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DISCRETE ASYMPTOTIC HOMOMORPHISMS IN
E-THEORY AND KK-THEORY

KLAUS THOMSEN

Abstract

We obtain six-term exact sequences for E-theory and KK-theory which involve discrete asymptotic
homomorphisms and generalize the extension of groups from the UCT theorem.

1. Introduction

In this paper we show how the homotopy classes of discrete asymptotic ho-

momorphisms
@ = (@neN : SA—> BR KX

can be organized to become a bivariant functor D(A, B) with many of the same
properties as the E-theory of Connes and Higson. Furthermore, we show that
this bi-functor is related to E-theory via two six-term exact sequences of the
form

D(A,B) —4=5 D(A,B) —— E(A, B)

I I

E(A,SB) «—— D(A,SB) «<—— D(A, SB)

D(A,B) —4=°> D(A,B) ——— E(A, B)

I !

E(SA,B) «<—— D(SA, B) <——— D(SA, B)
The map o is the automorphism induced by the shift:
U(¢)n = ©On+1-

By restricting all considerations to asymptotic homomorphisms where the
individual maps are completely positive linear contractions we get similar exact
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sequences involving K K -theory, and we show how an appropriate unsplicing
of one of the resulting six-term exact sequences reduces to the extension of
groups from the UCT theorem in the form it has been given by Rgrdam in [14]
and Dadarlat and Loring in [6].

Because E-theory and K K-theory both have equivariant versions which
are used in connection with the Novikov conjecture and the Baum-Connes
conjecture we have taken the trouble to develop the equivariant theory and
obtain the six-term exact sequences in that setting.

Although the sole purpose of this paper is to demonstrate how the theory
of discrete asymptotic homomorphisms give rise to bifunctors which are in-
timately related to KK-theory and E-theory, we comply with the referees wish
and include at the end a remark about the possibility of actually calculating
these new bifunctors.

2. Basics

In the following G will be a fixed locally compact topological group. A C*-
algebra with a pointwise normcontinuous action of G by automorphisms will
be called a G-algebra. Let A and B be G-algebras.

DEFINITION 2.1.  An asymptotic homomorphism ¢ = {¢;}1e(0.00) : A — B
is a family of functions ¢, : A — B such that

(D) t — @;(a) is continuous for alla € A,

2) tlim [o:(ab) — ¢, (a)p;(b)] =0foralla,b € A,

3) tlim [¢(a + Ab) — ¢;(a) — Ag;(b)] =0 foralla,b € Aandall A € C,

) tlim [p:(@™) — @ (a)*] =0foralla € A,
— 00
) tlirgo[wt(g-a)—g-wt(a)]=0, g€G, acA.

Note that we do not require any continuity of ¢, on A, so in order to be able
to work with asymptotic homomorphisms we need the following property. A
proof can be found in [15].

LEMMA 2.2. Let ¢ = {¢:}ie[0.00) - A — B be an asymptotic homomorph-

ism. Then )
lim sup [los(MI < [yl

t—>00 s>t

forally € A.
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DEFINITION 2.3.  An asymptotic homomorphism ¢ = {¢;};¢[0,00) : A = B
is sequentially trivial when

lim ¢,(a) =0, acA.
n—0o0

Most of the asymptotic homomorphisms ¢ = {¢;} we shall work with will
have the following additional properties :
For all @ € A and all € > 0 there is a neighbourhood U of e such that

(6) sup [lg - @i(a) — (@)l <, geU.

t€[0,00)
For all a € A and all € > 0O there is a § > 0 such that

(7N sup lgi(a) — (D)l =€ when |a—b| <.

t€[0,00)

An asymptotic homomorphism is called equicontinuous when (6) and (7)
hold.

PROPOSITION 2.4. Let ¢ = {¢;}ie(0.00) 1 A = B be a (sequentially trivial)
asymptotic homomorphism. There is then a (sequentially trivial) equicontinu-
ous asymptotic homomorphism ¢' = {¢;}1c(0.00) : A = B such that

lim [¢; (a) — ¢;(a)] =0
—00
foralla € A.

The proof of this fact is based on the following result.

THEOREM 2.5 (Brown). Let

0—J ‘> E-L25B—0

be an extension of C*-algebras. Let o : G — AutJ, f : G — Aut E and
Yy : G — Aut B be homomorphisms such G > g > og4(j) is continuous for
all j € J and G > g — y,(b) is continuous for all b € B. Assume that i
and p are G-equivariant, i.e. thati o, = B, 0i and y, 0 p = p o B, for all
g € G. It follows that G > g +— Bg(e) is continuous for all e € E.

This result was obtained in [16] in the case where G is o-compact and
the C*-algebras separable. We will have to restrict our considerations to such
cases below (in order to define the composition products), so for all our results
Theorem 2.1 of [16] will suffice. However, Larry Brown has obtained the
general resultin [1]. In fact, Brown proves a result which is much more general
than Theorem 2.5 and deals with Banach spaces.
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We can now give the

PrOOF OF ProprosiTION 2.4. Let C,([0, 00), B) denote the C*-algebra
of bounded continuous functions f : [0,00) — B and consider SB =
Co(0, 00) ® B as an ideal of C,([0, 00), B) in the obvious way. We let p :
Cy([0, 00), B) — C,([0, c0), B)/SB be the quotient map. The given action
o : G — Aut B defines a representation 8 : G — Aut C,([0, 00), B) in the

obvious way :
Bs(/)(1) = ag(f(1)), t € [0, 00).

This action is generally not continuous, but its restriction to S B is. 8 defines a
representation y of G as automorphisms of C,([0, c0), B)/S B in the obvious
way, i.e. such that y, o p = p o B, forall g € G. By Lemma 2.2 there is a
map ¥ : A — Cp([0, 00), B) given by

Y (a) (1) = ¢ (a), 1 € [0, 00).

By conditions (1)—(4) in Definition 2.1 we have that por is a *-homomorphism
and hence in particular continuous. By condition (5) of Definition 2.1 we have
that ¢ is G-equivariant with respect to y, and it follows that y restricts to
a continuous representation of G as automorphisms of 1 (A). Then Theorem
2.5 implies that B is continuous on p~!(y(A)). By the Bartle-Graves se-
lection theorem we can find a continuous section s : ¥ (A) — p~ (¥ (A))
for the restriction of p to p~!(¥(A)). Set ¢/ (a) = soY(a)t),a € A,
t € [0, 00). Then ¢’ is an equicontinuous asymptotic homomorphism such
that lim,_, o [l¢;(a) — ¢;(a)|| = O for all @ € A. In particular, ¢’ is sequen-
tially trivial when ¢ is.

When X is a locally compact Hausdorff space, we consider Cy(X) ® B as
a G-algebra with the action

(& H) =g fx), xeX, feC(X)®B.

