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RANDOM EUCLIDEAN SECTIONS OF SOME
CLASSICAL BANACH SPACES

Y. GORDON*, 0. GUEDON, M. MEYER, A. PAJOR

Abstract

Using probabilistic arguments, we give precise estimates of the Banach-Mazur distance of sub-
spaces of the classical £ spaces and of Schatten classes of operators Sy for g > 2 to the Euclidean
space. We also estimate volume ratios of random subspaces of a normed space with respect to
subspaces of quotients of ¢,. Finally, the preceeding methods are applied to give estimates of
Gelfand numbers of some linear operators.

1. Introduction

In this work we present a new method which may be employed in a variety of
problems in convex analysis, such as:

(I) Giving tight asymptotic estimates on the existence of spherical sections
of dimension k, for all 1 < k < n, in n-dimensional convex bodies. We
study this problem for the classical £} spaces for 2 < g < oo and the mn-
dimensional vector space .4, x,(R) of all m x n-matrices (m > n) with real
entries equipped with a rotation invariant norm (associated with a 1-symmetric
norm on the singular values of ~/ M*M).

(IT) Investigating the volume ratio of a centrally symmetric convex body
K in R" with respect to the body of largest volume contained in K which is
obtained by applying a linear map on the unit ball of a subspace of a quotient
of .

(IIT) Computing upper bounds by random methods for the k-th Gelfand
number of an operator 7" between two Banach spaces. These results improve
previous estimates because they are in some cases tight and they also hold with
positive probability.

The first topic (I) is related to the recent studies of Milman and Schechtman
([18][19]) and [10], [14]. We investigate here the “large” Euclidean sections of
centrally symmetric convex bodies in R”, or equivalently, the Banach-Mazur
distances of subspaces with “big dimensions” k of an n-dimensional normed
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space to the Euclidean spaces ¢5 . We give first a general result about sub-
spaces of a normed space which possesses a system of vectors satisfying a
(C, s)-estimate (see the definition below), and apply these results to give sharp
estimates of the distance to E’; of k-dimensional subspace of ¢”, for g > 2. We
treat then the same problem for subspaces of some normed spaces of operators
from R™ to R”, and in particular the Schatten classes, S(’; forg > 2.

In part (IT), we present a method to obtain a lower bound for the volume ratio
of a random k-dimensional subspace F of a given space X with respect to the
class SQO(¢,), g > 2, consisting of all k-dimensional subspaces of quotients
of £,. This gives an estimate from below of the distance of a random subspace
F of X to the class SQ({,), and in particular to Hilbert space.

In the final section we apply the previous methods to obtain upper bounds
for the Gelfand numbers of operators from €7 and S (¢ > 2) to a space Y.

Denote by ey, ..., e, the canonical basis of R". The spaces KZ forl <g <
oo are defined as R"” equipped with the norm | - |,: for x = xjeq + - - - + x,ep,

n

1/q
x|, = (E |x,-|”) when ¢ #o0o and |x|e = max |x;]|.
1<i<n

i=1

Let E be an n-dimensional normed space. We say that a family u,, ..., uy of
vectors of E, with N < n, satisfies a (C, s)-estimate for C > 0 and s > 0, if
forall (1), € R¥ andallm = 1, ..., N, one has

AL 12 N N 12
(1) W(Z(ﬁ)z) < Zl‘iui < (Z tiz) ,
i=1 i=1 i=1

where (ti*)fV: | denotes the decreasing rearrangement of the sequence (|¢;) ,N: 1
By aresult of Bourgain and Szarek [2], there exists a constant C > 0 such that
for any n, any n-dimensional normed space contains a sequence uy, ..., Uy,

with N > 7, satisfying a (C, 2)-estimate. We shall be interested here with
s > 2. It is easy to see that for ¢ > 2, the canonical basis of ZZ satisfies
a (1, s)-estimate, with % = % — 37. It may be also observed that if s* > 0
satisfies sl = % — lnén)’ and if (uq, ..., uy) satisfies a (C, s)-estimate, then

it satisfies also a (C/e, s")-estimate; so one can restrict the study to the case
when s < In(n). It is important to notice that s (and so g) may depend on

the dimension of the space. In particular, the canonical basis of £7 satisfies
a (C, s)-estimate with % = % — ﬁ and the case of % is described up to a

constant by taking ¢ = In n. Finally, we denote by d(E, F) the Banach-Mazur
distance between two normed spaces E and F:

d(E,F) = inf{||T|| IT~', T : E — F isomorphism onto}.
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For two positive sequences {a,} and {b,} we say that a, ~ b, if Z—” — 1.
Let us recall the following estimates for the norm of Gaussian operatorS'
if E is a Banach space and (vJ)N | € E, we define a Gaussian operator G,,

k
5 — E by .
= ZZgij(a))ei ® UJ‘ . Eg —> E,
i=1 j=1
where, for 1 <i <kand1 < j < N, g;; are i.i.d. .47(0, 1) real Gaussian
variables. Let g1, ..., gy be i.i.d. .#7(0, 1) real Gaussian variables and a; =
E(Xr, &) '/ then we have the following inequalities [8]:

