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GENERAL r-DIMENSIONAL TAUBERIAN PROBLEMS
WITH APPLICATION TO THE LAPLACE- AND
STIELTJES TRANSFORMS

LENNART FRENNEMO

Abstract

A general theorem on the closure of translates in certain weighted spaces in R" is proved and as
a consequence a general n-dimensional Tauberian theorem. This is applied to the n-dimensional
Laplace transform and to the one-dimensional Stieltjes- and Weierstrass transforms.

0. Introduction

Let K, ¢ and ¥ be functions from R" to R which belong to some specific
classes of functions which will be defined later in the text.
Suppose that

0.1 Kx¢p(x)~K*xy¥(x), x— +oo.

Under certain restrictions on i and with a Tauberian condition on ¢ we will
show that

0.2) ¢(x) ~¥(x), x — 4oo.
Here

Kx¢px)= f Kx —u)pw)du,

where we let an unspecified region of integration be R" throughout the text.
Byx = (x1, x2, ..., x,) &> +oowemeanthatx; — +o0,k=1,2,...,n,
and by (0.2) we mean that

¢(x)=v(x)+o(W(x)) when x — 400,

with a corresponding interpretation for (0.1).
The class of kernels considered here will be chosen so that it includes a
wide variety of well-known transformation kernels. As specific examples we
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apply the general results to the n-dimensional Laplace transform and the one-
dimensional Stieltjes- and Weierstrass transforms.

Problems of this kind for the one dimensional Laplace transform has been
treated earlier by the author in [7].

The method used depends on an n-dimensional analogue of a theorem on
the closure of the span of translates of the transformation kernels in a cer-
tain weighted space. One-dimensional closure theorems of this kind was first
proved by Nyman [14] and Korenblum [11]. The methods used in this paper
are developments of ideas used by the author in ([5], [6], [7]).

1. Preliminaries

We will use the following notations beside the ones used in the introduction.
If
x=(x,x,...,x) €R", y=01,y2,...,) €R"

then
x <y if xp <y forall k=1,2,...,n,

with a corresponding meaning for x < y.
We also let R, be all x € R" such thatx > 0 = (0,0, ...,0).
Furthermore, we let

n
Xy =) Xk X=X X X ®y = (XY Xy, Xnd),
k=1
dx = (8x1, 6xa, ..., 8x,) if § is a real number,

n
x|l = Z max(0, x;), (which is a pseudonorm in R" but a norm in R’}),
k=1

expx = (expxy,expxa,...,expx,), 1=(,1,...,1).
If x > 0 then

Inx = (Inxy,Inxy,...,Inx,), x¥ =exp(y - Inx),

X (xl X Xy )
y \yi'ym /)
We use standard notations for the Fouriertransform, thus

K(x) = / exp(—ix - 1)K (1) dt.
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We also introduce weight-functions p defined in R” such that

px) > p0) =1
px+y) < px)p(y)

p(rx) > p(x) ifrrealandr > 1
In this paper we use weight-functions p of the form
p(x) = (1 +|xD"exp(]lm ® x||), where 4 € Ry andm € R.
We call a function p from R” to R non-decreasing if

p(x) < p(y) when x <y.

DerFINITION 1.1, For any weight-function p we let L'(p) consist of all
measurable functions H such that

nmg=fuﬂﬂmmww<ao
We also let L°°(p) denote the space of all measurable functions ¢ such that

gl =ess sup 2

—oo<x<oco P(X)

< X

We see that L' (p) is a Banachspace under this norm with L>(p) as its dual
space, which means that any bounded linear functional on L!(p) is of the form

K — /K(—x)gb(x)dx

for some function ¢ € L*°(p). (Cf. e.g. [16] p. 136).
For convenience we let C stand for positive constants not necessarily the
same each time.

2. Some general Tauberian Theorems

We first introduce the class of kernels considered.

DEerINITION 2.1. By E(er, B, M) we denote all integrable functions K de-
fined in R" such that:
19 K(t) #0forallr € R"

2% The function g defined by g(¢) = K ()~ can be analytically continued
in aregion —a < Im¢t < B for some o, B > 0
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3 This function g satisfies an inequality
1g(1)| < Cexp(M (x))

forallt = x +iy such that —a« < y < 8 and for some function M from
R" to R+.