The equivariant homomorphism Cy(X)® B — B given by evaluationatx € X
will be denoted by 7. The special cases X = (0, co) and X = [0, 1] will be
used so often that a special notation is convenient. We shall denote the C*-
algebras Cy(0, o0) =~ Cy(0, 1) and C[O0, 1] by S and I, respectively, and set
SB = Cyp(0,00) ® B,IB =C[0,1]® B.

Two (sequentially trivial) asymptotic homomorphisms ¢, ¢ : A — B are
homotopic when there is a (sequentially trivial) asymptotic homomorphism
d ={d,}: A— C[0,1] ® B such that 7y o &, = ¢,, 7 0 ®, = 1, for all
t € [0, 00). This is an equivalence relation, and we denote the set of homotopy
classes of asymptotic homomorphisms by [[A, B]], and the set of homotopy
classes of sequentially trivial asymptotic homomorphisms by [[A, B]]o.
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When dealing with asymptotic homomorphisms which are equicontinuous
it is natural to impose the condition of equicontinuity on the homotopies also.
Thus two equicontinuous (sequentially trivial) asymptotic homomorphisms
¢, ¥ : A — B are homotopic when there is a (sequentially trivial) equicon-
tinuous asymptotic homomorphism ® = {®,} : A — C[0, 1] ® B such that
moo @, = ¢, m 0 ®; = Y, forall ¢ € [0, 00). Let us (temporarily) introduce
the notation [[A, B]]“ and [[A, B]]j for the set of homotopy classes of equicon-
tinuous asymptotic homomorphisms, and sequentially trivial equicontinuous
asymptotic homomorphisms, respectively.

LEMMA 2.6. The natural maps [[A, B]]* — [[A, B]] and [[A, Blly —
[[A, Bllo are bijections.

Proor. This follows readily from Proposition 2.4

Having proved this lemma we will identify [[A, B]]* with [[A, B]], and
[[A, B]]y with [[A, Bl]o.

3. Products and pairings

We are now going to define the composition product of (sequentially trivial)
asymptotic homomorphisms, and a pairing between asymptotic homomorph-
isms and sequentially trivial asymptotic homomorphisms. For this purpose we
need to restrict our considerations to separable G-algebras and need to assume
that G is o-compact. These restrictions will be in force in the rest of the paper.

The constructions in this section are all essentially identical to the corres-
ponding constructions in [3] and [8]. The only difference is that we have to
take additional care to handle sequentially trivial asymptotic homomorphisms.

DEerFINITION 3.1. A parametrization (of [0, 00)) is a continuous non-decrea-
sing function r : [0, c0) — [0, co) such that lim,_, -, r(¢) = oco.

Note that when ¢ = {¢,} : A — B is an equicontinuous asymptotic homo-
morphism and r : [0, oo) — [0, 00) is a parametrization, ¢, is an equicon-
tinuous asymptotic homomorphism which is homotopic to ¢. But of course
not necessarily sequentially trivial even when ¢ is. This is the main reason that
we have to take additional care in the construction of the composition product
for sequentially trivial asymptotic homomorphisms.

DEeFINITION 3.2. Let A, B and C be G-algebras, and let ¢ = {¢;};¢0.00) :
A — Band ¥ = {1 }1e00.00) 1 B — C be equicontinuous asymptotic homo-
morphisms. A composition pair for » and ¢ is a dense subset X C A which is
the union of a sequence of compact subsets containing 0 and a parametrization
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r : [0, 00) — [0, o0) such that

®) lim sup [|9s o ¢/ (ab) — Y5 o gi(a)s 0 ¢, (b)|| =0,

t—00 s>r(t)

(€)) lim sup [|9s 0 ¢y (a + Ab) — Y5 o gi(a) — Ay 0 ¢y (b)|| = 0,

t—00 s>r(t)

(10) lim sup [[¥5 0 ¢/ (@®) — Yy 0 i (a)*[| =0,

t—00 s>r(t)

forall a,b € X, 1 € C, and for every compact subset K C G, every pair
a,b € X and every € > 0 there is a #p € [0, co) such that

(1) sup llg - ¥y ogi(a) —Yso@(h-b)| <llg-a—h-bl+e,

s>r(t)
forall g, h € K whent > 1.

Note that if (X, r) is a composition pair for ¢ and 1, then so is (X, 7") for
any parametrization r’ such that " > r.

PROPOSITION 3.3. Let A, B and C be G-algebras. Let ¢ = {¢:}ie[0,00) :
A — Band ¢ = {¥1}iej0,00) : B — C be equicontinuous asymptotic ho-
momorphisms, and let X C A be a dense subset which is the union of a
countable family of compact sets containing 0. There is then a parametriza-
tionr : [0,00) — [0, 00) such that (X, r) is a composition pair for \ and
®.

Proor. This follows straightforwardly by using the separability of the C*-
algebras, the o -compactness of the group and the equicontinuity of the asymp-
totic homomorphisms.

THEOREM 3.4 (Connes and Higson, [3]). There is a map
[[A, B]l X [[B,C]] > (x,y) = yex € [[A, C]]

with the following properties :
(a) (Definition): When ¢ : A — B and W : B — C are equicontinuous
asymptotic homomorphisms, and (X, r) is a composition pair for ¥ and ¢,

then
[V]e[p] =[]

where ). : A — C is any equicontinuous asymptotic homomorphism such that
lim [ (x) = s 0 (D] =0, x€X,

for some parametrization s > r.
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(b) (Associativity):
ze(yex)=(zey)ex,

x € [[A, B]], y € [[B,Cl], z € [[C, D]].

Proor. The proof of this is basically the same as in the case dealt with by
Connes and Higson in [3]. Since all the details can be read out of the following
proofs just by ignoring all references to sequential triviality we shall omit them
here.

LeEmMMA 3.5. Let ¢ : A — B, ¥ : B — C be equicontinuous asymp-
totic homomorphisms. Assume that ¢ is sequentially trivial. Let (X, r) be a
composition pair for ¥ and @.

(a) For any parametrization s > r there is a sequentially trivial equicon-
tinuous asymptotic homomorphism A* : A — C such that

[lim AL(X) — Yy 0 o (x) =0, x € X.
—00

A’ is unique up to asymptotic equality.
(b) When s, s, are parametrizations such that s; > r, i = 1,2, the two
sequentially trivial asymptotic homomorphisms \*' and )\** are homotopic.

PrOOF. (a): Since 0 € X, it follows from conditions (9) and (11) of Defin-
ition 3.2 that

limsup Y5y 0 @I < Ixll,  x € X.
—>00
In the notation from the proof of Proposition 2.4 this shows that every element
x € X defines an element F, € C([0, 00), C) such that F,(t) = Y o
@i (x), t € [0, 00). In fact F, € CF(C), where

Cf(C) ={f e Cy0,00),C): g+> g- fiscontinuous },

because of condition (11) of Definition 3.2. Let g : CbG C) —» CE (C)/sC
be the quotient map. Since ||g(Fy) — g(F)|| < ||lx — y|l forall x, y € X by
condition (11) of Definition 3.2, the map x +— g (F,) extends by continuity to
amapA: A — CbG (C)/S8C, and conditions (8)—(10) of Definition 3.2 ensure
that A is a x-homomorphism, and A is G-equivariant by condition (11). By
the Bartle-Graves selection theorem there is a continuous right inverse s for
g and we set Aj(a) = s o A(a)(t), t € [0, 00). It is clear that this proves the
existence of an equicontinuous asymptotic homomorphism A° : A — C such

that . '
Iim [3(0) = Yy 0 910 =0, x € X.
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Since ¥ is equicontinuous and ¢ sequentially trivial, it follows that lim A} (a)
n—oo

= 0 for all a € X. By equicontinuity of A* this must then hold for all a € A,
i.e. A® is sequentially trivial. The uniqueness up to asymptotic equality follows
from equicontinuity and the density of X.

