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APPROXIMATION PROPERTIES FOR DUAL SPACES

VEGARD LIMA

Abstract

We prove that a Banach space X has the metric approximation property if and only if & (Y, X)
is an ideal in £ (Y, X**) for all Banach spaces Y. Furthermore, X* has the metric approximation
property if and only if for all Banach spaces Y and all Hahn-Banach extension operators ¢ :
X* — X™* there exists a Hahn-Banach extension operator ® : (Y, X)* — Z(Y, X*)*
such that ®(x* ® y**) = (¢x™) ® y*™* for all x* € X* and all y** € Y**. We also prove
that X* has the approximation property if and only if for all Banach spaces Y and all Hahn-
Banach extension operators ¢ : X* — X*** there exists a Hahn-Banach extension operator
O F, X)) > W, X*™)* such that d(x*® y**) = (¢px*) ® y** for all x* € X* and all
y** € Y**, which in turn is equivalent to & (Y, )2) being an ideal in /(Y )A(**) for all Banach
spaces Y and all equivalent renormings X of X.

1. Introduction

In [2] Godefroy, Kalton, and Saphar introduced and studied the notion of an
ideal. Recall that if X is a closed subspace of a Banach space Y, then X is
an ideal in Y if the annihilator of X in Y*, X1, is the kernel of a norm one
projection on Y*. If X is a subspace of a normed space Y, then we say that X
is an ideal in Y if the norm closure of X, X, is an ideal in Y.

A linear operator ¢ : X* — Y*is called a Hahn-Banach extension operator
if (px*)(x) = x*(x) and ||¢px*|| = ||x*| forall x € X and x* € X*. The set of
norm-preserving extensions of x* € X* is denoted HBB(x*), and we denote the
set of all Hahn-Banach extension operators ¢ : X* — Y* by BB(X, Y). Itis
easy to see that X is an ideal in Y if and only if BB(X, Y) # . Indeed, if P is
a norm-one projection on Y* such that X+ = ker P, and if i : X — Y is the
identity map, then P = ¢ o i* for some ¢ € BB(X, Y).

In [9] (cf. Theorem 5.2) Lima, Nygaard, and Oja obtained the following
characterization of the metric approximation property for dual spaces.

THEOREM. Let X be a Banach space. The following statements are equi-
valent.

(a) X* has the metric approximation property.
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(b) For all Banach spaces Y, there exists a ® € B(#(X,Y), X (X,Y))

such that
('@ x)NT) = (y*®x™)(T)

forallx** e X*, y*e Y*, and T € (X, 7).
(¢) There exists a ® € FBB(F (X, X), span(ZF (X, X), {Ix})) such that

P @xNT) = (x* @ x™)(T)

forall x*e X*, x* e X*, and T € span(¥ (X, X), {Ix}).

In [14] Lima and Lima proved that a Banach space X has the metric ap-
proximation property if and only if % (Y, X) is an ideal in £ (Y, X) for all
Banach spaces Y. In this paper we shall look for conditions on X that ensure
that & (Y, X) is anideal in £ (Y, X**), resp. %' (Y, X**), for all Banach spaces
Y. In particular, we will be interested in associated Hahn-Banach extension
operators with “nice” properties as in the theorem above.

This paper consists of 4 sections. In Section 2 we study the metric approx-
imation property for a Banach space X and its relation to ideals of operators.
More specifically, we are interested in the space £ (¥, X**) and Hahn-Banach
extension operators from & (Y, X)* to £ (Y, X**)* for Banach spaces Y. We
show that the metric approximation property for X is equivalent to the ex-
istence of a ¢ € BB(X, X**) and a ® € BB(Z (Y, X), Z(Y, X**)) such that
Px*Q y)T) = (px*®@ y)(T) forall x* € X*, y e Y,and T € LY, X*™)
(see Theorem 2.7).

In Section 3 we prove, in Theorem 3.10, that X* has the metric approxim-
ation property if and only if for all ¢ € BB(X, X**) and all Banach spaces Y
there exists a ® € BB(Z (Y, X), £ (Y, X**)) such that

#) P @ yNT) = (¢x"® y*)N(T)

for all x* € X*, y* € Y**, and all T € Z(Y, X*™). If we replace ® €
B(# (Y, X), Z(Y, X**)) above with ® € B(F (Y, X), # (Y, X**)), then
we get a property which is equivalent to the approximation property for X*
(see Theorem 3.7).