THEOREM 2.2. Let p be a weight-function of the form

p(x) =+ |xD*exp(llm ® x||), x € R", for some jin R, and m in R',.

IfK € L'(p)NE(a, B, M) witha > mand if M (x) = o(}_;_, exp(n%))
when |x| — 0o, then the span of translates of K is dense in L' (p).

ProoF. We will prove that for any ¢ € L>°(p) and any K which satisfies
the condition above then

2.1 K+x¢p(x)=0 forall x e R"

implies that
¢(x) =0 a.e.inR".

For any real ¢ > 0 such that > m + 3;501 and 8 — %T—Ea > 0, and for any
w € R" consider the function

(2.2) 0) =

)y /exp(ix ~u)h(u — w)g(u)du

where
(2.3)

h(u) = exp[—A-exp(ng+i<%—28)l> —A-exp(—ng—i(% —28>1>i|

with an A € R} such that cos(% — 8)A =1.

In (2.2) we now make the substitution

. 2¢ 2¢
u=t+1is where —a+ —a<s<—a,
b4 bid

and after a translation of the region of integration we obtain that

24) 0(—x) =

exp(s - x) / exp(—ix -t)h(t —w +is)gt +is)dt
Q2m)"

If now s = (s, 52, ..., s,) is chosen so that

3¢
Sy = —ay + —oa; when x; >0
T
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and o
Sy =+&— when x; <0
b1

then we can see that there exists a positive number § such that

(2.5 |Q(—x)p(x)| < Cexp(—6|x|) forall x € R".
Hence Q € L' (p).
If
Kx¢p=y
then clearly ¥ € L*°(p) and
(2.6) 0% (K#¢)=0x.

The conditions above are enough to prove that

2.7 Ox(K*x¢)=(0*K)x¢.

The method above to prove formulas (Z.fl) and (2.5) can also be used to prove
that if 4 is defined as in (2.3) then h = H for some function H € L'(p). Now

(2.8) QOxK(u)=H)exp(iow-u),

which follows from the fact that

A

Q) = h(u — w)g(u)

and hence

(Q* K)() = Qu)K (u) = h(u — w).
By use of (2.1), (2.7) and (2.8) we have that

(2.9) /exp(—ia) cu)H(—u)¢p(u +x)du =0 forall w,x € R"

The uniqueness of the Fouriertransform now implies that
H(—u)p(u +x) =0 a.e.in u for any x € R",
and since H is non-trivial, we have finally proved that
¢m) =0 ae.in R".

It now follows from the Hahn-Banach theorem that the span of translates of
K is dense in L'(p). (Cf. [16] p. 114).
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REMARK 2.3. In thesis 1950 Nyman [14] gave, in the one-dimensional
case, the necessary and sufficient conditions for the span of translates of a
kernel K € L'(p) to be dense in L'(p), if p(x) = exp(ax) for x > 0
and p(x) = exp(—px) for x < 0. He proved that I%(t) # 0 in the closed
strip —o < Imt < 8 and K € E(a, 8, M) with M (x) = o(exp %) when
x — %00, are the appropriate conditions.

Essentially the same result was proved by Korenblum [11] in 1958.

In this connection it may also be noted that a well-known result by Levinson
[12], also in the one-dimensional case, shows that if m > o then

H(x) = O(exp(—mx)) and I:I(x) =0 (exp (— exp (gx») , X = 400

implies that H(x) = 0 a.e.

THEOREM 2.4. Let K, ¢ and ¥ be functions from R" to R such that K
is non-negative and fulfills the conditions of Theorem 1 with p(x) = (1 +
|x]) exp(|lm ® x||). Furthermore, let r be positive and non-decreasing and let
¢ (x) and  (x) be bounded when | x|| is bounded.

If now

(2.10) K+¢p(x)~Kxy(x), x— +0o

and also

2.11) K*¢(x) = O(K *¥(x)) when |x|| > 400

and if for any real § > 0 there exist an X in R such that

(212)  Yx+y) < (1 +8)expim- NP (x) when |x]| =X, y=0.

and if

(2.13) lim liminf inf (M) —0
h—04 ||x||—00 x<y<x+h ¥(x)

then

(2.14) o(x) ~Y(x), x— 4oo.

