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EXTREME INTEGRAL POLYNOMIALS ON
A COMPLEX BANACH SPACE

SEAN DINEEN*

Abstract

We obtain upper and lower set-theoretic inclusion estimates for the set of extreme points of the unit
balls of &2;("E) and £y ("E), the spaces of n-homogeneous integral and nuclear polynomials,
respectively, on a complex Banach space E. For certain collections of Banach spaces we fully
characterise these extreme points. Our results show a difference between the real and complex
space cases.

1. Introduction

Geometric properties of spaces of polynomials, e.g. smoothness, extreme
points, exposed points, norm attaining polynomials, etc. have been invest-
igated by a number of authors in recent years. We refer to [1], [3], [7], [8],
[13], [12], [18], [20]. In particular, Ryan-Turett [18] and Boyd-Ryan [3] in
their investigations examined the extreme points of the unit ball of the space
of integral polynomials defined on a real Banach space. In this paper we study
the extreme points of the unit ball of the space of integral polynomials defined
on a complex Banach space. Throughout this paper E will, unless otherwise
stated, denote a Banach space over the complex numbers C. We let Bg or B
denote the open unit ball of E. We refer to [11] for basic facts on polynomials
on Banach spaces and to [9], [10] for the geometry of Banach spaces.

2. Extreme Points
If E is a Banach space over C we let
Extg(E) ={x € E:|x||=1,|lx+Ary| < 1lfor —1 <X < limpliesy =0}
and
Extc(E)={xe E:|x||=1,|lx +xy|| < 1lfor|x| < 1impliesy =0}.

*The author wishes to thank Bogdan Grecu and Manolo Maestre for helpful remarks.
Received September 20, 2000.
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Thus, Extg(E) is the set of all (real) extreme points of the unit ball of E
and Extc(E) is the set of complex extreme points of the same set. Clearly
Extz(E) C Extc(E). The inclusion may be proper since Extgz(L'(0, 1)) is
empty while Extc(L'(0, 1)) consists of all unit vectors.

A Banach space is strictly convex (or rotund) (respectively strictly c-convex)
if

Extgp(E) ={x € E : ||x|| =1}
(respectively Extc(E) = {x € E : ||x] = 1}). As noted above the Banach
space L'(0, 1) is strictly c-convex but is not strictly convex.

The role of extreme points in functional analysis, convexity theory, linear
programming and optimisation theory is well documented. Complex extreme
points were introduced by Thorpe and Whitley [21] in order to prove a strong
maximum modulus principle for Banach-valued holomorphic functions. Since
their introduction they have proved useful in the study of the Shilov boundary,
complex geodesics, invariant metrics, bounded symmetric domains and JB*-
triple systems. We refer to [2], [4], [5], [14], [15], [22], [23] for details.

3. Integral and Nuclear Polynomials

If E is a complex Banach space &?("E) denotes the space of continuous n-
homogeneous polynomials on E endowed with the norm ||-|| := ||| of uni-
form convergence over the unit ball B of E. A polynomial P € Z("E) is
said to be integral if there exists a regular Borel measure w on the unit ball of
E’, Bg endowed with the weak™ topology, such that

) Px)= [ ¢@)"du(¢)

By
for all x in E. We let &7, ("E) denote the space of all n-homogeneous integral
polynomials on E and we endow this space with the norm |-||; := inf ||u|]
where the infimum is taken over all u satisfying (1).

An n-homogeneous polynomial P on E is nuclear if there exists a bounded
sequence (¢;); C E"and (%;); € [; such that

) P(x) = 1gjx)"
j=1

for all x in E. The space of all nuclear n-homogeneous polynomials on E,
Pn("E), is a Banach space when || P||y is defined to be the infimum of

Zfi 1 1Aj1 ¢;]I" taken over all representations of P satisfying (2).

PrOPOSITION 3.1. Let E denote a complex Banach space.
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(a) The space P;("E) is isometrically isomorphic to (@E)/

n,s,e

() PNCE) C Z("E) C P('E) and ||-|| < Il < |IlIn-
() If ¢ € E' then ¢" € PyN("E) and

1" = o™l = " Ilv

(d) If E" has the approximation property then Py ("E) is isometrically iso-
morphic to Q) E' and Py ("E) = P ("E’) isometrically.

n,s,m

(e) If £y & @E (in particular if E’ has the Radon-Nikodym Property)
n,s,e

then P ("E) and Py ("E) are isometrically isomorphic.
() Extr(Z1("E)) C{¢" : ¢ € E', |l¢]| = 1}.
(g) Extr(Z("E)) C Extg(£LN("E)).