In Section 4 we show why there is no mention of the approximation property
in Section 2. We show that a result similar to Lemma 2.1 does not exist for the
approximation property.

Let us fix some notation. Welet # (Y, X), % (Y, X), W' (Y, X) and £ (Y, X)
denote the Banach space of all finite rank, compact, weakly compact and
bounded operators, respectively, whenever X and Y are Banach spaces. Ix
denotes the identity operator on X. If X is a Banach space then By is the
closed unit ball of X and Sy is the unit sphere of X. For a set Z C X, its
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norm closure is denoted by Z, its linear span by span Z, and its convex hull
by conv Z.
We consider only Banach spaces over the real field R.

2. Metric approximation property and ideals of operators

In [6, Lemma 1] Johnson proved that % (Y, X) is an ideal in £ (Y, X) for all
Banach spaces Y whenever X has the metric approximation property. In [14]
it was proved that these two conditions are in fact equivalent.

Our first result is a slight improvement of the metric version of Johnson’s
result.

LEMMA 2.1. Let X be a Banach space. If X has the metric approximation
property [resp. metric compact approximation property], then & (Y, X) [resp.
H (Y, X)] is an ideal in £ (Y, X**) for every Banach space Y.

PrOOF. We only show the implication for the metric approximation prop-
erty, the case with compact operators is similar.

Assume X has the metric approximation property. Let (7)) € (X, X) be
a net such that sup,, || 7, || < 1 and 7, — Ix uniformly on compact subsets of
X.

Let Y be a Banach space. Define U, : £ (Y, X**) — Z (Y, X) by

Ue(T)=T*oT.

We have ||U, || < [[Txll < 1.
Let G C Z(Y, X**) be finite dimensional, and let F = G N % (Y, X). Let
e > 0, and let {7;}/_, be an ¢ /3-net for By. Letting

K = JT:(By),

i=1

we see that K is a compact subset of X. Choose ag such that sup, g [lx —
Toyxll < €/3. Then ||T; — Uy (T7)|| < €/3 fori = 1,...,n, and thus |T —
Uy (T)|| < eforall T € Br. By the local formulation of ideals (see [1], or
f.ex. [7] or [8]) this implies that & (Y, X) is an ideal in £ (Y, X**).

REMARK 2.2. Every Banach space X is an ideal in its bidual X**, and
the natural embedding i : X* — X*** is a Hahn-Banach extension operator,
i € BB(X, X*). Uy in the proof above may be written as Uy (T') = T *oi*oT,
and it is clear that we may replace X** in the lemma above with any Banach
space containing X as an ideal.

Next we will extend some results from [14] in order to prove Theorem 2.7,
which says that a Banach space X has the metric approximation property if



300 VEGARD LIMA

and only if there exists a ¢ € HB(X, X**) such that, for every Banach space
Y, there is a Hahn-Banach extension operator ® € BB(# (Y, X), Z (Y, X™))
satisfying (#) for all x*€ X*, y € Y,and T € £ (Y, X**). We will prove the
next results for closed operator ideals &/ and 2, in the sense of Pietsch [17].
Recall that, in particular, this means that # (Y, X) € &/(Y, X) and (Y, X)
is a closed subspace of Z (Y, X).

LEMMmA 2.3. Let X and Y be Banach spaces, and let Z be a subspace
of Y such that the norm of Y is locally uniformly rotund at every point of
Z. Let o and B be closed operator ideals satisfying o/ < RB. If & €
B(AY, X), BY, X*)), then there is a ¢ € EB(X, X**) such that

D(x*QR 2)(T) = (px*® 2)(T)

forallx*e X*,ze€ Z, and T € B(Y, X**).

Proor. Using the local uniform rotundity modulus of Y (see e.g. [16,
p. 460]) it is easy to show that every z € Sz is is a weak*-denting point
in By«. Thus we may use Lemma 3.1 in [11], and get that for all x* € X* and
ze”Z

(D Bx'®z2) =Bx") @ {z}.

