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THE EXISTENCE OF GORENSTEIN
FLAT COVERS

EDGAR E. ENOCHS, OVERTOUN M. G. JENDA and J. A. LOPEZ-RAMOS∗

Abstract

We prove that all left modules over a right coherent ring have Gorenstein flat covers.

Introduction and Preliminaries

The notion of a cotorsion theory was introduced by L. Salce in [14] and its
importance in homological algebra has been shown by its use in the proof of
the “flat cover conjecture”. The existence of flat covers for every module over
any ring was conjectured by E. Enochs ([6], 1981). When P. Eklof and J. Trlifaj
[5] showed the connection between cotorsion theories which are cogenerated
by a set and cotorsion theories with enough injectives and projectives, the
positive answer to that conjecture seemed near. In fact this was the case and
the conjecture has now been settled by L. Bican, R. El Bashir and E. Enochs
[3].

More recently, M. Hovey [13] has shown that there is an intimate connec-
tion between Quillen’s model of structure on abelian categories and complete
cotorsion theories with respect to some proper class of short exact sequences.
Hovey gave examples of such model structures using the cotorsion theories
which appear in the context of the so called Gorenstein modules (these in-
volve generalizations of notions introduced by Auslander [1] in connections
with his study of G-dimensions). It is now well known that over Gorenstein
rings, the classes of Gorenstein injective and projective modules form part of
two corresponding complete cotorsion theories (see [11] for example). It is an
intriguing question (and apparently an open one) whether this result has an
extension to more general rings. An even more basic question is whether every
module has a Gorenstein projective cover. Even if the ring is commutative
and noetherian it is not known whether this is the case. But in this article we
will show that if our ring R is right coherent then every left R-module has a
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Gorenstein flat precover. Then since the class of Gorenstein modules is closed
under direct limits we get further that each of these modules has a Gorenstein
flat cover. The existence of Gorenstein flat covers was first proved for modules
over Gorenstein rings (see [9]) and then their existence is proved for certain
modules over any local Cohen-Macaulay ring admitting a dualizing module
[10]. The latter result has been extended by H. Holm in [12, Proposition 3.2.4].

We introduce the concept of a perfect cotorsion theory. We define this as
a cotorsion theory (L ,C ) such that every R-module has an L -cover and
a C -envelope. Immediate examples are (R-Mod, Inj) and (Flat, Cot) where
“Inj”, “Flat” and “Cot” denote the classes of injective, flat and cotorsion R-
modules respectively. Using the result mentioned above we show that the class
of Gorenstein flat (left) modules along with its right orthogonal class form a
perfect cotorsion theory over any right coherent ring. We also consider the
class of weakly Gorenstein flat modules (see 3 for the definition) and obtain a
relative version of the “flat cover conjecture”.

Throughout this paper, R will denote an associative ring and R-module will
mean left R-module. R-Mod will denote the category of left R-modules and
given any R-module M , E(M) will be the injective envelope of M .

Given a class of R-modules L , we will denote by L ⊥ (respectively ⊥L )
the (right orthogonal) class of R-modules M such that Ext1

R(L,M) = 0 (re-
spectively Ext1

R(M,L) = 0) for every L ∈ L . Now using this notation, we
recall that a pair of classes of R-modules (L ,C ) is said to be a cotorsion
theory if L ⊥ = C and ⊥C = L .

Also recall that a cotorsion theory (L ,C ) is said to be complete (cf. [13])
if it has enough injectives and projectives, that is, for every R-module M there
are exact sequences 0 → M → C → L → 0 and 0 → C → L → M → 0
respectively withC,C ∈ C andL,L ∈ L . This concept is intrinsically related
to the existence of C -preenvelopes and L -precovers, respectively, for every
R-module. We recall from [6] that given a class of R-modules L , a morphism
ϕ : L → M where L ∈ L is called an L -precover of M if for any morphism
ψ : L′ → M we get a commutative diagram

L′

↓ ❅↘ψ

L
ϕ−−→ M

In the case that L′ = L and ψ = ϕ and we can only complete the preceding
diagram by automorphisms, we say that ϕ : L → M is an L -cover. L -
preenvelope and L -envelope are defined dually.

If 0 → M → C → L → 0 and 0 → C → L → M → 0 are as above,
then for C ′ ∈ C , Hom(C,C ′) → Hom(M,C ′) → Ext1(L,C ′) = 0 is exact
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and so M → C is a C -preenvelope. Similarly L → M is an L -precover.

1. Hereditary and perfect cotorsion theories

In this section we give properties of cotorsion theories related to the existence
of covers and envelopes. Clearly much of what we say has meaning and is
valid in any abelian category with enough injectives and projectives.

