <e,
(b) gn(x)g € F forall x € # and
© [ - Dr@ —)] < [f2Gr@d)].

Thus by the above argument, there are a finite dimensional C*-subalgebra F
of o/ withlp = p,n(p) = q,n(F) = F andaprojectionr € (1—p) £(1—p)
such that
(e7) llpx —xpll <8¢, |lrx —xr|l <24e, pxp € F,

forall x € # and n[fi (1 — p—ra(l — p—r)] < [ £ (pap)].
By Lemma 2.9, TR(_#) < k implies that TR(r_£r) < k. So that there is a

nonzero projection e < r and there is a C*-subalgebra _#, of r_£r with unit e
which belongs to .#® such that

(e-8) |lerxr —rxre| <€, exee. %,
forall x € # and [fi ((r — e)a(r — )] < [ £ (eae)].

Set pi = p+eand . = F + . Then of, € $® with the unit p,. We also
have ||p1x — xp1|| < 4le and pixp; €19¢ e, Vx € F. Furthermore, with
sufficiently e,

[£2((1 = ppa(d — p1))]
<[f = p=rad—p-r)]
+ [ dd2‘ ((r —e)a(r — e))] (by Lemma 2.5)
< [£52(pap)] + [ £ (eae)] (by (e-7) and (e-8))

= [f (pap + eae)] < [fS*(prap))]  (by Lemma 2.5).

4. Tracially quasidiagonal extensions of C*-algebras

DErFINITION 4.1. Let (%, o/, ) be as in §1. We say that (&7, _#) is tracially
quasidiagonal if for any € > 0, any 0 < 04 < 03 < 02 < 07 < 1 and any
subset # = {x1, ..., x, b} C o withb € &/, there exist a projection p € &
and a C*-subalgebra € of &/ with 1¢ = p such that

(1) ||px —xp| < eforall x € F;
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Q) [£22((1 = p)b(1 = p))] < [f2(pbp)];
(3) pxp €. € forall x € & and
@ Cn £ =pfFpand (C, p¥?p)is quasidiagonal.
Obviously, if ./ is quasidiagonal, then %/ is tracially quasidiagonal.

DEFINITION 4.2. Let &/ be a unital C*-algebra. We say that .o/ satisfies the
property (Py) if the following holds: for any € > 0, any integer n, any finite
subset # C A containing a nonzero elementa € /4 and any 0 < 04 < 03 <
0, < 01 < 1 there exist a projection and a C*-subalgebra € of &f with 14 = p
and with TR(%) < k such that

(1) |Ipx —xp|| < eforall x € &,
) a[f2((1 = p)a — p)] < 2[fZ (pap)] and
(3) pxp e €forallx € F.
LEMMA 4.3. Let & be a unital C*-algebra with the property (Py). Then for
any € > 0, any integer n > 0, any finite subset ¥ C &/ containing nonzero

element a € o, and any 0 < 04 < 03 < 0p < 01 < 1, there exists a
C*-subalgebra B € U of of with 13 = p such that

(1) lpx —xpll <€, pxp € B, forallx € F;
@) n[£2((1 = pa(l = p))] < 3[£2(pap)].

PROOF. Forany € > Oandany 0 < 04 <03 <djp <dy < -+ <dp <
dy < 0y < 01 < 1, there is a C*-subalgebra ¢ of &/ with 1¢ = p; and with
TR(¥) < k such that

(D) llpix —xpill < €/3, pixpi €3 €, forallx € F;
@) n[ £ = ppa(l — p))] < 2[£i* (prapy)]-
Forany x € &, choosex € € suchthat || p1xp;—x|| < €/3. Since TR(¥) < k,

it follows that there is a C*-subalgebra 2 of € with14 = p < pyand B € $®
such that

(3) lpx —xpll <€/3, pXp €3 B, forall x € F;
@ m+2[£7(p1 — pap — p)] < [£ (pap)]-

From condition (1) and (3), it is easy to check that ||xp — px|| < € and
pxp € B, forall x € . By Lemma 2.5 (5),

(£ (o1 = pratpr — p))] < [£37 ((p1 = pap1 — p))]
and [f(prapn)] < [ (@]
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with e sufficiently small. Therefore, by applying Lemma 2.5 to Condition (2)
and (4), we have, with sufficiently small €,

n[fo1((1 = pa(l — p))]
<n[ £ = ppat — p)] +n[ £ (p1 — pla(pi — p))]
<2[ £ (prap)] +n[ £ (p1 — pa(pi — p))]
<2[ £ @] +n[ £ (p1 = pa(pr — p))]
<+ [ (pr — p)a(py — p)] + [ £ (pap)]
< 2[fi> (pap)] + [ fi (pap)]
<3[fZ(pap)].
LEMMA 4.4. Suppose that B is a finite dimensional C*-algebra. Then for

any a,b € B, any integer k and any 0 < 04 < 03 <84 <83 <& < <
oy < o1 < 1,

K @] <k[f2®)]  implies  [f2(@)] < [f2®)].