2) Vil —ax  sup Zz v <[E mf Gyl
Zl</<Nt =1 j=1
and
(3) E sup ||Go(x)|| <E Zgjuj +a  sup Zz vj
[xl>2=1 j=1 Zl</<Nj_l j=1

One has q; = V2 Fr(ézj)) < +kand q; ~ Jk.
2

From now on, (g;) and (g;;) will denote i.i.d. .47(0, 1) real Gaussian vari-
ables.

2. Euclidean sections of Banach spaces
The main result of this section is

THEOREM 2.1. Let E be an n-dimensional normed space, and forn > N >
n/2, let (u ) L, E€EE satlsfy a (C, s)-estimate for s > 2 and C > 0. Define

g > 2by! .= % — ; Then for some universal positive constants cy, ¢, and

dy, dy, ds, forall integersk, 1 < k < N, there exists a k-dimensional subspace
F* of E such that
i

2
() Ifk < %([E ) , then d(F*, ¢%) < 3.

divk
) = Cfnl/q

‘uj

(i) If 3 ([E

) <k <c1C*qe n, then d(F*,

d2k1/2—l/q

iii) If ciC%ge~n < k < con, thendFk ) <
(ii)) Ifc1C*q 2 ( 2)_C1(1+n/k
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d
(iv) Ifcan < k < N, then d(F*, €%) < c3 KU/

The space F*, 1 < k < N, can be chosen randomly with positive probability
as subspace of the linear span of (u,-)lN: 1

1

;= ln( ;- the family (u;), satisfies a

PrOOF. Remark that when § —

(C/e, s')-estimate where & =

assume that g < In(n).
Let U = span{uy, ..., uy}; we define a Gaussian operator G, : E’; —- U

by N
G, = Zzgij(w)ei ® u;.

i=1 j=1

;- ln(n) Up to replace C by C/e, we can

Observe that SUP24.. 2= || Z]}.vzl tiu; || < 1. Applying (2) and (3), we get

N
[Elilnf] Gl = E
X|2=
j=1

iuj|| —ax  sup Ztul
l|+ +TN—1 j=1
E sup |G,(0)] <E Zgju, +ag  sup Zt,u,
lxl2=1 j=1 124 ttd =1

To find a set €2 of positive probability such that for all w € 2, G, : Z’; - U
is one to one, it is enough to have Einf| ,—; [|G,(x)|| > 0. We distinguish
between the different values of2 k,1<k<N:
N
LIfk < }T([EHZJ.ZI gjuj ||) , then

Esupiy,—1 1G]l (14 ar - a -3
[Einfbc\z:l ”Gw(x)” - [EHZ]N=1 gjl/tj ” [E” ZJNZI gjl/tj ” -

So, there exists a set of positive probability € such that for all wy € €,
dim(Im G,,) = k and

Sup =1 1Gwy (Xl -
inf =1 |Ga (X —

See [9] for a precise estimate of the measure of this set. Let F¥ = Im Guys
then dim F* = k, d(F*, ¢5) < 3 and case (i) is proved (it is the classical
Dvoretzky’s theorem).

2. In the other cases, one has k > ([E” Zj.vzl gjlj H)2/4 so that

E sup |Go(x)|l < 3vk.

[x[2=1
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For 1 <m < N, in order to get a better lower bound for Einf|,—; [|G,(x)]l,
we define a new norm ||y || () on U by

N C m 1/2
S = (2007
j=1 m i=1

It is clear from the definition of a (C, s) estimate (see (1)) that ||G,(x)| >
|G o (x)]lomy- We get thus by inequality (2) applied to G, : Z’; = WU, I lem)

”y”(m) =

(m)

Einf G, (0l = E inf 1Gu(0)llun
X|2= X|2=

N
Z 8juj

Jj=1

N
E

%

— ag sup
(m) ittt =1

fjuj

j=1 (m)

1 . 2 2
Zml/s(C[E(;@i)) —ﬁ)

> m'/d (ca),/ln(l + %) - \/g) :

where the last inequality is a classical estimate of [E(Zf.":l(gi*)z)l/ ? (see for
instance [7]) with ¢o > 0 a universal constant.