PROOF. As a first step we will prove that
[p(x)| < C(1+¥(x)) forall x e R".
In proving this we use that

2.15) Y(x4+u) <Cexp(lm ®ul|)(1 +¥(x)) forany u,x € R".
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This follows since i is non-decreasing and hence
vxtu) <yx+y) if y=(lurll, lluzll, ..., lunll) foranyx,u e R"
and then by (2.12)

Y(x +u) < Cexp(lm @ u|)y¥(x) forany u € R" if ||x|| is large enough.

Since 1 (x) is bounded when | x| is bounded, we easily get (2.15).
We now start using (2.13) and the fact that ¢ (x) is bounded when || x| is
bounded to see that

(2.16) ¢(y)—¢p(x) > —C(1+¢¥(x)), x<y<x+21 forall x € R".

If x <y <x+1then

K*¢<y+1>—1<*¢<x>:fK(—u)(¢(u+y+1>—¢<u+x>>du —h+h

where [, is the integral taken over all S = {u € R" : —1 < u <0} and I, is
the integral taken over the rest of R".
By (2.15) and (2.16) we see that

L>-C(1+v(x))
and hence by (2.11) and (2.15) we have that
QI17) L =Kx¢(+1D)—-Kx*x¢(x)+C(1+¢¥(x) <CA+v¥(x))

if ||x|| is large enough.
When u € S we write

pu+y+1) —opu+x)
=pu+y+1) —p(y)+od(x) —d+x)+d(y) — ¢(x)
> —CA+yx)+o(y) —dx)

and see that
I = (=C(1L+ Y () + 6 () — $(x) / K (—u) du.
S

Since ¢ (x) is bounded if ||x|| is bounded we have from (2.17) that

¢(y) —p(x) <C( + ¢¥(x)) forall x,y € R" suchthat x <y <x+ 1.
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We combine this inequality with (2.16) and see that

Q2.18) |pu+x)—dXx)| <CU+¢¥(x)), O0<uc<lforanyx e R".
Hence for any # > 0 and any u < 0 we have by (2.15) that

lp(u+x) =) < CA+ul) exp(lm@u|)(1+¥(x)) < Cpu)(1+4(x)).
For any other value of u we let

Xo=x, x1 =x + (u1,0,0,...),
XQ:)C]—I-(O,MQ,O,...), )C3:)C2—|-(0,0,M3,0,...),

and in this case we see after some calculations using (2.18) and (2.15) that

|6+ x) — p0)| = | Y (B xg) — B xg1))

q=1

< CZ(I + lugl) exp(llmgug N1 + ¥ (xg-1)) < Cpu)(1 + ¥ (x))
g=1

Hence
219 Jopu+x)—¢px)| <Cpm)(1 +y¥(x)) foralluandx in R".

Now since K € L'(p)

K x¢(x) —¢(x)/K(—u)du

- | [ Kew6wn - s
< CO+pw) [ Kwpdu = €1+ p ).

Finally we use (2.11) and the fact that ¢ (x) is bounded when ||x|| is bounded
to see that

(2.20) lp(x)| < C(1+¢¥(x)) forall x € R".

Hence the first step of the proof is completed.
For any function H € L'(p) and for any ¢ > 0 we now can, using The-
orem 2.2, find a finite linear combination K, of translates of K,

Ke(x) =Y acK (x — M),

k=1
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such that
1K — HI, <e.

We write
Hudp=Hxy+(H—K)x @)+ Kok (¢ — ).
By (2.10) and (2.12) we see that
Kex (¢ — ) = o(DK: x ¥ (x) = 0(¥(x)),  x — +00.
By (2.20) we have that
(H—K)* (@ —¥)@) = O (H — K, % (1 + ¥ (), x — +00,

and hence by (2.15) we have that
(H = K)* (¢ —¥)(x) = 0(1)/ [H(—u) — Ke(—u)|(1 + ¢ (u + x)) du

= oM+ wx))/ |H (=) = Ke(—w)|p(u) du
=0 +Y)IH = K, x — +o0.
Since ¢ is arbitrary, it follows that
(2.21) Hx*¢(x)=Hx*y(x)+oy(x)), x— +oo.

