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ON THE STRUCTURE OF PEDERSEN-POON
TWISTOR SPACES

NOBUHIRO HONDA

Abstract

We study algebro-geometric properties of certain twistor spaces over nCP? with two dimensional
torus actions, whose existence was proved by Pedersen and Poon [16]. We show that they have
a pencil whose general members are non-singular toric surface, and completely determine the
structure of the reducible members of the pencil, which are also toric surfaces. In the course of our
proof, we describe behaviors of the above pencil under equivariant smoothing. Relation between
the weighted dual graphs of the toric surfaces in the pencil and similar invariant of the above torus
action on nCP? is also determined.

Introduction

An oriented four-dimensional Riemannian manifold (M, g) is said to be self-
dual iff the anti-self-dual part of the Weyl curvature of g is identically zero.
The four sphere with the standard metric and the complex projective plane with
the Fubini-Study metric are basic examples of compact self-dual manifolds.
Until the late of 1980’s, only a few examples were known of compact self-
dual manifolds. In 1989 Donaldson and Friedman [3] gave a general method
for constructing self-dual metrics on the connected sum of compact self-dual
manifolds. Their method relies on the twistor theory and deformation theory
of compact complex spaces with only simple normal crossing singularities: let
(M, g1) and (M, g») be compact self-dual manifolds and, Z; and Z, their
associated twistor spaces respectively, which are three-dimensional compact
complex manifolds foliated by non-singular rational curves parameterized by
the four-manifolds M;. Let ®z (i = 1, 2) be the tangent sheaf of Z;. Then
one of their result ([3, Theorem 6.1]) is: if H2(Z;, Oz) = H*(Z,, Bz) =0,
then certain singular compact complex space Z’ which is constructed from Z;
and Z, (and with only simple normal crossing singularities), can be deformed
into a non-singular threefold which is a twistor space over M #M,. That is,
there exists a self-dual metric on M #M, (= the connected sum of M; and
M,). As a corollary, they proved that for any positive integer n there exist self-
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dual metrics on nCP?, where nCP? denotes the connected sum of n complex
projective planes.

Later, Pedersen and Poon [16] developed an equivariant version of the above
result of Donaldson and Friedman: let (M1, g;) and (M», g>) be compact self-
dual manifolds as above, and G a compact Lie group acting on both of (M, g1)
and (M>, g») isometrically. Assume that there exist G-fixed points p; € M;
(i = 1,2) and an orientation reversing linear isometry between 7, M, and
T,, M> which is G-equivariant with respect to the isotropic representations at
pi. Then M #M, has a natural G-action. Under these circumstances, Pedersen
and Poon [16, Theorem 4.4] proved that if H*(Z;, Oz) = H?*(Z>, Bz) =0,
then M,#M, has a self-dual metric with an isometric G-action.

Applying this result inductively for CP*’s with the standard T2 := S' x S'-
action, they proved (cf. [16, Theorem 7.1]), with the aid of a result of Orlik and
Raymond [14], that forany n > 0 and any effective T2-actione : T2 xnCP* —
nCP?, there exists a self-dual metric (i.e. a twistor space) on nCP* with respect
to which « is an isometric action. We call the corresponding twistor space over
nCP? Pedersen-Poon twistor spaces associated to o (cf. §1.3 for the precise
definition). We note that effective 72-actions on nCP? are classified by certain
combinatorial data [14], [10]. By construction, Pedersen-Poon twistor spaces
Z associated to « has a holomorphic 72-action such that the twistor fibration
n : Z — nCP? becomes a T2-equivariant map. The purpose of the present
paper is to study algebro-geometric properties of these twistor spaces in detail.

To state our result, we recall the following facts: any twistor space Z as-
sociated to a compact simply connected self-dual four-manifold (M, g) has a
unique holomorphic line bundle F which is characterized by the property that
F®? ~ —K, (=the anti-canonical bundle of Z). When a Lie group G acts on
(M, g) isometrically, then G acts holomorphically not only on Z but also on
the line bundle F. Let H%(Z, F)¢ denote the linear subspace of H(Z, F)
generated by all G-fixed sections, and |F|¢ C | F| the linear subsystem whose
corresponding linear subspace is H°(Z, F)©. Then our main result is the fol-
lowing:

MAIN THEOREM. Let o : T? x nCP? — nCP? be any effective T?-action
and Z any Pedersen-Poon twistor space associated to «. Then all of (1)—@1v)
below hold.

i) |F |T2 is one-dimensional as a linear system, and general members of
|F IT2 are biholomorphic to an irreducible non-singular toric surface S.

(i1) The number of reducible members of | F |T2 is n + 2, each of which are
of the form D; + o (D;) (1 <i <n+ 2), whereevery D; (1 <i <n+2)is
irreducible non-singular toric surface and o is the real structure of Z.

(ii1) The base locus of the pencil |F |T2 coincides with the (unique) torus
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invariant anticanonical curve of S in (i).
(iv) The toric surfaces S and D; (1 <i < n+2) in (i) and (ii) are uniquely
determined by the original action « on nCP?.

Recall that non-singular toric surfaces are completely described by their
weighted dual graphs [13, p. 44]. On the other hand, as shown in [14], effective
T2-actions on nCP? are also classified by similar (weighted dual) graphs. We
also determine the relationship between the weighted dual graph of S (and D;)
in the above theorem and that of «.

This paper consists of five sections. Section 1 summaries known results
about the classification of 72-actions on nCP? (§2.1) and the theory of toric
surface (§2.2), and gives a precise definition of Pedersen-Poon twistor spaces
(§2.3). Also given are some lemmas needed in the subsequent sections. Section
2 proves that (ii) and (iii) of Main Theorem follow from (i). Section 3 provides
the first step to prove (i) of Main Theorem. Certain singular space Z’ and two
families &2 and 22, of divisors on Z’ are constructed. These play an important
role in our proof of (i). Section 4 proves (i) of Main Theorem. Equivariant
deformations of Z’ are studied and it is proved that any element in &2, and &7,
does not disappear under any 72-equivariant deformation of Z’. As a result,
we complete our proof of (i). Section 5 determines relationship between the
weighted dual graphs of the toric surfaces appeared as members of the pencil
|F IT2 and those of T'2-actions on nCP?. This in particular implies (iv) of Main
Theorem.

Recently, A. Fujiki [5] has proved a conjecture of D. Joyce [10, 3.3.4]
which states that compact simply connected self-dual manifolds which admits
an effective T2-action must be conformally equivalent to Joyce’s example [10].
He also described the structure of corresponding twistor space. In particular,
Pedersen-Poon twistor spaces are nothing but the twistor spaces associated to
the self-dual metrics of Joyce. As a result, our investigations here turned out
to be equivalent to studying degenerations of the metrics of Joyce.

The author would like to thank A. Fujiki for many helpful conversations. He
also would like to thank H. Pedersen and Y. S. Poon for kind encouragements.

1. Preliminaries

1.1. Torus actions on nCP?

In this subsection we first summarize results of Orlik and Raymond [14] and
Joyce [10] about classification of torus actions on nCP?.