Ifk < chzqe*qn, we choose m = [Ne™ 9] + 1 sothat ne™4/2 < m <
3Ne % (since N > n/2 and g < In(n)). We get

Esupjyp,— | Go (Ol _ 3VE
Einfly,—1 [Go()Il — CmVacy (VInU + €9/3) — \/e15/2q )
< 3Vk
T Cm'ico (g —In3 — /2qcy)
dik
= W’
whenever c; is small enough. We conclude like in 1.

If c;C%ge~n < k < csn for ¢, small enough, we choose m = k. We have
then

[Esup\xh:l 1G o)l - dzkl/s
Einfjy,=1 1Go () — C/In(1 + n/k)

and as before, we get (iii).
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If con < k < N, then by the definition of the (C, s)-estimate, one has
dU, EQ’ )< N/s / C; thus every k-dimensional subspace F k of U satisfies

s s 1/s
d(Fk Zk)<Nl/ <nl/ <l ﬁ /
Y= ¢ T Cc ~c\ea)

REMARKS. 1. It is easy to see that for a family {uy, ..., uy} satisfying a
(C, s)-estimate, one has

E > cC/qn'.

N
> g
j=1

Indeed, by (1), for allm € {1, ..., N}, we have

N C m 1/2 N
*\2 / 1

2 l:gj“j Z—ml/S[E(El(gi)) > c'Cm!4 [In (1+;),

J= i=

and we choose m = [Ne™7] 4 1 (recall that N > n/2).

2. Observe that, up to an absolute constant, the estimates given in (ii)
and (iii) coincide if k = [c;C?qe™7n], and these in (iii) and (iv) when k =
[can]. Moreover, if we replace in (i) and (ii) the expression %[E” Z;V:l gjuj ||
by cC ﬁnl/ 4, then they also hold and these estimates coincide for k =
[c2C2qn2/q].

E

As a corollary, we get precise estimates in the case of E = £7.

COROLLARY 2.2. For some universal constants c;,d; > 0, 1 <1i < 3, for

alln > 1, and allintegersk = 1, ..., n, there exists a k-dimensional subspace
F*k ofﬁz with g > 2, such that

(i) Ifk < ciqn®4, then d(F*, ¢%) < 3.

divk
(i1) Ifclqn2/‘17 <k < cyqe in, then d(Fk, Eg) < Wk .

ﬁnl/‘l
d2k]/271/q

VIn(T +n/k)

(iv) Ifcsn < k < n, then d(F*, £5) < dsk'/*7"/4.

(i) If coge™n < k < c3n, then d(F*, K’;) <

Moreover, the space F* can be chosen randomly with high probability in EZ.
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ProoOF. Let (eq, ..., e,) be the canonical basis of Zg; thenforallz,...,¢,
and forallm =1, ..., n,

n 1/q n m
(Zmr) =S| =L e
i=l i=l i=l 4q
m 1/q 1 m 1/2
=(Z<t;>q) > (Z(a-*)z) :
i=l i=l

_1
q

=
q

[SIES

m
using Holder’s inequality. Since g > 2, (e, ..., e,) satisfies a (1, s)-estimate,
with % = % — é . It is clear from the preceeding remark that

< ap /qn',
q

alﬂnl/q <[E

n
E 8j¢
j=1

where @1 > 0 and o, > 0 are universal constants. Then we apply Theorem 2.1
to get random subspaces in the whole space £7.

REMARKS. 1. As it is proved in [3], the result of Corollary 2.2 is optimal
up to absolute constant. We include here a short proof of this optimality: Let
T : E’g — {; be a linear operator such that for all x € 5,

lx[o < |Tx|, <d|x]>.

Let G be a Gaussian random vector in RF with i.i.d. .#7(0, 1) entries, then
n 1/q
E(Z}w, T*(el-)>|") =ET(G)l, = EIGl: = .
i=1

Since (G, T*(e;)) is a A(0,
inequality,

T*(ei)|§) random variable, we get by Holder

n

n 1/q 1/q
[E(Z|<G, T*(el->>|q) < (Z E[(G, T*(el->>|q)
i=1

i=1

<n'y(q) sup |T*(e))|,.

