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ON NON-HOLOMORPHIC FUNCTIONAL CALCULUS
FOR COMMUTING OPERATORS

SEBASTIAN SANDBERG

Abstract

We provide a general scheme to extend Taylor’s holomorphic functional calculus for several
commuting operators to classes of non-holomorphic functions. These classes of functions will
depend on the growth of the operator valued forms that define the resolvent cohomology class.
The proofs are based on a generalization of the so-called resolvent identity to several commuting
operators.

1. Introduction

Let X, Y be two Banach spaces. We denote by L(X, Y) the Banach space of

all continuous linear operators from X to ¥ and we let L(X) = L(X, X). We

denote by e the identity operator of L(X). For a subset A C L(X) we let A”

denote the bicommutant, that is the Banach algebra of all operators in L(X)

which commute with every operatorin {b € L(X) : ab = ba foralla € A}.
Suppose that a € L(X). The spectrum of a is defined as

o(a) = {z € C: z — ais not invertible} ,

where z — a is the operator ze — a. If f is a holomorphic function in a neigh-
borhood of o (a) then one can define the operator f(a) by the integral

1
(1.1) fla)=>— /aD f@@—a) ' dz,

where D is an appropriate neighborhood of o (a). This expression defines a
continuous algebra homomorphism

[ fl@):0@)— @

such that 1(a) = e and z(a) = a, called the Riesz functional calculus. We want
to extend this algebra homomorphism to functions not necessarily holomorphic
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in a neighborhood of the spectrum. Following Dynkin [6] we define f(a) by

(12) fla) = —i.féﬂz) A —a)dz
271
for all f € §,, where
o
8f = 8_Zdz

and S, is defined by
Sa={feCHO :Ifll, == [0f@AE@—a)"dz|| , <oo}.

It is evident that f(a) is a bounded linear operator on X which commutes
with each operator that commutes with a, that is f(a) € (a)”. By Stokes
theorem the definition of f(a) only depends on the behavior of f near o (a).
Suppose that D is an open set such that o (a¢) C D and that f € &(D). Then
if¢p e C Cl (D) is equal to 1 in a neighborhood of o (a), we have that ¢f € S,
and ¢f (a) defined by (1.2) equals f(a) defined by (1.1).

We now prove that f — f(a) is an algebra homomorphism and that the
spectral mapping theorem holds for functions in S,. This is done in Dynkin [6],
but we provide proof as we will generalize these theorems to the several oper-
ator case.

THEOREM 1.1. The mapping
f = f(a) : Sa - (a)//i

where a € L(X), is a continuous algebra homomorphism that continuously ex-
tends the holomorphic functional calculus. Moreover, if f € S, then o (f(a))

= f(o(a)).

ProoF. The map f — f(a) is obviously linear and continuous. We have
the so-called resolvent identity,

(1.3) w—2)z—a)'w—a)'=z—a)'—w=-a)!

where z, w € C. The multiplicative property then follows,

fla)g(a)
= @iy /f If@)AG—a) " dzndgw) A(w—a) dw
= ﬁ// Af@DAGz—a)"dzrndgw) A(w—2)"" dw
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1

+ (2mi)?

// Af(@)AZ—w) T dzAndgw) A (w—a) ' dw

L fg(z)éﬂz) AG—a) dz
2rwi J,
1 )
- / F)igw) A (w—a) dw = fg(a),
i J,

by Fubini-Tonelli’s theorem.

Suppose that D is an open neighborhood of ¢ (a) and that f,, € (D) is a
sequence such that f, — 0 uniformly on compacts. Then if ¢ € C!(D) is a
function equal to 1 in a neighborhood of o (@) we have that || f,,¢||, — 0. Thus
the mapping f +— f(a) continuously extends the holomorphic functional
calculus.

Ifw ¢ f(o(a))and¢ € C!(C)isequalto 1inan appropriate neighborhood
of g(o(a)), then "

w—f

and hence w — f(a) is invertible and thus w ¢ o (f(a)). Therefore we have
the inclusion o (f(a)) C f(o(a)). Suppose that w € f(o(a)) and assume
that w = 0. Then 0 = f(¢) for some ¢ € o(a). Let

€ Sua

Then 1 .
fla) = 5 f(z —0)Ag) A (z—a) ldz
i J,

e —a)i./ég(z) Az —a)dz
271

Z

— L /(Z —a)dg(2) A (z —a) ' dz.
2ni J,

The last integral equals f(¢), which is 0, and hence O € o (f(a)) since other-
wise { —a would be invertible. Therefore f (o (a)) C o(f(a)), and hence the
theorem is proved.

Furthermore, we have a rule of composition for this functional calculus.

THEOREM 1.2 (Rule of composition). If g € S, and f is a holomorphic
function in a neighborhood of o (a), then ¢ (fog) € S, and f(g(a)) =
¢ (fog)(a),ifp € CC1 (©) is equal to 1 in a neighborhood of o (a).
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PrOOF. Suppose thatyr € C!(C)isequalto 1 in aneighborhood of o' (g(a)).
There is a function ¢ € C!(C) such that ¢ is equal to 1 in a neighborhood of
o (a) and

for each fixed w € supp |51ﬁ|. The function ¢ (f o g) isin S, since

1@ (fog) _ , 08 3 B
9z =/Je ¢awa"

Since

1 _
f(ga)) = _Tf F@)d, ¥ w) A (w—g(@) ™" dw

(2 )2//f(w)3 V(W) Adw A d.h(Z) A(z—a) ldz

¢ ()dw o
(27[ )2 / / f(w)a11)w( )/\ o AN(z—a) ' d

= _T/éz @f e ANz—a) ' dz=¢(f o g)(@)
i J,

the theorem is proved.

For further results regarding this functional calculus, see Dynkin [6].