Let « : T? x nCP?> — nCP? be any effective action, N the space of orbits
and 7 : M — N the orbit map. Then N is a closed 2-disk. Let N (~ S') be
the boundary of N and N° := N \ dN the interior of N. Then the following
(a)—(c) hold:
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(a) r =1 (N°®) is isomorphic to N° x T? T?-equivariantly, where T2 action on
N° x T?is given by the product of the trivial action (on N°) and the standard
one (on itself),

(b) there exist distinguished k := n + 2 points p;, pa, ..., pr of 9N such
that =1 (p;) is a point for every 1 < i < k. By renumbering we assume that
P1s - .-, pr are arranged in the cyclic order of the negative (i.e., clockwise)
direction,

(c) set A; := 7w~ ([pi, pi1]) (€ nCP?), 1 < i < k, where [p;, pisi]
denotes the connected interval in 9 N with boundary {p;, p;+1}, and subscripts
are counted modulo k. Then each A; is a T'>-invariant sphere on nCP* and there
exists a unique one-dimensional subgroup G, of T2 such that G; acts trivially
on A;. (G; is isomorphic to the circle.)

Once we fix a basis of H{(T?,Z) ~ 72, G; is represented by a pair of
coprime integer; that is, G; = {(s,t) e T> = U(1) x U(1) | s™t" = 1}. Of
course, (m;, n;) is determined only up to sign.

PROPOSITION 1.1 ([14], [10]). Lefa : T% x nCP? — nCP? be any effective
actionand Ay, Aa, ..., Ay C nCP? (k = n+2) the set of T*-invariant spheres
as above, and G; C T? (1 < i < k) the stabilizer subgroup of A; as above.
Then there exists a basis of Hi(T?,Z) such that G; is represented by (m;, n;)
in the following form:

(1) (myg, ng) = (1,0), (my, n1) = (0, 1),

(i) m; > 1 foranyi > 2, and

(i) minjpy —mipn; = —1forany 1 < j <k —1.

Conversely, any set of coprime integers {(m;, n;) | 1 <i < k}satisfying (i)-
(iii) determines an effective T *-action on nCP* such that its stabilizer subgroups
{G;} can be represented by {(m;, n;)}.

aj
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a

FIGURE 1

There is another representation of 72-action on nCP*. Let « : T2 x nCP?> —
nCP? be any effective actionand A := U¥_, A; the cycle of T-invariant spheres
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as above, and set q; := Aiz, 1 < i < k, the self-intersection number of A; in
nCP?. Then the weighted dual graph of « is the circle together with k points
Bi, ..., Br on the circle which are arranged in the cyclic order of the positive
direction, and each B; is attached by the weight a;.

Instead of this, we also denote (ay, a, . .., a;) for short. The latter repres-
entation has an ambiguity of the permutations. Let | be the standard action
on CP? which is given by

op (s, 0)x (8o &1 1 &) > (o @ 561 1 16), (s,1) € T> = U()xU(1),

where (& : & : &) denotes a homogeneous coordinate on CP2. Then the dual
graph of «; is given by (1, 1, 1).

The weighted dual graph also determines 7'>-action on nCP?: let o be any
given effective T2-action, {(m;,n;) | 1 < i < k} the stabilizer data which
is normalized as in Proposition 1.1, and (ay, az, ..., a;) its weighted dual
graph. Then a relation between these two representations is given as follows
(subscripts are counted modulo k):

o {(m;,n;)} —> (a;):each a; (1 <i < k) is given by ([14])

mi—y m;
ni—1 n;

m; My
nig  nNiy

m;_y m;
a; = — i—1 i+1
ni—1  nj4

(Note that the sign are different from [14, p. 544] because we choose the
negative direction.)

o (a;) —> {(m;, n;)}: First set (my, n;) = (1,0) and (m,n;) = (0, 1).
Assume that (m;_», n;_») and (m;_;, n,_;) is determined for some i > 1. Then
(m;, n;) is determined as the unique solution of the following equations:

mi—p m; -1
ni—y n;
and
a4 =— mi—p MmMj_1||Mmj—1 mM;||mj_ m;
i1 =
ni—2 ni—1 ni—1 n; ni—> n;

(We have for example (m,, ny)=(1, ay), (ms3, n3)=(az, aja, — 1), (my4, ng)=
(ayaz — 1, —a; — as + ajaaz), ..., (my_1,ni—1) = (ax, 1).) Consequently
the weighted dual graph also determines 7'2-action on nCP?. In the sequel we
use this representation, rather than the stabilizer data. tion.

The dual graph of any effective T'>-action on nCP* can by calculated by the
following two propositions:

PROPOSITION 1.2 (cf. [14, p. 553, Theorem]). Any effective T>*-action
on nCP? is obtained by a succession of T*-equivariant connected sums of

(CP?, ary).
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PROPOSITION 1.3. Let o : T2 x nCP? — CP? be any effective action and

(a1, az, ..., ar)

be the weighted dual graph of a. Let p :== Ay N A (= 7' (p1)) € nCP?
(A; = n7 ([ pi, pis1]) as above) be a fixed point of a. Let q € CP? be any
fixed point of ay. Leta!’ : T? x (n+ 1)CP? — (n+1)CP? be the action obtained
by T?-equivariant connected sum of o and oy at p and q. Then the dual graph
of o' is given by

(a1 +1,ap,a3,...,ar—2, ar—1,ar + 1, 1).

ProoF. Recall that equivariant connected sum of & and «; at p and ¢ is
made as follows: first choose 7%-invariant small neighborhood U of p and V
of ¢ = B3 N By, where B, B, and B; are «;-invariant spheres in CP?. Next
choose a T?-equivariant, orientation reversing diffeomorphism f : U —
dV, where 0 denotes the boundary. Put s; := dU N Ay, s := oU N Ay,
fi ;= 9V N By and t3 := 3V N B, all of which are T2-invariant circles (if
we choose U and V sufficiently small). Then equivariant connected sum is
defined as {(nCP*> \ U) U (CP*\ V)}/ ~r, where ~; means to identify 0U
with 3V by f. Since f is T?-equivariant we have a natural 7>-action «’ on
this space (which is (n 4 1)CP?).

The T2-equivariance implies that either of the following holds:

fls) =t, fs) =13

or

f(s1) =t fsk) =t

We only consider the former case because the latter can be treated in the same
way. Let AT C A (resp. B; C B) be the hemisphere which satisfies p ¢ A}
and AT = 5| (resp. ¢ ¢ B; and 3B;” = 1,), and A] C A (resp. B C B))
be the hemisphere which satisfies p € A and dA| = s (resp. ¢ € B and
0B; = t1). In a similar way, let A,f C Ay (resp. B3+ C Bs3) be the hemisphere
which satisfies p € A and A = s (resp. ¢ € Bf and 9By = 1),
and A, C Ay (resp. By C Bj3) be the hemisphere which satisfies p ¢ A}
and A, = s; (resp. ¢ ¢ B; and 3B; = t3). Then we have T>-invariant
decompositions
A= AT UAT, Av=Af U AL
Sk

S1

and
By = B UBy, By = B U B;.
I3l [&]
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Then the new invariant spheres obtained by these procedures are
A:=ATUB and A" :=A; UB;.