1<i<n

where y (¢) isthe L, normofa.#"(0, 1)-variable. Since |T*(e;)|» < [IT*lle;l,
<d with 1/q + 1/¢’ = 1, we get a universal constant ¢ > 0 such that,

Vk < cdn' /q.
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2. A constructive proof of a single subspace of £} satisfying the desired
conclusion is given in [12].

3. In fact by [16], the inequality d(F*, ¢5) < k'/>71/4 is true for any k-
dimensional subspace of £7.

3. The case of Schatten classes

We shall say that a norm t on R” is 1-symmetric if for all (xy, ..., x,) and for
every permutation ¢ on {1, ..., n}, one has
'L'(.X], ceey xn) = ‘C(|x<r(l)|, ey |x<7(n)|)-

If 7 is such a norm, it is well known that for m > n > 1, one defines a norm
Il - ll; on the mn-dimensional vector space .#,,,(R) of all m x n-matrices
with real entries by setting

”M“r =T(S1(M),...,SH(M)) forall M ef%an(R)

where the s; (M), 1 <i < n, are the eigenvalues of v M*M. If for some g > 1
T(x) = |x|;, we get the so called Schatten class S,(m x n) with the norm

n
1T, = 1(s:(T))"_, I,
Since 7 is a 1-symmetric norm, it is clear that we can renormalize 7 so that
for all x € R",

1
“) 7 Ixl2 = 7(x) < |x]2,

where d; is the Banach-Mazur distance between (R", ) and £5.

THEOREM 3.1. Let t be a I-symmetric norm on R, || - ||; be the norm on
Mmxn(R) associated with T and d. = d((R", t), £3) such that (4) is satisfied.
Denote by G a Gaussian random matrix of Mpyxn(R) with i.id. A (0, 1)
entries. Then for every integer k, 1 < k < nm, there exists a k-dimensional
subspace F* of (Myxn(R), || - |I-) such that

() Ifk < (EIIGIl-)*/4, then d(F*, £5) < 3.
k
(i) If (EIGI1:)*/4 < k < nm, then d(F*, £5) <1+ 12d, | —.

nm
PROOF. By (4), one has for all T € .#,,x,(R)

1
&) R ITl2 < 1Tz = t(s1(T), ..., 5,(T)) < T2

where ||T ], = (tr(T*T))l/ ? denotes the Hilbert-Schmidt norm. For 1 <p<
mand 1 < g < n, let E,, be the canonical basis of .#,,,(R) (with entries
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(Epg)ij = 8ipdy;)- Let G, : 6’5 — (Myuxn(R), || - |I-) be the Gaussian operator

defined by
k
(;a) = :E:: :E:: (glpq (Q)) el Q@ l;pq

|=1 1=p=m
I=q=n

where ey, . .., ¢, is the canonical basis of E’g and the gjpy, 1 <1 <k, 1 <p =<
m, 1 < g < n,areiid. A4(0, 1) Gaussian variables. By inequalities (2) and
(3), we have

E sup [Go()lle < EIGe +arsup{ ITlle; T € Mpxn®R), I T2 =1}

[x[2=1

and

[E|xi|nf1 IGo()lle = ElGIe — axsup{ I Tle; T € Mpsn®R), 1T 1|2 =1}
=

where G is a Gaussian random matrix of .4, ., (R) withi.i.d. .47(0, 1) entries.
It is clear that sup{||T'||;; T € Muxn(R), T |l2 = 1} = 1. We distinguish
between three cases.
1. IfE|G|, > 2k, since vk > ai, we have

Esup, i 1Go@lle _ 1+ ar/EIGI: _
Einf,,=1 |Go(O)ll: — 1 —a/EIG|. ~

2. IFE|G|, < 2vk < +/nm /2, then by condition (5) and inequality (2)
with G, : 65 = (MuxnR), || - [|2), we get

. |
E inf |IGo()ll: = —E inf [|G, ()]
Ixl2=1 d; |

T x[2=1

1
> — (E||G]» — .
_dt(ll ll2 — ax)

Since E[|Glly = apy > Y

z— and q; < Vk < Jnm/4, we get

E inf |Go(X)|l; > —| ~—— — > :
|x1\I21:1|| Ol 2o\ w )z 4

I(W ) /nm

We get thus
[Esup\x|2=l ”Ga)(x)”r < 12d1\/E

Einfly,=1 [Go (). = +/nm
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3. If vk > J/nm/4, it follows from (5) that for all subspaces F* of
(Myxn(R), T) with dim F* = k, one has d(F*, €}) < d..