Now we turn to the notion of spectrum of a commuting tuple of operators.
Suppose that a = (aj, ..., a,) € L(X)" is a commuting tuple of operators,
that is a;a; = a;a; for all i and j. Denote by

A= @77:0[\1’
the exterior algebra of C" over C. If sy, - - -, 5, is a basis of C” then A has the
basis
S(A:]» S]=Si1/\"'/\sl'p, I={i17"'$i17}5
where i < --- <i,and 1 < p < n, and we denote A = A(s) in this case.

We let K,(a, X) be the Koszul complex induced by a,
o Kp(a, X) 25 K@, X) 2 Kp(a, X) — -+

where
Kp(a, X) = AP(s, X) = X ®c A”(s)
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and

P
8,(xsy) =2mi X:(—l)k_laikxs,-l A AT A NS
k=1

If K, (a, X) is exact then a is called nonsingular, otherwise singular. The spec-
trum is defined as

o(a) = {z eC':z—ais singular} .
One also defines the split spectrum as
sp(a) = {z e C": K.,(z—a, X)isnot split} ,

where split means that for every integer p there are operators 4 and k such that
e = 8,1 1h+k$,. If X isaHilbert space orn = 1thensp(a) = o (a). In general
we have that o (a) C sp(a), but not the reverse inclusion, see Miiller [11].

We will consider operators parametrized by a variable z, suchas z = z—a.
In that case the boundary map 6, depends on z and we will henceforth suppress
the index p and write §, as §,_, for every p. We also let s; = dz;.

Now suppose that 7 € L(X, Y) has closed range and let k(T") be the norm
of the inverse of T considered as a map from X/ Ker T to IT . The next lemma
is Lemma 2.1.3 of [7], and it implies that if aq is a nonsingular tuple then a is
nonsingular if ||ag — a|| is small enough.

Lemma 1.3. Suppose that X, Y, Z are Banach spaces, oy € L(X,Y),
Bo € L(Y, Z), Iy closed and Ker By = Iy, that is

Xy Bz

is exact. Let r be a number such thatr > max {k(ay), k(Bo)}. Ifa € L(X,7Y),
Be LY, Z),ax CKerBand|la—all, |8 — Poll < 1/6r then Jo = Ker g
and k(a) < 4r.

Hence o (a) is closed. Furthermore, the spectrum has the projection prop-
erty, see Theorem 2.5.4 of [7].

THEOREM 1.4. Ifa € L(X)" anda’ = (a, a,41) € L(X)"" are commuting
and w : "1 — C" is defined by 70(z, Zp+1) = z then (o (a')) = o (a).

It follows that
o(a) Co(ay) X ---xo(a,)

and hence o (a) is bounded. Thus o (a) is a compact subset of C*. Conversely,
any compact set K in C" can arise as the spectrum of a commuting tuple of
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operators. This one sees by letting the operators a; to be multiplication by zj
on the Banach space C(K) of continuous functions on K C C".

The next theorem says that pointwise exactness is equivalent to continuous
exactness, see Corollary 2.1.4 of [7].

THEOREM 1.5. Suppose that X, Y, Z are Banach spaces and that Q is a para-
compact topological space. Furthermore suppose that o € C(2, L(X,Y))
and B € C(2, L(Y, Z)) such that IB(A) is closed and Ker B(A) = IJa(A) for
all » € Q. Then

Ker(C(,Y) N¥olto} 7)) =3(C(Q, X) % C(Q,Y)).
Moreover for each point A € Q and vector x € Kera()\) there is a function
feC, X)withaf =0and f()) = x.

Thus the complex
K.(a, C(C" \ o (a), X))

is exact. The next theorem is more complicated to prove, see Taylor [16],
Theorem 2.16 and Eschmeier and Putinar [7], Section 6.4.

THEOREM 1.6. Suppose that U is an open subset of C", Y, are Banach
spaces, o, € O (U, L(Y,, Y,,_l)) and that

api1(2) a,(2)

..._)Y[H_l Y[J Yp_l_)...

is exact for all z € U. Then the complex
s CF(U, Ypy) 2 C®(U,L Y,) —2 C®(U, Ypy) — -+

is exact.

Hence the complex
K.(a, C*(C"\ o (a), X))

is exact.

This notion of joint spectrum for a commuting tuple of operator was in-
troduced by Taylor, [15], in 1970. Furthermore, he proved the holomorphic
functional calculus and the spectral mapping theorem for this spectrum in [16].
His first proof of the holomorphic functional calculus was based on the Cauchy-
Weil integral. Using homological algebra he generalized the construction to
not necessarily commuting tuples of operators in [18]. See Kisil and Ramirez
de Arellano [9] for more recent developments of non-commuting functional
calculus. In [1], [2] Andersson proved the holomorphic functional calculus for
commuting operators using Cauchy-Fantappié-Leray formulas.
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The purpose of this paper is to study generalizations of Theorem 1.1 to
the case of several commuting operators. Suppose that E is a set such there
is a smooth function s such that §,_,s = e outside E. In that case we can
use the integral representation from [1] to extend the holomorphic functional
calculus. The main difficulty is to show the multiplication property; for this
we will generalize the resolvent identity (1.3) to several commuting operators.
In case E is a convex set we can use approximation by holomorphic functions
to show that the map f +— f(a) extends. Similar results to the one in this
paper have been proved in Nguyen [13]. In the setting where one has a tuple
a of elements in a commutative Banach algebra (or more general a b-algebra)
he extends the holomorphic functional calculus. The method of the proof of
the multiplication property in [13] is to show that f(a)g(a) = f ® g(Ta) =
f®goT(a) = fg(a), where T(z) = (z, z). In Droste [5] the holomorphic
fuctional calculus is extended to ultradifferentiable functions in the case when
the spectrum is contained in a totally real submanifold in C*. His method
of proof is to use the denseness of the holomorphic functions in the algebra
ultradifferentiable functions.

I'would like to thank my supervisor Mats Andersson for valuable discussions
about the results of this paper.