Givenz € Z wechooseaz* e Y*suchthatz*(z) = 1. Using (1) we may define
a Hahn-Banach extension operator ¢, € HBB(X, X**) by letting (¢, x*) (x*™*) =
Dd(x*® 2)(z*® x**) for all x** € X**. Thus for all z € Z there is a ¢, €
(X, X**) such that

P @ )(T) = (¢x"® 2)(T)

forall x*e€ X*and T € Z(Y, X**).
Following [13], given ® € BB(/ (Y, X), B (Y, X**)) and ¢ € BB(X, X*),
we will write

Yoo ={y €Y : 0(x*®y) = (px*® y) forall x* € X*},

with equality forall T € Z(Y, X**) as above. It is easily seen that each Y, is
a closed, possibly trivial, subspace of Y, and thatif ¢ € HB(X, X**) is another
Hahn-Banach extension operator and Yo4 N Yoy # {0}, then ¢ = ¢.

Thus far we have shown that for every z € Z there is a ¢, € HBB(X, X*)
such that z € Yy . Let us note that Lemma 1.1 in [13] remains true if we use
it on

Zq>¢ =7ZN Yq>¢.
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If {¢; : i € I}1is asubset of BB(X, X**), with all ¢; different, and if z; € Zgy,
are such that  , ., z; = 0and ), [|zi[l < oo, thenz; = O foralli € I by
Lemma 1.1 in [13].

Assume for contradiction that ¢y, ¢, € BB(X, X™) are different with Zgg,
and Zgg, both non-trivial. Now pick z; € Zog,, i = 1,2, with z; # 0,
i = 1,2. Let z3 = —(z1 + z2). From the first part of the proof we see that
there exists a ¢3 € BB(X, X™) such that z3 € Zgg,. If ¢35 # ¢, i = 1,2,
then z; = zp = z3 = 0, a contradiction. If ¢35 = ¢;, say i = 1, then 7z, =
—(z3+21) € Zoy, N Zog, = {0}, so that zo = 0, again a contradiction.

This shows that all ¢_, with z € Z and Z¢y_ non-trivial, are equal.

The next theorem is a generalization of Theorem 3.3 in [14].

THEOREM 2.4. Let X and Y be Banach spaces, and let &/ and B be closed
operator ideals satisfying o < B. If (Y, X) is an ideal in BY , X**) for
all equivalent renormed versions Y of Y, then there exist a ¢ € B(X, X™)
anda ® € B(AL (Y, X), BY, X*)) such that

P (@ y)(T) = (¢x*® y)(T)
forallx*e X*,yeYand T € B(Y, X™).

ProoF. Let Z be a separable subspace of Y. Proceeding as in the proof of
Theorem 3.1in[14], using Lemma?2.3, wefinda W € BB(/ (Y, X), B(Y, X*))
and a ¢ € BB(X, X™) such that

V(" 2)(T) = (Yx"® 2)(T)

forallx*e X*,z € Zand T € AB(Y, X**). Note that the proof of Theorem 3.1
in [14] refers in large parts to the proof of Theorem 2.3 from [13].
Arguing as in Lemma 3.2 in [14], we find that the set

K; ={(¥,¥) e B(HY, X), B, X*™) x B(X, X™):
V(x*®2)(T) = (Wx* Q@ 2)(T)
forallx*e X*,ze€ Z, and T € B, X))

is a subset of ((B(Y, X**) @, A (Y, X)*)* x (X** ®, X*)*) which is compact
in the product weak*-topology. From the proof of Theorem 3.3 in [14] it is now
clear that there exist a ¢ € BB(X, X**) and a ® € BB(H (Y, X), B(Y, X**))

such that
S(x*® y)T) = (px* @ y)(T)

forallx* € X*,ye Y,and T € B, X*).
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We will now show, given a Banach space X, that if .&/(Y, X) is an ideal
in (Y, X**) for all Banach spaces Y, then there is a ¢ € HB(X, X™*) which
works for all Y. We shall soon make this precise (see Theorem 2.5), but first
we introduce some notation. For each Banach space Y, let

Fy = {¢p € BB(X, X*) : there exists a ® € BB(H (Y, X), B(Y, X))
with ®(x*® y)(T) = (¢px*® y)(T)
forallx*e X*, ye Y, and T € B, X*)}.