(b) It suffices to show that A* is homotopic to A" for every parametrization
s > r. To this end note that we may define, for each ¢ € [0, c0), a map
v, X — C[0,1]® C by

W, (x) () = Yast)+1-a)r@) © @ (X), a€[0,1].

Since as(t) + (I — a)r(t) > r(t) for all «, ¢, it follows from the condi-
tions on (X, r), that lim;_, , ||¥;(ab) — ¥;(a)¥;(b)|| = O forall a,b € X,
lim; o [|¥;(a + Ab) — ¥, (a) — AV, (b)|| =0foralla,b € X and all A € C,
lim,_, o |, (@*) — ¥, (a)*|| = O for all @ € X, and for every compact subset
K C G,everya,b € X and every € > 0O there is a 7y € [0, 0co) such that

sup [Ws(g-a)—h - WD) <lg-a—h-bl|+e

s>t
forall g, h € K when ¢ > #;. Hence, as in the first part of the proof, we obtain
an equicontinuous asymptotic homomorphism ® : A — C[0, 1] ® C such

that )
lim sup ”(I)t ()C)(Ol) - W(xs(t)+(lfoz)r(t) O ¢ ()C)“ = O’

t—00 ae[0,1]

for all x € X. Since ¢ is sequentially trivial and ¥ equicontinuous we have
automatically that ® is sequentially trivial. Thus @ defines ahomotopy between
asequentially trivial asymptotic homomorphism which is asymptotically equal
to A* and one which is asymptotically equal to A". It follows that A" and A* are
homotopic as sequentially trivial asymptotic homomorphisms.

THEOREM 3.6. There is a map

[[A, Bllo x [[B,CI] 3 (x,y) = yex € [[A, Cllo

with the following properties :

(a) (Definition): When ¢ : A — B and W : B — C are equicontinuous
asymptotic homomorphisms, ¢ is sequentially trivial and (X, r) is a compos-
ition pair for W and @, then

[V]elp] =I[A]
where A : A — C is any equicontinuous asymptotic homomorphism such that

Ilirgo[)tt(x) — Y 0@ (x)] =0, x € X,
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or some parametrization s > r.
4
(b) (Associativity):

ze(yex)=(zey)eux,

in [[A, Dllo, when x € [[A, Bllo, y € [[B, C]], z € [[C, D]I.

ProoF. (a) Let ¢’ : A — B, ¥’ : B — C be equicontinuous asymptotic
homomorphisms such that [¢] = [¢']in [[A, B]]p and [¥/] = [¢']in [[B, C]].
Let (X, r1) be a composition pair for ¢ and ¢, and (X», r,) a composition pair
for ¢’ and ¢'. Let s; > ry, 55 > r, be parametrizations. Assume that Al Az
A — C are equicontinuous sequentially trivial asymptotic homomorphisms

such that ) .
tli)rglo[)\‘[(x)_wS](t)o(pl‘(x)]:()i x€X19

and ) 5 ) .
Tim (A7) = ¥,y 0901 =0, x € Xa.

We must show that A! and A% are homotopic. Let ® : A — C[0,1] ® B
be a sequentially trivial equicontinuous asymptotic homomorphism such that
mpo® =¢pandmo® = ¢’ . Let ¥ : C[0,1]® B — C[0, 1] ® C be the
equicontinuous asymptotic homomorphism given by ¥, (f)(«) = ¥, (f(x)),
ael0,1], f€C[0,11®B.Let¥' : B — C[0,1]®C bean equicontinuous
asymptotic homomorphism with 7y o W! = v and 7y o W! = /. Set ¥ =
X1 U X,. By Proposition 3.3 there is a composition pair (Y, v) for ¥ and ®
and a composition pair (¥, v;) for W! and ¢’ such that v > s and v; > 5.
By Lemma 3.5, applied to @ and W, this gives us, for every parametrization
w > vV vy, an equicontinuous sequentially trivial asymptotic homomorphism,
A3 A — C, which is homotopic to A and satisfies that

lim () = Yup 0@ (x)]=0, xeV.
—00

Similarly, by applying Lemma 3.5 to W! and ¢’, we get an equicontinuous se-
quentially trivial asymptotic homomorphism A* : A — C which is homotopic
to A% and satisfies that

lim [A7(0) = Yu 0 ()] =0, x €Y.

Since Y is densein A, A3 and A* are asymptotically equal and hence homotopic.

(b)Letp : A— B,y : B— C,A: C — D beequicontinuous asymptotic
homomorphisms, with ¢ sequentially trivial, such that [A] = z, [V] = Y,
[¢] = x. Let (X, r) be a composition pair for ¥ and ¢, and u : A — C
an equicontinuous sequentially trivial asymptotic homomorphism such that
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lim; o0 |4 (X) — Yy 0 9 ()| = 0, x € X. Let (X, w) be a composition
pair for A and n which satisfies several additional properties which we now
describe. By choosing w to be sufficiently rapidly increasing we can ensure
that

(12) lim sup ||)\'w(s) o vfr(s) O ¢ (ab)

—>00 s>t

- )Vw(s) o 1pr(s) o (pt(a))\w(s) o wr(s) O @y (b)” =0,

(13) lim sup (| Ay () © ¥r(s) © ¢:(a + zb)

I—00 s>t

- )\'w(s) o vfr(s) O @y (a) - Z)\'w(s) o Wr(s) O @y (b)” = 09

(14) lim sup ”)“w(s) o wr(s) o (pt(a*) - )"w(s) o 1zhr(s) o (pl(a)*ll =0

t—00 s>t

forall a,b € X, z € C, and for every compact subset C C G, any pair
a,b € X and any € > 0 there is a ty € [0, co) such that

(15) sup ”)‘w(s) o Wr(s) o ‘pt(g . a) —h- )"w(s) o wr(s) o got(b)”
s>t
<lg-a—h-bll+e

forall g, h € C whent > ty. Let us show how to meet the last condition. Write
G =, G, where each G, is open with G, compact, and X = U,, K» where
each K, is a compact subset of A. Both sequences are chosen so that they are
increasing. For each n there is a t,, such that

1
sup [|[¥r) o (g-a) —h - Yo < llg-a—h-b|+ .
s>t
forall g,h € G,, a,b € K,,, t > t,. This follows from condition (11) of