2. Holomorphic functional calculus

Remember that X is a Banach space, a € L(X)" is a tuple of commuting
operators on X, and z € C" is a variable. Remember also the fact that if the
complex K,(z — a, X) is exact for every z in an open set U then there is a
smooth solution « in U to the equation §,_,u = f if f is a closed and smooth
X-valued form in U.

We now construct the resolvent on C* \ ¢ (a). We remark that

= . e - =
8:ad Y fedzi = —2mi ) (zk — a) 55 4% = =08 > fdzx,
k k,l k

and therefore 8,—ad = —38,_, for 1-forms and hence for all forms since 8,_,
and 0 are anti-derivations. Suppose that K,(z — a, X) is exact and x € X.
Then we can define a sequence u; in C* \ o (a) by

(2.1 8ty = x, 8:—qltiv1 = éuia

since d and 8,_, anti-commute. If this sequence starts with x = 0 then there is
a form w, such that u,, = dw,, this follows from the fact that we successively
can find w; such that

(2.2) wy =0, 8o qWiy1 = 0w; — u;.



116 SEBASTIAN SANDBERG

Thus if one has two sequences u; and u; as in (2.1) then the difference u,, —u;,
is exact. Hence u,, defines a Dolbeault cohomology class w,_,x of bidegree
(n,n — 1), which is called the resolvent cohomology class.

Suppose we have two cohomology classes, w,_,x and w,,_»x, where z, w €
C*, a,b € L(X)", corresponding to sequences u; and v;, respectively. Then
one defines the X-valued cohomology class w,_, A wy_px as the class of ¢y,
where ¢; solve

(2.3) 1 =0, 8—a,w—bCis1 = 0C; + Vi — U;.

To see that this really is a well defined cohomology class, let u;, v and c; be
other choices of sequences. Let w;' and w;" be the sequences given by (2.2) for
the sequences u; — u; and v; — v; respectively. Then we obtain

cp—ci+w —w=0
and
/ v u (. v U
8z—a.w—b (Ci+1 = Cipp T Wiy — wi+l) =9 (Cl ¢ +w; —w; ) .

Hence, by (2.2) again, there exists a sequence w; such that ¢, — ¢}, = E_)wgn.
Now suppose that we instead have operator valued forms, u;, such that

(24) Sz_aul =e, SZ_au,~+1 = éu,',

so that u,, represents the operator valued cohomology class w,_,. Then we have
that w,_, A wy—px is the class of u,, A v,, where v; is an X-valued sequence
defining w,,_px. This follows from the fact

8;—q (U1 A Vp) = Uy, 8;—q (Mip1 AN V,) = d (u; N vy)

and the following proposition.

PrOPOSITION 2.1. If v; is a sequence defining w,,_px and

Sz—afl = Up, az—afi-i-l = afz’
then f, represents w,_, N Wy _pX.

PrOOF. Letc; be any sequence that defines w,_, Aw,,_pX, S0 that ¢; satisfies
(2.3). Denote by cl’f’l the component of ¢; which is of degree k in dz and degree
[ in dw. We have that Sz_ac?’i = 0, so there is a form f such that c?’l =6, uf.
This gives

8Z—a,w—bci = Sz—a,w—b (Ci - Cl(‘)’l - Sw—bf),
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and hence we can assume that the component c?’i vanishes. We have that

i+l,n __ éci,n

Lon __
(Sz—acn+1 = Un, 81—acz1+i+l n+i’

and therefore there is a form w,, such that
fo— 5"+ 0w, = 0.
Since ¢, = ¢5" the proposition is proved.

In one variable there is only one possible representative for w,_,x, a €
L(X), !
Wr—gX = —(z —a) 'dzx,
2mi

and we have that w,_, is operator valued. The key part of the proof of the
holomorphic functional calculus in one variable is the resolvent identity (1.3),
which we can reformulate as

Wyqg AN Wy—g + Oyg N Wy + Wyy—y Aw,—q = 0.

We will now generalize this equality to several commuting operators. Let A =
{(z,w) € C*" : z = w} be the diagonal.

LEMMA 2.2. For every x € X, we have the equality
(2.5 Wyq N Oy—gX + Wyy—g N Wy X + @y y AW, gx =0,
on ((C*"\o@) xC"NC*" x (C"\ o))\ A.

PrOOF. Define the sequence m; by

1 9lz—w|? _9lz — wl?
(2.6) my = 912 w2| A (a 2 w2| )
Qri)k |z — w| lz — wl

k—1

The equalities,

1
(2.7) 8:maw—aMl = ——————8_qu—ad |z —w|* =1,
27i |z — w
2.8) & L (50z—wl’ k 5
. —a,w—alll = . = omy,

forall k < n, and m; = 0 for all k > n, hold on C** \ A. Let u; be a sequence
as in (2.1) that defines w,_,x. Define u} and u? by u} = wju; and u? = w3u;,
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where 71 (z, w) = zand m,(z, w) = w are the projections. Let ¢; be a sequence
that satisfies the equalities

(2.9) =0, 8 quwaCi1 =00 +ul —u.

Using the equalities (2.7), (2.8) and (2.9) (for [ > n), we get

—5 Z mk/\cl:éz—a,w—a Z mk/\cl—é Z mi N\ Cy

k+1=2n k+1=2n+1 k+1=2n
2n 2n—1
= E 8z—a.w—aMont+1-1 N €l — E Omau— A
I=n+1 I=n

n
+ ka A (8C2n7k - Szfu,wfuCZnJr]fk)
k=1

= —E_)mn NCp+ Cop +my A (u,ll — ui)
Thus

(2.10) -3 Z mk/\clzcz,,—l—uﬁ/\m,,—}—m,,/\u,ll
k+l=2n

outside the diagonal. We have that the component of m,, which does not contain
dw and dw represents w,_,, and that the component of m, which does not
contain dz or dz represents w,,_.. Since ¢, represents w,_, A @y _qX, the
lemma follows from (2.10).