Fy is subset of Z(X*, X**) = (X**®, X*)*. Theorem 2.4 shows that each
Fy is nonempty whenever &/ (Y, X) is an ideal in #(Y, X**) for all Banach
spaces Y. Theorem 2.3 in [13] shows that Fy is weak*-compact. The idea is
now to show that the set {Fy : Y Banach space} has the finite intersection
property.

The proof of our next theorem follows exactly along the lines of the proof
of Theorem 2.4 in [13], which is similar, so we will not include it here.

THEOREM 2.5. Let X be a Banach space, and let &f and R be closed
operator ideals satisfying & C B. If A (Z, X) is an ideal in B(Z, X**) for
all Banach spaces Z, then there exists a ¢ € FB(X, X™*) such that, for every
Banach space Y, there exists a ® € HB(L (Y, X), B(Y, X**)) with

P @ YT = (9px*® y)(T)

forallx*e X*, yeY,and T € B(Y, X*).

REMARK 2.6. Itis clear, from the proofs and from [13], that in Lemma 2.3,
Theorem 2.4, and Theorem 2.5 we may replace X** with any Banach space
containing X as a closed subspace.

We conclude this section with the main result so far.

THEOREM 2.7. Let X be a Banach space. The following statements are
equivalent.

(a) X has the metric approximation property.
(b) There exists a ¢ € HB(X, X**) such that, for every Banach space Y,
there exists a ® € IB(F (Y, X), L (Y, X**)) satisfying

(@ y)(T) = (px* @ y)(T)

forallx*e X*,yeY,and T € LY, X*).
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(c) There exists a ® € B(F (X, X), span(F (X, X), {Ix})) such that
Px*Qx)(T) = (x*® x)(T)

forallx € X, x*€ X*, and T € span(¥ (X, X), {Ix}).

ProoF. Combining Lemma 2.1 and Theorem 2.5 we see that (a) = (b). (b)
= (c) is trivial. (c) = (a) is proved in [9] (cf. Theorem 5.4).

REMARK 2.8. Theorem 2.7 remain valid for the metric compact approx-
imation property if one replaces & (¥, X) with % (Y, X) and % (X, X) with
JH (X, X) (this is clear from the proof).

3. Approximation properties for dual spaces

In this section we prove that if we in Theorem 2.7 replace “there exists ¢ €
B (X, X**) such that...” with “for all ¢ € BB(X, X**)...” and require that
the equality in Theorem 2.7 (b) holds for all y** € Y**, notjustall y € Y, then
we get a property which is equivalent to X* having the metric approximation
property (see Theorem 3.10). We also obtain a similar “for all” characterization
of the approximation property for X* (see Theorem 3.7).

In [12] (cf. Theorem 3.2) Lima and Oja obtained the following character-
ization of the approximation property for dual spaces.

THEOREM 3.1. Let X be a Banach space. The following statements are
equivalent.

(a) X* has the approximation property.

(b) Forall ¢ € HB(X, X*™*), all Banach spaces Y, and all T € W (Y, X**)
there exists a net (T,) € F (Y, X) with sup, | T,|| < T such that
Tix* — T*(¢x*) forall x* € X*.

(¢) For all reflexive Banach spaces Y and all T € J/ (Y, X**) there exists
anet (Ty) € F (Y, X) with sup,, | Tyl < |IT|| such that Tx* — T*x*
forall x*e X*.

REMARK 3.2. Theorem 3.2 in [12] also states and proves that X** in The-
orem 3.1 may be replaced by any Banach space which contains X as an ideal.

In [11] (cf. Theorem 4.6) it was proved that for a Banach space X, # (Y, X)
is an ideal in (Y, X**) with “nice” Hahn-Banach extension operators for
all reflexive Banach spaces Y whenever X* has the approximation property.
We shall now remove this reflexivity condition using (b) in Theorem 3.1 to
construct “nice” Hahn-Banach extension operators also for general Y.
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The next lemma shows that if (b) in Theorem 3.1 holds, then & (Y, X) is
locally 1-complemented in 7(Y, X**) in a way that resembles the principle
of local reflexivity.