ProoOF. There exists w € M (2) such that

k
w*w = diag(f;! @), ... f3 @) ]
and ww* e Her(diag(f;(®). ..., f ())).

Let o, 04 be such that 04 < 03 < 0 < 03 < 84 < 83. Since f;: (b)fai3 b) =
32 (b), we have / /
ww* < diag(f:f(b), ...,fg(b)).
If Tr is the standard trace defined on 4, then
rank diag( £ (a), ..., £ (@) < Tr[diag(f;' (@), ..., f;' (@))]

= Tr(w*w) = Tr(ww®)

< Trdiag(f,/ (), ..., £/ (9)

< rank diag(f* (), ..., f22 (D).

0.

It follows that rank (£ (a)) < rank(£Z* (b)) and [ ()] < [£Z (B)].
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LEMMA 4.5. Let f be a C*-algebra satisfying the property (Py). Then for
any integern > 0, anya,b € A, any0 <04 <03 <84 <83 <8 <8 <
o) <01 < 1,

I+ D[ fy @] <3[f;;®)]  implies  n[fI (@] < [f2®)].

ProOOF. There is w € My(,+1)(2/) such that

9(n+1)

wrw = diag(fs‘i‘ (@,..., fsi] (a))
and ww* € Her(diag(f;* (), £, (b), £, (6).0,...,0)).

Let by = diag( fgf(b), fa‘%(b), fai?(b),o, ..., 0), where 03 < &, < 8, < 4.

Then
ww* = b(l)/zww*b(l)/2 < by.

Setd; = %,i =1,...,24. Write w = (wij)g(n+1)x9(n+1) and set

By Lemma 4.3, there exist a projection p and a finite dimensional C*-subalge-
bra # with 1 = p such that

(1) Ilpx —xp|| < eforallx € &, pxp €. % forall x € ¥ and
@) n[£2(0 = p) 1@ = p)] <3[£ (pfy @p)].
From (1), we have a, b e B and w;; € % such that
| pap — all < e, Ipbp — b < e, | pwijp — Wijll <e.
Let % = (i) and by = diag(fié(é), fiﬁ b), fs‘% ), 0, ...,0). Note
Idiag(fy' (@), ..., f'(@)) — D™D
< || diag(fy' (@), ..., f;) (@) — diag(pfy @p. ..., pfy @p)ll

+ || diag(pfy @)p. ..., pfy(@)p) — diag(p, ..., pyw*wdiag(p, ..., p)l
+ || diag(p, ..., p)w*wdiag(p, ..., p) — w*w||
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and
o - iyaa57)

+ | diag(p, ..., p)ww* diag(p, ..., p)
— diag(p, ..., p)bé/zww*b(l)/2 diag(p, ..., p) ||

+ || diag(p, ..., )by ww*by* diag(p, ..., p) — by >wiw*by*|.

So by Lemma 2.11, for sufficiently small €,

|diag(f5) @), ..., f(@) — ©*id

and ||@Lb* — 1/2 B A*bl/ZH < 5(6113, d14)

< 8(dq1, d12)

where §(d11, di2) and 6(dy3, di4) are as in (5) of Lemma 2.5. Therefore, in
Moy(+1)(B), we have

Lfi (diag(fy' @), ... fy' @)] < [f{) (D" (by Lemma 2.5 (5))
= [f{ (") (by Lemma 2.5 (3))
< [ (by 212)12)*133/2)] (by Lemma 2.5 (5))
< [far (o)l (by Lemma 2.5 (6)),
that is 9(n + 1)[de0 (a)] =< 3[féﬁf o (f(;(zé (B)]in Mog,11)(%B).
For sufficiently small €, (in My(,4+1)(9AB)) we have
3[£i o (f B)] < 3[£17(pfy )p)] by Lemma 2.5 (5))
<3[f o £ B).