Choose representatives @, X, @y, _qX and @, 4 A @y _gx for w,_,x, wy,_4x
and w,_,; A wy—gx respectively on (C" \ o(a)) x C"NC" x (C"\ o(a)). Let
@, = m,. Then (2.5) says that the form

(2.11) ;g A OygX + Opg A BypX + Dy N Dy_gX,

defined on ((C" \ o(a)) x C"NC" x (C*\ o(a))) \ A, is exact. We want this
expression to be an exact current over A as well. Suppose that (2.11) is exact
on (C"\ o(a)) x C"NC" x (C*\ o(a)). We have [A] = 8@,_,,, where [A]
denotes the current of integration over A. If we apply d to (2.11), interpreted
as a current, we obtain

0= _ajw—ax N[A]+[A]A (T)Z—ax =[A]A (az—ax - (T)w—ax)

since (2.11) is supposed to be exact and therefore is closed. Hence i * (0, _4x —
@y_qx) = 0, where i is a function defined by i (t) = (z, 7). The next theorem
gives the desired result in the case where we have i*@, ,x = i*@y_gx.
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THEOREM 2.3 (Resolvent identity). Suppose that @, X, @y, X and @, 4, A
Dy—_qX are representatives for w,_q,x, Wy—_qX and w,_, A wy,_qX, respectively.
Let @, _,, = m,, where m,, is defined in (2.6). Then the current

Wz—q N Wy—gX + Oy—gq N O7—ypX + W7y N W7—_gX

defined on (C"\ o (a)) x C*'NC" x (C"\ o (a)) is exact if and only if i*®, _,x =
i*@w_aX, where i : C* — C¥' is defined by i (t) = (1, 7).

PRrOOF. The necessity of having i* (&,_qx — @y _qx) = 0 has already been
proved. Now suppose that i* (@, ,x — @y_x) = 0. Let u}, u,-z, m; and c; be
the sequences in the proof of Lemma 2.2. Let § = §,_,.,—,- Then we have
i*8 = §,_,i* by induction, since

i*8 (fdzr + gdw) = (e —ax) f(r,0) + (. —a) g(1, T)
= 6r—ai* (dek + gdwl)

and
S(uAv) =i Su ANi*v —iTu ANiT6Vv = 8,41 (u A V),

if u is a 1-form. Thus
i*C] = 0, (Sr,ai*CiJr] = 8i*Ci

and hence, by (2.2), there is a form w, of t such thati*c, = dw,. For all test
forms f we have the identity

émn/\cn.fzfi*(cn/\f):/5w,,/\i*f=/wn/\i*5f.
A A A

Therefore the calculation in the proof of Lemma 2.2 gives the equality

n

(2.12) —5<[A] A w, + ka A czn_k) =cy + uﬁ Am, +m, A u,ll.
k=1

Since @,_,x and u, represent the same cohomology class, there is a form ¢
such that @, _,x — u, = dq. Letq' = nfq and ¢> = 75q. Then

@y A (cNUZ,ax — OyaX — (u,ll — ui)) =W,y A (5611 — 5(]2)
=[A]A (ql - 612) -9 (C~0z—U) A (611 - qZ)) =—0 (5z—w A (Cll - qZ)) .

Thus, since @, _, A @y,_aX — €, is an exact current, the theorem is proved.
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Now we give the definition of f(a). If f is a holomorphic function in a
neighborhood of ¢ (a) then we define f(a) by the formula

(2.13) fla)x = — / fop Aw._qox  forall x e X,

where ¢ € C2° is equal to 1 in a neighborhood of o(a). This definition is
independent of the choice of ¢. To see this, suppose that ¢ € C° is equal to
0 in a neighborhood of the spectrum. Then we obtain

/(’_igp/\a)z_ax=/5g0/\un=/5(g0/\u,,)=0,

if u, is a smooth form in C" \ o (a) representing w,_,x. Note also that, by
Stokes theorem, we have the equality

- / féd) N WrgX = / fo,_ax,
oD

where D is a small enough neighborhood of o (a). We now prove that f(a) €

(Cl)”.
LEMMA 2.4. If f(a) is defined by the formula (2.13), then f(a) € (a)”.

ProOF. Suppose that x, y € X and c¢,d € C. Denote by u; the sequence

(2.1). Then "
Soa(uy™ —cui —duy) =0

and cx+dy y (. cx+dy y
x ) _ o x )
8Z_a(ui+1 —cujy _d”i+1) = 8(ui cu; dui),
cx+dy X y
SO Uy and cu}, + du; define the same cohomology class. Therefore the
resolvent is linear, i.e.,

w—a (cx +dy) = cw,—ox +dw, 4y,

and hence f(a) is a linear operator.

The map §,_, is linear, continuous and surjective between the Frechet space
of all C;’il,q(U, X)) forms to the Frechet space of all §,_,-closed C,‘fq(U, X)
forms, where U = C" \ o(a). Let K; C C"\ o(a) be a given compact set
and let t; = 0. The open mapping theorem gives the existence of a sequence
of compact sets K; C C" \ ¢ (a) and natural numbers #; such that the equation

8,_q.u = v has a solution u, which satisfies

Nl s1 < C 10l
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for all closed v. Thus we can choose the sequence (2.1) so that

luillg, +1 = Clixllk,,, 0., =Clxll

and

||ui+1||Kn—i:tn—i+1 S C Haul || K;1—i+lsln—i+l S C ||ui||Kn7i+la[nfi+]+1 N
Hence
(2.14) I £ (@x] < f 106 Aun| < C 1 flauppo Il

and thus the operator f(a) is bounded.
Suppose that b € L(X) is an operator which commutes with the tuple a.

Then _
8.—qbuy = bx, 8;—abui, | = 0buy,

so bu? and u?* defines the same cohomology class. Therefore
bw, x = w,_,bx
and thus f(a) € (a)”.
We can now prove Taylor’s theorem.

THEOREM 2.5 (Taylor). The mapping
(2.15) [ fl@:0@) — @

is a continuous algebra homomorphism such that 1(a) = e and z;.(a) = ay.