LEmMMA 3.3. Let X and Y be Banach spaces and let ¢ € HB(X, X**).
Let G be a finite dimensional subspace of W (Y, X**), and let H be a finite
dimensional subspace of (Y, X)*. If for any Banach space Z and any T €
W(Z, X**) there exists a net (T,) S F(Z, X) with sup, || To| < [|T| such
that T)x* — T*(¢x*) for all x* € X*, then for any ¢ > 0 there exists a linear
contraction U : G — F (Y, X) such that

e | U(T)—T| <e¢|T|forallT € GNF(,X), and

o |(xX*@y*)U(T))—(px*@y*NT)| < ellx*@y*™|IIT || for all x*®@ y** €
Handall T € G.

REMARK 3.4. As we will see from the proof we may replace & (Y, X) with
J(Y, X) and W' (Y, X**) with £ (Y, X**). We may also replace X** with any
Banach space containing X as an ideal.

ProOF. Let K =conv{T (By) : T € Bg}. Then K is a closed absolutely
convex subset of Bys. Use the uniform isometric version of the Davis-Figiel-
Johnson-Pelczynski factorization [9, Lemma 1.1] on Ks to find a Banach
space Z, a norm one operator J : Z — X** and a linear isometry W : G —
W(Y,Z)suchthat T = J o W(T) forall T € G (see Theorem 2.3 in [9]).

By assumption there exists a net (J,) € #(Z, X) with sup,, ||Jo |l < /]|

such that
JIx* — J*(px™)

for all x* e X*.
For T € G, define T, = J, o W(T). Then we have

lim (x*® y*™)(To) = lim (Jyx™, W(T)™y™) = (J*(x"), W(T)""y™)

forall y** e Y™, x*e X*,and T € G.
Let F = G N % (Y, X) and define

Kr=conv{T(By):T € Br}.

Note that Ky is norm compact in X and in Z (see Lemma 2.1 in [9]). If
x € X N Z, then we get

<Jax, x*) = (x, J;x*> —>a <x, J*(¢x*)> = (Jx, (l)x*) = (Jx, x*),
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which means that J, | vz =~/ | ynz 10 the weak operator topology. By choos-
ing a new net, still denoted (J,), of convex combination of (J,) we may assume
that J, | vnz > | ynz 1N the strong operator topology. Since (J,) is bounded,
Jo — J uniformly on K.

Choosing «g large enough and defining U(T) = Jy, o W(T) for T € G,
we get the desired operator.

Using the Lindenstrauss compactness principle with ideas from [4] (see

also [5]) we will now construct a Hahn-Banach extension operator with nice
properties from the “locally nice” extensions in Lemma 3.3.

LEmMMA 3.5. Let X and Y be Banach spaces, and let ¢ € HB(X, X**).
If for every pair of finite dimensional subspaces G C W' (Y, X**) and H C
F (Y, X)* and every ¢ > O there exists a linear contraction U as in Lemma 3.3
then there exists a ® € IB(# (Y, X), W (Y, X**)) such that

PR yNT) = (9px™®@ y™)(T)

forall y*e Y™ x*e X*, and T € W (Y, X*).

Proor. Let H € Z (Y, X)* be a finite dimensional subspace. For each
finite dimensional subspace G C #'(Y, X**), let ¢ = 1/ dim G and choose a
contractive operator Ug : G — & (Y, X) such that

o |[Usg(T)—T| <e¢||T| foral T € GNZF (Y, X), and

o |(x" @ y*)(Ug(T)) — (¢x* @ y*NT)| = ellx* @ y™[[IT]l for all

x*@y*eHandallT € G.
Note that |y (Ug(T)) — v(T)| < e||y¥|IIT| for all v € H and all T €
GNF(Y,X).
Extend Ug : W' (Y, X**) — % (Y, X) by letting Ug(T) = 0if T ¢ G.