Definition 3.2. We may assume that?, < t,, foralln and thatlim,_, » #, = oc.
By equicontinuity and compactness we can find s, € [0, oo) such that

S | =

sup ”)\y (g : WV(A') o (pt(a)) — 8- )‘y © W}’(A‘) o (0;(61)” =<

YZSn

9’

and
sup [|Ay o Y5y 0 91 (g - a) — Ay(h - Y5y 0 @y (@)l

y=sn 1
< ”Wr(s) o (pt(g : a) —h- 1pr(s) 0901((1)” + ;

forall g,h € G,,a,b € K,,,s,t € [0, t,1]. We may assume that s, < $,41
for all n and that lim,,_, » s, = 00. Let v : [0, 0c0) — [0, 00) be an increasing
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parametrization with v(#,) = s,. Let w be any parametrization w > v, and
consider any a, b € K,,, g, h € G,. Whent > t,,, m > nands > ¢, thereis a
k > m such that s € [#, t+1]. Then w(s) > v(s) > v(t;) = s and hence

”)"w(s) o Wr(s) o (pt(g : (1) —h- )"w(s) o wr(s) o (pt(b)”

< ”)‘vw(x) o K[/r(s) O @y (g . a) - )‘vw(s) (h . 1)//‘r(s) O ¢ (b))”
+ ”)‘w(s) (h : vfr(s) o th(b)) —h- )"w(s) o wr(s) o got(b)”

2
1Yry 0 @i(g-a) —h- Y o@D + z

IA

IA

2 1 3
S+ —+lga—h-bl <= +lg-a—h-bl,
k m m

foralla,b € K,, g,h € G,. This shows that the last condition holds for all
parametrizations w which are sufficiently large. The first conditions are met via
similar, but slightly simpler arguments. Since lim,_, oo || 12, (X) =¥y 00 (X) || =
0, x € X, we can make w increase so rapidly that

lim |[Ay) © i (X) = Ay © Yry 0 @1 (x) || =0, xeX.
t—00

Finally, let Y be a dense subset of B which is a countable union of compact
sets containing 0 such that | J, ¢,(X) € Y. We take w such that (¥, w) is a
composition pair for A and v, in addition to all the other requirements. Then
[A] e ([¥] e [¢]) = [B] where 8 : A — D is an equicontinuous sequentially
trivial asymptotic homomorphism such that

tlgglo | B: (X)) =Aw@yoms (X)) = tlgglo 1B () =Awinyo¥rpyop: (X)) =0, x € X.

Letv : B — D be an equicontinuous asymptotic homomorphism such that
Tm v () = hu 0 YrpMI =0, yeY.

Let (X, s) be a composition pair for v and ¢ such that s(¢) > ¢ for all t €

[0, 00). By using that |, ¢;(X) < Y, we can choose the parametrization

s : [0, 00) — [0, o0) such that

tlg})lo IVsy © @1 (X) — Ausry) © Yrsy) © @ ()]l =0, xeX.

Thanks to the special properties of w we can construct homotopic equicon-
tinuous asymptotic homomorphisms, A°, A! : A — D, such that

lm [0 = Awiy 0 Yrwy 0 (0 =0, x € X,
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and ] .
tlgglo 14, () = Awisy) © Yrisioyy © @ (X) || = 0, xeX.

The homotopy is given by an equicontinuous asymptotic homomorphism ® =
(®,), where

lim sup [|®;(x)(®) — Aws)+1-a)) © Vrst)+(1-ay) © @ (X)[| =0

t—00 ael0,1]
for all x € X. @ exists by the requirements we put on w. Note that the
equicontinuity of A, ¥ and ®, combined with the sequential triviality of ¢,
implies that ® must be sequentially trivial. Since 8 and A° are asymptotically
equal we conclude that [8] = [A']in [[A, D]]o. Since lim,_, o [|A} (x) — vy 0
@0l = 0, x € X, we have that [1'] = [v] e [¢] = ([A] e [¥,)]) ® [] =
(1] o [¥]) o [g].

To get a pairing of [[A, B]] x [[B, Cllo — [[A, C]]o we use the following
definition.

DEeFINITION 3.7. A parametrization r : [0, co) — [0, 00) is said to be
invertible when r is strictly increasing and r(0) = 0. Let A, B and C be G-
algebras, and let ¢ = {¢;}ie[0.00) : A = B and ¥ = {1 }1e0,00) : B = C be
equicontinuous asymptotic homomorphisms. Assume that i is sequentially
trivial. A composition pair (X, r) for ¢ and ¥ is said to be invertible when r
is invertible and

(16) lim  sup [|Y, 0 (a)]| =0

t—00 {neN:n>r(t)}
foralla € X.

By using that i is sequentially trivial one sees that invertible composition
pairs always exist. The crucial point about this notion is that when (X, r) is an
invertible composition pair,

lim ¥, o wsfl(n)(x) =0
n—00

for all x € X and all invertible parametrizations s > r.

LEmmaA 38. Let ¢ : A — B, ¥ : B — C be equicontinuous asymp-
totic homomorphisms. Assume that \r is sequentially trivial. Let (X, r) be an
invertible composition pair for W and ¢.

(a) For any invertible parametrization s > r there is a sequentially trivial
equicontinuous asymptotic homomorphism p° : A — C such that

[lggo i (x) — Y 0 @s-1((x) =0, xeX.
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W’ is unique up to asymptotic equality.
(b) When s\, s, are invertible parametrizations suchthats; > r,i = 1, 2, the
two sequentially trivial asymptotic homomorphisms u*' and p** are homotopic.

PrOOF. (a) Construct A® exactly as in the proof of (a) in Lemma 3.5. Set
then
,l,Lf (Cl) = )\i’l(t)(a)'

Then )
Jim g () = ¥ 0 g1 ()| = 0

forallx € X. Sincer satisfies (16) and s > r itfollows thatlim,_, o, ) (x) =0
for all x € X. By equicontinuity of ©* and density of X in A it follows that ©*
is sequentially trivial.

(b) follows in the same way as (b) of Lemma 3.5. The only difference is
that the homotopy @ is now obtained by setting

W, (x) (@) = Y1 © Qpyst—ayr' (1) (X)-

THEOREM 3.9. There is a map
(LA, B]l x [[B, Cllo > (x,y) = y ex € [[A, Cl]o

with the following properties:

(a) (Definition): When ¢ : A — B and ¥ : B — C are equicontinu-
ous asymptotic homomorphisms, with \r sequentially trivial, and (X, r) is an
invertible composition pair for  and ¢, then

[V]e[e] =[A],

where A : A — C is any sequentially trivial equicontinuous asymptotic ho-
momorphism such that

tlggo[kt(X) — Y o @g-1n(x)] =0, xeX,

for some invertible parametrization s > r.
(b) (Associativity):
ze(yex)=(zey)ox

in [[A, D]lo, when x € [[A, B]], y € [[B, C]], z € [[C, Dl]Jo.

