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A NOTE ON LARUSSON-SIGURDSSON’S PAPER

ARMEN EDIGARIAN*

1. Introduction

Let X be a complex manifold. We denote «7x the family of all mappings
f : D — X which are holomorphic in a neighborhood of the closure D of the
unit disc D. A disc functional on X is a function H : &/x — R U {—00}. The
envelope of H is the function Ey : X — R U {—o00} defined by the formula

Ey(x):=inf{H(f): f € o, f(0)=x}, xeX.

E. Poletsky [5], [6], [7], has shown that certain disc functionals on domains
in C" have plurisubharmonic envelopes. Later, for three classes of disc func-
tionals plurisubharmonicity of envelopes on a class of complex manifolds were
shown by F. Larusson and R. Sigurdsson [4]. The paper is motivated by results
from [4].

Let us consider the following two functionals.

Let ¢ : X — RU {—o0} be an upper semi-continuous function. Define the
functional H; = HfS by the formula

2

1 :
H\(f) = o P (f(e'”))ab, f € dx.
T Jo
In [4] this functional is called the Poisson functional.
Let v be a plurisubharmonic function on X. We define the functional H, =
Hy as follows. If f € @/x and v o f is not identically —oo, then

1
Hz(f)ngD(logl'l)A(vOf),

where Au is the generalized Laplacian of a subharmonic function u. If f € @y
and v o f = —o0, then we put H(f) = 0. In [4] the functional H, is called
the Riesz functional.
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Following [4], we define &7 as the class of complex manifolds X for which
there exists a finite sequence of complex manifolds and holomorphic mappings

h h hlﬂ
Xo— X = ... 5 X, =X, m >0,
where X is a domain in a Stein manifold and each /;,i = 1, ..., m, is either

a covering or a finite branched covering. More on the class & could be found
in [4].

For a complex manifold X we denote PSH(X) the set of all plurisubhar-
monic functions on X. We assume that the constant function —oo is plur-
isubharmonic.

Recall the following result from [4]

THEOREM 1.1. Let X be a manifold in . If ¢ is an upper semi-continuous
function on X, then E H? is plurisubharmonic, and

EH;p = sup{u € PSH(X) : u < ¢}.

If v is a continuous plurisubharmonic function on X, then Epy is plurisubhar-
monic, and

Epy = sup{u € PSH(X) :u <0, L(u) = Z(v)},

where £ (u) is the Levi form iddu of u.

In Theorem 1.1 the plurisubharmonicity of H, is obtained as a corollary
from the plurisubharmonicity of H; (see [4]). Actually, this is the reason why
in Theorem 1.1 the authors assumed the continuity of v. The main purpose of
this note is to show the plurisubharmonicity of H, for any plurisubharmonic
function v.

Let ¢ be a plurisuperharmonic function on a complex manifold X, ¢ # +o0.
Weput H?(f) = 5 02” & (f (%)) db for f € oy suchthatpo f # +o0 and
H?(f) = +oofor f € oy suchthatp o f = 400. Note thatif g o f % +o0,
then ¢ o f € L'(T), where T is the unit circle. According to our definition H?
is not a disc functional, because it may take the value +o00. Nevertheless, we
may consider the envelope E ¢ of H?. Itis not difficult to see that E ¢ < +00.
We have even more. Namely, we have the following results.

THEOREM 1.2. Let X be a complex manifold and let ¢ be a plurisuper-
harmonic function on X, ¢ # +o00. Then Eys < +00 and Ege is an upper
semicontinuous function on X.
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THEOREM 1.3. Let X be a manifold in & and let ¢ be a plurisuperharmonic
Sfunction on X, ¢ #£ —+00. Then Eyy is a plurisubharmonic function and

(1) Ens =sup{u e PSH(X) :u < ¢} on X.

By the Riesz representation, for a plurisubharmonic function v on a complex
manifold X and a holomorphic mapping f € @7 such that v o f % —o0 we
have

1 2n .
HY(f) = v(f(0)) — 2—/ V(£ (%)) db.
T Jo
So,
@) HYH) =v(fO)+H(f)  and  Ep=v+Ey-

As a simple corollary of Theorem 1.2 and equation (2) we have immediately
the following.

COROLLARY 1.4. Let X be a complex manifold and let v be a plurisubhar-
monic function on X. Then Eyy is an upper semicontinuous function in X.

Using results from [4], Theorem 1.3, and equation (2) we have the following.

COROLLARY 1.5. Let X be a manifold in & and let v be a plurisubharmonic
function on X. Then Epgy is a plurisubharmonic function and

Epy = sup{u € PSH(X) : u <0, Z(u) > Z(v)} on X.

2. Proof of Theorem 1.2

The following two simple results (Lemma 2.1 and Lemma 2.2) play a crucial
role in our considerations.