Proor. Parts (a), (b), (c) and (d) are well known. Parts (e) and (f) are due
independently to C. Boyd-R. A. Ryan [3] and D. Carando-V. Dimant [6] while
(g) can be deduced from the proof of [3, Theorem 2].

REMARKS. (i) By (b) and (g) we have
Py(E) C Z;("E) and Extp(Z;("E)) C Extp(Py("E)).

This contrasting information is quite useful since Extg (£?;("E)) has good ab-
stract properties while calculations are easier with elements of Extg (Zy ("E)).

(i) In general we do not know if &y ("E) is a dual Banach space but, by
(a) and (g), Extg(Zy ("E)) is non-empty.

For real Banach space we also have the following result which is in contrast
to the results we obtain in the next section for complex Banach spaces.

ProposiTioN 3.2 ([3], [18]). If E is a reflexive Banach space over R and
n > 1 then

Extp(Z1("E)) = {+¢" : ¢ € E', [l§p] = 1}.

4. Extreme Polynomials

ProposiTION 4.1. If E is a complex Banach space and n > 1 then

{p € E':¢" € Extr(PN("E))} C Extc(E").
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PrOOF. Suppose [|¢| = 1 and ¢ ¢ Extc(E’). Then there exists Y € E,
¥ # 0, such that [|¢ + Ay < 1 forall A € C, |A| < 1.Ifw = en1 then

Y @+oiyp)y =Y (Z) g (Z wkj).
Jj=0

j=0 k=0

If k # 0 then ) ~/_, 0" = 0. Hence
o zn:@l’ +aoly) =¢".
n+1 oy

Since ||¢]| = 1 and ||¢ + /Y| < 1 for all j, Proposition 3.1(c) implies
9"y = 1and, |[(¢ + w/¥)"|ly < 1forall j. Hence ¢" ¢ Extr(ZPy("E)).
This completes the proof.

If E is a complex Banach space we say that x and y in E are equivalent if
there exists @ € C, || = 1, suchthat x = ay. If A C E we denote by o[ A] the
cardinality of the set of equivalence classes in A. For example it is well known
that o[Extg (£])] = n. For complex extreme points we obtain a different type
of result.

COROLLARY 4.2. If E is a finite dimensional complex Banach space of

dimension > 2 then
O|Extc(E)] = oo.

ProoF. By Proposition 4.1 and the Krein-Milman Theorem
dim(Z;("E")) < o[Extc(E)]

for any positive integer n. Since the monomials z/w"~/, j = 1,2,...,n
are linearly independent, dim(ZZ;("E")) = dim(Z?("E")) is at least n. Hence
o[Extc(E)] > n for all n. This completes the proof.

If E is a Banach space we say that A C E’ is E-transitive if for all 0, ¢
in A there exists an isometry of E onto itself, 7', such that ¢ o T = 9, that is
'T(¢) = 0 where ' T denotes the transpose of 7.

COROLLARY 4.3. If the set of complex extreme points of the unit ball of E’
is E-transitive then

Extr(Z1("E)) = {¢" : ¢ € E', ¢ € Extc(E") }

and, in particular,
Extgz(E’) = Extc(E).
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PrOOF. By Proposition 3.1(a), (f) and (g) and Proposition 4.1, Extg(Z ("E))
contains an element ¢" where ¢ € Extc(E’). Let v € Extc(E’). By E-
transitivity of the set of complex extreme points there exists an isometry T
of E suchthat ¥ o T = ¢. If P € Z;("E) and ||Y" £ P|; < 1 then
|lYy"oT+PoT|; < 1.Since y"oT = (YoT)" = ¢" and ¢" € Extr(Z?;("E))
thisimplies PoT = 0. Hence P = Oand " € Extg(Z?; ("E)). An application
of Proposition 4.1 completes the proof.

EXAMPLE 4.4. Let &/ denote a # *-algebra , i.e. a €*-algebra which is
also a dual Banach space. We can suppose, without loss of generality, that .o/
is a ¥*-subalgebra of Z (), the space of bounded linear operators on the
Hilbert space 7. By [15] the real and complex extreme points of the unit ball
of a ¥"*-algebra coincide.