ProoF. The map f — f(a) is continuous by (2.14). We now prove that
fla)g(a) = fg(a). Letu;, u}, “12 and ¢; be as in Lemma 2.2. By the proof of
Proposition 2.1 we can assume that the component c?” vanishes. Since

l.n __ i+l,n _ o in
8:—aCyy = un(w), O:—aCyyiyr = 0C, 4

we have that ¢, represents w,_,u,(w) and thus we have that
f@u,(w) = —/f(z)5¢1(z) A Wz—qliy (W) = —/f(z)5¢1(z) A €.
z Zz

Multiplying this equality by g(w)d¢»(w) and integrating with respect to w we
get

flag(a)x = f / F(@gW)dga(w) A dg1(2) A can.
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The resolvent identity (2.12) then gives that the right hand side is equal to

/ffg5¢1A5¢zAmnAu,‘,+f fgdpi A dgy Au> Am,,

and hence we get, by the Bochner-Martinelli integral formula,

- / (Fed2dy + f18062) Aty = — / 43 (G12) A un = fela,

since u! = mfu, and u? = w5u,. Since the map (2.15) obviously is linear, it
is an algebra homomorphism.
It remains to prove that 1(a) = e and zx (@) = ai. The first equality follows

by representing w,_, by

(122 — za) " 012> A (30]22)" ",

Qi)

cf. [1], and integrating against ¢, where ¢ is a radial cutoff function which
is equal to 1 in a neighborhood of o (a). The second equality follows from the
first equality and the equalities

1 1 -
(zk —ap) up = =— (O;—qun) Ndzg = =—0 (Up—1 Ndzx),
2mi 2mi

where u; is a sequence that satisfies (2.1).

Taylor also proved the spectral mapping theorem; if f € &(o(a)) then
f(o(a)) = o(f(a)). Suppose that a is a commuting tuple and that D is an
open set such that o (@) C D. Then there exists a § > O such thato (b) C D if
lla — b|| < &. This follows from Lemma 1.3. In Newburgh [12] itis proved that
the spectrum of one operator is continuous under commutative perturbations;
the next proposition says that the same is true for the Taylor spectrum.

PrROPOSITION 2.6. If a and b are tuples of operators such that a, b is com-
muting then

sup inf |z—w|+ sup inf |z—w|<2 sup |z| <2|a—">].
z€o (a) weo (b) weo (b) zeo (a) z€o(a—b)

PrOOF. Suppose thatu € o (a). Since Po (a, b) = o(a), where P(z, w) =
z, there is a v in o (b) such that (i, v) € o(a, b). Since To (a, b) = o(a — b),
where T (z, w) = z — w, we have that u — v € o(a — b). Thus

sup inf |z —w| < sup |z]
z€o (a) weo (b) z€o (a—b)
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and by symmetry the proposition is proved.

The next theorem says what happens when one has a norm convergent
sequence in L(X)". Notice that if 0 (@) = sp(a) then the conclusion would be
that f(ax) — f(ap) in operator norm.

THEOREM 2.7. Suppose that a, € L(X)" are commuting tuples (not ne-
cessarily commuting with each other) for k > 0 and that |a; — apl| — 0
as k — oo. If f is holomorphic in a neighborhood of Uysoo(ai), then
f(ar)x — f(ag)x forevery x € X.

Proor. Consider the Banach space
c(X) ={ ()i : lim Jlxx — xoll =0}
k—o00

with norm || (€79 oy ”oo = Sup;-o llxx|l and the tuple of n operators a e
L(c(X))" defined by a’(xx)72, = (arxk)ze,- Suppose that a; is a nonsin-
gular tuple for every k > 0. Let f be a closed c(X)-form, that is §, f = O.
Then §,, fr = O for every k > 0. Hence there is a solution u( of the equation
8qout0 = fo since agp is nonsingular. Lemma 1.3 gives a uniform constant C
and vy such that §,, vy = 8,,u0 — fr and

lvell = Cllda,u0 — fill < Cllda, = 8ag llluoll + Cll fo — fill-

Thus u, = uy — vi solve the equations 8, u; = f; and uy — ug if k — oo.
Hence u = (uy)2, is a solution of 8, u = f and the complex K,(a’, c(X)) is
exact, and thus @’ is nonsingular. That is, we have proved the inclusion

o(a) C U o(ay).

k>0
Let u; be smooth ¢(X)-forms defined on C" \ o (a’) by the equations
5Z_a/u1 =X, 3Z_alu,'+1 = éui.

Thus (u,); represent w,_, x for all k > 0 and (u,)o = limg_,  (u,); repres-
ents w,_q,x. Suppose that ¢ € CZ° is equal to 1 in a neighborhood the union
of o (ay). Then

tim g == fin [ 139 7=~ [ £30 7@ = flax

for all x € X, and hence the theorem is proved.
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3. Non-holomorphic functional calculus

In this section we will extend the holomorphic functional calculus of Section 2
to functions such that |8 f (z)| tends to zero when z approaches the spectrum.
If £ is a C'-function with compact support, we define whenever possible

f(a)x:—/i;f/\uﬁ,

where u; is a form that represents @, _,x.

Several problems occur. There is a problem with the possible dependence
of the choice of representative u;, of the class w,_,x. Other problems are to
investigate whether

fl@ e @, fla)gla) = fgla),
o(f(a)) = f(o(a)), g(f(a)) =go f(a)

and whether f(a) = 0 if f = 0 on o(a). We will prove that f(a)g(a) =
fg(a), f(a) € (@)’ and o(f(a)) = f(o(a)) for a certain algebra S, (3.7)
of functions. In order to do this, we will need a slightly stronger condition on
d f than in the case n = 1. To begin with, we will see what is needed for the
muliplicative property to hold.

Suppose that E D o (a) is a compact set such that there exists a sequence
u; on C" \ E satisfying (2.4). Then we have that u, is operator valued and
represents w,_, in C* \ E. The definition of f(a) in this case is

fla)= —féfwn.