Definition 1.1. We will say that the cotorsion theory (L ,C ) is hereditary
if whenever 0 → L′ → L → L′′ → 0 is exact with L,L′′ ∈ L then L′ is
also in L .

The following result shows that in a hereditary cotorsion theory (L ,C ), the
classes L and C satisfy dual properties and that in this case the “orthogonality
relation” holds for each functor Extn with n ≥ 1.

Proposition 1.2. Let (L ,C ) be a cotorsion theory. Then the following are
equivalent:

(i) (L ,C ) is hereditary.

(ii) If 0 → C ′ → C → C ′′ → 0 is exact with C ′, C ∈ C then C ′′ is also in
C .

(iii) ExtiR(L,C) = 0 for all i ≥ 1 and all L ∈ L and C ∈ C .

Proof. (i) ⇒ (iii) Let L ∈ L and 0 → L′ → P → L → 0 be an exact
sequence with P projective. Then L′ ∈ L by hypothesis since P ∈ L . So if
C ∈ C , then the result follows by the long exact sequence of Ext associated to
the preceding short exact sequence.

(iii) ⇒ (i) Let C ∈ C and 0 → L′ → L → L′′ → 0 be exact with
L,L′′ ∈ L . Then the result follows from the exact sequence

· · · → Ext1
R(L,C) → Ext1

R(L
′, C) → Ext2

R(L
′′, C) → · · ·

(iii) ⇒ (ii) Let 0 → C ′ → C → C ′′ → 0 be exact with C ′, C ∈ C . If
L ∈ L , then by the exactness of

· · · → Ext1
R(L,C) → Ext1

R(L,C ′′) → Ext2
R(L,C ′) → · · ·

we get that Ext1
R(L,C ′′) = 0 for all L ∈ L . So C ′′ ∈ L ⊥ = C .

(ii) ⇒ (iii) follows by a dual argument to the proof of (i) ⇒ (iii) above by
considering an exact sequence 0 → C → E → C ′ → 0 with E injective.

Definition 1.3. A cotorsion theory (L ,C ) is said to be perfect if every
module has an L -cover and a C -envelope.
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Theorem 1.4. Let (L ,C ) be a hereditary cotorsion theory. Then the fol-
lowing are equivalent:

(i) (L ,C ) is perfect.

(ii) Every R-module has a C -envelope and every C ∈ C has an L -cover.

(iii) Every R-module has an L -cover and every L ∈ L has a C -envelope.

Proof. By definition it is clear that (i) ⇒ (ii), (iii). We will show (iii) ⇒
(i) and the proof of (ii) ⇒ (i) is dual to this.

Let M be an R-module and let ϕ : L → M be an L -cover. Then ϕ is
an epimorphism since L contains projective modules, and since L is closed
under extensions it follows that G = Ker(ϕ) ∈ C by the Wakamatsu Lemma
(cf. [11, Corollary 7.2.3]). Now let L → H be a C -envelope. Similarly we
get that 0 → L → H → N → 0 is exact with N ∈ L . Then consider the
pushout diagram

0 0

↓ ↓
0 −−−→ G −−−→ L −−−−−→ M −−−→ 0

↓ ↓
0 −−−→ G −−−→ H −−−−−→ P −−−→ 0

↓ ↓
N 




 N

↓ ↓
0 0

Since (L ,C ) is hereditary, P ∈ C by the proposition above, and since N ∈ L

we get that M → P is a C -preenvelope. We now show that it is in fact a C -
envelope.

We first observe that the square

(∗)
L −−−→ M

↓ ↓φ

H −−−→ P

is not only a pushout diagram, but is also a pullback diagram. And H → P is a
L -precover whose kernel is in C . This follows from the fact thatG ∈ C = L ⊥
and that H ∈ L since 0 → L → H → N → 0 is exact with L,N ∈ L .
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Now we must argue that any morphism f : P → P such that f ◦ φ = φ

is an automorphism of P . Since H → P is an L -precover, the diagram

H −−−→ P

↓ ↓f

H −−−→ P

can be completed to a commutative diagram. Then the morphism H → H

along with f : P → P gives a morphism of the diagram

M

↓
H −−−→ P

to itself, which is the identity morphism on M and is f on P . Now since (∗)
is a pullback we get a morphism of (∗) to itself which is the identity on M and
which is f on P . Since L → M is an L -cover, the morphism L → L is an
automorphism. Then since L → H is a C -envelope, the morphism H → H is
also an automorphism. But now, since (∗) is a pushout and since our morphism
of this square to itself is an isomorphism on L,M and H we get that it is also
an isomorphism on P and so f is an automorphism as we desired.