Let

gt ={we N(H) : trace(vw) =0 forall v € o7 }.

where A (J€) is the space of trace class operators on 7. By [17, Theorem
4.2.9), 4, := N ()] * is the unique isometric predual of <7 . The (.27, Z,)
duality is given by

(u, w + /) = trace(uw) = Z(uw(x), X)

xeE

where u € of, w + o/+ € </, and E is an orthonormal basis for 7. Let %
denote the set of unitary elements in .27, i.e.

U ={ueco uu" =u'u=1y).
Clearly uw € </ for u unitary in <7 and w in /. Hence the mapping
up > e, u,(v+ A7) = uv+ At

is well defined and easily seen to be an isometry of <. If v; and v, are unitary
elements in & then viv; is also unitary and for all w + &7+ € <7, we have

(v20 (V301) w + &) = (v, Viviw + 7 F) = Y (viviw(x), x)

xeE

=Y @), x) = (v, w+ ),

xekE

Hence
v; = vy 0 (V3V1);
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and 7% is </ -transitive. Results in [16] (see also Example 4.6) imply that
Exte (/) = Extg(o) = U

i.e. the real (and complex) extreme points coincide with the set of unitary
elements when .o/ is one of the following :

(a) a commutative # *-algebra,

(b) B(H), A finite dimensional,

(c) a type II; factor.

Hence, by Corollary 4.3, if <7 is any of the above # *-algebras then

Extr(21("#)) ={¢" : ¢ € Extc () }.

If dim (/) > 2 then Extc (/) is a proper subset of {x : x € &7, || x| = 1}.
(See for instance [5, Theorem 1.9]). For example if .oz = ¢7. then its predual
is £ and Extg (22 ("£]")) consists of all ¢" where ¢ lies in the distinguished
boundary of the unit polydisc in C".

The above method does not extend to all # *-algebras. By [16, Corollary 2]

Extc(B(H)) ={u € B(H) :uu* =Iyporu*u= 1Ly}

If 7 is infinite dimensional then the forward shift, S, is a non-unitary extreme
point of the unit ball of #(5). By [16] isometries of Z () map extreme
points to extreme points and unitaries to unitaries. Hence no isometry of Z(¢)
maps S to I and Exte (B(I)) = Extg(HB (7)) is not B(I),-transitive.

ProPOSITION 4.5. If E is a finite dimensional complex Banach space then
{¢" : ¢ € Extr(E") } C Extr(Z("E))

for all n.

PrOOF. Let ¢ € Extg(E’). Suppose ¢" ¢ Extr(Z;("E)). Since E is finite
dimensional Proposition 3.1(e) implies that ¢" ¢ Extg(ZPy ("E)).
Hence there exist P and Q in #y("E), P # Q,and A € R, 0 < A < 1,

such that
¢" =AP+(1—-21)0

and

IPII=1Ql =1

Since E is finite dimensional so also is &y ("E). Hence the unit ball of
Py ("E) is the convex hull of its extreme points and thus, by Proposition 3.1(f),
there exists (qb,-)f.‘if C E’, ¢; # 0, such that AP = Zf;l " IMPIv =

S NP (1 =)0 =Y ¢t and [|(1—2)Qlly = ity llgl -
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Hence kel

" Iy = llp" Il =1 =" I}l
i=l

Choose xg € E, ||xo|| = 1, such that ¢(xg) = 1. On differentiating ¢" =

f;“ll ¢! at xo we obtain
ket

¢=0""(xo0)p =Y ¢ (x0)i.

i=1

Hence K+ K+
L= gl <> I Golligell < D laill" = 1.

i=1 i=1
and we can choose for each i, 8; € C, with |8;| = 1 such that

k+1

e Bidi
¢=> I/ xo)l - llgnll - ol
i=1 !

Since ¢ € Extg(E’) this implies that for each i, ¢; = «;¢ for some «; € C.
Hence P = ¢" = Q. This contradicts our hypothesis and shows that ¢" €
Extg (PN ("E)) = Extg(Z("E)) and completes the proof.

EXAMPLE 4.6. If ¢ is a JB*-algebra then, by [4, Lemma 4.1] and [15,
Theorem 11],
Extg(_#) = Extc( 7).