We have only to show that A> = aq; + 1 and (A")> = a; + 1. We put p’ :=
Al NA,,, p":=A,_1NA;and ¢’ := By N By, ¢" := B, N B3. Let uy (resp.
u_) be a complex coordinate on A; \ {p} (resp. A; \ {p’} ) which satisfies
{uy =0} = {p'} (resp. {u= = 0} = {p}). We may assume that u u_ = 1.
In the same manner let v, (resp. v_) be a complex coordinate on B; \ {g}
(resp. By \ {¢’}) which satisfies {v, = 0} = {¢’} (resp. {v™ = 0} = {¢}) and
v4v_ = 1. Choose a complex structure on the normal bundle N, ,,,¢p2 such that
the complex orientation on the total space gives the reverse orientation to the
standard one on nCP?. Then we choose a trivialization of N A, /ncp? O A1\ {p}
(resp. Ay \ {p'}) and let &, (resp. £_) denote the induced fiber coordinate.
Similarly, choose a complex structure and a trivialization of Ny ,,cp2 on Bi\{q}
(resp. By \ {¢’}) and let . (resp. n_) denotes the induced fiber coordinate.
Then A? = a; and B? = 1 imply

£ =uléy, N- = VyN+.

On the other hand, since f reverses the orientation and, the tangent spaces of
dU (resp. 3V) are generated by the normal directions of A; (resp. B;) in nCP?
(resp. CP?) and the tangent spaces of s; (resp. 7;), we may assume that f gives
an identification u_ = v_' and &_ = n_ on s; =~ t;. As a consequence the
relation between &, and n is given by
L=ulME = uME = u s = v vy =09

This implies that the degree of the normal bundle of A in (n 4 1)CP*is a; + 1.
In the same way we can show that (A")? = a; + 1, as claimed.

1.2. Theory of toric varieties

Let N be a free Z-module of rank r and put Ng := N ®; R, Ty := N ®; C*.
A strongly convex rational polyhedral cone in Ny is a subset 0 € Ny which
can be expressed as 0 = Zf‘:l Rson; for some ny, ..., n; € N and satisfies
o N(—o) = 0. We simply call such o a cone for short. Put M := Homz(N, Z)
and let (-, -) denotes the dual pairing. For a cone o in Ng, let 0¥ = {x €
Mg | (x, y) > 0forall y € o} be the dual cone of o and put S, := M No".
Then by Gordan’s lemma we can write S, = Z>om + - - - + Z>om,, for some
mi,...,m, € S;. Further we set

Uy :={u:Sy - Clu@) =1, u(m+m’) = u(m)u(m’) for anym, m" € S,}.
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Since u € U, is determined by (u(m;), ..., u(m,)) € CP, and any (linear)
relation Y 7, a;m; = 0 (a; € Z) changes into the relation []/_, u(m;)% =1,
we can regard U, as an algebraic subset in C” whose defining equations are
of the form (monomial)=(monomial). In particular for ¢ = 0, we have Uy =
(C*)". Setting (tu)(m) := t(m)u(m) fort € Ty,u € U, andm € S,, we geta
natural Ty-action on U, . Further, we put o+ := {x € My | (x, y) = 0 for all
y € o} and orb(0) := Homz(M No*, C*). Assigning zero on the complement
of M N o*, we have a natural embedding orb(c) < U,. Then orb(o) is a
unique closed Ty-orbit in U, .

A cone T in Ny is said to be a face of o and write T < o if there exists
mo € o such that t = {y € o | {(mg, y) = 0}. In this case, we can naturally
regard U, as a Ty-invariant open set in U, .

DEeFINITION 1.4. Let A := {0} be a collection of cones in Ng. A is called
a fan of N if the following conditions are satisfied:

(i)ifo € Athent € Aforanyt < o,

(i) ifo, 7 € Atheno Nt isaface of o and 7.

Let A be a fan of N. Then by (ii) the set of affine algebraic varieties {U, |
o € A} naturally patch together to obtain a variety X := Xa := Usca U, On
which Ty acts naturally. X is called a toric variety associated to A. We note
that any fan contains o = 0 as a cone so that X always contains Uy >~ (C*)"
as a Zariski open set. Conversely, it is known that if an algebraic variety X of
dimension r has an algebraic action of the algebraic torus Tg := (C*)" and if
there exists an open orbit which is equivariantly isomorphic to 7¢, then there
exists a fan A such that X = X,.

There are correspondences between properties of A and X . For example,
the compactness of X 4 is equivalent to the completeness of A; here, A is said
to be complete if |A| = N, where |A| denotes the support of A in Ng. X
is non-singular if and only if each o € A is non-singular in the following
sense: there exists a basis {n;,...,n,} of N and an integer s < r such that
o = Rsoni + -+ + Rxons.

In what follows we only consider the case r = 2. Let A € Ny = R?
be a complete non-singular fan and X s the associated toric surface which is
compact and non-singular. In this case, X can be described by another data
instead of the fan: indeed, first by compactness, A is uniquely determined by
the set of one-dimensional cones (i.e. half lines) {o; = R>o(m;, n;)};_,. Here,
we have fixed any basis of N to represent the cones and (m;, n;) is the pair of
coprime integers. Second, the non-singularity implies that |m;n; .| —m;n;| =
I forany 1 <i < s, where subscripts are counted modulo s. This implies that
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there uniquely exists a set of integers {a;}}_, such that
(1) (mi—r,nimy) + (M1, nipr) +ai(mi,n;)) =0 for 1<i<s.

The weighted dual graph of X 4 is defined by (ay, as, . . ., ay): The meaning of
this representation is the same as that of §1.1 except that the weighted points
are arranged in the positive direction. It is easily verified thata; (1 <i <'s)
is explicitly given by

(2) i = —m;_\Nijy1 +Mmipni—1.

Finally, if (a;, as, ..., ay) is the weighted dual graph of some compact non-
singular toric surface, we can recover a fan as follows: we first choose any
(my1,ny) and (m», np) which satisfies mn, — myny = 1. Then (m3, n3),
(my, nyg), ... (my, ny) are determined inductively by (1) and the fan determined
from {(m;, n;)};_, is equivalent to the original fan under the SL(2, Z)-action.
In consequence of these, it is equivalent for a non-singular toric surface to give
a fan and to give the dual graph.

A geometric meaning of the weighted dual graph of A is similar to that on
§2.1:let C; (1 <1i < s) be the closure of orb(c;) in XA. C; is a Ty-invariant
non-singular rational curve. Then we have C? = q;.

In the subsequent sections we need the following two lemmas.

LEMMA 1.5. Let (m, n) be a pair of coprime integer and 0 = R>o(m, n) a
one-dimensional cone in R*> and Uy, the corresponding affine toric surface and
orb(o) the unique closed Ty-orbit in U, as above. Then U, is isomorphic to
C x G* and orb(o) is given by {0} x G*. Moreover the stabilizer subgroup of
orb(o) is given by

{(s,0) e C* x C* | s"t7™" = 1}.

LEMMA 1.6. Let A be a complete and non-singular fan in N = R and
S the compact non-singular toric surface associated to A. Let H' (—Kg)™
denote the linear subspace of H' (—Ks) generated by all elements which are
Tx-fixed with respect to the natural Ty-action on H' (—Ky). Then we have

e
0, i>1

PRrOOF. Since S is rational, we have only to prove the claim for i = 0 and
1. Let {z;};_, be the set of one-dimensional cones in A and n; € 7; N N be the
primitive point on 7;. Put o; := 7, + 1,4 for 1 < i < s, where 7,41 := 1.
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Then {0;};_, is the set of two-dimensional cones in A. Let h; : 0; — Rbe a

function defined by
hi(x) == —x1 — X2,

where x| and x, are real numbers which are uniquely determined from x € o;
by the equation x = x7; + x,T; in Ng = R?. Then {h;};_, naturally patch
together to give a continuous function # : Ng — R. Further we set

W :={ne Ng|hn) <0}
Then [13, Theorem 2.6] implies that
H'(S, —Kg)™ =~ Hj, (N, C),

where the right-hand-side denotes the cohomology group of Ny with support
W and with coefficients in C. But since each 4; is non-positive on o;, we have
W = Ng. Then the cohomology exact sequence

0 — H(Ng,C) — H°(Ng, C) — H°(Ng\W, C)
— H},(Ng,C) — H'(Ng,C) =0

implies the claim.