2. Gorenstein flat covers over coherent rings

The aim of this section is to prove the existence of Gorenstein flat covers for
every module over a right coherent ring. So throughout this section R will
denote a right coherent ring. We recall from [8] that an R-module M is said to
be Gorenstein flat if and only if there exists an exact sequence in R-Mod

· · · → F1 → F0 → F−1 → F−2 → · · ·
of flat R-modules such that M = Ker(F−1 → F−2) and which remains exact
whenever E ⊗R − is applied for any injective right R-module E.

We also recall from [7, Proposition 3.3] that over right coherent rings we
can define right derived functors of − ⊗R − by using injective resolutions
and right Flat-resolutions (see [7] or [11]) in the first and second variables
respectively. These new derived functors are denoted by Torn. We also note
that there exists a natural morphism

M ⊗R N → Tor0(M,N)

SinceR is a right coherent ring, then every leftR-module has a flat preenvelope
by [11, Proposition 6.5.1]. Now, by [11, Corollary 6.4.4], if Mi → Fi is a flat
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preenvelope for everyMi i ∈ I then⊕Mi → ⊕Fi (arbitrary direct sum) is a flat
preenvelope. In this way if we consider {F i} a family of flat right resolutions
of the family of left modules {Mi : i ∈ I } and we consider the direct sum
of these complexes, then this new complex is a flat right resolution of ⊕Mi .
Now, since the cohomology functors verify that Hn(⊕F i ) is isomorphic to
⊕Hn(F

i ) for every n ≥ 0 and the tensor product preserves arbitrary direct
sums it follows that these right derived functors of the tensor product preserve
arbitrary direct sums.

We start by giving a characterization of Gorenstein flat modules over co-
herent rings.

Proposition 2.1. The following statements are equivalent forM ∈ R-Mod.

(i) M is Gorenstein flat.

(ii) Torn(E,M) = 0 ∀n ≥ 1 for every injective R-module E, Torn(R,M) =
0 ∀n ≥ 1 and M → Tor0(R,M) is an isomorphism.

(iii) Torn(E,M) = 0 ∀n ≥ 1 for every injective R-module E, Torn(P,M) =
0 ∀n ≥ 1 and every projective R-module P and P ⊗M → Tor0(P,M)

is an isomorphism again for every projective R-module P .

Proof. (i) ⇒ (ii) It is clear that Torn(E,M) = 0 ∀n ≥ 1 and E any
injective. Furthermore since R is right coherent there exists an exact se-
quence 0 → M → F 0 → F 1 → · · · which may be used to calculate
Torn(R,M) ∀n ≥ 0 and so Torn(R,M) = 0 ∀n ≥ 1. Finally M = Ker(F 0 →
F 1) ∼= Ker(R ⊗ F 0 → R ⊗ F 1) = Tor0(R,M).

(ii) ⇒ (iii) This follows from the fact that every projective is a direct sum-
mand of a free R-module and the naturality of P ⊗M → Tor0(P,M).

(iii) ⇒ (i) If 0 → M → F 0 → F 1 → · · · is a right Flat-resolution, the fact
that Torn(R,M) = 0 ∀n ≥ 1 gives that F 0 → F 1 → · · · is exact. But since

M ∼= R ⊗M → Tor0(R,M) = Ker(R ⊗ F 0 → R ⊗ F 1)

is an isomorphism, we get that 0 → M → F 0 → F 1 → · · · is exact. In this
wayM has an exact complete Flat-resolution. On the other hand Torn(E,M) =
0 ∀n ≥ 1 gives that the left part of the resolution remains exact wheneverE⊗−
is applied for any injective E. The corresponding exactness for the right part
of the resolution follows from the balanced situation of −⊗− by the classes
of absolute pure and flat modules (on the left and on the right respectively),
cf. [7, Proposition 3.3].

Now we study a class of modules which will be very useful for our purposes.
In the sequel we will denote by C the smallest class of R-modules we obtain
by the following recursive definition:
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(i) E(M) ∈ C for all finitely generated modules M .

(ii) If M ∈ C and T ⊆ M is a submodule, then E(M/T ) ∈ C .

We easily see that all E ∈ C are injective

Lemma 2.2. There exists a cardinal N such that Card(E) ≤ N for all
E ∈ C .

Proof. It is clear that ifM is a finitely generatedR-module then Card(M) ≤
max{Card(R),ℵ0}.

On the other hand, since

R(M+) → M+

is an epimorphism, we get a monomorphism

M++ → (R(M+))+

But (R(M+))+ is injective and since M ⊆ M++ we obtain that E(M) ⊆
(R(M+))+, and therefore, if M is finitely generated then

Card(E(M)) ≤ Card((R(M+))+) ≤ Card(R)Card(R)

Now ifT ⊆ E(M)withM finitely generated and we considerE(E(M)/T ),
by analogous reasoning we get that

Card(E(E(M)/T )) ≤ (Card(R)Card(R))Card(R)

If we continue with our inductive process as in the definition of C we get a
sequence of cardinal numbers. So there exists a cardinal N that is bigger than
all the elements in our sequence.