Define a sequence ¢; by

3.1 c1 =0, 8z—aw—aCl1 = dc; + u,2 — u,l,

where u} = m{u; and u,2 = m5u;. Thus ¢y, represents w,_, A wy,—,. We now
prove the multiplicative property.

PROPOSITION 3.1. Let u; be a sequence defined on C* \ E, where E D o (a)
is a compact set, as in (2.4), and suppose that c;,, n <l < 2n, are forms that

satisfy the conditions
. 3 2 1 1 2
(32) ifca =0,  b_gw-aCiy1 =0 Hu; —u;,  Cpp =u, ANy,

where i(t) = (t, T). Moreover suppose that f, g € Cf such that

/HéfAunH < 00, /||5g/\un|| <00
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and

|8/ @) A dgw) Aa
3.3 ’
) v/z]z;d(Z,E)d(w,E)|Z_w|2(2n—l)—1 < 0

foralll such thatn <1 < 2n. Then f(a)g(a) = fg(a).

Proor. First note that

f(a)g(a)z—// 0f(z) Adg(w) Auy Auj,

ZJw

and that, by the Bochner-Martinelli integral formula,
ret@ =~ [ (sis + rig) nu,
:// df(z) Adg(w) Amy, Aul
zZJw

—// E_Jf(Z)AE_ig(w)/\mn/\ui.

Let x. be the convolution of the characteristic function of the set
{zw):d((z,w), Ex C"UC" x E) > 2¢}

and the function e #'p(-/¢), where p is a non-negative smooth function with

compact support in the unit ball of C** such that its integral is equal to 1. Since
“E_)f(z) A 5g(w) A (u,ll /\uﬁ +m, /\u,ﬁ —m, A ui)”

is integrable, we must prove that
lin})// X0 f(2) A dg(w) A (u,]l /\uﬁ + m, /\”;11 —my /\ui) =0.
E—> zJw

The resolvent identity (2.10) gives that

- Z mk/\c[+[A]/\cn=u,11Auﬁ+mn/\u,1,—m,,/\ui
k+l=2n

in the sense of currents (note that the proof of this formula only made use of
the forms ¢; for / > n). Hence, since i *c, = 0, we must prove that

(3.4) gig(l)/szxgéf(z)/\ég(wmé Z mp Ac; = 0.

k+1=2n
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Integration by parts gives that (3.4) is equivalent to

(3.5) ii_r)r(l)/z/ujéxg/\éf(z)/\ég(w)/\ Z mi Ac; =0.

k+i=n
Note that {E_)X8| < Ce~! and that |5x8} has support in
e<d((z,w), ExC'UC" x E) < 3s.
We also note that
d((z,w), ExC'"UC" x E) > min {d(z, E), d(w, E)}
>Cd(z,E)d(w, E)

on a bounded set, where C > 0 is a constant (depending on the bound). Thus
(3.5) follows since

// |97 @ A dg@) A Ysimpemi el
zJw d((z,w), Ex C"UC" x E)

by (3.3). Hence the proposition is proved.

To be able to separate the condition (3.3) we will assume that #; commute
with a. We can then choose the sequence c; in the following way.

PrOPOSITION 3.2. Suppose that u; is a sequence as in (2.4) and that au; =
u;a. Then
¢ = Z u}{ A ”12
k=i
satisfies (3.1).
Proor. We have that ¢; = 0, and since a and u; commute,
8ciy) — dci = Z (SM}C A “12 — u}{ A 514,2)

k+l=i+1

1 2 _ 1 2 0y _ 2 1
- E (g Aup —ug Auj ) =u;j —uj,
k=i

where § = 8,4 w—q. Thus ¢; satisfies (3.1).

Unfortunately, the sequence ¢; in Proposition 3.2 does not necessarily sat-
isfy i*c, = 0. However, by the proof of Theorem 2.3 we infer that i*c, is
exact.
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We have an explicit choice of sequence that satisfies (2.4). Suppose that s
satisfies the equalities §;_,5 = e and as = sa. Then

8, a8 = e, S:—a(s A (09)) = (3s) = d(s A (3s)"1)

and hence u; = s A (3s)' ! satisfies (2.4). The sequence ¢; of Proposition 3.2
is then

(3.6) ¢ = Z s'A (ésl)kf1 ASsEA (5sz)171 ,

kt1=i
where s' = m{'s and §2 = mys. Note thatif s As = O thens A (3s) = (3s) A s
and hence i*c,, = 0.

Let E D o(a) be a compact set and let s be a given form such that s is
defined on C" \ E, §,_,5 = e and as = sa. Define the class S, by

(3.7) Sa={feC(T):Ifll, < oo},

where

n

DS

af As A (Bs) !

P d(z, E) o
N Z Af As A @) As A @s)! ‘
k-Hi=n d(z, E) 00

Note that the second sum vanishes if s A s = 0. This is always the case if
n = 2sincethend,_, (s As) =s —s = 0and§,_, injective. If n = 1 then §,
defined by (3.7) is a slightly smaller class than S, defined in the introduction.
This is because the left hand side in the resolvent identity (2.10)is O if n = 1.
If f € S, then f(a) is defined by

fa) = —/5f As A @s) L

Of course we have that f(a) € L(X) if f € S,. Note that S, is an algebra. In
the next lemma we will use Proposition 3.1 to prove that f(a)g(a) = fg(a)
if f,g€eS,.

Lemma 3.3. If f, g € S, then f(a)g(a) = fg(a).
PRrROOF. Let ¢; be the sequence defined by (3.6) and let
d; = Z A (5s2)k_1 ASsEA (E_)sz)l_1 )

k+l=i



128 SEBASTIAN SANDBERG

By a computation similar to the proof of Proposition 3.2, we see that the
sequence d; satisfies the relation

SZfa,wfudiJr] = 5di,

and hence that dd, = 0. For every [ > n define ¢, by ¢, = ¢; and define
c, by ¢, = ¢, — d,. Then ¢ satisfies the condition (3.2) since dd, = 0 and
i*c, = i*d,. We have that |z — w|™>""'isa locally integrable function on C*”
and hence

/'/ 10 f(2) A Dg(w) A cill

:Jwd(z, E)d(w,E) |z — w[*"!
- Z ||5f(z) A st A (3shHk! || ||5g(w) A sEA (9sH] ” >
5w d(z, E)d (w, E) |z —w/*!