1.3. Pedersen-Poon twistor spaces

In this subsection we recall a result of Pedersen and Poon [16] who proved the
existence of twistor spaces over nCP? on which T2 acts. Their result relies on
the theory of Donaldson and Friedman [3], which we first review briefly.

Let (M}, g1) and (M, g») be compact self-dual manifolds and Z; and Z,
the associated twistor spaces respectively. Z| and Z, are three-dimensional
compact complex manifolds with anti-holomorphic involutions, which we
denote by o7 and o, respectively. These are also called the real structures.
Letw; : Z; - M; (i = 1,2) be the twistor fibrations. 7; gives Z; a CcPl-
bundle structure over M;, whose fibers are o;-invariant complex submanifolds
of Z;. Let p; € M; and p, € M, be any points and put L; := nfl (pi). Let
wi © Z. — Z; be the blowing-up along L;, Q; the exceptional divisor and
o/ the real structure induced by o;. Since the normal bundle of L; in Z; is
isomorphic to H @ H, where H denotes the holomorphic line bundle over L;
whose degree is one, Q; is biholomorphic to CP' x CP!. The normal bundle of
Q; in Z; is biholomorphic to &(—1, 1), where we set (0, 1) := u} 0y, (1).

Let p : T,, M| — T,, M, be an orientation reversing isometry. p naturally
induces a holomorphic identification between Q; and Q», which we also de-
note by p. p preserves the real structures. Identifying O and O, by p, we
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set
I e 7! /
7'=2,7,

which can be regarded as a compact complex space that has only simple normal
crossing singularities along Q := Q| >~ Q,. Let ¢’ be the real structure of Z’
which is naturally induced by o and o;. Then since p*C, (0, 1) >~ 0, (1, 0),
we have

®% =~ Ng,zt ® No,yz, =~ Op(—1,1) ® O (1, —1) = O,

where we put ©}, := éaxté\z, (R, Oz) (Qy is the sheaf of Kihler differential
of Z'; see §4 for the definition) and Ny, sz, 1s the normal bundle of Q; in Z.
Hence Z’ is d-semi-stable in the sense of Friedman [4]. Then one of the results
of [3] is the following

PrOPOSITION 1.7 ([3]). Suppose that H*(Z,, ©z,) = H*(Z,, ©z,) = 0.
Then there exist

e non-singular complex space % with an anti-holomorphic involution o,
and

e a proper surjective holomophic map p : & — A, where A is a disk in C
which is invariant under the complex conjugation o,
such (1)—(iv) below are fulfilled:

(i) There exists a biholomorphic map between Z' and p~'(0) preserving
the real structures,

(i) p is smooth (i.e. maximal rank) on % \ p~'(0),

(i) p -0 = o - p, and if t is non-zero and real with respect to o, then
Z; = p_1 (1) is a twistor space over M#M>,

(iv) H*(Z,, ®z) =0foranyt € A\ {0}.

As a consequence of this theorem, Donaldson and Friedman proved the
existence of twistor spaces on nCP? in the following way. First set M, =
M, = CP? with the Fubini-Study metric. The corresponding twistor spaces Z;
(i = 1,2) are a flag manifold F (cf. Example 2.4), which satisfies H?(®f) = 0.
Hence we may apply Proposition 1.7 to obtain a twistor space Z over 2CP?
which satisfies H>(©) = 0. (This is nothing but the twistor space discovered
by Poon [19].) Next set Z; := Z and Z, := F and apply Proposition 1.7 again.
Then we get twistor space over 3CP? and it satisfies H%(®) = 0. Repeating this
procedure, they inductively obtain a twistor space over nCP? for any n > 1.

Next let us explain an equivariant version of this result, which is due to
Pedersen and Poon [16]. Let (M, g1), (M2, g2), Z1, Z», w1, T, 01 and o, be
as above, and G a compact Lie group acting isometrically both on (M1, g;) and
(M3, g»). We assume that there exist G-fixed points p; € M; and p, € M, such
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that there exists an orientation reversing isometry p : T, M| — T,, M, which
is G-equivariant with respect to the isotropic representations. This condition
implies that we can make G-equivariant connected sum of M| and M; at p;.
The G-action on M; naturally gives rise to a holomorphic G-action on Z;. Then
since L; = m~'(p;) (i = 1,2) is G-invariant, Z; also has a holomorphic G-
action with respect to which Q; is invariant. Further, because p : Q1 — Q>
is G-equivariant, the complex space Z' := Z| U, Z, also has a G-action.

PROPOSITION 1.8 ([16]). Suppose that H*(Z,, ®z,) = H*(Z,, ®z,) = 0.
Then there exists a G-equivariant deformation Z, of Z' such that Z, is a twistor
space over M \#M, which satisfies H*(Z,, ®z) = 0. In particular, M\#M,
admits a self-dual metric with a G-symmetry.

This result implies that if the above machinery of Donaldson-Friedman can
be applied for Z; — M, and Z, — M, to prove the existence of twistor space
over M #M,, then its equivariant version automatically works so long as one
can take equivariant connected sum of M| and M,.

Let o : T? x nCP> — nCP? be any effective T'2-action. Then by Propos-
ition 1.2 « is obtained as a succession of T2-equivariant connected sums of
CP? with the standard action «; (see §2.1). Hence by applying Proposition 1.8
n times, we get a twistor space over nCP? which has a holomorphic T'2-action.
By construction, twistor fibration 7 : Z — nCP? is T'2-equivariant.

DEFINITION 1.9. We call this twistor space a Pedersen-Poon twistor space
associated to «.

2. Reducible members of the pencil |F|””

In this section we show (ii) and (iii) of Main Theorem follow from that of (i).

Let o : T2 x nCP?> — nCP? be any effective T2-action and g any self-
dual metric on nCP?, with respect to which « is an isometric action. Let Z
be the twistor space of (M, g) and o the real structure of Z. (We do not
assume here that Z is a Pedersen-Poon twistor space.) Recall that there exists
a holomorphic line bundle F over Z which is characterized by F Q F >~ —K»
(cf. Introduction). Let |F |T2 denote the linear subsystem of |F| associated
to H(Z, F)T", where H°(Z, F)T* denotes the linear subspace of H%(Z, F)
generated by all 72-fixed sections.

To clarify the reasoning of Main Theorem, we introduce the following

DerINITION 2.1. Z is said to satisfy Condition (A) if Z satisfies (i) of Main
Theorem. Thatis, | F|”” is one-dimensional as a linear system and their generic
members are biholomorphic to a non-singular toric surface.