Thus we obtain 9(2 + DI/ o 2 (@)] < 3[f5 o f,(B)] in Mogui1) (). It
follows from Lemma 4.4,

(€9 30+ DI o @] < [£12 0 £/ D).
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Finally, we have
n[ 3 (@)]
<nlfi o fy'(@)] (by Corollary 2.6 (2))
<alf2((1 = p) fy @1 — p)] +nlf (pfy (@)p)]  (by Corollary 2.7)

< (n+3f5 (s @p)] (by (2))

<30+ DIfY o f3 (@) (by Lemma 2.5 (5))
<[f o 7 (B)] (by (e-9))

< £ (pfy, (D)) (by Lemma 2.5 (5))
< [£52 (pfy B + L2 (( = p) £ (B)(1 = p))]

<[f¥ o £, (B)] (by Corollary 2.7)
< [f2®)] (by Corollary 2.6 (2)).

THEOREM 4.6. Let of be a unital C*-algebra having (Py). Then TR() =
0.

PrOOF. Let € > 0 and n > 0 be an integer and &# C & be a finite subset
containing nonzero elements a € &/, and 0 < 04 < 03 < 0y < 01 < 1.
By Lemma 4.5, there are a projection p; € . and a finite dimensional C*-
subalgebra A of ./ with 1 = p; such that

(D) Ipix —xpill <€, prxp € B, forallx € &,

(1) 901+ D[£2((1 = poa(l — pi)] < 3[£2(prapn)].
Thus by Lemma 4.5, we have n[f;] ((1 — p)a(l — p)] < [f72(pap)]. It
follows that TR(%/) = 0.
5. The main result

THEOREM 5.1. Let
0— ¢ —>A—>B—0

be a short exact sequence of C*-algebras, where &f is a unital C*-algebra.
Suppose that TR(#) = 0 and TR(B) = 0. Then TR() = 0 if (, #) is
tracially quasidiagonal.

ProoF. Fixe > 0, aninteger n, a finite subset # C 2/ containing a positive
elementaandoy <03 <0y <oy < l.Letos <dyp <dyy <--- <d) < o3.
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Without loss of generality, we may assume that & is in the unit ball of .&/.
Choose a positive number 7 which depends only on €, &, o/s and ds.

Since TR(%) = 0, there is a finite dimensional C*-subalgebra F C %
with 17 = g such that

(1) |lgrx) —w(x)g|l < nforalx e &,
(2) gm(x)q &, F forall x € & and
3) (+ D[ = Pr@d —§)] < [f12 G @)

Let {e;} be a finite set of standard (partial isometries and projections) gen-
erators of F. Let {a;} C &/ such that ||g;|| < 1 and (a;) = e;. Letx; (i =
1,2,...,n+1)bein P such that x}'x; = f;llf((l —q)m(a)(l —¢g)) and x;x/

(i=1,2,...,n+1)are mutually orthogonal elements in Her(f;l;5 (gm(a)q)).
Puty; € o/ withm(y;) = x;and ||y;|| <1(@=1,2,...,n+1)and0 < b; < 1
in &/ such that w(b;) = x;x} and by, by, ..., b,y are mutually orthogonal.

Let0 < ¢’ < 1 bein & such that w(q’) = g. Set
g = LO/—; U {aja yia y,*’ q/7 ddll:((l - q/)d(l - q/))a fj:(q/aq/)}

Choose 1/64 > § > 0 which depends only on what 1 depends on and on ¥.
Since (&7, _#) is tracially quasidiagonal, there exists a projection p € & and
a C*-subalgebra Cy C &/ suchthat 1¢, = p, CoN ¥ = p#p and (Co, p.p)
is quasidiagonal and such that

@) |lpx —xp|| <dforallx € 9,
(5) pxp €5 Cy for all x € ¢ and
6) n[ £y (1 — pa(l — p)] < [ £ (pap)].
Since ||[7(p)g — gm(p)|| < 8, we obtain a projection g; € (Cp) such that
(1) lIm(pq'p) — qill < 43.