Similarly, we remark that

// |07 (2) A dgw) Ady|

<
d(z,E)d (w,E) |z —w*!

since ||g|l, < oo. Thus the statement follows from Proposition 3.1.

In order to prove that f(a) € (a)” we construct the resolvent w,_, ,,—p and
use the multiplicative property of the functional calculus of the tuple (a, b),
where b € L(X) commutes with a.

LeEmMmA 3.4. If f € S,, then f(a) € (a).

PrOOF. Suppose that b € L(X) is an operator such that ab = ba. Define
the form 1
v(w) = — (w—b) dw
2mi

Define the sequence c; by
c1 =0, =V AsA ()2
Then we have the equations
c1 =0, 8;—aw—pC2 =S —V
and

8z—aw—bChkt1 =S A (E_)s)k_1 —VA (E_)s)k_1 =3¢k +5 A (E_Js)k_l.
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Let x be a smooth cutoff function such that {y, 1 — x} is a partition of unity
subordinate the cover

Hz,w):z ¢ E, [w| <312l1}, {(z, w) : [w| > 2b]}}
of C" x C\ E x {w : |w| <2|b|}. This is a special choice of function x used
in Lemma 3.2 of [1] which enables us to avoid an integration by parts. Define
the sequence a; outside £ x {w : |w| < 2|b||} by

ap=xs+ {1 — v, akzxs/\(és)k_l—éx A Ck.
We then have that

8;—aw—pa1 = €, 8;—aw—pdy = Xés + 5)( A(s—v)= da,
and that
8z—aw—bAk+1 = X(E_)s)k + 5)( A (éck + s A (5s)k_1) = day,

and thus _ _
i1 = —0X AVASA (3s)"!

represents @, 4 ,—p. Choose ¢ € C2°(C) which is 1 in a neighborhood of
{we C: |w| < 3|b|}. Then we have that

(@f)(a,b) = —/ f5(¢(w)f(z)) A g1 (2, w)

= f Fowd Adx AvASsA(Ds) !
—I—/ GO f ANdwx AVASA (3s) !
= —/éf/\s A @) = f(a).
Leta} = nfay and af = 75 ay, where

m(z1, wi, 22, w2) = (21, W) and (21, Wi, 22, w2) = (22, W2).

Define the sequence c; by

r_ r_ 1 2
¢, =0, ¢; = E a, A aqj

k+l=i
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so that by Proposition 3.2,

1

’ a7 2
=0, 8z1—a,wi—b,za—a,un—bCiy) = 0C; +ai —a;.

Let F = Ex {w:|w| < 2|b||}. Define the function g by g(z, w) = wi(z, w)
where ¢ € C° is equal to 1 in a neighborhood of F'. We have that

” d@f) naw | _ ” XO@f) A s A (95) !
d((z,w), F) ||l — d(z, E) ~
H5(¢f)/\éx,m1)As,«(ésV2
+ < 0
d(z, E) o

since f € S,. Hence we have that

// |8 (w) f (1)) A g (z2, ) A w

d ((z1,

wi), F)d ((z2, wa), F) [(z1, w1) — (22, wo) "'

for all /. Define the forms ¢, by the equations ¢/ = ¢} if/ > n + 1 and

"o 2 2
Cnt1 = Cng1 — § ag Naj.
k+l=n+1

Then we have that c;,,; satisfies i*c, | = 0 and hence by Proposition 3.1 we

have that (¢f)(a, b)g(a, b) = g(a, b)(¢f)(a, b) since

/ / [3(@ W) fz)) A dg(z2, w) A Fyyimusr 6 A
d ((z1, w1), F)d ((z2, wa), F) |(z1, w1) — (22, wp)|*"*!

< Q.

Thus f(a)b = bf (a) since g(a, b) = b by the holomorphic functional calcu-
lus.

We can now prove a generalization of the holomorphic functional calculus.

THEOREM 3.5 (Non-holomorphic functional calculus). Suppose that a is
an n-tuple of commuting operators and that E O o (a) is compact such that it
exists a smooth form s defined on C" \ E with §,_,s = e and as = sa. Let S,
be the class defined by (3.7) and let f(a), f € S,, be the operator defined by

fmy:—/éfAsA@m“R

Thenthemap f — f(a): S, — (@)’ is a continuous algebra homomorphism
that continuously extends the map f +— f(a): O(E) — (a)".



ON NON-HOLOMORPHIC FUNCTIONAL CALCULUS FOR COMMUTING ... 131

ProOF. By Lemma 3.4 the map f — f(a) : S; — (a)” is well defined.
The map is continuous and linear. Lemma 3.3 shows that the map is multiplicat-
ive, and thus the map is an algebra homomorphism. To see that it continuously
extends the map f — f(a) : O(E) — (a)”, suppose that we have a se-
quence f, € O(U), where U is an open neighborhood of E, and that f,, — 0
uniformly on compacts. Then

I falla = 0.

where ¢ € C°(U) is a function equal to 1 in a neighborhood of E.

We now go on and prove the spectral mapping theorem for this functional
calculus. To do this, we need the following lemma which shows that f (w) acts
as f(a)on H,(w —a, c, X).