REMARK 2.2. Let (nCP?, g),a and Z be as above assume that Z satisfies
Condition (A). Then the type of scalar curvature of the conformal class [g]
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is positive. In fact, Condition (A) implies a(Z) > 1, where a(Z) denotes the
algebraic dimension of Z. Therefore results of Pontecorvo [18, 3.5, 3.3, 4.4]
together with the simply connectedness of 7CP* show the claim. In particular,
we may use the vanishing theorem of Hitchin [6].

EXAMPLE 2.3. The twistor space of the Euclidean four-sphere $* is CP?, the
three-dimensional complex projective space. Itis convenient to regard S* as the
quaternionic projective line HP'. Let (o : ¢1) be a homogeneous coordinate
on HP! and o be a T2-action on HP' given by

@0 q) =2 (5qo i 1q), (5.0 e T2 =U(1) x U(1).

The fixed locus of «g is {(1 : 0), (0 : 1)} and the dual graph is given by
(0, 0). We can explicitly see that the twistor space CP? satisfies Condition (A)
as follows.

Let (zo : z1 : 22 : z3) be a homogeneous coordinate on CP3. The real
structure o and the natural lifting of oy on CP? is respectively given by

o — —_ —_ —
(zo:z1:22:23)— (T1: —20:23 1 —22)

and
R 6. -1 . -1
(zo:z1:22:23) —> (Sz0:8 ‘21tz i1 Z3).

Since K¢ps = Opps(—4), we have F = —%chs = O¢p3(2). Hence we get

HYZ, F)"" = (2021, 2223).-

As a consequence the reducible members of | F IT2 are {zoz1 = 0} and {z023 =
0} and all of the other members are non-singular toric surfaces biholomorphic
to CP! x CP!. Thus we have checked Condition (A).

The next example will be used to prove Main Theorem.

EXAMPLE 2.4. The twistor space of CP* with the Fubini-Study metric is a
flag manifold which is defined by

F:={(x,]) € CP*> x (CP*)* | x € 1},

where (CP?)* denotes the dual projective plane. Let (zo : z; : z2) and (wy :
w; : w,) be homogeneous coordinates on CP? and (CP?)* respectively so that
F is expressed by an equation

3) Zowo + z1wi + 2wy = 0.
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The real structure o and the natural lifting of oy (cf. §1.1) on F, are respectively
given by

(e —_— —_ J— — —_ —
(zo 121 :22) X (wo : wy @ wy) —> (Wo : wy : wWa) X (Zo : 21 :22)
and
. . ) (s,1) . . JS B |
(zo 121 :22) X (wo : wy :wp) —> (20821 1 122) X (Wo : s~ wy 1 wy).

By adjunction formula, we have F' = O¢(1, 1) (:= Ogpz, g2 (1, Dp). Tt is
easily verified that

2
HO(F, T = (zowo, Z1 W1, Z2W2)

and the reducible members are {zgwo = 0}, {zjw; = 0} and {zow, = 0}. (Note
that the system (zowg, 21w, zZoW3) is one-dimensional as a linear system be-
cause the equation (3) holds on F). From these, we can easily see that F together
with «; satisfies Condition (A). We note that H?(F, Or ® F~!) = 0 as is easily
shown by Akizuki-Nakano vanishing (see the proof of [7, Lemma 4.2]).

We recall the following three results which are needed to study the reducible
members of | F| T,

PROPOSITION 2.5 ([20]). Let Z be any twistor space over nCP? and D any
divisor on Z which satisfies D- L' = 1, where L' is a twistor line on Z. Then D
is non-singular and obtained from CP? by blowing-up n points. Further DN D
coincides with a twistor line L and the intersection is transversal. Moreover,
the first Chern class of the line bundle [ D] satisfies

1 I
clIDD) = ei(Z) + 5 ) o'
i=1

for some orthonormal basis {€,, ..., &} of H*(nCP*, Z) and o; equal to 1 or
—1.

PrOPOSITION 2.6 ([15]). Let Z be any twistor space over nCP%. For any
real and irreducible member S of |F |, there exists a birational morphism [ :
S — CP!' x CP! which preserves the real structure. Moreover c% ($) =8—-2n
and the resultant real structure of CP' x CP! is given by (anti-podal map) x
(complex conjugation). Furthermore the blown-up points of w never lie on
CP! x (the real circle).

Let S € |Fland u : S — CP' x CP! be as in the above proposition.
naturally defines the exceptional curves Ey, ..., E, which satisfy E; - E; =
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E;-Ej =—8;and E; - E; = Oforany 1 <i,j < n.Let{&,...,&} be
the orthonormal basis of H2(nCP?, Z) which is naturally determined by the

condition .
n*&ils = Ei — E; for 1<i<n.

(This is possible because 7 |s : S — nCP? is a ramified double covering and
the blown-up points of i do not lie on the ramification locus CP' x (the real
circle) [15]). Put o; := 7*& € H*(Z,2) (1 <i <n).Leto; (1 <i <n)be
integers which are equal to 1 or —1 and %, ..., the holomorphic line bundle
over Z whose first Chern class is }Tcl(Z) + % Zl'-':l o;a; € H*(Z, 7). (Here
we have used the vanishing theorem of Hitchin to see that H>(Z, Z) ~ Pic Z).

PROPOSITION 2.7 ([7]). As elements of H*(S, Z), we have

Doypls = w01, 1)——2(1—0,>E ——Z(1+a,)E

i=1

Let Z be a twistor space over nCP? which satisfies Condition (A) and S €
|F|™" a generic member which is an irreducible non-singular toric surface. In
addition we assume that § is real. (Practically it suffices to suppose that S is
real and reducible. See Remark 2.9.) Since c; 2(§) = 8 — 2n, the number of
one-dimensional orbits of the (C*)?-action is 21 + 4. Let {C; }2"+4 be the set of
one-dimensional orbit. Then it is well known that C := 22"+4 C; is the only
(C*)%-invariant anticanonical curve of S and that by renumbering if necessary

we may assume that

I, li—jl=12n+3,
G-C= { .

0, li—jl=2
Since S is real, C is also real. Then Proposition 2.6 implies that C; # C; for
any i, because the blown-up points of ¢, which must lie on the 72 fixed points,
never lie on the real locus. So we may write C = Zle (C; + C;), where we
setk :=n+2.Thenweputg; ;= C;_ 1 NC;for2 <i <kandgq, := CyNCj.
Then {g;,q; | 1 <i < k} is the set of T>-fixed points of S. Let L; (1 <i < k)
be the twistor line which goes through g; and g;. For each i, 1 <i < k, we
decompose C as follows: C = C(;y + C i), where C(;) and C; are connected
curves satisfying C;) N C) = {gi, G, ).

PropoOSITION 2.8 (See also [5]). Let Z be a twistor space over nCP? with
T2-action which satisfies Condition (A) and S, C, C;, Cy and L; as above.
Then

(i) the base locus of | F |T2 coincides with C,
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(i) the number of reducible members of | F | T isk =n+2, all of which are
of the form D; + D; (1 <i < k), whereevery D; (1 <i < k) isanirreducible
non-singular toric surface,

(iii) for each D; in (ii), there exists j, 1 < j < k such that D; N § = Cyj
(andﬁi ns = F(j)),

(iv) renumbering {D;} if necessary we assume that D; N S = C; for any
1<i fk.ThenDiOBizLiforanylfi <k,

(v) any irreducible non-singular member of |F |T2 does not contain L; for
anyl <i <k.

In particular Condition (A) implies (ii) and (iii) of Main Theorem.