For any positive real number # we now let H be the characteristic function on
the set Sy, = {u € R" : —h 1 < u < 0} multiplied by #7". Then by (2.21)

"] ¢x—w)ydu=h" | Y(x —u)du+o(y(x)), x— +oo.
Sh Sh

We divide this expression with 1/ (x) and see that

o) _ [ ¢

¥ (x) s, Y(x)

¢(x) —p(x—u) dit+ b ¢ (x—u)
Sh w(x) Sh 1)[/l(x)

PO =) [ YET o), x> o

Si ¥(x) s V(x)

du

du

— h*ﬂ

=n"



278 LENNART FRENNEMO

By use of (2.12) and (2.13) we see that if / is small enough then to any real
& > 0 there exists an x; € R" such that

¢(x)
v (x)

If on the other hand, H is the characteristic functionon D, = {u € R" : 0 <
u < h 1} multiplied by 2" we can in an analogous way prove that there exists
an x, € R" so that

¢ (x)

v(x)

<l+e if x>x.

>1—¢ if x>x;.
Hence

¢(x) ~ ¥ x), x— +oo,

and we have proved Theorem 2.4.

3. Results for the n-dimensional Laplace transform

We suppose that o and 8 are real functions of bounded variation defined in
R!,. We also suppose that

at)=p@)=0 ifany =0, k=1,2,...,n.

This means that o and 8 belong to an n-dimensional analogue of class Vj in
[1].

We use the following notations for the corresponding Laplace transforms:
3.1 F(s) = / exp(—s - t)da(t), s >0,
Ry

3.2) G(s) = / exp(—s -1)dp(), s>0,
R

n
+

where we suppose that the integrals are boundedly convergent for any s > 0

(cf. [1]).

THEOREM 3.1. Let B be positive and non-decreasing and suppose that
3.3) F(s) ~G(s), s— 0+,
and that

3.4 F(s) = O(G(s)) when k_rlnzin sk —> 0+.

.....
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Iffor any real number § > 0O there existanm € R'; and a positive real number
T such that

3.5) Br@n = +&)r"p@), r=1, 1| =T
and if

co i umar (U5 =0
then

3.7 a(t) ~ B(t), t— oo.

ProoF. We make a partial integration in (3.1) and obtain that

F(s) = s! / exp(—s - Da(t)dt, s>0,
Ry
where the integral is absolutely convergent (cf. [1]). We do the same in (3.2)

and get a corresponding result for G (s).
We now make the substitutions

s =exp(—x) and t=expu

and let
¢(x) =alexpx) and ¥ (x) = Blexpx).

In this way (3.3) is transformed into (2.10), that is
Kx¢px)~K=xy(x), x— 4oo,

where
K(x) =exp(—1-exp(—x) —1-x)

and

Ko=[[ra+in., t=@n....0).
k=1

Hence K fulfills the conditions required in Theorem 2.4. That K € E(«, 8, M)
for any @ > 0 and properly chosen 8 and M follows from Stirlings formula (cf.
e.g. [6] p. 231). It is also easy to see that the other conditions of Theorem?2.4
are fulfilled since (2.11), (2.12) and (2.13) are consequences of (3.4), (3.5) and
(3.6) respectively. Now the conclusion (3.7) follows from (2.14) and hence
Theorem 3.1 is a consequence of Theorem 2.4.
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We also have the following corollary to Theorem 3.1:

COROLLARY 3.2. Letm € R} and let A be a positive real number. Suppose
that

(3.8) F(s)~As™™, s — 0+
and that
(3.9) F(s)=0(@G") when _mzin s —> 0+

Furthermore, suppose that

(3.10) lim liminf inf (M) —0,

A= 14+ ||x|| =00 x<t<Ax xm

then

A"
(3.11) a(t) ~ =5 , t— oo.
[T, T+ my)

ProOOF. In Theorem 3.1 we let
. At™
[T, T +my)’

B(t) if >0,

and
B)=0 ifany # =0, k=1,2,...,n.