Define _
Sy = 1_[ By x)/u, (0, [ T]]).
TeW (Y, X*)

F (Y, X)/H_ is finite dimensional so ©g is a compact Hausdorff space when
equipped with the product topology. Let gy : # (Y, X) — F (Y, X)/H, be
the quotient mapping and define a net in ©p by (qyUg(T)) (ordered by
inclusion). By compactness we may find a convergent subnet, still denoted
(quUc(T))g- Define

Oy : WY, X — FX,X)/H,

by Qu(T) = limg gqgUg(T). Qg is linear and has norm one, and using the
assumptions on Ug we get

Qu(T) =1limquUc(T) = qu(T)
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forall T € #(Y, X). This last equality can be written gy = Qp o i, where
i FY,X) - W, X*) is the natural inclusion. From this we see that
i*o Q% = qj;,sothat Q3 : H — W' (Y, X**)* is a Hahn-Banach extension
operator. Furthermore, if = x*® y™* € Hand T € %' (Y, X**), then

Q¥ )(T) = ¥(Qu (D) = limy (qnUs(T))
= lim(g3¥) (Ug(T) = lim(x"® y*) (Us (T))
= (px"® y™)(T)

since limg [(x*® y**)(UgT) — (¢px*® y™)(T)| = 0.
Extend Q7, : (Y, X)* — W'(Y, X**)* by letting O}, () =0if ¢ ¢ H.

Let
S = l_[ By (v, x+y+ (0, [¥1]).
VeF (¥.X)"

© is compact and Hausdorff when equipped with the product weak™ topology.
(O3 ¥)u isanetin & (ordered by inclusion), so it has a subnet converging to
a Hahn-Banach extension operator ® : & (Y, X)* — % (Y, X**)* such that

P ® y )T = lim(Qpy)(T) = (" ® y™)(T).

REMARK 3.6. The above lemma still holds if we replace % and %~ with
any pair of operator ideals o/ and %, such that .&/ € Z. We may also replace
X** with any Banach space containing X as an ideal.

Combining Theorem 3.1 with Lemmas 3.3 and 3.5 gives the following
characterization of the approximation property for dual spaces in terms of
“nice” Hahn-Banach extension operators.

THEOREM 3.7. Let X be a Banach space. The following statements are
equivalent.

(@) X™ has the approximation property.
(b) For all ¢ € B(X, X**) and all Banach spaces Y there exists a ® €
B(&F Y, X), WY, X**)) such that

PR yNT) = (@x*®@ y)(T)

forall x*e X*, y*e Y™ and T € W (Y, X**).
(¢) Forallreflexive Banach spaces Y thereisa ® € BB(# (Y,X),7 (Y, X**))

such that
@ y)(T) = (x*®@ y)(T)
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forallx*e X*, yeY,and T € J/ (Y, X™).

PROOF. (a) = (b). Assume that X* has the approximation property. From
Theorem 3.1 (b) we see that the assumption of Lemma 3.3 is fulfilled. The
assumption in Lemma 3.5 is the conclusion of Lemma 3.3 and the conclusion
of Lemma 3.5 is (b).

(b) = (c) is trivial.

(c) = (a). Proceeding as in Lemma 1.4 in [9], we define a projection P
by P = ® oi*, wherei : (Y, X) — J/ (Y, X**) is the natural embedding.
For every T € J/ (Y, X**) we have P*(T) € % (Y, X)**, so there is a net
(Ty) € (Y, X) converging weak™ to P*(T) from below. It is easily seen that
this implies condition (c) in Theorem 3.1.

REMARK 3.8. From Remarks 3.2, 3.4, and 3.6 we see that in the above
theorem X** may be replaced by any Banach space containing X as an ideal.

As the following example shows, the “for all ¢”-part in Theorem 3.7 is
necessary. Although we work with a concrete space in the example the essential
ingredient is the existence of a Banach space X with the metric approximation
property such that X* does not have the approximation property.

EXAMPLE 3.9. Let X = ¢, ®, £». The Banach space X satisfies the fol-
lowing.
(i) There exists a ¢ € HBB(X, X**) with the property that for every Banach
space Y there exists a ® € BB(¥ (Y, X), W (Y, X**)) such that

PR y)(T) = (¢px*®@ y)(T)

forall x*e X*,y e Y,and T € W' (Y, X**).

(i1) (i) is not satisfied for every ¢ € HB(X, X**). In particular, ¢ cannot be
the natural embedding of X* into X™***.

ProoFr. It is well-known that X has the metric approximation property
(X = (£, ®; £r)* is a dual space with a basis).