As a consequence of the preceeding theorem, we get:

CoROLLARY 3.2. Letq > 2 and let S,(m x n) be the Schatten class. Assume
that for some fixed r > 1, one has m = rn. Then for some universal constant
¢ > 0, and for every integer k, 1 < k < nm, there exists a k-dimensional
subspace F* of Sq(m x n) such that

c k
d(F*, 5 <14+ — —1/q\ﬁ.
( ) =1+ ﬁn n

REMARK. In [5] example 3.3 (i), this result is proved in the case r = 1 and
2
k ~ cn't4 with the estimate d(FF, E’;) < 2.

Before proving this corollary, we need to compute E[|G ||, for a Gaussian
matrix, G = (&ij)m)xn, Where the g;; are i.i.d. .47(0, 1) Gaussian variables,
andm(n)/n — r (> 1) asn — oo. To this end we need the following theorem.

THEOREM 3.3. Let G be a n x m(n) Gaussian matrix as above. Then almost
surely the empirical distribution function

# { A € eigenvalues (GG*) A< x }

n

n =
n

converges weakly to the probability law A, given by:

dAr(x) — L (x — a)(b — X) H[a,b]('x)
2wx

dx

where a = (/1 — 1)%, b = (/7 + 1)~

This is known as the free analog of the Poisson-distribution with free para-
meter r > 1 [13], [15], [20], [21]. The distribution A, was first studied by
Marchenko and Pastur [20], and the almost sure convergence version stated in
Theorem 3.3 is due to Wachter [21].

LEMMA 3.4. Let A} > A} > ... > A} denote the decreasing rearrangement
of the eigenvalues of the random matrix ~/ G G*.
Let o € [/a, /D],

p=plo)=

b\/f
L/ C—at-» ,
21 J,2 X
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and

b Ve —a)b —x) 1/a
I(U,q):(%/ /2 x—a)b x)dx> '

2 X

Then we have asymptotically

np 1/q
(6) (Z )»Z‘q) ~n'2 V] (o, q) a.s.

i=1
and in particular, for all0 < g < oo,

n

1/q
(7) EIG|, = E(Z)‘}kq) ~ PV (=1, q).
i=1
PrOOF. Geman [6] proved that a.s.
M

Jn

E M b2
] —
Jn

for all ¢ > O follows as well from the computation there.
Setting u = +/A, we get by Theorem 3.3

- Vb (=r+1)

and

# {u € eigenvalues( GnG* ) < a} 1 (Gt -0
— —/ dx
n 27 J, X
and the convergence is a.s. as n — o00. Then by the above, if ui,..., u,

denote the eigenvalues of the matrix ,/%, one has np ~ #{i; u; > o}. We
have then, for all 0 < g < oo a.s.

1 np l/q 00 1/q
(— Zu?“') = ( f xq/zdL,mx))
i a?

and by Geman’s result above, a.s. there exists n¢(w) such that L, (w) is sup-
ported on [@ — 1, b + 1] for all n > no(w). Therefore the last integral is a.s.
asymptotically equivalent to

b+1 1/q
( f R dAr(x)> ,
0-2



258 Y. GORDON, O. GUEDON, M. MEYER, A. PAJOR

and since x9/? is a continuous bounded function on [o'2, b+ 1], the last integral
is equal to

1/ 1/
(/b“xq/szr(x)> ‘L (L fbxq/2¢(x—_ I dx) "

2 21 X

I+e
In order to prove equation (7) it suffices to prove that E ( 1‘/%“1"/(, ) is bounded

for some & > 0. This follows easily from the concentration property of [|G||,
around its mean [9], or using

. ||G||q 1+¢ . nl/q)»’]k I+e¢ _: )‘T 14¢
W 1/2+1/q ="\ nt2+yq o \n

which is known to be bounded by Geman’s result above.

REMARKS. 1. When ¢ = 2 and r = 1, we obtain the well known result

n 172 12 /2T ("ZT“)
R
i=1 5

I<i,j=<n

and 7(0,2) = 1.
If we take ¢ = 1, r = 1 we have for the 1-nuclear norm of the Gaussian
n X n matrix G

n3/2
ElIGl = [E(ZA*) ~n3?10,1) = —/ VA —xdx =

i=1

8n3/2

v

2. In fact, one has forall¢g > 2 and alln > 1,

1

ni*? <E|Gll, < ni T (Jr+ ).

h

Indeed for t(x) = (Z?:l |x,~|‘7)l/q one has d; = n%ﬁ, and we get
ni T E|Gl < EIGlly < n'7E||Glco-

Since E||Gll2 = awm > /nm/2 and E||Glloo < a, + an < /1 + /m, this
gives the result.