From the preceding lemma we get that there exists a set of representatives
of C . This fact will be used later.

Lemma 2.3. C is closed under finite direct sums.

Proof. By the definition of C , we get a sequence of classes

C0 ⊆ C1 ⊆ C2 ⊆ · · ·
such that C = ∪∞

i=1Ci and where C0 is the class of injective envelopes of finitely
generated R-modules. It is clear that the direct sum of two any elements in
C0 is again in C0. Now let us show that the direct sum of any two elements
E1, E2 ∈ C1 is also in C1.
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We have that Ei = E(E(Mi)/Si) where Mi are finitely generated and
Si ⊆ E(Mi) for i = 1, 2 (if Ei ∈ C0 then Si = 0). Then

E1 ⊕ E2
∼= E

(
E(M1)

S1
⊕ E(M2)

S2

)
∼= E

(
E(M1)⊕ E(M2)

S1 ⊕ S2

)

Now since E(M1)⊕ E(M2) ∈ C0 the result follows.
The result now follows by an induction argument.

Proposition 2.4. Let E be an injective R-module and E1, E2 ∈ C be
submodules of E. Then there exists E3 ∈ C such that E1 + E2 ⊆ E3 ⊆ E.

Proof. Since E1 ⊆ E, we get that E = E1 ⊕ E′
1. Let p : E → E′

1 be
the canonical projection. It follows that p(E2) ⊆ E(p(E2)) ⊆ E′

1. Let now
E3 = E1 ⊕ E(p(E2)) and the result follows from Lemma 2.3.

Corollary 2.5. Let E be an injective R-module. Then E may be expressed
as the direct limit of a directed system of submodules of E which are in C .

Proof. Let {Ei, ϕij }i∈I be a directed system of all submodules Ei of E

which are in C such that ϕij : Ei → Ej are inclusion maps. It is enough to
show that E = ∪i∈IEi but this follows from the proposition above and from
the fact that E is the direct union of a directed system of finitely generated
submodules.

The following result may be found in [11, Lemma 5.3.12] but we restate it
here without proof for easy reference since we will use it often in this paper.

Lemma 2.6. Let M and N be R-modules. Then there exists a cardinal
N which depends on Card(N) and Card(R) such that for any morphism f :
N → M there exists a pure submodule S of M such that f (N) ⊆ S and
Card(S) ≤ N .

Definition 2.7. Let M be an R-module and S be a submodule of M . We
will say that S is a Gorenstein pure submodule if S satisfies the following
properties:

(i) 0 → Torn(E, S) → Torn(E,M) → Torn(E,M/S) → 0 is exact for
all n ≥ 1 and for any injective R-module E.

(ii) 0 → Torn(P, S) → Torn(P,M) → Torn(P,M/S) → 0 is exact for
all n ≥ 1 and for any projective R-module P .

(iii) Coker(S → Tor0(R, S)) → Coker(M → Tor0(R,M)) is an injection.

The following result is an analogous, in the Gorenstein case, of Lemma 2.6.

Lemma 2.8. Let M ∈ R-Mod and x ∈ M . Then there exists a Gorenstein
pure submodule S of M and a cardinal N such that x ∈ S and Card(S) ≤ N .
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Proof. We first note that every injective R-module can be expressed as
the direct limit of a family of injective submodules which are in the class
C , and every projective R-module is a direct limit of a directed family of
finitely generated free R-modules. Furthermore, Torn and Torn commute with
direct limits and direct sums. Thus set E = ⊕Ei where Ei run over the set
of all representatives of C and P = ⊕Pi where Pi run over the set of all
representatives of finitely generated free R-modules.

Let M be any R-module and x ∈ M . Then there exists a pure submodule
S of M and a cardinal N0 such that x ∈ S and Card(S) ≤ N by Lemma 2.6.
Let us consider a flat resolution · · · → F1 → F0 → E → 0 of E, and form
the following commutative diagram

0 0 0
↑ ↑ ↑

0 −−−→ F0 ⊗ S −−−→ F0 ⊗M −−−→ F0 ⊗M/S −−−→ 0
↑

d ′
1

↑
d1

↑
d ′′

1

0 −−−→ F1 ⊗ S −−−→ F1 ⊗M −−−→ F1 ⊗M/S −−−→ 0
↑

d ′
2

↑
d2

↑
d ′′

2

0 −−−→ F2 ⊗ S −−−→ F2 ⊗M −−−→ F2 ⊗M/S −−−→ 0
↑ ↑ ↑
...