PrOOF. (a) follows in the same way as (a) of Theorem 3.6. One uses
Lemma 3.8 instead of Lemma 3.5, of course. The proof of (b) is very sim-
ilar to the proof of (b) of Theorem 3.6, and we leave the details to the reader.
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4. Excision and Bott-periodicity

In this section we describe how the pairings of Theorem 3.6 and Theorem 3.9
can be used to prove a series of fundamental properties of [[A, B]]y. The meth-
ods are basically those developed in [3], [2], [5] and [8] and they all build on the
Bott-periodicity theorem of Cuntz, [4]. In particular, the corresponding results
involving [[A, B]] instead of [[A, B]]y are all contained in [8]. Accordingly
what we offer in this section is to a large extend merely a reading guide which
shows how the known arguments can be adopted to deal with sequentially
trivial asymptotic homomorphisms.
An extension

(17) 0—sJ 1AL spB—50

of C*-algebras, where A, B and J are G-algebras, is said to be an extension
of G-algebras when j and p are G-equivariant.

By using Lemma 1.4 of [10] the Connes-Higson construction from [3]
can be used to obtain an asymptotic homomorphism SB — J from a given
extension of G-algebras of the form (17), cf. Proposition 5.5 in [8].

THEOREM 4.1. For any G-algebra D,
[[D’ S_]]()?

is a functor from G-algebras to groups which is half-exact with respect to
extensions of G-algebras.

ProoF. Consider the G-extension (17), and let
Cr={@ fHeA®CB: f(l)=pla)}
be the mapping cone of p, and let o : C;, — A be the projection. Then
(18) [[D. Cpllo —=— [[D. Allo —*— [[D. Bl

is exact (as pointed sets). Indeed, if ¢ : D — A is a sequentially trivial
asymptotic homomorphism such that p,[¢] = 0, there is a sequentially trivial
asymptotic homomorphism @ : D — [ B suchthat o ®, = Oand 7o ®; =
p oy forall t € [0, 00). Note that ® is a sequentially trivial asymptotic
homomorphism ® : D — CB = {f € IB : f(0) = 0} and that

Vi(d) = (g (d), ®:(d)),

defines a sequentially trivial asymptotic homomorphism ¢ : D — C, such
that o, [¥] = [¢]. By applying (18) to the suspension of (17) we conclude that

19) [[D, SCpllo —=— [[D, SAllo —=— [[D, SBllo
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is exact. By Proposition 5.14 of [8] SC), is equivalent to SJ in the category of
homotopy classes of asymptotic homomorphisms. Therefore the pairing from
Theorem 3.6 allows us to replace SC,, with SJ in (19).

We now stabilize the functor. So let #” denote the compact operators on an
infinite-dimensional separable Hilbert space. For any G-algebra A we consider
A ® & as a G-algebra with the given G-action on A tensored with the trivial
action on % . Set

D(A,B)=[[SA® % ,SB® %1 .

Then D is a bivariant functor from the category of G-algebras to the category of
abelian groups. Since we consider %" as a trivial G-algebra the standard proof
shows that there is natural isomorphism D(A, B) >~ [[SA, SB ® /% 1]o. More
importantly, we also have Bott-periodicity in the form known from K K -theory
and E-theory.

THEOREM 4.2 (Bott periodicity). There are natural isomorphisms,
D(A, S’B) ~ D(A, B) and  D(S?A, B) ~ D(A, B).

Furthermore, the suspension map S : D(A, B) — D(SA, SB) is an iso-
morphism.

PrOOF. By Proposition 6.16 of [8], S3.# and S.# are equivalent in the
category of homotopy classes of asymptotic homomorphisms. Hence the two
isomorphisms, D(A, S?B) ~ D(A, B) and D(S*A, B) >~ D(A, B), are ob-
tained by using Theorem 3.6 and Theorem 3.9, respectively. The fact that the
suspension map is an isomorphism follows in the same way as in Proposi-
tions 6.16 and 6.17 of [8].

It follows from Theorem 4.1 that D(A, —) is half-exact with respect to
extensions of G-algebras. Similarly, by using Theorem 4.2 we can show that
D(—, B) is half-exact as a contravariant functor, but we are not going to need
this fact.

Set
E(A,B)=[[SA® #,SB® #]1l.

As in the case of D we can remove % on the left, i.e. we have a natural
isomorphism E(A, B) >~ [[SA, SB®.#]]. While D is a new bivariant functor,
E is only a slight generalization of the equivariant E-theory, denoted by E¢, of
Guentner, Higson and Trout, [8]. To explain the relation, consider the Hilbert

space
Hg = &2, L*(G).
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The direct sum of copies of the regular representation makes the C*-algebra
of compact operators on H into a G-algebra which we denote by #;. Then

EG(A, B) = E(A® G, B® ).

5. The six-term exact sequences

DEFINITION 5.1. A discrete asymptotic homomorphism ¢ = (¢ )nen : A —
B is a sequence of maps ¢, : A — B, n € N, such that

(20) lirgo[wn (ab) — g, (@)@, (b)] =0, a,beA,

@21)  lim [g.(a + Ab) — gu(@) — Ay ()] =0,  a,be A, LeC,

(22) lim [, (a*) = ¢a(a)"] = 0, acA.
(23) lim [, (g -a) — g - gu(@)] =0, 8€G, acA.

DEerFINITION 5.2.  Two discrete asymptotic homomorphisms, ¢ = (¢;)neN :
A — B and ¥ = (¥,)»en are homotopic when there is a discrete asymptotic
homomorphism ® = (®,),cn : A — I B such that 7y o ®,(a) = ¢,(a) and
w10 ®,(a) =Y, (a) foralln € N, a € A.

The set of homotopy classes of discrete asymptotic homomorphisms from
A to B will be denoted by [[A, B]]In. Then [[A, SB]]n is a group, [[A, S?BlIn
is an abelian group, and [[A, SB]]n is abelian when B is stable.

In order to relate discrete asymptotic homomorphisms to sequentially trivial
asymptotic homomorphisms, we need the following lemma.

LEMMA 5.3. Let ¢ : A — B be a sequentially trivial asymptotic homo-
morphism. There is then a sequence {5,} in 10, 1[ and a sequentially trivial
asymptotic homomorphism  : A — B such that

(1) wt :O;t € [n_‘snan+6n]:
(2) lim; 0 ¢r(a) — Y (@) =0, a € A.

ProOOF. By Proposition 2.4 we may assume that ¢ is equicontinuous. Let

ai, az, as, ..., be a dense sequence in A. For each n € N, choose §, € 10, 1]
such that
1
”(pt(al)” S ||(pl’l(al)||+;7 i:1723"'3n7 te[n_28n7n+28n]'

Let f : [0,00) — [0, 1] be a continuous function such that f(t) = 1, t ¢
U,[n —28,,n + 28,1 and f(r) = 0,1 € |J,[n — 8,,n + 8,]. Set ¥, (a) =
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f (@)@ (a). Then lim;_, o, ¥, (a) — ¢;(a) = O for all @ € {ay, az, a3, ...}, and
by equicontinuity the same is true for all a € A.