In this case,
G(s)=As™", s>0,

and the corollary follows from this.

REMARK 3.3. From this corollary it follows that Theorem 3.1 is an n-dimen-
sional generalisation of the classical Hardy-Littlewood-Karamata theorem for
the Laplace transform (cf. [8], [10], [13]). If » = 1 condition (3.4) is in-
cluded in (3.3) and hence the classical one-dimensional results are included in
Theorem 3.1.

The two-dimensional case of this corollary was first treated by Delange
[4] in the special case when m = 0. He then used Tauberian conditions strong
enough to imply bounded convergence of the Laplace transform. More recently
the multidimensional case of Corollary 3.2 has been treated among others by
Celidze ([2], [3]), Stadtmiiller and Trautner [17] and Omey and Willekens
[15]. They also use stronger conditions than ours which imply both bounded
convergence and condition (3.9).
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In Theorem 3.1 we could equally well let @ and B be measures on R’;. We
just have to replace «(¢) and B(¢) in (3.5), (3.6) and (3.7) with f0§s§t da(s)
and fOfsfl dpB(s) respectively. (Cf. e.g. [5] p. 48).

4. Consequences for the one-dimensional Stieltjes- and Weierstrass
transforms

Suppose that o and § are real-valued functions of bounded variation defined
in Ry with ¢(0) = B(0) = 0. For the Stieltjes transform we give the following
example as a consequence of Theorem 2.4.

THEOREM 4.1. Suppose that B is positive and non-decreasing and that

@.1) F(s) = /Oo ) sy = foo QRN
0 0

s+t s+t

and also that for any real number § there exist a real number m, 0 <m < 1,
and a real number T such that

4.2) Bty <A +8r"pE), r=1,1t>T.

Furthermore, suppose that

4.3) lim liminf inf (M> —o,

A—14+ x—>00 x<t<ix B(x)
then

4.4) a(t) ~ B(), t— oo.

PROOF. After a partial integration in (4.1), we have that

F(s)_fo" a(t)dt
T Jo (s+1)?

and with a corresponding result for G (s).
We now make the substitutions

s =expx and f=expy

and thus transform the problem into Theorem (2.4) with

K(x) = (exp (%) +exp (—%))72 ¢ (x) = a(expx) and ¥ (x) = B(expx).

In this case

sF(s) = K x¢(x) and Ie(x) = 2w x(exp(rx) — exp(—nx))_l.
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We omit the details of the proof.

Since

o g I —a)r(l
/ gr = T ZOTAHTD 1 (ef e [18], p. 184),
0o (s+1)? sl

we have the following corollary if we let
t=y
,B(I)ZAW, O<y=1
in Theorem 4.1.

COROLLARY 4.2. If 0 < y < 1 and if for any positive number A

F(s) ~As™7, s— o0

and if also
e a(t) —a(x)
Iim liminf inf [ ——— ) =0,
A1+ x—>00 x<t<ix x1=r
then ey
at) A, 00.
FreE-y)

This is a classical Tauberian theorem for the Stieltjes transform in a general
version.

We finally give an example for the Weierstrass transform. The Weierstrass
transform is the convolution transform

f0) = / K(x — N$(1)dt

where 5
K(x) = (4m)"'*exp ( —~ %) (cf. [9] p. 174),

and we just give the following corollary to Theorem 2.4.

COROLLARY 4.3. Suppose that for any positive number A and positive

natural number n
f(x) ~ Ax", x — 4o0,

and that ¢ (x) is bounded when x is bounded above. If also

lim liminf inf (M)zo

h—0+ x—400 x<y<x+h X"
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then

¢(x) ~ Ax", x — +oo.

PrROOF. Suppose that

H,(x) = (—1)"exp(x®) D" exp(—x?), n=0,1,2,...

are the Hermite polynomials.

We use the one-dimensional analogue of Theorem 2.4 with the Weierstrass
kernel K and with

¥ (x) = H, (%)

The result now follows from the fact that

and that

X
H, (5) ~x"  x— 4oo,

/ K(x — t)Hn(%) dt = x",  (ct. [9] p. 178).

The other conditions of Theorem 2.4 are clearly fulfilled.

11.

12.
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