LEMMA 2.1. Let Q be a domain in C" and let ¢ be a plurisuperharmonic
function on Q. Then for any yy € Q2 and any € > 0 there exists ro > 0 such
that for any y, € B(yp, r), r € (0, ro), we have

é(yo) >

d(y) drn(y) — €,

bur" /Bnm,r)

where Bn()’o,”) = {y e C: ”y - )’0|| < 7‘}, Bn = Bn(oa 1)» bn = )‘n(Bn)r
and A, is the Lebesgue measure in C".

PrOOF. Fix yg € @ and € > 0. We may assume that ¢ (yo) # +o00o. Put
€1 1= 55 —. Since ¢ is a lower semicontinuous function, there exists ro > 0

such that
o (y) + €1 = ¢(yo), y € B,(yo,2r) CC Q.
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Fix r € (0, o) and y; € B, (yg, ). We have

1
—_ dhi,
b0 = ;o /B PO

> d(y) drn(y)
bn(Zr)2” /Bn()’l,r)
o
+— () drn(y)
bn (2,.)2n B, (y0,2r)\B, (y1.7)
>

dx,
PRISED /B o ¢ (y)dr,(y)

1
+ W(¢(y0) - 61)(bn(2r)2n . b,,rzn)

: 1
- W/B,,@l,r)%)dkn(y) + (@ (o) — €1) (1 - zT)

1 1
B0 A () +$30) ~ 900 33, — @ (1 _ —).

bn (27')2” Bn ()’1 7r) 22n

So,

/ () dhn ().
B, (y1.,r)

=
bann

LEMMA 2.2. Let¢ : T x B, = [—00, 400) be an integrable function. Then

3
( a /qn ", y)do d _ ! i 9 619y do di, ()
| /Bnaﬁe ) Ay)—szo /Bnqb(e L €0y) d6 ().

Therefore, there exists yo € B,, such that

2

1 s i0 1 60 i6
¢, y)do dir,(y) = P (e, e yo) do.
0 JB, 27 Jo

@ 2,

Proor. Easily follows from measure theory.
Recall also the following result (see Lemma 2.3 in [4]).

THEOREM 2.3. Let X be a complex manifold and let fy € o/x. Then there
exist r > 1, an open neighborhood V of xo = fo(0), and f € O(D, x V, X)
such that
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@) f(z,x0) = fo(z) forall z € Dy,
(1) fO,x)=xforallx €V,

where D, :={z € C: |z| < r}.

LEMMA 2.4. Let xo € X, B € R, and assume that Ey (xg) < B. Then there
exist a neighborhood V of xo in X, r > 1, and f € O(D, x B,(r) x V, X),
such that £(0,0,x) = f(0, y,x) =x, y € B,(r), and

1

(&) . H(f(-,y,x)dxr,(y) <B forall xeV.
n JB,

PrOOFOFLEMMA 2.4. By definition there exists fy € <7y suchthat f,(0) =
xo and H(fo) < B. According to Theorem 2.3 there exist ¥ > 1, an open
neighborhood 1% ofxo, and f e 0(D, X V X) such that f(z Xxo) = fo(z) for
all z € D, andf(O x)=xforall x V.

Let (U, ¢) be alocal coordinate centered at xo. We may assume that U C %
and ¢ : U — B, and ¢(xp) = 0. Consider the function

1 2 o
F(w) = — P (f(e”. ¢ (w)))dob, w € B,.
2 0
Note that F' is a plurisuperharmonic function in B,,. Fix an € > 0 such that
H(fy) < B — €. Then there exists r > 0 such that

1
b_/ F(yi +ry)dr,(y) < F(0) + e,
n JB,

for any y; € B,(r). Put f(z,y,x) := f(z, g_l(g“(x) + rzy)) (use here (3))
and V := ¢~ (B,(r)).

ProOF OF THEOREM 1.2. Letxy € X be fixed. Let us show that Egs(xg) <
+00. Assume that (U, ¢) is a local coordinate centered at xg, i.e. {(xg) =
0. We may assume that ¢ : U — ¢(U) = B,(2). Take an x; € U such
that ¢ (x;) < +o0o. Consider the superharmonic function u := ¢ o f, where
fz):=¢7! (Zﬁ) Note that f(0) = xo and u(||(x)[|) = ¢ (x1) < +00.
Hence, H(f) < 4o0.

Now, let B > Ep(xp) be fixed. According to Lemma 2.4 there exist a
neighborhood V of xgin X, r > 1,and f € (D, x B,,(r) x V, X), such that
f(0,0,x) =x and

bi/ H(f(-,w,x))dr,(y) < B forall x e V.
n JB,
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Fix x € V. By Lemma 2.2 there exists yy € B,, such that

1
b_/ H(f(, y,x))dr(y) = H(g),
n JB,
where g(z) = f(z, 2yo, x). It suffices to note that g(0) = x.