3. Haagerup and Thorbjornsen [15] have studied the more general case of
Gaussian matrices with operator entries. They obtain an upper bound for E(A})
and a lower bound for E(A}).
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PrOOF OF COROLLARY 3.2. For ¢ > In(n), the norm on S,(m x n) is
equivalent up to universal constant to the norm on S (m x n); so we reduce

to the case when 2 < g < In(n). We have 7(x) = (Zl’.’zl |xi|‘1)l/q so that

d, = n%ﬁ. The result follows now from Remark 2 after Lemma 3.4 and
Theorem 3.1, because the estimates (i) and (i{) of this theorem coincide up to
a constant when k = ([E||G||q)2/4.

REMARK. As for €7, we can prove the optimality of Corollary 3.2.

Let®: E’; — §,(m x n) be a linear operator such that for all x € 2k,
Ixl2 < 1Ox]ly = d |x]a.

If T, = ®©(e¢;) and G = (g1, ..., g) is a Gaussian vector, we have

k
ZgiTi

ar =E|G, < |T(G)ll, < n"IE|T(G)|l = n'1E

.

i=1
But
Ti‘ = sup sup Zgz Tix, y).
co  lxh=llyh=14
Let hy, ..., h,, b, ..., K, be n +m iid. A4(0, 1) real Gaussian variables

and define for x € R" and y € R™ the two Gaussian processes:

k m n
Xey = Zgi(Tix’ ) and Yy = ﬁd(Zhixi + Zh;yi)-
i=1 i=1 i=1

By definition of 7;, one has

d(za,?)]/z.

i=1

k k
zam\ - Hmzaie»
i=1 0 i=1

If |x|; = 1 and |y|, = 1, one has

E all

k
(Z|(Tix,y)}2) = sup Za, (Tix,y) < sup d,
i=1

lel2=1 52 lee]p<1
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and thus
k

EIXcy = XoyP =D (|(Tx, y = ) + (x =2, Ty )

i=1
k
=23 ([(Tix,y = ) [ = TP
i=1

<2d%(ly =yl + Iy = x'l3) = ElYxy = Yoy %
Then by Fernique’s lemma [4], we obtain

E sup sup X, <E sup sup Yy,
[xl2=1[yl2=1 [xl2=1[yl2=1

and since Esup,,_; sup|y,—; Yx.y = V2d(a, + a,,), we get a universal con-
stant ¢ > O such that

VE < cd(Jr + 1) n'/10a,

If F¥ ¢ S, (m x n) of dimension k satisfies d(Fk, E’;) < JL; nil/q\/g then
k < ck’, which proves the optimality of Corollary 3.2.

4. Volume ratios with respect to quotients of subspaces of L,

In this section we introduce volume ratios of random k-dimensional subspaces
F of an n-dimensional normed space X with respect to the class of all k-
dimensional subspaces of quotients of £,, 2 < g < oo. Among other things,
these volume ratios yield in the case ¢ = 2, a lower bound for the distance
d(F, E’é) for random subspaces F of X.

Let us consider the following concept of volume ratios introduced in [11],
[12]. Given an n-dimensional normed space X = (R”, || - ||) with unit ball By,
and a Banach space Z with unit ball Bz, we define the volume ratios

. vol(By) Un-
Vr(X, Z) = lnf{(m> ’ T(BZ) C Bx},
. vol(By) \'" o
VI'(X, S(Z)) —lnf{(m> ,FCZ,dlmF—I’l,T(BF)CBx},

vr(X, S,) = vr(X, S(£p)),

and
vr(X, SQp)) = inf vr(X, S(Q)).

Q quotient of £,
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As in [12] the n-th volume number of an operator 7 : X — Y is defined by

v, (T)

1/n
{<M> . ECX,T(E)C F CY,dimE =dim F =n}
vol(BF)
We shall also need the definition of the p-nuclear norm of an operator
T : X — Y between two finite dimensional Banach spaces, which is defined
by
vp(T) = inf{ |Ax|lllon | Byll; T = ByoyAn, N > 1}

where Ay : X — € oy : €Y — E;,V is a diagonal operator, and By : E;V N
Y.

THEOREM 4.1. Let X = (R", || - ||) be an n-dimensional normed space,
{b;, b]'}i_, be a biorthogonal basis for X and J = Z;’zl e;®b; : R" — X. For
allu € O, let uy : R¥ — R" be the linear operator defined by ur(e;) = u(e;)
foralll < j <kandlet A, = J ouy :E’é — X.