By Theorem 2.7, there exists a ¢ € HBB(X, X*™*) satisfying (i). Theorem 3.7
above says that X* has the approximation property if and only if such a ® exists
for all ¢ € BB(X, X™*) or just for the natural embedding. However, in [18]
Szankowski showed that X* = £ (¢,, £;) does not have the approximation
property, and thus we have (ii).

We conclude this section with a metric version of Theorems 3.1 and 3.7
complementing Theorem 2.7. The next theorem should also be compared with
the version of Theorem 5.2 in [9] cited in the Introduction.
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THEOREM 3.10. Let X be a Banach space. The following statements are
equivalent.

(@) X™ has the metric approximation property

(b) For all Banach spaces Y and all ¢ € HB(X, X**) there exists a ® €
B(F (Y, X), L, X*) such that

P @ yNT) = (Px*® y)(T)

forall x*e X*, y*e Y*™ and T € LY, X*).

(¢) For all Banach spaces Y there exists a ® € FB(¥ (Y, X), (Y, X**))

such that

forallx*e X*, y*e Y™, and T € LY, X*).

(d) For all Banach spaces Y, all p € EBB(X, X*™), and all T € L (Y, X**)
there exists a net (T,) € F (Y, X) with sup, |Ty|l < |IT| such that
Tyx* — T*(¢x*) for all x* € X*.

(e) For all Banach spaces Y and all T € £ (Y, X**) there exists a net
(Ty) € F (Y, X) withsup, || T || < |T|| such that T,)x* — T*x* for all
x*e X*

ProoF. (a) = (d). Let (S,) € (X, X) with sup, [|Sy| = 1 such that
Six* — x*forall x* € X*. Let ¢ € BB(X, X™) and T € £ (Y, X*), then
¢*oT € (Y, X*™).Define T, = S, o ¢*o T. For x* € X* we get

Trx* = (@ T)*Six* —> ($*T)*x* = T*(px™).

(b) = (c) and (d) = (e) are trivial.
(e)=>(@.LetY = Xand T = (I}.) - Then there exists a net (7,) <
F (X, X) with sup,, | To|| < ||T|| = 1 such that

Trx* — T*x* = x".

(c) = (e). Argue as in the proof of (¢c) = (a) in Theorem 3.7.
Finally, to show (d) = (b) we use Lemmas 3.3 and 3.5 (see also Remarks 3.4
and 3.6).

REMARK 3.11. Replacing & (Y, X) with J# (Y, X) in the above theorem
we get a characterization of the metric compact approximation property with
conjugate operators for dual spaces.

It should be noted that thanks to the principle of local reflexivity the metric
approximation property and the metric approximation property with conjugate
operators are equivalent.
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REMARK 3.12. A Banach space X is said to have the unique extension
property if B(X, X**) = {i}, wherei is the natural embeddingi : X* — X™***.
In [3] Godefroy and Saphar proved that if X has the unique extension property
and the metric approximation property, then X* has the metric approximation
property. This result should be compared with Theorems 2.7 and 3.10, but it
is, however, not implied by these two theorems.

4. Renorming and extension operators

It was shown in [9], relying on [10], that a Banach space X has the approxim-
ation property if and only if # (Y, X) is an ideal in %" (Y, X) for every Banach
space Y. In Theorem 4.5 we will prove that X* has the approximation prop-
erty if and only if # (Y, X ) is an ideal in % (Y, X **) for all Banach spaces
Y and all equivalent renormings X of X. It follows that a result similar to
Lemma 2.1 cannot be true for the approximation property. That is, X has the
approximation property does not imply that % (Y, X) is an ideal in #"(Y, X**)
for every Banach space Y. If it did, then the fact that X does not loose the
approximation property under an equivalent norm together with Theorem 4.5
would imply that X* had the approximation property. This is not the case (see
e.g. Theorem 1.e.7(b) in [15]).

To show the above characterization of the approximation property for dual
spaces we will be using ideas from [14]. As in Theorem 3.7 above we want
to know what the Hahn-Banach extensions of simple tensors look like. This
next lemma is a crucial step toward this goal, and it is actually a special case
of Lemma 3.1in [11].

LEMMA 4.1. Let X and Y be Banach spaces, and let &/ and B, where
& C B, be a pair of closed operator ideals. If the norm on X* is locally
uniformly rotund at x* € X* and y** € Y**, then x*® y** € (Y, X)* has a
unique extension to B(Y, X**), i.e.