3. Proof of Theorem 1.3

From [4] it follows that it suffices to prove Theorem 1.3 for domains in C".
So, in this section we assume that X is a domain in C" and ¢ is a plurisuper-
harmonic function on X, ¢ # +o0c. Moreover, the equality (1) follows from
the plurisubharmonicity of E g+ (see also [5], [6]).

For the proof of Theorem 1.3 it suffices to show that

27
©) En(h(0)) < — / En(h(e®)) do
277.' 0

for every h € @/x such that ¢ o h # +00 (since we know that Ey is upper
semi-continuous).

The idea of the proof of (6) goes back to E. Poletsky ([5], [6]) and proceeds
as follows. It suffices to show that for every ¢ > 0 and v € C(X, R) with
v > Ey there exists g € @7y such that g(0) = k(0) and

27
H(g) < if v(h(e'?))do + €.
27T 0

For the construction of g, first we show that there exists r > 1 and F €
C®(D, x T, X) such that F (-, w) € @, F(0, w) = h(w) forall w € T, and

1 2 ) 1 27 )
— H(F(-,e%)do < —/ v(h(e'?))do + e.
2 0 2 0
Next we show that there exist s € (1,r) and G € 0 (D, x Dy, X) such that
G(0, w) = h(w) for all w € Dy and

1 2 ) 21 )
— H(G(-, ") do < — H(F(-,e"%)do +e.
21 0 2 0
Finally, we show that there exists 6y € [0, 2r) such that if g is defined by the
formula g(z) = G(e®z, ) then

27
H(g) < 1 H(G(, €e?) de.
27'[ 0
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As we see, main steps of the proof completely coincide with the proof of
plurisubharmonicity of E s+ for an upper semi-continuous function ¢ (see the
discussion before Lemma 2.3 in [4]). But the proofs of these steps turn out to
be very technical and complicated.

Letus start with the following simple result, which follows from the measure
theory.

LEMMA 3.1. Let h € ofx be such that ¢ o h # 400 and, therefore, p o h €
L' (T). Then for any € > 0 there exists § > 0 such that

/¢oh(w)d0(w) <€
I

for any measurable set I C Twitho (1) < 8§, where o is the arc length measure
onT.

LEMMA 3.2 (cf. Lemma 5.5 in [5], Lemma 2.5 in [4]). Let h € </x be such
that p o h # +o00, € > 0, and v € C(X,R) with v > Ey. Then there exist
r>1land F € C®(D, x X) such that F(-, w) € 0(D,, X), F(0, w) = h(w)
forallw €T, and

1 21

2
Q) L ey do < / o (h(e®)) d6 + .
27 0 2T 0

ProoF oF LEMMA 3.2. Let wy € T. Put xg = h(wg). From Lemma 2.4
it follows that there exist ro > 1, fo € O(D,, x B, (rp) x Vp, X) such that
f0(0,0,x) =x,x € V, and

1
b_/ H(fo(-,y,x))d),(y) < v(xp) forall x € V.
n JB,
By replacing V, by a smaller neighborhood of xo we get
1 €
b_,/ H(fo(-,y,X))dAn(Y)SU(X)+Z, x € V.
n Bn

We can take an open arc Iy C T containing wq such that ~(w) € V; for all
w € Iy. Define Fy : D,, x B, (r9) x Iy — X by Fo(z, y, w) = f(z,y, h(w)).
By replacing ry by a smaller number in (1, co) and Iy by a smaller open arc
containing wy, we may assume that Fo(D,, x B, (ry) x Ip) is relatively compact
in X.

Using compactness argument, we see that there exist a covering {1,}"_, of
T by open arcs, r, > 1, F, € C*(D,, x B, (r,) x I,,, X) such that

a) Fv('a ) U)) € ﬁ(Dr\, X Bn(rv)a X)7
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b) Fv(()? Oa w) = h(w)7

c) F,(D;, xB,(r,) x 1,) is relatively compact in X,
d)
1 [ €
— H(F,(-,y, w))dr,(y) < v(h(w)) + -,
b, Jo 4
forwel,,v=1,...,N.

Put 7 := min, r,. Let M C X be a compact set such that Uf)VZIFU(DrV X
B,(ry) x 1,) C M and let C > sup,, |v].
By Lemma 3.1 there exists a § > 0 such that for any measurable set I C T

with o (I) < § we have .
hd —.
/;d)o 0'<4

There exist a subset A C {1, ..., N} and disjoint closed arcs J, C I,, v € A,

such that o (T \ UJ)) < min{(S ' 36 } By possibly removing some arc I, from

the covering of T, we may assume that A = {1, ..., N}. We take disjoint open
arcs K, such that J, C K, C I,. Now, we take a function p € C*°(T) such
that

e 0<p<=1,
e p(w)=1forw e UJ,,
e p(w)=0forw e T\ UK,,

Note that
/ i/ H(F,(., y, w))do(w)dr,(y) < / v(h(w))do (w) + E(f(Ju)-
7, bn B, Jy 4
Hence, there exists y,, € B, such that
t/ H(qu>vaDdo(w)dM&y)§‘/’vGKuO)do(w)+-20Lh)
I Jy

We define F : D, x T — X by

F,(p(w)z, y,,w), ze€D,,wek,,
F(z,w) =
h(w), ze€D,,weT\UK,.