Then for some universal constant ¢ > 0 and for all 2 < q < oo, the
k-dimensional random subspace F, = A, (Elzc) C X satisfies

vk
vk .
(«/5‘1‘ m) max |57

1<

B, vr(Fu, SQ(4y)) =

|

where [, denotes the expectation with respect to the Haar measure on O,,.

D &b
i=1

ProOF. For u € 0, define B, : X — €5 by B, = u} o J~' where
up :R" — R¥ is the adjoint of uy. Clearly B, A, = id:.

Claim. Let ¢’ be the conjugate of ¢, i.e. é + qi = 1, then

k
(8) Euvy (B, : X — &) < cﬁ(ﬁ—i— %) [max 1571
<jsn
To show this, we write B, = uj |y [J ™' where I = Y7 e; ® ¢; : L2, —
¢, 1s the identity map, and J7L=>"_ b ®e; : X — €. Then clearly

i=1"i

vy (Bulxoes) < 1NN uler, | = max 16710 Jufle, -]
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LetG =), ; 8ijei @ ej denote the Gaussian operator which maps €7, into
E’;; we have by [1]

[Eu “”mez,»zg || = % [E”G : Eg’ - Eé“
< %(cn”‘&/c?—kﬁ)

hence
Evvy (Bulx ) < con'(ey/q +n~"9k) max |15}
<iI=n

and () is proved.

For T : €5 — X, definerad(T) := fol | Zf:l r; (t)T(e,-)”X dt where (r;)k_,
are independent Rademacher variables. Now we use a method from [1]. By
the Marcus-Pisier inequality [17], we get

1 k
JnE,rad(A, : €5 — X) = ﬁEu/ er(t)Au(ej) dt
o 14
j=1
1y kK n
§c[E/ Zer(t)gijbi‘ dt
0

j=1 i=1

<cVkE

Zgibi‘
i=1

By [3] one has

vk ve(Ay) < c1E,rad(A,) < cvk rE'
NG

Zgibi' .
i—1

By [12] Lemma 1.3, we have for 2 < ¢ < ocoand k = 1,2, ..., and any
operator T from a Banach space Z to £,

kv (T
YR R S0,
vy (T) FCZ, dim(F)=k

Applying this to By|p,_, ¢t we get

Vv (Bulr,) < covy(Bu) vi(F,, SQ(£,)).
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Since B, A, = idlé, we have 1 = v (B,A,) = v (A,)ve(By|F,). Hence we
obtain
v ’( u)
1 < covr(Ay) qﬁ

and taking the 3-rd root we get by Holder’s inequality
Vg’ (B u)
Vk

vr(Fy, SQ(Ly))

1 = CO[Euvk(Au) [Eu< )[Eu VI'(FM, SQ(Eq))

< —[E‘ (f+ f>max 15711 By vi(Fyy SQ(£,)).

i=1
This concludes the proof.

REMARKS. 1. It was proved in [12] that
vr(X, SQ,)) < vr(X, S(£,))
<cov/p+pvi(X,SO)))
s 1 1 _
with ; —+ ? = 1.
2. Weobtainfor2 < p <Innand X = E’;,
cvk
- \/— l/p
and
k
Eyvr(Fy, SQ(£y)) = evk S
VPn'Pmax((/q. 37)

Now when p > ¢ > 2 and k similar to gn*/, we have

[E Vr(Fu7£2)

nl/a=1/p
NI

This estimate is sharp because for all k-dimensional subspaces F* of R, if F 1’,‘

E,vr(Fu, SQ(£y)) =

denotes F* endowed with the norm of ZZ, one has
vi(FF, SQ(Ly)) < d(FF, F <as, ety =n'/a=1/r,

3.For2 < p<Innand X = S,(m x n) where m =rn, r > 1, it follows
from Theorem 4.1 that

ek

E, vr(Fy, £2) > S\ p
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and

ek

B, ve(Fu, SQ(Ly)) = :
S (. )

Indeed, by Lemma 3.4, one has

<cen'/PH2 Jr.

4. In particular Theorem 4.1 gives, in average, an optimal lower bound for
the Banach Mazur distance between random k-dimensional subspaces of X to
E’g (see parts 2 and 3 above).

5. Application to Gelfand numbers

The k-th Gelfand number of a linear operator 7 : X — Y is defined to be
e (T) =inf{ |T|.Il; L C X,codimL =k —1}.