PrOOF OF ProOPOSITION 2.8. (i) Let S € |F |T2 be as proposition (that is, S
is non-singular and real member). Then since F|s >~ — K by adjunction, we
have a T2-equivariant exact sequence

0O—0; — F — —Kg —> 0.

By the simply connectedness, we have H'(Z, ;) = 0 ([12]). Hence we
obtain T2-equivariant exact sequence of the cohomology groups:

0— H%Z,0,) — H°(Z,F) — H’(S,—Ks5) — 0.

Since T2 is a compact group, the T2-fixed parts of each term yields the exact
sequence

@ 00— H°Z,0,)7 — H°Z, F)T" — H°(S, —K5)" — 0.

Lemma 1.6 implies that C is the zero locus of a non-zero element of
HO(S, —Ks) ~ C. Hence (4) implies that Bs |F|7" = Bs| — Ks|T" = {C}.

(ii),(iii) Let D + D’ be any reducible member of | F |T2. First we show that
D = D'. By Proposition 2.5 we have ¢, ([D]) = ¢;([D']), where [D] and [D']
denote the line bundles determined by D and D’ respectively. Hence D’ # D
implies that D’ and D are distinct members of the same linear system (because
we have H*(Z,Z) ~ Pic Z by the exponential sequence and the vanishing
theorem of Hitchin). This implies [20, Theorem 3.1] that Z is a twistor space
of LeBrun (with T2-action) ([11]). Let ® : Z — Q := CP' x CP! < CP?
be the rational map associated to the system | F'|, which is three dimensional.
Then the pencil |F |T2 is the pull-back of certain pencil in [Ty (1, 1)| and we
can explicitly check that any reducible member of | F IT2 is real, because we
have an explicit defining equation of these twistor spaces. Thus even in the
LeBrun case, any reducible member of | F |T2 is real.

Next we show that there do exist k = n + 2 reducible members of | F'| T* and
that they satisfy (iii). We use the argument in the proof of [7, Proposition 1.2].
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For oy, ..., 0, with all 0; equal to 1 or —1, %;,...,, denotes the holomorphic
line bundle over Z as before. We consider an exact sequence

(5) 0— Doy, F ' — Dy g —> Dyyp|ls — 0.

Note that this is a T?-equivariant sequence, since H>(Z,Z) ~ Pic Z as we
have seen above. Now as shown in the proof of [7, Proposition 1.2], we have
H (Dy,..0, ® F 1y = 0 for any i > 0 and hence (5) in particular induces a
T2-equivariant isomorphism

(6) H%Z, Dy,..0,) =~ HY(S, Dy, .., |5).

We now show thatforanyi, 1 <i < k, thereexistsaset{oy,...,0, | 0 = =1}
such that C;y is a member of |, ..., |s|. We may write

n n
Ciy=un"0a, p) — ZaiEi - Zbifz’
i=1 i=1
for some integers «, 8, a; and b;. But since C;) + E(,-) =C e | — Kg|, we
have

Ol=ﬂ=1 and a,»—l—b,-:l

for any 1 <i < n. Hence we have

7 Ch=2-)al-) b}=2-n-2) a?+2) a

i=1 i=1 i=1 i=1
On the other hand, we have

J— _2 p—

8—2n =cj(8) = C* = (C+C)* = Cf+C;,+2C4 - Cy = 2CG, +4.
Therefore we get
(8) i =2-n.
Combining (7) and (8), we get Y ", a? = >__, a;. This implies that every a;,
isequalto 1 or0.Let 7 € {1,2,...,n} (resp. J < {1, 2, ..., n} be the subset

such thati € I (resp.i € J) implies a; = 1 (resp. a; = —1). We set 0; = —1
fori € I and o; = 1 fori € J. Then we have

i 1 & 1 —
Ci=p'o0,1) -3 ;u —o)E -3 ;m +0)E;.
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Hence by Proposition 2.7, Cy; is a member of |%;,.., |s|. Further by (6) Cy;)
uniquely extends to T2-invariant divisor D; € |Z,,..,|. Thus we have seen
that for each i there exist oy, ..., 0, (= £1) such that D; € |%,,...,| and it
satisfies D; N S = Cy.

Next we show that any reducible member of | F |T2 must coincide with one
of the above D; + D;. Any reducible member D + D of |F |T2 determines a
decomposition C = A + A, where A = DN S and D = AN S. It suffices to
show that A is connected. Let m > 1 be the number of connected component
of A. Then in the same manner as in (8), we have A> = 2 — n. Hence we
have (A +A)2 = A2+ A° +2A - A = 2(2 — n) + 4m. On the other hand we
have (A + A)? = 8 — 2n. From these, we get m = 1, which implies that A is
connected.

(iv) We may assume that D; NS = Cg). Set L := D; N D;, which is a
twistor line by Proposition 2.5. Since both D; and D; are T?-invariant, L is
also T2-invariant. This implies that the point p := 7 (L) € nCP* is a T>-fixed
point. But since ¢; (and g;) lies on L, we have p = p;. Thatis L = L;.

(v)LetS € |F| T bea generic non-singular member which is not necessarily
real. Then we also have ¢7(S) = 8 —2n, which implies that the number of one-
dimensional orbits of (C*)2-action is 2k. By (i) S contains C = Zf; (G +C))
and hence cannot contain L; which is also (C*)2-invariant orbit.

REMARK 2.9. We can show the following: Let Z be a twistor space over
nCP? with T?-action and S € |F| be a real irreducible T?-invariant member:
Then S is a non-singular toric surface. Proof: Proposition 2.6 directly implies
the non-singularity of such S. Let (C*)> x § — S be the complexification of the
T?2-action. Then since S being algebraic, the orbit which goes through generic
point of S must (C*)? itself. In fact, let s be any point on two-dimensional orbit
of the (C*)?-action and assume that s has non-trivial stabilizer g € (C*)?. Since
S — nCP? is an equivariant and generic orbit of the 7'2-action on nCP? is T2
itself, we may assume that g ¢ U (1). Then {g" | n € Z} becomes an infinete
cyclic group in (C*). But this is a contradiction because the (C*)-action is
meromorphic. (Note that the action has a fixed point.) Hence two-dimensional
orbit of the (C*)%-action must be (C*)? itself, and this implies S is a toric
surface.

3. Main construction

In this section we give a construction which is needed to prove that Pedersen-
Poon twistor spaces satisfy Condition (A).

We recall the situation again. Let n be any positive integer and «,, be any
effective T2-action on nCP?. Let g be a self-dual metric on nCP? and assume
that o, is an isometric action with respect to g. Let Z; be the twistor space of



ON THE STRUCTURE OF PEDERSEN-POON TWISTOR SPACES 193

(nCP?, g),m 72y —> nCP? the twistor fibration and o, the real structure of
Z,. a, naturally induces a holomorphic action on Z; which we also denote by
o,. We assume that Z; satisfies Condition (A) (see Definition 2.1). Further we
suppose that H*(Z;, ©7, ® F;') = 0.

On the other hand let ; be the T'2-action on CP? definedin §1.1,and Z, := F
the twistor space of CP* (cf. Example 2.4). Let 7;, 0 have similar meanings
to my, oy.

Any of the fixed points of a, on nCP? (resp. a; on CP?) is isolated and
the number of the fixed points is n 4+ 2 (resp. 3) (cf. §1.1). Let p; € nCP?
and p; € CP? be any of fixed points of ¢, and o respectively. Let o, be
the 72-action on (n + 1)CP2 obtained as the 7%-equivariant connected sum of
(nCP?, a,,) and (CP?, }) at p1 and p;.