Let ¢ = (@)nen : A — SB = Cp(0,1) ® B be a discrete asymptotic
homomorphism. For each t € [0, c0), define «(¢); : A — B by

a(@)i(@) = @ala)(t —n), t€ln,n+1l.

Itis straightforward to check that o (¢) = (ct(¢)¢)re[0,00) 1S a sequentially trivial
asymptotic homomorphism.

LEMMA 5.4. The map [¢] — [a(p)] is a bijection o : [[A, SB]ln —
[[A, Bllo-

PRrROOF. Itiseasy to see that the map is well-defined. Letgp : A — B be ase-
quentially trivial asymptotic homomorphism. By Lemma 5.3 [¢] € [[A, Bllo
is also represented by a sequentially trivial asymptotic homomorphism
which satisfies that ,, = Oforalln € N. Define, foreachn € N,A,, : A — SB
by A, (a)(t) = Y¥,u4i(a), t € 10, 1[. Then A is a discrete asymptotic homo-
morphism such that «(A) = 1. This proves the surjectivity of . To prove the
injectivity, let ¢, ¥ : A — SB be discrete asymptotic homomorphisms, and
let ® : A — IB be a sequentially trivial asymptotic homomorphism such
that 7 o ®,(a) = a(p),(a), Ty o ®,(a) = a(¥),(a),a € A, t € [0, c0).
By Lemma 5.3 and the preceding argument we can find a discrete asymp-
totic homomorphism ¥ : A — ISB such that lim;_, o @(¥),(a) — ®,(a) =
0 for all @ € A. It follows that lim, ., 7y o ¥,(a) — ¥,(a) = 0 and
lim, oo 1 0 ¥,(a) — @,(a) = 0 for all a € A. Thus ¢ and ¢ are homo-
topic to 7wy o W and g o W, respectively, and hence also to each other.

Combining the bijection o with the obvious (forgetful) map [[A, B]lo —
[[A, B]], we get a map

co - [[A, SB]In — [[A, B]].

We seek the kernel of ¢y, i.e. the set of elements in x € [[A, SB]]n such
that co(x) = 0 in [[A, B]]. To this end we introduce an automorphism o of
[[A, SB]In. When ¢ = (@,)nen is a discrete asymptotic homomorphism we
define a new discrete asymptotic homomorphism, o (¢), by o (@), = @y+1.
It is clear that we get a group automorphism, o, of [[A, SB]]n by defining
olgl = [o(@)].

LEMMA 5.5. Let x € [[A, SB]INn. Then co(x) = 0 in [[A, B]] if and only if
thereisay € [[A, SBlIn such that x = yo(y)~'.
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PROOF. Let ¢ = (¢,)qen be a discrete asymptotic homomorphism. Then
co(lpllo(p)]™!) is represented by an asymptotic homomorphism ¢ =
(¥ )ref0.00) Such that

24) Vs = Vnts, neN, se [0’ %]

and l”n+% = 0,n € N. For each A € [0, 1], define «;, : [0, c0) — [0, c0) by

M+ (n—2)A=2), te[n—13.n[
K. (1) =
M—{—(n—l—%)(l—k), t e [n,n—}—%].

Although «; is not continuous when A # 1, we can, thanks to (24), define an
asymptotic homomorphism @ : A — I B by ®;(a)(A) = ¥, (»(a), 2 € [0, 1].
Then 7y o ® = ¢/ and 7y o ® = 0, showing that co([pllo (@)™ = 0.

Conversely, let ¢ = (¢,),en be a discrete asymptotic homomorphism such
that co[¢] = 0. This means that there is an asymptotic homomorphism @ :
A — IBsuchthatmio® = 0,190 ® = a(p). Foreachs € [0, 1],¢ € [0, 00),
define ®(z,s) : A — B by ®(¢,s5)(a) = w5 0o ®;(a). Define ¢, : A - SB
by ¥, (a)(t) = ®(n,t). Since ® is an asymptotic homomorphism we see
that ¥ = (¥,)uen 1s a discrete asymptotic homomorphism. We claim that
[¢] = [¥1lo (¥)]~L. To see this, choose continuous maps A, : [n,n+ 1] x
[0, 1] — [n,n 4 1] x [0, 1] such that the following hold:

(1) Ap(n,y) =n,0),y€[0,1],

2) Ayin+1,y)=m+1,0),y €[0,1],

3) A(x,0) =(x,0),x €[0,1],

@) Ay(n+11)=@0D,

) Au(n+2,1)=@m+1,1),

(6) A, maps { (x,1):x e [n, n+ %] } homeomorphically onto {(n, y) :
y € [0, 11},

(7) A, maps { x,):xe [n+%, n+§] }homeomorphically onto {(x, 1) :
x € [0, 1]},

(8) A, maps {(x, 1):x € [n + %, n+ 1] } homeomorphically onto {(n +
1,y):yel0,1]}

Define ¥, : A — ISB by ¥, (a)(s,t) = ®(A,(n+¢,5))(a),s €[0,1],1 €
(0,1). Then ¥ = (W,,),cN is a discrete asymptotic homomorphism giving us
a homotopy between ¢ : A — SB and a discrete asymptotic homomorphism
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A= (A)nenN : A — SB such that
Yn(@ (@), 1€ (0,5)
hn(@)(t) = 1 0, ref5.3].
Y@ (u-@), te(3.1)

where (44 : [O, %] — [0, 1] is a homeomorphism homotopic to ¢ — 3¢, and
U : [% 1] — [0, 1] is a homeomorphism homotopic to ¢ — —3¢ + 3. Since
X is clearly homotopic to [v/][o (y)]~", this completes the proof.

When ¢ = (¢)ie0,00) : A — B is an asymptotic homomorphism we let ¢|y
denote the discrete asymptotic homomorphism (¢, ),<n. We can then define a
map dy : [[A, B]] — [[A, B]]n such that do[¢] = [¢|n].

LEMMA 5.6. The sequence
[[A, SB]In —2— [[A, B]] =2 [[A, B]I§ —> 0

is an exact sequence of pointed sets.

Proor. dy([[A, B]]) < [[A, B]I}: Let ¢ = (¢;)ie[0,00) be an asymp-
totic homomorphism. Define ®, : A — IB by ®,(a)(t) = ¢,+:(a). Then
® = (®,),eNn : A — 1B is a discrete asymptotic homomorphism defining a
homotopy between dy[¢] and o (do[¢]).

[[A, B}, € do([[A, B]]): Let ¢ = (¢,)nen : A — B be a discrete asymp-
totic homomorphism such that [¢] = o[¢]. There is then a discrete asymp-
totic homomorphism ® = (®,),cn : A — I B such that 7y o ®,, = ¢, and
m o ®, = @,41. Define an asymptotic homomorphism ¥ = (¥;):e[0.00) :
A — Bby yi(a) = ®,(a)(t —n),t € [n,n+ 1]. Then dp[¥] = [¢].