In this section, we will study particularly the Gelfand numbers (c;) for large
values of k, in terms of the dimension of X.

THEOREM 5.1. Let X be an n-dimensional normed space with a basis
{xl}i1 1 satlsfymg a (C, s)-estimate for s > 2 and C > 0. Let q be deﬁned by
S = % — = LetT : X — Y and denote T (x;) = y; foralli =1, ...,n. Then
for some umversal constants cy, ca, dy, dr > 0, for all integers k we have

1) ifn—k < (E”Z, 181x1||)

+a,—r sup ]y]
— 2 ett2=1
Ck"rl(T) < )

1

SE Zgjxj
— e
j=1

i) if HEICI g ])” < —k < ciCein,

+ Ap—k sup

Zm
ffti2=1

dlCﬁnl/’f ’

ci+1(T) <
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(iii) ifc1C?>ge n <n —k < con,

+ an—i sup
24 t12=1

Z [Jy]

d>C(n — k)4 [In(1 + n"Tk)

crr1(T) <

The following theorem will treat the case of spaces of operators. For the
notation, see section 3. In particular G denotes a random Gaussian matrix of
Mopxn(R) with 1.i.d. A47(0, 1) entries.

THEOREM 5.2. Let T be a 1-symmetric norm on R", || - ||; the norm on
Mmxn(R) associated with Tt and d, = d((R", 1), £5) such that (4) is satisfied.
Let E;; denote the canonical basis of My x,(R), T an operator from My, (R)
toY,and fori =1,...,n, j = 1,...m, let T(E;;) = yjj. The following
estimates hold:

() ifnm —k < ;{([E||G||,)2, then

th]yl/ +anm—k sup Zzl‘z;yu

[tl2=1
i=1 j=1 i=1 j=I1
ce+1(T) < 1 )
E[EllGllr

(ii) if}‘([EHGHT)Z < nm —k < nm/16, then
( ‘Zzguyu )
=1j

ProoFs. The beginning of the proof is the same for both theorems. We
denote by (x,) —, thebasisof X andby y; = Tx;,forl <i < M,and M =n
(for theorem 5.1), and M = nm (for theorem 5.2).

If (gij), i, j =1,..., M is asequence of .#°(0, 1) i.i.d. Gaussian variable

then L, = span{zlﬁuz1 gij(w)x; }lﬁgk is arandom subspace of X of dimension

M — k almost everywhere. Hence, a.e.,
M—k M
i z D sy,
i=1 j=1

ck+1(T) < |IT |, Il < sup ,

fibet =1
8ij (w)tlxj

Zztu)’u

i=1 j=1

+anm k SUP
[t]=1

E
E

X
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and by integration, we obtain

M-k M
E sup Z Z gij(w)t; y]
ety =112 T
<
e (T) < —
E inf ,](a))t,-xj
ettty =1 rriiew X

By (3), we have the classical upper bound for the numerator:

M M
E sup Zgu(w)f il <E|D givi| +ams sup |ty
[t]=1 Y j=1 l+ +lM—1 j=1
We need now a lower bound of Einfys,=; |G, (?)], where G, KM_k — X is

the Gaussian operator

M—k

M
> gij(@)e; ®x;.

i=1 j=1

END OF PROOF OF THEOREM 5.1. Here n = M = dim X and the family
(x1, ..., x,) satisfies a (C, s)-estimate. Using the arguments of the proof of
Theorem 2.1, there exist universal constants cy, ¢, d;, d» > 0 such that

—ifn—k< ([E” Z;‘Zl 8jXj H)2/4, we are in the case of Dvoretzky’s the-

orem, then

’

1 n
E inf (G,(@®)Il > SE
[tl2=1 2 o

—if ([EH 27:1 8jXj H)2/4 <n—k <cC*qe %n, then

E inf Gl = diC/gn'4
ty=

—if c1C2qe"4n <n —k < cyn, then

E inf ||G,(®)| > drC(n — k)4 /1n<1+L>.
[tla=1 n—=k

This proves Theorem 5.1.

END OF PROOF OF THEOREM 5.2. In the case of operator spaces, we take
M = nm and we work with the canonical basis of .#,,,(R). Using the
arguments of the proof of Theorem 3.1 (cases 1 and 2), we have
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. 2
— ifnm —k < (EIIG|-)"/4,
] 1
E inf [|G,(®)] = ZEIG]|,
[tl=1 2

— if (EIGI.)*/4 < nm —k < nm/16,

/nm
4d,

E inf |G,(@)[ >
[tla=1

and this proves Theorem 5.2.
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