Put L; := 7 '(p;) (i = 1,2) and let y; : Z! — Z; be the blowing-ups
along L; and Q; (=~ CP! x CP') the exceptional divisors. Let p : Q1 — Q; be
a T?-equivariant biholomorphic map which preserves the real structures and
interchanges the directions of fibers of w; and ;. Identifying Q; and Q, by
p we get a variety

Z' =7V, 7,

which has a natural structure of compact complex space with only normal
crossing singularities along Q := Q; =~ Q. Let ¢’ be the real structure of
7' obtained from o, and 05, and &’ the holomorphic T'-action on Z’ obtained
from «, and «;. Under these setups, we now construct two families %7, and
P, of Cartier divisors on Z’.

Let F; = —%K z. (i = 1,2) be the line bundles over Z;. Condition (A)
implies that | F; 7 s pencil and its general members are a non-singular toric
surface. Let C; (i = 1, 2) be the base curve of | F; |T (see Proposmon 2.8 (1))
By Proposition 2.8 (iv) and (v), there exist unique elements D; + D; € | F; |T
fori = 1, 2 which contain L;. Let ¢; and ¢; (i = 1, 2) be the intersection of C;
with L;. Let S; € |F; |T2 (i =1, 2) be any member other than D; + D;. Then
S; intersects L; transversally at g; and g; because S; - L; = 2 and L; £ S;.
(Note that the meanings of subscripts of these L;, C; and g; are different from
those which used in the previous section.)

Let S; (i = 1, 2) be the proper transforms of S; in Z;. Then w;|s : S; — S
is the blowing-up of S; atg; and g;. Putl; := (q,) (C Q) andl; := W (q )
(€ Q,), the exceptional curves. [; and [; are also T2-invariant.

On the other hand let le and D[ (i = 1,2) be the proper transforms of
D; and D; respectively. Then since D; and D; intersect transversally along L;
(Proposition 2.5), D; and 52 are disjoint and they define disjoint two sections

I ;== D;N Q; and T, = 5; N Q; of uilg, : Qi — L;.Itis obvious that T';
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and T'; are also T2-invariant. Since p is 72-equivariant, we may assume that
p) =Ta, ply) =T, p(T) =, p(T1) =15
These indicate that for each S € |F} |T2 other than D; + D, the divisor
S :=S|U, (D, UD,) =D,US,UD,
is a T2-invariant connected Cartier divisor on Z'. Interchanging the roles of 1
and 2, we set
§":=(D,UD))U,S,=D|US,uD),,
which is also 7%-invariant connected Cartier divisor on Z’. We note that these
are o’-invariant if we choose o;-invariant S; € |F |T2. Next we set
_ 5 _
Py = {S;U(DyUD,) | S €|F|", S # D + Dy}

and _, —_
P, :={(D,UD)US,| S, € |F|", S, # D, + D).

Any element of &2, and 2, is T2-invariant (Cartier) divisor. We also note that
any element in & is d-semi-stable. In fact we have

Nis; @ Nryypy, = (No,zi11) ® (No,yzlr,)
= (NQI/Z; ® NQz/Zé)|ll(:l"2)
~ Opliy=ry) = Ol =ry)

and Nj, ;¢ ® N, 57 = Oj _r,) as well. In the same way we see that any
element of 7, is also d-semi-stable.

REMARK 3.1. We note that if we choose D; + D, for S, and D, + D, for
S,, then these define the same divisor G := D| + 5/1 + D) + 5/2 +2Q. That
is, the parameter spaces of & and 42,, which are naturally isomorphic to C,
can be compactified by adding the same point and hence &7, U G U &, can be
regarded as a continuous family.

Technically our key result is the following

PrOPOSITION 3.2. Let S| € |F1|T2 (resp. S» € |F2|Tz) be any non-singular
member and §' := S| U (D, 1 D,) (resp. §" := (D} 11 D) U S}) the corres-
ponding element of & (resp. &) as above. Then

(i) S’ and S” are stable (in the sense of Kodaira) under any T?*-equivariant
deformation of Z',

(ii) Z' can be T?-equivariantly deformed into a non-singular threefold Z,,
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(iii) when Z' will be deformed into a non-singular Z, T*-equivariantly,
both S' and S" are deformed into T?*-invariant non-singular toric surfaces in
Z;.

Note that in the beginning of this section we have assume that H*(©7, ®
F 1_1) = 0. Proposition 3.2 will be proved in the next section. (Of course, the
points are (i) and (iii); (ii) has already proved in [16]). Here we use Proposition
3.2 to prove

PrOPOSITION 3.3 (= Main Theorem (i)). Let n be any positive integer and
a be any effective T*-action on nCP2. Let Z be any Pedersen-Poon twistor
space associated to o. Then Z satisfies Condition (A).

Propositions 2.8 and 3.3 imply (i)—(iii) of Main Theorem holds.

PROOF OF PROPOSITION 3.3. We prove by induction on n. The casen = 1is
easy; in this case, Pedersen-Poon twistor space is nothing but F in Example 2.4
and we have explicitly checked Condition (A) holds for this space. In addition,
we know that H?(®r ® F~') = 0. Let n be any positive integer and fix any
effective T2-action o, on nCP?. Let Z, be any Pedersen-Poon twistor space
associated to o,. Suppose that Z; satisfies Condition (A) and further assume
that H2(®Zl ® Ffl) = (. Take any points p; € nCP? and p, € CP?, which
are fixed by «, and «; (see §1.1) respectively. Let 1 be the effective T2-
action on (n + 1)CP? obtained by T?-equivariant connected sum of (nCP%, o)
and (CPZ, a1) at p; and p,. Let Z; be a Pedersen-Poon twistor space over
(n+ 1)CP2 associated to o, 1. By definition Z; is obtained as a Tz—equivariant
deformation of Z' = Z| U Z} as above. Since any Pedersen-Poon twistor
space is obtained in this way it suffices to show that Z, satisfies Condition (A)
together with H2(®z, ® F[l) = 0, where F, = —%KZ, be the line bundle
over Z;.

First we show that |Ft|T2 is one-dimensional as a linear system. Let S €
|F1|”" be any o-invariant irreducible member, which is always non-singular
toric surface as noted in Remark 2.9. Let §' = S| U (D, LI D) € 2 be the
corresponding element. By (i) of Proposition 3.2, there exists S; in Z; which
is a deformation of §’. By (iii) of Proposition 3.2, S; is a T?-invariant non-
singular toric surface. Since S’ is supposed to be real, S; is also real. On the
other hand we have S, - L, = 2, where L, denotes any twistor line in Z;. In
fact, if we denote the proper transform of a twistor line which is different from
Ly by L' (€ Z'), then we have S’ - L’ = 2. Since intersection numbers are
invariant under deformations, we get S, - L, = 2, as claimed.

We now know that §; is a real divisor with S; - L, = 2. This implies that
S; is a member of |F,|T2. We note that the same argument shows that any
real irreducible member S, € |F2|T2 also gives a real non-singular member
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of |F;|”". Then as showed in the proof of Proposition 2.8 we have an exact
sequence

0 — H%Z,, 0,)" — HZ,, F)" — H(S,, —Ks)" —> 0.