...
...

Then we have the exact sequences

Torn(E, S) → Torn(E,M) → Torn(E,M/S) ∀n ≥ 1

and what we want is a submodule S such that the preceding are in fact short
exact sequences. Let n = 1, so we have the exact sequence

(∗) Ker(d ′
1)/ Im(d ′

2)
f1−→ Ker(d1)/ Im(d2)

g1−→ Ker(d ′′
1 )/ Im(d ′′

2 )

If f1 is not injective, there exists x+Im(d ′
2) such that f1(x+Im(d ′

2)) /∈ Im(d2).
Then we enlarge S to a pure submodule P of M such that < f1(x), Im(d2) >⊆
F1⊗P and Card(P ) ≤ N1 for certain cardinal N1. Let us consider now d2(F2⊗
P) ⊆ Ker(d1|F1⊗P ). We now enlargeP toP ′ such that g1(Ker(d1|F1⊗P )/d2(F2

⊗ P)) ⊆ F2 ⊗ (M/P ′) and such that Card(P ′) ≤ N2 for certain N2. Then
consider an analogous diagram as above associated to 0 → P ′ → M →
M/P ′ → 0 and get a sequence as (∗). If the new g1 is not onto, then there
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exists z ∈ Ker(d ′′
1 )/ Im(d ′′

2 ) which is not in Im(g1). Then we may consider
P ′′ ⊆ M such that P ′ ⊆ P ′′, Card(P ′′) ≤ N3 for a cardinal N3 and there
is x ∈ F1 ⊗ P ′′ such that d1(x) = z. Now we consider the exact sequence
0 → P ′′ → M → M/P ′′ → 0 and its sequence of the form (∗) and reason
as above with the new f1.

Now let S1 be the module obtained with the “limit” of this procedure, whose
cardinal is bounded by another certain cardinal, which is bigger than all the
cardinals we got during the procedure and which satisfies that

0 → Tor1(E, S1) → Tor1(E,M) → Tor1(E,M/S1) → 0

is exact. Then, from this, we apply the same reasoning to get a new S2 such
that

0 → Tor2(E, S2) → Tor2(E,M) → Tor2(E,M/S2) → 0

is exact. But it is possible that we may loose the exactness of the Tor1’s se-
quence. So we get from S2 a new submodule S3 such that the Tor1’s sequence
is exact. In this way, we construct Si such that the Torn’s sequences are exact
in a new zig-zag process, going back n steps and going forward n + 1. Now
let S ′ be the union of all the Si that we get. It is clear that S ′ is such that

0 → Tor1(E, S ′) → Tor1(E,M) → Tor1(E,M/S ′) → 0

is exact and that there is a cardinal N ′ such that Card(S ′) ≤ N ′.
For the second step in the proof, we need a module S ′′ which verifies that

0 → Torn(P, S ′′) → Torn(P,M) → Torn(P,M/S ′′) → 0 ∀n ≥ 1

But S ′′ may be obtained from S ′ by following an analogous reasoning as we
followed to get S ′, using a right Flat-resolution of P , and again Card(S ′′) is
bounded by certain cardinal N ′′.

Finally we have to find a new module S ′′′ from S ′′ such that

Coker(S ′′′ → Tor0(R, S ′′′))
f−→ Coker(M

hM−→ Tor0(R,M))

is an injection. So if there is z ∈ Coker(S ′′ → Tor0(R, S ′′)) such that f (z) =∑n
i=1(xi ⊗ yi) ∈ hM(M) we may get a finitely generated submodule T of M

such that each yi ∈ T . So we can consider S ′′′ = S ′′ + T . We note that in this
way we can get S0 ⊆ M whose cardinal is less than or equal to the cardinal of
S ′′ and such that it contains all the generators in M of those elements which
go to zero. So let S ′′′ = S ′′ + S0.

Now we get a module which satisfies the third condition, but it is possible
that after the procedure we no longer have that our module verifies the first or
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the second conditions, or both of them. So if we call the module we get after
this procedure of three steps S1, we have to enlarge S1 to S2 applying again
our three steps. Now let S = ∪∞

i=1Si , the union of all the modules we get in
each procedure of three steps. Then S is the desired module.

Proposition 2.9. Let M be an R-module and S be a submodule of M . If
M/S is Gorenstein flat, then S ⊆ M is Gorenstein pure.