ProoF. The local uniform rotundity of the norm of X* at x* € Sx- implies
that x* is a weak®-denting point in By, so we may use Lemma 3.1 in [11].

THEOREM 4.2. Let X and Y be Banach spaces and assume that A (Y, X )
is an ideal in B(Y, X**) for all equivalent renormings X of X. If F is a finite
dimensional subspace of X*, then there existsa WV € HBB(S (Y, X), B(Y, X))

such that
Y(x* @ y")N(T) = (x*® y™)(T)

forallx*e F, y*e Y* and T € B, X*).
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PRrROOF. Let F be a finite dimensional subspace of X*. For all ¢ € (0, 1]
there exists an equivalent norm || - || on X such that the dual norm on X* is
locally uniformly rotund at every point x* in F' and such that

Bx(0,1) € Bx,.1,)(0,1) € Bx (0,1 +¢),

by Lemma 2.4 in [14]. Let X, = (X, || - ||).
By assumption %/ (Y, X,) is an ideal in 2 (Y, X*) so there exists a Hahn-
Banach extension operator @, : (Y, X,)* — (Y, X*)*. From Lemma 4.1

we get
O, (x*Q y"NT) = (x"® y™)(T)

forallx*e F,, y™*e Y*,and T € #(Y, X}*).
Let I, : X, — X denote the identity mapping. Then ||Ig_1|| = 1 and
II:]| = 1 as e — 0. Define ¥, € £ (AL (Y, X)*, B(Y, X**)*) by

(¥:2)(T) = (Po8)(I*) ' 0 T)
forge (Y, X) and T € B(Y, X**), and where g, € (Y, X.)* is defined
by
gs(S) = g(ls oS)

for S € &/ (Y, X.). We may now proceed as in [13, Theorem 2.3] to show that
(W,)ee0,17 has a subnet which converges weak™ to the desired W.

LEMmA 4.3. Let X and Y be Banach spaces and let F be a finite dimensional
subspace of X*. The subset

Kp ={V e B, X), BY, X*) : Wx*@ y")(T) = " ® y")(T),
forallx*e F, y*e Y™, T € B(Y, X**)}
of (B(Y, X*) &, A (Y, X)*)* is weak*-compact.
ProOOF. The proof is similar to the proof of Lemma 4.2 in [14].

THEOREM 4.4. Let X and Y be Banach spaces. If SA(Y, X ) is an ideal
in B, X*) for all equivalent renormings X of X then there exists a W €
B(A Y, X), BY, X*)) such that

V(x*® y“ ) (T) = (x*® y*)(T)
forall x*e X*, y*e Y™ and T € B(Y, X**).
ProOF. The proof is similar to the proof of Theorem 4.3 in [14].

THEOREM 4.5. Let X be a Banach space. The following statements are
equivalent.
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(a) X* has the approximation property.

(b) Forall Banach spaces Y and all equivalent renormings X of X, # (Y, X )
is an ideal in W (Y, X*¥).

(c) For all reflexive Banach spaces Y and all equivalent renormings X of
X, FY, X) is an ideal in (Y, X**).

PROOF. (a) = (b). If X* has the approximation property, then X* has the
approximation property for every equivalent renorming Xof X. Using Corol-
lary 4.7 in [11], we get that Z (Y, )A() is an ideal in # (Y, }A(**) for all Banach
spaces Y.

(b) = (c) is trivial. Combining Theorems 3.7 and 4.4 we see that (c) = (a).

REMARK 4.6. We have already noted that a result similar to Lemma 2.1
cannot be true for the approximation property. There are Banach spaces X
with the metric approximation property such that their duals do not have the
approximation property, Example 3.9 provides one example of such a space.
Thus it follows that the property “% (Y, X) is an ideal in % (Y, X**) for all
Banach spaces Y is strictly between “X has the approximation property” and
“X* has the approximation property”.

It should also be noted that Example 4.1 in [12] shows that & (¥, X) being an
ideal in 77 (Y, X**) for all Banach spaces Y does not imply the approximation
property for X*. However, if X has the unique extension property then the two
are in fact equivalent (cf. [12, Corollary 4.2]).
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