Itisclearthatcy([[A, SB]In)€ ker dy. To prove thatker doCco([[A, SB]In),
let ¢ = (¢1)ief0,00) : A — B be an asymptotic homomorphism such that
dole] = 0. There is then a discrete asymptotic homomorphism ® = (®,,),cn :
A — IB such that 7y o ®, = 0 and 71y o ®,, = ¢, for all n € N. For each
neN,setA, =[n,n+1] x {1} U{n} x [0, 11U {n + 1} x [0, 1] which is a
subset of [n, n + 1] x [0, 1]. For each a € A we define a continuous function
v, (a): A, - Bby

o (a), (t,s) € [m,n+ 1] x {1}
W, (a)(t,s) = { ®u(a)(s), (t,s) € {n} x [0, 1]
D, 1(a)(s), (t,5) €{n+1}x[0,1]
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Let A, : [n,n+ 1] x [0,1] — A, be a continuous retraction, and define a
function ¥, (a) : A — IB by ¥,(a)(s) = ¥,(a)(A,(t,5)),t € [n,n + 1],
s € [0,1]. Then ¥ = (¥;);c[0.00) : A — [ B is an asymptotic homomorph-
ism giving us a homotopy connecting ¢ to a sequentially trivial asymptotic
homomorphism.

By using Lemma 5.4 we identify D(A, B) with [[SA ® %, S’B ® . ]|n.
In this way o defines a group automorphism of D(A, B), and the map ¢y
becomes the obvious (forgetful) map ¢ : D(A, B) — E(A, B). dy becomes
amapd =a ' ody: E(A,SB) — D(A, B). Let finally B : E(A, B) —
E(A, S?B) be the Bott-isomorphism.

THEOREM 5.7. The sequence

D(A,B) -9 D(A,B) —*— E(A,B)

q Joe

E(A,SB) «—— D(A, SB) e D(A, SB)
is exact.

ProoF. By Lemma 5.5 and Lemma 5.6 it suffices to prove exactness at
E(A, B). But this follows from Lemma 5.6 and the trivial observation that the

diagram
D(A,B) —<—> E(A, B) 55 D(A, SB)

| b
D(A, S*’B) —— E(A, §*B)

commutes.

It is clear that there is also a dual version of the six-terms exact sequence
of Theorem 5.7. All one has to do is to use suspension and Bott-periodicity
(in the second variable) to translate the sequence of Theorem 5.7 to another
where it is the first variable which becomes suspended and de-suspended.
To describe how the maps are changed, let ¢ = (¢,)nen : A — B be a
discrete asymptotic homomorphism. Define an asymptotic homomorphism
c(¢) : SA — Bby (¢),(f) = ¢.(f(t —n)),t € [n,n+ 1]. ¢’ gives us a
map ¢ : [[A, BlIn — [[SA, Bllo. The composition

[[4. B]] —%— [[A, B]lx —— [[SA, Bl

will be denoted by d’. Then d’ givesrisetoamap d’ : E(A, B) — D(SA, B).
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THEOREM 5.8. The sequence

D(A,B) 4=2%5 D(A,B) —“—> E(A,B)

doS’loBT ld’

E(SA, B) <—— D(SA, B) DT D(SA, B)
is exact.

ProOOF. In order to transform the diagram of Theorem 5.7 to get the dual
version, observe that the following two diagrams commute :

[[A, BlIn =2 [[SA, SBlIn

N b

[[SA, B]lo

D(A, B) —2— D(A, $?B)

D(A, B) —2— D(A, $?B)

The first diagram is seen to commute by checking on a simple tensor g ® a,
g € S,a € A. As for the last diagram, it suffices to remember that the Bott-
isomorphism D(A, B) — D(A, S*B) is induced by a genuine (equivariant)
*-homomorphism SB ® # — S°B ® .# . With the commutativity of these
two diagrams established, the rest is merely a little diagram chasing which we
leave to the reader.

Notice that Lemma 5.4 shows that [[A, B]]p has the structure of a group.
The automorphism o of [[A, SB]]n corresponds to the automorphism (again
denoted by o) on [[A, B]]yp which is given by o (¢); = ¢;41.

We have the following lemma which removes a couple of redundant sus-
pensions and will be used in the next section.

LEMMA 5.9. There is a natural isomorphism

D(A, SB)" ~[[SA, SB® Z1I\-

ProOOF. The Bott-isomorphism B gives us a commuting diagram

[[SA, SB® #1lo —2— [[SA, S*B® # 1o

[[SA, SB® #1] —2— [[SA,S’B® .71]
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By Lemma 5.6 this diagram can be completed to give us a natural isomorphism
[[SA, SB® 11, = [[SA, S*B ® #TI{.

Since [[SA, S’°B ® H N} = D(A, SB)?, this completes the proof.

6. KK-theory

A (discrete) asymptotic homomorphism will be called completely positive
when the individual maps are completely positive linear equivariant contrac-
tions. By imposing the condition of complete positivity on the homotopies we
obtain the sets [[A, B]]., and [[A, B]]n,p, of homotopy classes of completely
positive asymptotic homomorphisms from A to B, and discrete completely
positive asymptotic homomorphisms from A to B, respectively. Similarly, we
let [[A, B]lo,c, denote the homotopy classes of sequentially trivial completely
positive asymptotic homomorphisms. The composition products and pairings
between [[-, -]]., and [[-, -]]o,¢, can then be defined in a similar, but simpler way
as in Section 3. And the proof of Lemma 5.4 allows us to identify [[A, SB]In,c,
with [[A, Bllo,c,. However, to have the Connnes-Higson construction avail-
able we need to stabilize and saturate the G-algebras by tensoring with the
G-algebra J#; which was introduced at the end of Section 4 to compare E
and Eg. By tensoring all G-algebras by .#; we come in a situation where
the Connes-Higson construction out of an extension of G-algebras with a
completely positive contractive and equivariant section for the quotient map
produces an asymptotic homomorphism which is not only completely positive,
but also equivariant, cf. Lemma 3.3 and Lemma 4.4 of [17]. As aresult we find
that
[[SA ® K6, SB® H#5lly = KK (A, B),

cf. Theorem 4.9 of [17]. In this way the six-term exact sequences of The-
orem 5.7 and Theorem 5.8 turn into the following two, where

KJC(A, B) = [[SA® 45, S*B ® HG1IN.cp
=[[SAQ® %5, SB ® #511o,cp-
THEOREM 6.1. The following two sequences are exact.