Proof. Since M/S is Gorenstein flat, we have that the sequence

0 = Torn+1(E,M/S) → Torn(E, S) → Torn(E,M) → Torn(E,M/S) = 0

is exact for all injectives E and for all n ≥ 1. Similarly, we have that the
sequence

0 = Torn(P,M/S) → Torn(P, S) → Torn(P,M) → Torn+1(P,M/S) = 0

is exact for all projectives P and for all n ≥ 1.
Finally, we consider the following commutative diagram

0 −−−→ S −−−→ M −−−→ M/S −−−→ 0

↓fS ↓fM ↓fM/S

0 −−−→ Tor0(R, S) −−−→ Tor0(R,M) −−−→ Tor0(R,M/S)

with exact rows. But fM/S is an isomorphism since M/S is Gorenstein flat. So
by the Snake Lemma, Coker(fS) → Coker(fM) is an isomorphism and thus
we are done.

Proposition 2.10. Let M be an R-module and S a Gorenstein pure sub-
module of M . If M is Gorenstein flat, then S and M/S are also Gorenstein
flat.

Proof. By the definition of Gorenstein pure it is clear that if M is Goren-
stein flat then Torn(E, S) = Torn(E,M/S) = 0 ∀n ≥ 1 and for every injective
R-module E and Torn(R, S) = Torn(R,M/S) = 0 ∀n ≥ 1. On the other hand

Coker(S → Tor0(R, S)) → Coker(M → Tor0(R,M))

is an injection, that is, if we consider the diagram

S = R ⊗ S
fS−−−→ Ker(E0 ⊗ S → E1 ⊗ S) = Tor0(R, S)

↓ ↓
M = R ⊗M

fM−−−−→ Ker(E0 ⊗M → E1 ⊗M) = Tor0(R,M)
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and if y ∈ Tor0(R, S) is such that its image z ∈ Tor0(R,M) is in Im(fM),
then y ∈ Im(fS). Therefore if M → Tor0(R,M) is an isomorphism, by the
commutativity of the diagram, S → Tor0(R, S) is a monomorphism and by
the preceding is also onto. Thus S is Gorenstein flat. Finally, let us consider
the commutative diagram

0 −−−→ S −−−→ M −−−→ M/S −−−→ 0

↓fS ↓fM ↓fM/S

0 −−−→ Tor0(R, S) −−−→ Tor0(R,M) −−−→ Tor0(R,M/S) −−−→ 0

If we apply the Snake Lemma, since fS and fM are isomorphisms, then fM/S

is also an isomorphism and so, M/S is Gorenstein flat.

Theorem 2.11. Let R be a right coherent ring and let F denote the class of
Gorenstein flat left R-modules. Then (F ,F⊥) is a complete cotorsion theory.

Proof. By Lemma 2.8 and Proposition 2.10, if F ∈ F then F can be
written as the direct union of a continuous chain of submodules (Fα)α<λ with
λ an ordinal number such that F0 ∈ F , Fα+1/Fα ∈ F when α + 1 < λ

with Card(F0),Card(Fα+1/Fα) ≤ N . Therefore if B is the direct sum of all
representatives of F such that their cardinal is less than or equal to N , then
M ∈ F⊥ if and only if Ext1

R(B,M) = 0.
Let now N be any R-module. We will use the procedure in [5, Theorem

10] to get an exact sequence 0 → N → A → F → 0 such that A ∈ F⊥ and
F ∈ F .

Let B be an R-module and 0 → S → P → B → 0 be exact with
P projective. For any ordinal λ, by transfinite induction we can construct a
continuous chain of submodules (Nα)α<λ such that N0 = N and if α+ 1 < λ,
any morphism S → Nα has an extension P → Nα+1. Then each Nα+1/Nα

is a direct sum of copies of P/S ∼= B for α + 1 < λ. We now use [11,
Corollary 7.3.2] with S the set of that Corollary to find a corresponding ordinal
λ and define A = ∪α<λNα and F = A/N . Then for any morphism S → A

there is a factorization S → Nα → A for some α < λ. Since λ is a limit
ordinal, we have α + 1 < λ and so, by construction there is a morphism
P → Nα+1 which agrees with S → Nα . But this is just to say that A ∈ F⊥. If
we put Fα = Nα/N we get that F0 and Fα+1/Fα are in F . Now using an easy
induction over the exact sequence of Tor’s associated with the exact sequence
0 → Fα → Fα+1 → Fα+1/Fα → 0 we get that Fα ∈ F for each α < λ.
Since F is closed under direct limits, it follows that F ∈ F .

