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APPROXIMATE COMPLEMENTATION AND ITS
APPLICATIONS IN STUDYING IDEALS OF
BANACH ALGEBRAS

YONG ZHANG*

Abstract

We show that a subspace of a Banach space having the approximation property inherits this
property if and only if it is approximately complemented in the space. For an amenable Banach
algebra a closed left, right or two-sided ideal admits a bounded right, left or two-sided approximate
identity if and only if it is bounded approximately complemented in the algebra. If an amenable
Banach algebra has a symmetric diagonal, then a closed left (right) ideal J has a right (resp. left)
approximate identity (p) such that, for every compact subset K of J, the net (a - py) (resp.
(P« - a)) converges to a uniformly for ¢ € K if and only if J is approximately complemented in
the algebra.

1. Introduction

A subspace E of a normed space X is called approximately complemented
in X if there is a net { P,} of continuous operators from X into E such that
P, (x) converges to x uniformly on every compact subset of E. If in addition
{P,} can be chosen to be a bounded net, i.e., there is a constant M such that
| Pyl < M forall @, then E is called bounded approximately complemented in
X. The notion of approximate complementation was first introduced in [17],
where the author showed that if E is approximately complemented in X and
if 1: E — X is the inclusion mapping, then for every normed space Y, the
mapping :t @ Iy: E® Y — X ® Y specifiedby 1 ® Iy(a ® y) = 1(a) ® ,
a € E,y €Y, is injective. Here ® denotes projective tensor product. Further
investigation made in [19] suggests that the geometric property described in
this notion may play an important role in studying ideals of Banach algebras.

Itis a simple fact that if £ has the approximation property, then it is approx-
imately complemented in every normed space X that contains it. In light of this,
one sees that Example 1.g.7 of [10] gives a Banach space that is not isomorphic
to a Hilbert space and whose subspaces are all approximately complemented.
Itis also readily seen that in a Banach algebra 2( a left ideal / is approximately
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complemented in ?( if / has a right approximate identity (r,) that satisfies
the following condition, called condition (U): The net (a - r,,) converges to a
uniformly on every compact subset of /. Condition (U) for left and two-sided
approximate identities can be defined similarly in an obvious way. A bounded
left, right or two-sided approximate identity always satisfies condition (U).
The Banach algebras constructed in [16, Section 3] do all have approximate
identities satisfying condition (U), but none of them has a bounded approxim-
ate identity. A Banach algebra that has a bounded left approximate identity and
a right approximate identity satisfying condition (U) but has no bounded right
approximate identity is given in [4, Example 4.5]. Let X be a Banach space and
let F(X) and 77 (X) be respectively the algebra of finite rank operators and the
algebra of compact operators on X. Then F(X) (resp. /(X)) has a bounded
left approximate identity if and only if the space X has the bounded approx-
imation property (resp. bounded compact approximation property) [5], while
F(X) (resp. J7 (X)) has a left approximate identity that satisfies condition (U)
if and only if X has the approximation property (resp. compact approximation
property) [18]. Many examples reveal that, in dealing with ideals of Banach
algebras, more often than not the existence of an approximate identity that sat-
isfies condition (U) can be asserted in terms of approximate complementation
of the ideal. For instance, in a Segal algebra on a compact group, a closed right
or left ideal has a left or right approximate identity satisfying condition (U)
if and only if it is approximately complemented as a subspace in the Segal
algebra [19].

In this note we first make a brief investigation of the problem when a sub-
space of a Banach space with the approximation property inherits the approx-
imation property. Then we shall focus on ideals of amenable Banach algebras,
discussing the existence of bounded and unbounded approximate identities in
these ideals.

2. The approximation property

Recall that a Banach space X has the approximation property if the identity
operator on X can be uniformly approximated on every compact subset of X
by finite rank operators on X. It is elementary that every Banach space with a
basis has the approximation property. We know that in general the approxim-
ation property does not pass on to a closed subspace. Namely, a Banach space
enjoying the approximation property may contain a closed subspace which
lacks the approximation property [2], [3], [13]. However, except for several
counterexamples, so far there is no result in the literature about conditions
under which a subspace does inherit the approximation property. Using our
approximate complementation we now can discuss this hereditability problem.
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PROPOSITION 2.1. Suppose that X is a Banach space having the approxim-
ation property. Then a subspace E of X has the approximation property if and
only if it is approximately complemented in X.

ProoF. Itisreadily seen that E is approximately complementedin X ifithas
the approximation property, since every continuous finite rank operator on E
can be extended to an operator from X into E. For the converse we assume that
E is approximately complemented in X . Suppose that K is a compact subset of
E. Givene > 0, from the definition we can get abounded operator P;: X — E,
suchthat || Py (k)—k|| < ¢/2forallk € K. Ontheotherhand, there is abounded
finite rank operator P, on X such that || P,(k) — k| < ¢/(2|| P||) forallk € K,
due to the approximation property of X. Let P = (P, o P»)|g. Then P is a
bounded finite rank operator on E and

1P (k) — k|l < [|1P1(P2(k) = k)|l + | Pr(k) — k|| <&

forall k € K. Since K and ¢ > 0 are arbitrarily given, this implies that E has
the approximation property.