With sufficiently small §, there is a finite set of standard generators {e}}
of a finite dimensional C*-subalgebra Fy in 7 (Cy) with 1 7, = ¢1 which is
isomorphic to (possibly a summand of) F such that ||EJ’. —qiejqi1l < 58. With
sufficiently small §, by Lemma 2.5 (5), we have

[£i7 (G (p) — g (@) (p) — §1))]
< [£2(x(p) — m(p)gr(p)m (@ (x(p) — 7 (P)gm(p))]

<[ @ (p)d = @)1 — Pr(p)]-
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Since (n + DI/ (1 = P (@)1 = §)] < [f4°(G7(a))], by applying
Lemma 2.12, we have

m+ DA (p)( = Pr@ 1 - Hr(p)] < [£7 (w(p)gr(@)gn(p))]
< [£i e (p)gm(@)gm(p))]
<[£2 @ @agn].
Therefore

®) (n+ D[ ((x(p) — g (@) (w(p) — Gi)] < [ £ @i (@aqn)].

Moreover, with sufficiently small &, by using (1), (2), (4), (5) and (7), we
have

) g1y — yqill <50 +n) fory € m(p9Yp), and
(10) G1yq1 €51y Fi fory € m(pGp).

Since (Cy, p £ p) is quasidiagonal, it follows from Theorem 3.4, with suffi-
ciently small § and n and using (8), (9) and (10), that there is a finite dimensional
C*-subalgebra F; C Cp with 15, = g1, m(q1) = g1 and 7 (F}) = F, and a
projection ry € (p — q1).#(p — q1) such that

(AD |I(g1 +ri)x —x(g1 +r)ll <nand ||[rx —xr| < nforx € &,
(12) (g1 +r))x(g1 +r1) €, Fi +r #r forx € # and

(13) i+ D[ (p—aq1—rDalp —qi—r)] < [£2 (g1 +rDalgi+m)]-

Note g; € Cy. Let C; = Fy + r1_#r1. Since TR(_#) = 0 and r; € £, then
TR(r1 £r1) = 0. Note q; € Cy and g, and r; are orthogonal. So TR(Cy) = 0.
It follows that TR(Cy) = 0 and 1¢, = g; + r1. Now,

nlfo (1 =g —rpa(l —q1 —r))]

<nlff (1 = p)g(1 = p))]
+ n[f;i' ((p—q1—ralp —q1 —r))l (by Corollary 2.7)

< £ (pap)1 + nlfy ((p — g1 — r)a(p — g1 — )] (by (6))
<[5 (p —q1 — ralp — g1 — r)] + Lff (g1 + ralqr + )]
+alfy ((p— a1 —rap — q1 — r))] (by Corollary 2.7)
< (4 DIE(p — g1 — ralp — g1 — rO) + Lf5 (g1 + r)alqr + 1))
<202 (q1 +r)algr + )] (by (13)).
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In other words, .o satisfies the property (Py). Thus, by Theorem 4.6, we have
shown TR (&) = 0.

THEOREM 5.2. Let 0 — ¢ — A —> B —> 0 be a short ex-
act sequence of C*-algebras, where & is a unital C*-algebra. Suppose that
TR(efe) = 0 for any projection e € & and TR(%B) = 0. Then TR() = 0
if and only if (&, #) is tracially quasidiagonal.

Proor. By Theorem 5.1, it suffices to show the “only if” part. So we assume
that TR(.«/) = 0. For any € > 0, and finite subset # C &/ containing nonzero
element a € &/, and any 0 < 0, < o7 < 1, there exists a finite dimensional
C*-subalgebra D of &/ with 1p = p such that

(1) lpx —xp|| < eforallx € &,
(2) pxp €. Dforallx € &,
) /7 (A = p)a(l = p)] = [f;}(pap)] (where 0 < 04 < 03 < 02).

Write D = M,, & M,, EB-‘-EBMn,.Letef.‘,i =1,2,...,n; be a max-
imal set of mutually orthogonal minimal projections in M,,, (k =1,2,...,1[).
By the assumption TR(el’Fjel’-‘) = 0. It follows from Corollary 2.16 that
ef.‘ fef.‘ admits an approximate identity {u’*} consisting of projections. Put
d* = diag(ul*, ..., u"*)and E, =d! ®d> @ ---®d’. Then {E,} commutes

with every element in D. Furthermore, {E,,} forms an approximate identity for
p.¥# p consisting of projections. Therefore

lE,x —xE,|| = 0 as n— oo

foralx e D+ p¥p.Let C=D+ p Fp.ThenCN_¢ = p¥fp, (C, p.¥Lp)
is quasidiagonal and C/p_# p is a quotient of D which is finite dimensional.
This shows that (A, #) is tracially quasidiagonal.

REMARK 5.3. There are examples of tracially quasidiagonal extensions
which are not quasidiagonal. These examples and unexpected interesting con-
sequences will appear elsewhere(see [17]).
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