If M is any R-module and 0 → K → P → M → 0 is a projective
presentation ofM and if we apply the preceding toK , we get an exact sequence
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0 → K → A → F → 0 with A ∈ F⊥ and F ∈ F . Then let us consider the
pushout diagram:

0 0

↓ ↓
0 −−−→ K −−−−−→ P −−−→ M −−−→ 0

↓ ↓
0 −−−→ A −−−−−→ C −−−→ M −−−→ 0

↓ ↓
F 




 F

↓ ↓
0 0

Since P,F ∈ F we get that C ∈ F . Suppose now that M ∈ ⊥(F⊥). Since
A ∈ F⊥, then the central row splits and so M ∈ F . This gives us that F =
⊥(F⊥), and therefore (F ,F⊥) is a cotorsion theory with enough injectives
and projectives. The fact that (F ,F⊥) is hereditary is immediate from the
definition of F .

Now we are able to prove the following important theorem.

Theorem 2.12. Let R be a right coherent ring and F denote the class of
Gorenstein flat leftR-modules. Then (F ,F⊥) is a hereditary perfect cotorsion
theory.

Proof. Let us show first that (F ,F⊥) is hereditary. So let us consider an
exact sequence 0 → F ′ → F → F ′′ → 0 where F and F ′′ are Gorenstein
flat. The Snake Lemma applied to the diagram

0 −−−→ F ′ −−−→ F −−−→ F ′′ −−−→ 0

↓fF ′ ↓fF ↓fF ′′

0 −−−→ Tor0(R, F ′) −−−→ Tor0(R, F ) −−−→ Tor0(R, F ′′)

shows that fF ′ is an isomorphism and that

Tor0(R, F ) → Tor0(R, F ′′) → 0

is exact. Since F and F ′′ are Gorenstein flat and we have the exact sequence

0 → Tor0(R, F ′) → Tor0(R, F ) → Tor0(R, F ′′) → · · ·
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with Tor0(R, F ) → Tor0(R, F ′′) → 0 exact, we get that

0 → Tor1(R, F ′) → Tor1(R, F ) → Tor1(R, F ′′) → · · ·
is exact which implies that Torn(R, F ′) = 0 ∀n ≥ 1. Moreover it is easy to
show also that Torn(E, F ′) = 0 ∀n ≥ 1, and therefore (F ,F⊥) is hereditary.

Finally, since (F ,F⊥) is complete and F is closed under direct limits we
get that (F ,F⊥) is perfect by [11, Theorem 7.2.6].

H. Holm in [12, Theorem 3.9] proved that if R is commutative and noeth-
erian then the class F of Gorenstein flat modules is “projectively resolving”
(i.e. if 0 → F ′ → F → F ′′ → 0 is an exact sequence of modules with
F ∈ F then F ′ ∈ F if and only if F ∈ F ). So this is an extension of Holm’s
result.

3. Modules have weakly Gorenstein flat covers

The purpose of this section is to find a perfect cotorsion theory which will give
us the existence of weakly Gorenstein flat covers for any R-module.

In section 3 we studied Gorenstein flat modules. Now we will consider a
class F of modules larger than the class of Gorenstein flat modules.

Let now F be the class of left R-modules M such that there exists an exact
sequence · · · → F1 → F0 → M → 0

of flat left R-modules which remains exact whenever E ⊗R − is applied to it
for every injective right R-module E. We note that F may be characterized
also by M ∈ F if and only if Tori (E,M) = 0 for all i ≥ 1 and for any
injective R-module E. Now following the terminology of [4] we will call the
modules in F weakly Gorenstein flat modules.

Let C be the same class of modules of Section 2. The following result is
analogous to [11, Lemma 7.4.5].

Proposition 3.1. LetM ∈ F . If x ∈ M , then there exists a cardinal N and
a submodule S of M with x ∈ S such that S,M/S ∈ F and Card(S) ≤ N .

Proof. We will reason as in Lemma 2.8, constructing the submodule S in
two steps: first we will construct an exact complex of flat left R-modules and
second we will use this complex to find another complex of flat modules such
that E ⊗R − makes it exact.

So let · · · → F2
d2−→ F1

d1−→ F0
f−→ M → 0 be the corresponding exact

flat resolution for M and let x ∈ M . Now let y ∈ F0 be such that y = f (x)

and consider the inclusion 〈y〉 → F0. Then by Lemma 2.6, there is a cardinal
N0 and a pure submodule S0 ⊆ F0 such that 〈y〉 ⊆ S0 and Card(S0) ≤



60 edgar e. enochs, overtoun m. g. jenda and j. a. lopez-ramos

N0. Now consider S0 ∩ Ker(f ) ⊆ M . Then there exists D1 ⊆ F1 such that
d1(D1) = S0 ∩ Ker(f ). Again, by Lemma 2.6, there is a pure submodule S1

in F1 and a cardinal N1 such that D1 ⊆ S1 and Card(S1) ≤ N1. Now consider
d1(S1) ⊆ F0. Then there exists a pure submodule S2 in F0 and a cardinal N2

such that d1(S1) ⊆ S2 and Card(S2) ≤ N2. We now consider f (S2).
We start the construction again going back by considering S2 ∩Ker(f ) and

proceeding as before, going n steps forward, going back n+ 1 steps and n+ 1
forward again.