Consider the group algebra L' (G) of alocally compact group G. Itis known
that L'(G) always has the approximation property. On the other hand, it has
been shown in [19] that for a compact group G every closed two-sided ideal of
L'(G) has an approximate identity satisfying condition (U). As a consequence,
every two-sided closed ideal in L!(G) with G compact is approximately com-
plemented in L'(G). Therefore we have shown the following:

COROLLARY 2.2. Let G be a compact group. Then every closed two-sided
ideal of L' (G) has the approximation property.

It is inspiring to recall here the so-called Separable Extension Problem.
The problem asks when a separable Banach space is complemented in every
separable Banach space that contains it. This problem has been settled in
Sobczyk-Zippin Theorem: An infinite dimensional separable Banach space is
complemented in every separable Banach space containing it if and only if it is
isomorphic to ¢y [12], [14], [20]. But ¢¢ is not complemented in £, [11, 7.5].
So finite dimensional Banach spaces are the only separable Banach spaces that
are complemented in every containing Banach space. If we weaken the com-
plementation requirement to approximate complementation, our Theorem 2.1
yields the following: A Banach space is approximately complemented in every
Banach space that contains it if and only if it has the approximation property.
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3. Ideals in amenable Banach algebras

Amenability theory of Banach algebras was first introduced by B. E. Johnson
in [7]. He showed later in [8] that a Banach algebra 9l is amenable if and only
if it has an approximate diagonal as defined in the following: A bounded net
(u,) C ARWis an approximate diagonal for U if it satisfies au, —u,a = 0and
7(uy)a —> a for every a € %, where ® denotes the projective tensor product
and 77 : % ® U — U is the product mapping defined by 7(a ® b) = ab. An
approximate diagonal (u,,) for 2 is said to be symmetric if it satisfies further the
equality au,, = u,a forallvandalla € 9. Trivially, every contractible Banach
algebra has a symmetric approximate diagonal. A simple example of infinite
dimensional amenable Banach algebra with a symmetric approximate diagonal
is ¢p consisting of all sequences of complex numbers converging to 0, endowed
with the uniform norm and the pointwise product. In fact, let ¢; € ¢y be given
by (¢;)); =&ij,i,j=1,2,...,andletm, = e;®e; +e,Qer+---+¢,Qe,.
Then {m,} is a symmetric approximate diagonal for cp. Similar argument also
shows that J7'(H), the algebra of compact operators on a Hilbert space H,
has a symmetric approximate diagonal [6, VII.1.89]. Another example is the
group algebra L'(G) with G compact. We will discuss the details later in
Proposition 3.4.

It is known that a closed left, right or two-sided ideal J of an amenable
Banach algebra 2( has a bounded right, left or two-sided approximate identity
if and only if it is weakly complemented in %, i.e., J* = {f € A*: f|; =0}
is complemented in the dual space %* [1]. Our next theorem characterizes the
same property in terms of bounded approximate complementation. Compared
with the preceding known result, this theorem has the advantage that one
does not need to refer to the dual space whose structure may be much more
complicated. The relation between approximate complementation and weak
complementation is unknown. The following example indicates that the former
does not imply the latter.

ExAMPLE 3.1. Consider the Banach space L'[0, 1]. It has a subspace iso-
morphic to [ [9, p. 57]. This subspace is approximately complemented in
L'[0, 1] since [, has the approximation property, but it is not weakly comple-
mented in L]0, 1].

To see the last assertion, we assume, towards a contradiction, that this
subspace were weakly complemented. Then L°°[0, 1] would have a comple-
mented subspace isomorphic to [; = /5. Since L*°[0, 1] is isomorphic to I, [9,
p- 111], /5 would have a complemented subspace which is isomorphic to /,.
But [, is a prime space [9, p. 57]. This would imply that [, were isomorphic
to I, which is impossible.
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THEOREM 3.2. Suppose that 2 is an amenable Banach algebra. Let J be
a closed left, right or two-sided ideal of . Then J has a bounded right, left
or two-sided approximate identity if and only if J is bounded approximately
complemented in .