Hence Propositions 4.1 and 4.5 imply

{¢" : ¢ € Extr(_7)} = Extr(Z1(LF"))

for any finite dimensional JB*-algebra _#. This result gives an independent
proof of the result in Example 4.4 for finite dimensional %*-algebras.

ExaMpLE 4.7. If E’ is a strictly convex finite dimensional Banach space

then
Extg(Z;('E)) ={¢" : ¢ € E', ||p]| = 1}.

This is similar to the result for real Banach spaces quoted above (Proposi-
tion 3.2).

To extend Proposition 4.5 to infinite dimensional spaces we require weak™-
exposed points. For convenience we introduce these in complex form.

DEFINITION 4.8. Let E denote a Banach over C. A linear functional ¢ € E’
is a weak®-exposed point of the unit ball of E’ if ||¢|| = 1 and there exists
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x € E, ||x|| = 1, such that R(¢(x)) = 1 and R(Y(x)) < 1 forall Y € E’,
¥l < 1and ¥ # ¢. We say that x weak*-exposes ¢. We let Exp,.(E’)
denote the set of all weak*-exposed points of the unit ball of E’.

If ¢ : E —> Cis complex linear then ¢ := R (¢) is a real linear mapping.
Moreover, ||¢|| = [|¢]l and ¢ (x) = ¢(x) — i¢(ix) for all x in E. Hence if ¢,
and ¢, are complex linear then ¢; = ¢, if and only if R(p;) = N(o).

If x weak*-exposes ¢ and ¢ = 252 with ¢, || = |42l = 1 then, |¢; (x)| <
1 and |¢o(x)| < 1 imply ¢1(x) = ¢o(x) = 1. Hence ¢; = ¢, = ¢ and
Exp,.(E") C Extg(E’).

For our next result, which was motivated by [3, Proposition 5], we require
the following Lemma [3, Lemma 4].

LEMMA 4.9. Let E be a normed space and let ¢ be a unit vectorin E'. Sup-
pose that for each finite dimensional subspace F of E there exists a subspace
G of E, F C G, such that ¢|g is an extreme point of the unit ball of G'. Then
¢ is an extreme point of the unit ball of E’'.

ProposiTION 4.10. If E is a complex Banach space then

{¢" : ¢ € Exp,.(E")} C Extr(Z("E)).

ProOF. Let ¢ € Exp,.(E’) and suppose x weak*-exposes ¢. Given a finite

dimensional subspace X of Q) E choose a finite dimensional subspace F
n,s,e

of E such that x € Fand X ¢ Q) F. Since x € F, |¢|r|l = 1. Let

n,s,e

S F, ¥l = 1and ¢ # @|F. By the Hahn-Banach Theorem there exists
w € E’ such that ¢|F = 1 and ||1,h|| = ||Y|| = 1. Since 1,0 # ¢ we have
‘71(1//(x)) =N(Y(x)) < 1and ¢|r € Exp,.(F') C Extg(F’).

By Proposition 4.5

@16)" = ¢"lr € Exta(2,('F)) = Exte((Q) F) ).
n,s,e
By Proposition 3.1(a) and Lemma 4.9,
¢" € Bxtx ((Q) E)') = Exte(#, (E)).
n,s,e
This completes the proof.

ExampLE 4.11. If E is a complex Banach space let

D(E)={x € E : ||x|| = 1and f(-) := ||-|| is real Gateaux differentiable at x}.
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Then, see [19] and [10],
Exp,.(E') ={¢ € E' : ¢ = f'(x) for some x € D(E) }.

For many classical Banach spaces, e.g. £,, 1 < p < 00, this result can be used
to show that ) )
{¢p:0€E,|oll =1}=Exp,.(E)

and hence, by Proposition 4.10, that
Extr(Z1('E)) ={¢" : ¢ € E', |$ll = 1}.

If E =¢, then x = (x,), € D(¢y) if and only if x,, # O for all n. Hence
¢ := (Yn)n € Exp,«(£o) if and only if |y,| = 1 for all n and Exp_. ({) =
Extgr(€oo). Since Extg(€o) = Exte(€oo) this implies

{¢" 1 ¢ € Extr(lo) } = Extr(Z("€1))

and we recover a special case of Example 4.4 since £, is a # *-algebra.