LEMMA 3.6. Suppose that there is an operator valued form s outside E such
that§,_,s = eand sa = as. Furthermore, suppose thatc € ((a)")™, w € o (a)
andkeK,(w—a, ¢, X) (withrespecttoabasisdwy, ..., dw,, e,q1, ..., €npm
of C*t™) such that 8,,_, -k = 0. If f € S,, then

(f(@) = fF) k= 8yae / Bf@AY ml AsA@s) T Ak,
< I=1
where m} is defined in the proof.
PrOOF. We have that
O:—aw—am = e, 8—a,w—aMis1 = OM;,
by (2.7) and (2.8), where m; is defined by (2.6). We also have that
aweas = Seaua (5 A @) =B (s A (B2 7).

where s only depends on z. Therefore the same calculation as in the proof of
Proposition 3.2 shows that

8z—a.w—a Z mk/\s/\(és)l_l—é Z m,rc/\s/\(('_is)l_1 =s/\(5s)i_1—mi.
k+l=i+1 k=i

Leti = n andidentify the component without any dw and d w in this expression
to get,

Sw—a Z myAsA @) =5 A @) —m!, 438, Z mj As A (@s) 71,
kHi=n+1 ktl=n
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where k—1
, 1 @u—wFA<5@u—wF)

m;, = : z
Qri)k |z — w|? |z — w|?

and m; is the component of m; with one dw and no dw. Let x, be the convo-
lution of the characteristic function of the set

{z:d(z, E) > 2¢}
and the function e =2"p(-/¢), where p is a non-negative smooth function with
compact support in the unit ball of C" such that its integral is equal to 1. We

have that

/('_9Zf(z)/\i§Z Z my As A (3s) !

< k+l=n

= gi_r)rg)/;xgézf(z) A 0, Z m, As A (@s) !

k+l=n

= lirr(l)/f_)zxg A f(z) A Z m,AsA@s)'=0
MR k+l=n

since |5x8| < Ce~!'and |5Xg| has support in ¢ < d(z, E) < 3e. Hence we
have that

ﬂ@—f@»=/éﬂoA@A@w“%ﬂ¢)

Z

=6waf5f(Z)A Z my As A (@s) L

k+l=n+1

Therefore,
(f@)— fw)k = 5wa,c/5f(z) A ngﬂ_l AsA @) Ak
z I=1

since (w — a, ¢) and s commute.
We can now prove the spectral mapping theorem.

THEOREM 3.7 (Spectral mapping theorem). If f is tuple of functions in S,,,
where S, is defined by (3.7), then o (f(a)) = f (o(a)).

ProOOF. Suppose that we can prove the statement; if z € o(a) then (z —
a, f(a)) is nonsingular if and only if f(z) # 0. In that case (z —a, w — f(a))
is nonsingular if and only if w — f(z) # 0 and hence

o (f(a)) =mo (a, f(@) =m {(z,w) :w= f(z),z €0(a)} = f(o(a))
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by Theorem 1.4.

Suppose that z € o(a). We have the induction hypothesis that if m is
a natural number then the tuple (z — a, f(a)) is nonsingular if and only if
f(z) # 0 for all m-tuples f of functions in S,. The case m = 0 follows
from Lemma 3.6. Assume that the hypothesis has been proved for m. Given
f =1, .o, fur)let f = (f1, ..., fm)- Thenthereis along exact sequence

... > H,z—a, f(a),X) > Hy(z —a, f'(), X)
— Hy_1(z —a, f(a), X) 2% H, 1z —a, fa).X) > ...,

for this see Taylor [15], Lemma 1.3. Lemma 3.6 gives that the last homo-
morphism is equal to f;,+1(z). Hence

Hy(z—a, f'(a),X)=0
if fin41(z) # 0 and
SHP(Z —a, f/(a)v X) - Hp—l(z —a, f((l), X)

if fu11(z) = 0. Therefore the induction hypothesis hold for m + 1 and hence
the theorem follows.

We now consider a case where we can answer all the question we set up in
the beginning of this section. Denote by co(E) the convex hull of the set E.

THEOREM 3.8. Let h be a positive decreasing function on [0, 00). If there is
a differential form u* on C" \ co (o (a)) such that |u*(2)|| < ||x|| h(d(z, E))
then we define the class Sy(a) by

Sp(@) = {f € CHC" : |10 @I (d (z, co (o (@), < 00} .
Let the norm of functions in Sy (a) be given by
£, = [[10.S @R (d (2, co (o (@) ], -

Then the map

f fa): Sy(a) = (a), where f(a)x = —féf Au’,

is a continuous algebra homomorphism. If f€ Sy (a) then o (f (a)) =f (o (a))
and f(a) = 0if f = 0 on co(o(a)). Furthermore, if f € Sy(a), g €
Su, (f(a)) (or g € O(c(f(a)))), where h, is a decreasing function such that
h(y/supldf]) < Chi(y), y € [0, 00), and g(0) = Otheng(f(a)) = go f(a).
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PrOOF. Suppose that 0 € co(o(a)) and let f;(z) = f(tz) fort < 1.
Since h(d(z,co(o(a))) < h(d(tz,co(o(a))) we see that f; — f in S;(a)
by dominated convergence. We know that all the conclusions in the theorem
holds for functions that are holomorphic in a neighborhood of the spectrum.
Since || f(@) |l x) = I flls,@ We will be able to prove the theorem using
the approximation f;. Consider especially the spectral mapping property. By
Proposition 2.6 o (f;(a)) deforms continuously to o (f(a)). Since f;(o(a))
also deforms continuously to f(o(a)), we get o(f(a)) = f(o(a)). For the
composition rule we have

lg(f(a)x —go fla)x| < llg(f(a))x — gs(f(a@)x|l
+ 118 (f (a)x — gs(fi(a))x]|
+1lgs o fi(a)x — g5 o fa)x]|
+llgs o fla)x —go fla)xl
=< llg = &lls, (reap Xl

+ 118 (f (a)x — gs(fi(a))x]|
+llgs o fr — & o flls,@ Il
+lgsof—go fls,@ Xl =0,

by Theorem 2.7 and

|0 (g5 0 f — g o )| h(d(z, co(o(a))))
<19 (gs — &) |0 f| h(d(z, co(o(a))))
+ |8 (g — )| 10f 1 h1(d(f (2), co(f (o (@))))).
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