Proor. The necessity part is trivial. We prove the sufficiency for the case
that J is a closed left ideal of 2. The proof for other cases is similar. Suppose
that J is bounded approximately complemented in 2. Let {x,} C 2 & 2 be an
approximate diagonal for ?[. Without loss of generality we may assume that

o0 o0
i
=Y a” @b, " >0 and Y Ml < M < oo.
i=1 i=1

Let P,: A — J be a net of continuous operators satisfying | P,|| < K < o0

and Py(a) > a uniformly on compact subsets of J. We define continuous
linear mappings ®,: A & 2 — J by setting

®y(a ® b) = aPy (D).
Obviously, ||®.]| < || Pl < K. Let
I' ={(e, ) : € > 0, Ais a finite subset of J}

with the partial order defined by (g1, A1) < (&2, A2) whenever €, > &, and
A1 C Ap. Foreach (¢, A) € I', chose v = v(g, A) such that

[l ()€ — £ =

'Zaf”)bf”e - zH <2 and ful - )| < —
P 4 2K
for all £ € A. Fix this v. We then can take @ = «/ (e, A) such that

M) — bV < -
| Py (b; ") — b; ||_4M

forall ¢ € L andi > 1, since {bf”)ﬁ: £ € A,i > 1} is a compact subset of J.
Thus, for this choice of v and «, we have

&
< —

[ Po (e €) — £]] < ' 5

oo
> a (Po(b0) — b 0) H +
i=1

oo
S abe
i=1

for all £ € A. On the other hand,

1P bty — u, ) < Kyl — Cuy || < %
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for all £ € A. Therefore,
€D (1) — L]l = [[Po(buy) — £ <&

for all £ € A. This shows that the net (e ) ner C J Wwith e¢ ;) =
Dy (e.n) (Uy(e.n)) 18 a bounded right approximate identity for J.

If a Banach algebra has a symmetric approximate diagonal the method used
in the above proof is also applicable for considering unbounded approximate
identities in ideals.

PROPOSITION 3.3. Let U be an amenable Banach algebra that has a sym-
metric approximate diagonal. Let J be a left (right) closed ideal of . Then J
has a right (resp. left) approximate identity that satisfies condition (U) if and
only if J is approximately complemented in 2.

ProoF. The proof is essentially the same as that of Theorem 3.2. One only
needs to redefine the index set I" by letting

I' ={(e, 1) : ¢ > 0, Aisacompactsetof J}

and to note that &, (fu,) = &, (u,f) for all @ and v if (u,) is a symmetric
approximate diagonal for 2(. We note that in this case the mappings ®,, are no
longer uniformly bounded and hence the induced approximate identity (e ))
fortheideal J with e 3y = Py (e.2)(U(e,1)) 1s nO longer abounded approximate
identity.

As an application of the above proposition let us consider ideals in the group
algebra L' (G) with G compact. Our next result has been obtained in [19] by
using a pure harmonic analysis method. Now proposition 3.3 provides another
approach to the problem.

PROPOSITION 3.4. Let G be a compact group. Then a left (right) closed ideal
of the group algebra L' (G) has a right (left) approximate identity satisfying
condition (U) if and only if it is approximately complemented in L' (G).

PrOOF. From Proposition 3.3 it suffices to show that L'(G) has a sym-
metric approximate diagonal. For a locally compact group G it is well known
that L'(G) ® L'(G) and L' (G x G) are isometrically isomorphic as L'(G)-
bimodules. The isometric isomorphism is given by sending each elementary
tensor f ® g € L'(G) ® L'(G) to the function f(s)g(t) € L' (G x G).
The L'(G)-module actions on L' (G x G) may be formulated as follows. For
s, teq,

(fu) (s, 1) = /G FEUE s 0de, w5 1) = /G u(s. 1€) f(€7) de,



APPROXIMATE COMPLEMENTATION AND ITS APPLICATIONS IN ... 307

where f € L'(G),u € L'(G x G). In the following we identify L' (G x G)
with L'(G) ® L'(G). Then the canonical product mapping 7 is converted to
I: L'(G x G) — L'(G) given by

H(u)(s):/ u(€, £7's) dé, seG, uel' (G xG).
G

Now define p: L'(G) — L'(G x G) by
p(f)(s, 1) = f(st), s,1,€G

We have

o(fxg)=f-p@=p(f)-g  fgelL'(G).

If G is compact then L' (G) admits a bounded approximate identity (e,) which
lies in the center of L' (G). Let u, = p(e,). Then a routine calculation shows
that (1) is a symmetric approximate diagonal for L' (G).

It is worth mentioning that the amenability of 2 is an irremovable con-
dition in Proposition 3.3. In fact, G. A. Willis has shown in [15] that if G
is a non-amenable locally compact group (equivalently, if the group algebra
9l = L'(G) is not amenable) then no finite codimensional left ideal of L' (G)
has a right approximate identity. With this remark the author wants to raise a
question here to conclude this note: Whether the condition of the existence of
a symmetric approximate diagonal is removable in Proposition 3.3? In partic-
ular, is Proposition 3.4 still valid if G is merely an amenable group?
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