KJC(A,B) -4 KJG(A,B) ——> KKC(A,B)

q Joo

KKC(A,SB) «—— KJ“(A,SB) S KJC(A, SB)
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KJG(A,B) 4= KJG(A,B) ——> KKG(A,B)

doS“loBT ld’

KKC(SA,B) «—— KJG(SA,B)«ETKJG(SA,B)

To see in which way these exact sequences are related to the UCT, let us
restrict attention to the non-equivariant case, i.e. the case G = 0. In this case
the Connes-Higson construction gives us an isomorphism

CH :Ext™'(A, B) — [[SA, B® A1l

This was pointed out in [12], but is really something which follows from [11],
[7] and [9]. Let us assume that A is in the Bootstrap-category for which the
UCT holds, cf. [13], [6]. Then Pext(K.(A), K._1(B)) can be realized as a
subgroup of Ext~!(SA, B), and it was shown in [12] that the isomorphism
C H takes this subgroup onto the range of

c:[[S’A® #,B® #o.p — [[SPA® 4, B® %1, ~ KK(A, B),

i.e. onto the subgroup of [[S’A ® %, B ® J1]cp consisting of the elements
which may be represented by a sequentially trivial asymptotic homomorphism.
It follows from this, the exactness of the diagram(s) in Theorem 6.1 and the
version of the UCT from [6], that the range of the map d o B in Theorem 6.1 can
be identified with K L(A, B). In other words, by unsplicing the first six-term
exact sequence of Theorem 6.1 we obtain an extension of groups which is the
same as the extension in the UCT theorem, in the form it was given in [6].
And by using the version of Lemma 5.9 which involves completely positive
asymptotic homomorphisms, this leads us to the conclusion that

KL(A, B)~ KJ(A, SB) = [[SA, SB ® I,

7. Unsuspending D-theory

In order to keep our promises from the introduction we must show that D(A, B)
=~ [[SA, B ® 2 ]]n. The argument for this is a repetition of the arguments of
Dadarlat and Loring from [7] once we have obtained the following pairing.

A discrete asymptotic homomorphism ¢ = (¢,)nen @ A — B is called
equicontinuous when the obvious analogues of (6) and (7) hold. In analogy
with Lemma 2.6 we have that the set of homotopy classes of discrete asymptotic
homomorphisms is the same as the set of homotopy classes of equicontinuous
discrete asymptotic homomorphisms. This is helpful in the construction of a
pairing [[A, B]ln X [[B, C]] — [[A, C]]n in the same way as equicontinuity
was helpful in Section 3.
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DerNITION 7.1. Let A, B and C be G-algebras. Letp = {¢,} : A — Bbe
an equicontinuous discrete asymptotic homomorphism and ¢ = {¥;};¢[0,00) :
B — C an equicontinuous asymptotic homomorphism. A composition pair
for ¥ and ¢ is a dense subset X € A which is the union of a sequence of
compact subsets containing 0 and a parametrization r : [0, c0) — [0, co)
such that

(25) lim sup |[¥s o ga(ab) — s o gu(a)ys 0 ()|l =0,

n—00 s>r(n)

(26) lim sup [[¥; 0 @u(a + Ab) — Y5 0 gu(a) — A 0 0 (b) || = 0,

n—>00 s>r(n)

27) lim sup [[¥; 0 @u(a”) — ¥ 0 pu(@)*] = 0,

n—00 s>r(n)

forall a,b € X, 1 € C, and for every compact subset K C G, every pair
a,b € X and every € > 0 there is a ng € N such that

(28) sup |8 - ¥s o @n(a) = Ysopu(h-b)| < llg-a—h-bll+e,

s>r(n)
for all g, h € K when n > ny.
We can then repeat the proof of Theorem 3.6 to obtain the following.

THEOREM 7.2. There is a map
[([A, BlIn X [[B,Cl]1 2 (x,y) — yex €[[A, ClIn

with the following properties:

(a) (Definition): When ¢ : A — B is an equicontinuous discrete asymptotic
homomorphism and  : B — C an equicontinuous asymptotic homomorph-
ism, and (X, r) is a composition pair for ¥ and ¢, then

[¥]elp] =[A]

where A : A — C is any equicontinuous discrete asymptotic homomorphism

such that
lim [)\n(x) - 1//S(n) o (pn(x)] =0, x € X,
n—oo

or some parametrization s > r.
p
(b) (Associativity):

ze(yex)=(zey)eux,

in [[A, D]]n, when x € [[A, Blln, y € [[B, C]], z € [[C, D]].
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By using this pairing it follows that [[SA, —® % ]]n is a split-exact functor
from the category of G-algebras to the category of abelian groups for any G-
algebra A, cf. Proposition 3.2 of [7].!

LEMMA 7.3. The suspension map S : [[SA, B ® % 1In — [[S?A,SB ®
J NN is an isomorphism.

ProoF. The standard proof shows that [[SA, BQ ]Iy = [[SA® %, B®
1. It suffices therefore to show that S : [[SA®.%, BQ.# 1In — [[S?A®
J, SB ® 2 1]\ is an isomorphism. This follows now as in [7]. The inverse

of S is given by
[o] = [a] e [(Sp) o B],

where o : S?°B ® # — B ® J is an asymptotic homomorphism and 8 :
SA® # — S*A® X isax-homomorphism.

THEOREM 7.4. D(A, B) >~ [[SA, B ® X ]]n.

ProOF. By Lemma 7.3 wehavethat[[SA, B®.7 1INy ~ [[SPAR.7, S’B®
2 In. By Lemma 5.4 the latter group is D(S?A, B) and this is the same as
D(A, B) by Theorem 4.2.

By restricting attention to completely positive asymptotic homomorphisms
we get of course a similar de-suspension of the functor K J°(A, B) from
Section 6:

KJ%(A, B) ~[[SA, B® X 1IN.cp-

REMARK 7.5. Most, if not all, of the tools available for the calculation
of KK (A, B) can also be used for calculating D(A, B), at least in the non-
equivariant case where G = 0. To illustrate this, note first that it is easy
to see that D(C, B) = [[Co(R), B ® 1IN = [],—, Ki(B)/ &2, K1(B).
Hence, by Bott-periodicity, D(Co(R), B) = [[o2, Ko(B)/®>, Ko(B). Since
D(—, B) has excision (the argument for this was omitted in Section 4), we can
therefore calculate D(C(X), B) for any finite CW-complex X. Secondly, recall
that thanks to the work of Cuntz in [4] we know that the Pimsner-Voiculescu
exact sequence and Connes’ Thom isomorphism hold for the functor D(A, —).
The contravariant version of Cuntz’s results show that the same is true for
D(—, B). Finally, the pairings obtained in Section 3 give us immediately that
D(A, B) = D(Ay, By) when A is E-theory equivalentto A; and B is E-theory
equivalent to By. In fact, it seems that the only major tool for the calculation
of K K-theory and E-theory which at this point is not readily available for D-
theory is the universal coefficient theorem of Rosenberg and Schochet, [13].
We may return to this point in a future publication.

I'Since we are working in the category of G-algebras split-exactness refers to extensions of
G-algebras which split via an equivariant *-homomorphism.
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Concerning calculations of K J(A, B) we only remark that K J(A, B) =

D(A, B) when A is nuclear (and G = 0).

10.

11.

12.

13.

14.

15.

16.
17.
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