Then we take the union of all the complexes constructed in the “zig-zag”
process

S∗ = · · · → S1 → S0 → S → 0

where S = f (S0) ⊆ M , which contains the element x and that by the con-
struction, there exists a cardinal N such that Card(S) ≤ N . The previous
complex is exact by its construction and it is formed by flat modules since all
of them are pure submodules of flat modules.

In the second step of the proof, our objective is to construct S ⊆ M with
an exact sequence as before and such that it remains exact when E ⊗R − is
applied to it for every injective R-module E. By Corollary 2.5 we know that
every injective module E may be expressed as the direct limit of a family of
injective submodules which are in C . Then we consider the module I = ⊕Ei

where Ei runs over the set of representatives of C . Now if a sequence is such
that I ⊗R − leaves it exact, by the commutativity of the tensor products with
direct sums we get that Ei ⊗R − will also leave the sequence exact and from
the commutativity of direct limits and the tensor products our sequence will
remain exact under E ⊗R − for every injective module E.

Then let I be the preceding module and let us consider the complex

· · · d ′
2−→ I ⊗ S1

d ′
1−→ I ⊗ S0

f ′−→ I ⊗ S → 0

This complex is a subcomplex of

· · · d2−→ I ⊗ F1
d1−→ I ⊗ F0

f−→ I ⊗M → 0

which is exact since M ∈ F and I is a direct sum of injectives. Suppose then
without lost of generality that Ker(f ′)  = Im(d ′

1). Then there is a pure submod-
ule S ′

1 of F1 and a cardinal N1 such that S1 ⊆ S ′
1, Ker(f ′) ⊆ Im(d1|I⊗S ′

1
) and

Card(S ′
1) ≤ N1. Now let S ′ be the image of S ′

1 under the morphism F1 → F0,
and let S ′

0 be a pure submodule of F0 and N2 be a cardinal such that S ′ ⊆ S ′
0,

Im(d1|I⊗S ′
1
) ⊆ I ⊗ S ′

0, and Card(S ′
0) ≤ N2. Then let S ′ be the image of S ′

0
under the morphism F0 → M . Then we go back again and start another “zig-
zag” process with Ker(f |I⊗S ′

0
) and Im(d1|I⊗S ′

1
). We consider the union of all
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the complexes we get in this last “zig-zag” process

T ∗ = · · · → T1 → T0 → T → 0

By the construction above, there is a cardinal N such that Card(T ) ≤ N and
when E ⊗R − is applied to the complex T ∗ we get an exact complex. But T ∗
may not be exact. So we apply again the “zig-zag” process we used to get S∗
and get an exact complex but which may not remain exact when E ⊗R − is
applied. So again we use the same reasoning we used to get T ∗ and obtain a
new complex. The “limit” over these two procedures gives us a module S, a
cardinal N , and a complex S∗ as we desired. Furthermore, M/S is also in F

since the quotient complex F ∗/S∗ is exact and it remains exact when E⊗R −
is applied to it since F ∗ and S∗ satisfy the two conditions.

Now reasoning analogously as in Theorem 2.11 and using the previous
Lemma we get the following

Theorem 3.2. (F ,F⊥) is a complete hereditary cotorsion theory in R-
Mod.

Corollary 3.3. (F ,F⊥) is a perfect hereditary cotorsion theory in R-
Mod.

Proof. By the Theorem above, every module has an F -precover and F⊥-
preenvelope and therefore the result follows from [11, Theorem 7.2.6] since it
is clear that F is closed under direct limits.

As first examples we note that if F is a flat R-module, then the F -cover

of F is F
id−→ F . If R has finite global dimension, then F is the class of flat

modules and so F -covers are in fact flat covers whose existence was shown in
[2]. Finally, if R is a Gorenstein ring, then F becomes the class of Gorenstein
flat modules (cf. [8]), and so, the F -cover of an R-module is the Gorenstein
flat cover whose existence was shown in [9].

As a final remark we note that Theorem 2.11 can also be proved by showing
that for every Gorenstein flat R-module F and x ∈ F , there exists a submodule
S of F and a cardinal N such that x ∈ S, Card(S) ≤ N and S and F/S are
Gorenstein flat. This can be proved using the same “zig-zag” argument in
Proposition 3.1 over the exact flat resolution on both sides of F going n steps
on the right and n+1 on the left. But the result obtained in Lemma 2.8 is more
general.
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