The choice of p ensures that F € C*°(D, x T, X), F(-,w) € 0(D,, X), and
F(0,w) = h(w), w € T. Since ¢ is a plurisuperharmonic function,

®) H(F(,w)) <¢(FO,w) =¢hw)), weT.
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If we combine the inequalities we already have, then we get

2

1 i 1 €
2 ), H(F(-,e ))deSXV:E/JVH(F”("y”’w))dG(w)+Z

<ZL/vohd0—|—S<i/vohd0+e,
B 2w Jy, 2 7 2w )t

and we have proved (7).

Recall the following result (see Lemma 2.6 in [4], cf. Lemma 5.6 in [5] and
Lemma 6 in [1]).

LEMMA 3.3. Letr > 1,h € O(D,, X),and F € C*(D, x T, X), such that
F(,w) € OD,, X), and F(0,w) = h(w) for all w € T. Then there exist
s € (1, r), a natural number jo, and a sequence F; € O(Dg x Aj, X), j = jo,
where A; is an open annulus containing T, such that:

(i) Fj — F uniformly on Dy x T as j — oo,
(i) there is an integer £; > j such that the map (z, w) Fj(Zwa, w) can
be extended to a map G; € ﬁ(Df{,, X), where s; € (1,5), and
(iii) G;(0, w) = h(w) for all w € Dy,.
LEMMA 3.4. Let h and F satisfy the conditions of Lemma 3.2. Then for every

€ > Othereexists € (1,r)and G € O(D; x Dy, X) suchthat G(0, w) = h(w)
forall w € Dy, and

2 2

1 . )
— H(G(-, %)) do < — H(F(-,¢%)do +e.
27T 0 27'[ 0

ProOF OF LEMMA 3.4. For any fixed z, w € T there exists r(z, w) > 0
such that ¢
. G +ry)din(y) = ¢(F(z, w)) + 3
n JB,
for y; € B(F(z, w),r), r € (0,r(z, w)). Hence, for any fixed z, w € T we
have

) ) 1 1 €
lim sup lim sup ™ ¢ (Fk(z, w) + Ey) dr,(y) < ¢ (F(z,w)) + 7
Bll

m— 00 k— 00 n

By Fatou’s theorem, we have

1 21 p2m 1 ) ] 1
limsuplimsup—f / —f o (Fe(e?, ™) + —y) dr,(y) | dO dt
m—00 k—o00 4772 0 0 bn B, m
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1 21 p21w 1 i ) 1
< —/ / [lim suplimsup — [ ¢ (Fk(e’e, e’ + —y) d)\n(y)]de dt
0o Jo by Js m

~ 4n? m—oo  k—oo UnJB,

2n p2m 0 €
< — F',e'")dod —.
S ) | $FE e dodT

Hence, there exist m( and k such that

! 2”/2]1 1/¢> F, (€' ”)+1 di(y) | do d
47_[2 0 0 bn Bn koe , € moy l’ly T

1 2 2 ] )
< — O (F (e, ™)) do dt + €.
472 Jo  Jo
So, there exists yy € B, such that

1 2r  p2w ) ) 1.
4 2 / ¢<Fko(eleaelr)+ _elgy()> d@dt
= Jo 0 mo

1 2 2 ) )
< — G(F(e?, ™)) dodt +e.
47'[2 0 0
Put G(z, w) = Gy, (z, w) + mLOZw% Yo, where Gy, is given by Lemma 3.3 (iii).

LEMMA 3.5. Lets > 1 and G € O(Ds x Dy, X). Then there exists g €
O (Dy, X) such that g(0) = G(0, 0) and

2
H(g) < L H(G(-, e")) db.
2 0

Proor oF LEMMA 3.5. Note that

1 2 ) 1 2 2 ) )
° H(G(, %)) do = —2/ d(G (€', %)) dr db
T Jo 47 0 0
1 27 21 ) ) )
= G (G (', T dr de.
47'[ 0 0

So, there exists 6y € [0, 27r) such that
1 21 2 ) o 2 i ) i
) P(G(e'™, ) dr do > 5 | #@GE, ee'™)) dr.
T 0 T Jo

Put g(z) = G(z, €!%z).
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REMARK 3.6. In a forthcoming paper [2], the author will continue the study
of plurisubharmonicity of the Poisson functional.
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