ExAMPLE 4.12. Let £ denote C" endowed with the supremum norm. By
Proposition 3.1(f)

Extp(Z;("5) C{9" ¢ € 47, @l =1}

forn > 2. If¢p == (wy,...,w,) € 1,0 == (0,...,6,) € R"and o is a
permutation of {1, ..., m} let

i0 O
d)@,o = (el ]wo(l)a sy e wo(m))-

Itiseasily seenthat ¢y , € Extg (7 ("€%,))ifand only if ¢" € Extgr (7 ("L7,)).
Hence to show

(3) Extr(Z1("0)) ={¢" : p € L], |pl =1}
it suffices to show that a" € Extg(Z7;("¢%)) where @ := (a1, ..., @) sat-
isfiess0 <o) <oy <--- <, and Z;"zl o; = 1. Let [ denote the smallest

positive integer such that oy > 0. If | = m then o € Extg(¢£]") and Proposi-
tion 4.5 implies that «” € Extg (22, ("2 )). We may thus suppose, from now
on, thatl < m.

By Proposition 3.1(d), (Z;("¢%)) = Z2("¢]') with duality (¢", P) =
P(¢) for P € Z("¢}') and ¢ € (¢2.)" = ¢'. By the Krein-Milman Theorem
|[P|, P € Z("L}"), achieves its maximum over the unit ball of £{" at a point ¢
where ¢" € Extg(Z2;("€1)).
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Now consider the 2-homogeneous polynomial on £7'

Po(zi, .oy zm) 1= Z zlz,+z 2akal z;.

I<i<j<m k>1

Since
|P(X(Zla"-azm)| = |PO{(05"-507Z[a"'aZm)|
< Y lally
I<i<j<m k>l
=Py (0,...,0, [zl ...\ |zmD)
<Pyl - (Z |Zk|)
k>l
it follows that | P,| achieves its maximum, || P || := || Pyl B, at some point
. 1

which has the forme’ (0, ..., 0, x;, ..., x,,) wherex; > Ofori > 1,3/ x; =
land 6 € R.

Applying the method of Lagrange multipliers to the problem of maximizing
| Py| ontheset T := {(O, e 0, x0, 000, X)) s x; > 0and Z;”:lx,- = 1} yields

the equations
in =Ai=1-—x

i>l

and

- O — o
(Zx,-) — X+ 2xXp = A
ZOlk

i=l

for k > . Hence ayxy, = ayx; fork > 1. Since > i, x; = > -, a; = 1 this
implies o; = x; fori > [.

Hence
O — o
sup{|Py(x)| : x € T} = Z OliOlj+Z : o?
I<i<j<m = Ok
1 m 2 1 m
Syt
i=l k=l
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If* >0, {I*yCcSc{l*...,m}let

Sz{xeRm:x:(O,...,O,xl*,...,xm),

x; >0ifi € S,x;, =0ifi ¢ Sand Zx,-:l}.

i=l

An analysis similar to the above shows that

(Lies i) —ou _ 1 ( al )
P ixeSp=" 2 = ol =
sup{ [P (x)] : x €8} 2(X s i) 2 Dies i

Since o; >0 when i >/ this shows that || P, || = | Py (21, - . . ,2Zm)|, Z;n=1 |zi|=1,if
and only if (z1, ..., z,) = €%« for some § € R. Hence o? € Extg (22 (3¢™))
and we have established (3) when n = 2.

Ifa:=(,1,....,1) €2 then ||B]l = land (B, (21, ..., Zm)) = D 1oy Zi
for (zy, ..., zm) € £]'. Hence | B achieves its maximum over the unit ball of £’
precisely at all points of the form e (xy, ..., x,) where x; > 0, Z;"Zl xi =1
and 6 € R.

If n > 2 then Q := P, - B"~2 is an n-homogeneous polynomial on €'
and |Q| achieves its maximum over the unit ball of £} precisely at those
points which have the form e« where & € R is arbitrary. Hence a" €
Extg (2 ("¢%)) and we have established (3) for all n > 2 and all m.

Note that the function

S(un) =1+ Pa((eienycr(n))rzl)

satisfies | f (¥)| < | f(x)|forall y # x in the closed unit ball of £;. This may be
used to show that all finitely supported unit vectors are peak points of different
algebras of holomorphic functions (we refer to [2] for details).
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