As a consequence, we have dim H %z, F,)T2 = 2, as claimed.

Next we show that general members of the pencil |F; 7" are non-singular
toric surface. Proposition 3.2 (i) implies that 22| and &%, on Z' induce a one-
dimensional family % of T?-invariant divisors on Z,. By (iii), general element
of & is a non-singular toric surface. As we have shown above at least one
element of this family is a member of |F,|T2. On the other hand we have
Pic Z, € H*(Z,,7). Consequently this family is contained in |F,|T2, which
implies that generic member of | F; |”* is an element of 2.

Finally to work induction we have to show that H2(©7, ® F,~') = 0, since
Proposition 3.2 requires the assumption H2(07, ® Fl_l) = 0. By [7, Propos-
ition 4.1] we have an isomorphism H?(®Y%,(—S5")) ~ H*(® (—S;)) and the
latter is zero by the assumption. Hence we have H?(®Y,(—S")) = 0. Then
upper semi-continuity of cohomology groups shows that H 2(@%r (-=S)) =0,
at least if we shrink a parameter space of deformations sufficiently small.

REMARK 3.4. If we choose a reducible element for S; € | F; |T2 (i=1lor2)
other than D; + D; then the corresponding S’ € 2, and S” € 2, consist of
four irreducible components. The number of such elements in &) (resp. &%)
is(m+2)—1=n+1 (resp. 3 — 1 = 2). All the other elements in &} U &,
has three irreducible components. Hence there exist (n + 1) +2 = n + 3
elements in &7 U &2, which are “special” in the sense that the number of
irreducible components is four (Proposition 3.!!), and this number coincides
with the number of the reducible members of | F; |T2. It is conceivable, though
we do not prove, that “special” elements of &7 U &2, exactly give reducible
members in |F,|T2. (See also Remark 3.1.)

4. Proof of Proposition 3.2

In this section we prove Proposition 3.2. As in Proposition 3.3, Proposition 3.2
implies that (i)—(iii) of Main Theorem hold true. We continue to use the nota-
tions used in the previous section.

Let Z' = Z| U Z/, be the compact complex space (with only simple normal
crossing singularities along Q) which was constructed from Z; — nCP? (with
a,) and Z, = F — CP? (with «;). Z’ has the holomorphic T2-action o’
and there exist two families 22, and 22, whose elements are T2-invariant
Cartier divisors on Z'. &2 and 22, have constructed from the pencils | F} |T2
and |F2|T2 respectively. Let §; € |F 1|T2 be any non-singular member and
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S = SuU (DU 5/2) be the corresponding element of Z7;. Similarly, let
§” = (D} U 5/]) U S} be the element of 27, for non-singular S, € |F2|T2.
Further, we have supposed that H 2(921 ® Fl_l) = 0, from which it follows
that

9) H*(Z',0%(=5) =0

as seen in the last paragraph of the proof of Proposition 3.3.
The first half of this section is devoted to prove the following

PRrROPOSITION 4.1 (= Proposition 3.2 (i)). S’ and S” are stable under any
T?-equivariant deformation of Z'.

Although we prove the above result only for S’ € £}, the same proof works
for §” € £, by interchanging the roles of 1 and 2.

To prove this, we need to study

e (T?-equivariant) deformations of Z’,

o (T*-equivariant) deformations of §’,

e (T?-equivariant) deformations of the pair (Z’, §'), and

o relation between these three deformations.
The following three sheaves are fundamental for these purposes:

o Q7 (resp. Qg ): the sheaf of Kihler differentials of Z’ (resp. S'). If we
embed Z' into C* (resp. C*) as a hypersurface {(z1, 22, 23, z4) € C* | 2120 = 0}
(resp. {(z1,22,23) € C | z120 = 0}), then Q, (resp. Q) is defined as

the cokernel of the natural injection 0 — %7/ /.92, 4 Q4|7 (resp. 0 —

I/ JS% 4 Qcs|s), where 7 (resp. Zs) denotes the ideal sheaf of Z’ (resp.
) in C* (resp. C?).

e Qy ¢ = Qz(log §'): the sheaf of Kéhler differentials of Z’ which have at
worst logarithmic poles along S'. If §” is defined in C* as a complete intersection
S’ = Z'N H, where H is a hypersurface defined by {z4 = 0}, then Qz ¢

is defined as the cokernel of a natural injection 0 — .7/ fzz, —d> Qs plzs
where Qs denotes the sheaf of Kihler differentials of G* which have at worst
logarithmic poles along H (that is, Q¢ g is the free Ogs-module generated by
{dz1,dzo,dz3, dz4/24)).
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These three sheaves fit into the following exact and commutative diagrams:

0 0
0 Iy ) I e ) I —— O
J J !
0—— Qulz —— Qo wlz ——— Oy 0
0 —_ QZ/ —_ QZ”S’ res ﬁS’ 0
0 0 0
0 0

! !

0—— 2 Q  — 0
J I !
0— Qg ——  QeS) — Q) —0

J= ! H

0—— Oy —— Qzlyg ®Og(§) —— Qg (§) —— 0

l ! l

0 0 0

(If " were a non-singular hypersurface in a non-singular Z’, then the last row
of the first diagram would be called the Poincaré residue sequence.)

In addition, we use the following notations:

O = &xty, (Qz, Oz), Of = Exty, (Qy, Oy),

Oy g = &Extly (Qz.5,07),

Té, = EthZ,(QZ/, Cy), T.Sl" = Eth,(QS/, Oy),

Ty ¢ :=Ext;(Qz.s, Oz).

Deformation theories of compact complex spaces imply that T}, (resp. T},
and resp. Tl,’ ) is the space of first order deformations of Z’ (resp. S” and
resp. the pair (Z’, §’)) and that T2, (resp. Tsz, and resp. Tz,ﬁ ) is the obstruction
space. In particular, if T2, = 0 (resp. TSZ/ = 0 and resp. T2,‘ ¢ = 0), then any
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first order deformation extends to an actual deformation of Z’ (resp. the pair
S’ and resp. the pair (Z’, S")). When a compact Lie group G acts on Z’ (resp.
(Z',8"); that is S’ is a G-invariant subspace of Z’), equivariant deformation
theory [2] implies that if 72, = 0 (resp. TSZ, = 0 and resp. TZ,’ ¢ = 0), then
(T3)¢ (resp. (Tg)“ and resp. (T}, o)) is the space of Kuranishi family of
G-equivariant deformations of Z’ (resp. the pair S” and resp. the pair (Z', §’)).
To calculate these spaces, we use the local to global spectral sequences:

E? = H(Z',0%) = T},
EDT:= HP (S, 0%) = T{™

and N
EYY:=HMZ', 0% ¢)= T,

Before studying deformations of Z’, we study deformations of S’.

LEMMA 4.2. We have H*(©%) = TSZ, = 0 and there exists a T?-equivariant
exact sequence

0— H'(®Y%) — T} — H°(®}) — 0.

ProOF. Since S| and D) are rational surfaces, we have H 2(85; y=H*©® Dy)
= 0. Because the degree of /; and I'; are (—1) and (41)-curves of S| and D),
respectively, we have H' (N}, ;s:) = H'(Nr,/p;) = 0 for any i > 1. Hence the
cohomology exact sequences of the following two exact sequences:

(10) 0 —> Oy 45, — O5; —> Niys; & Ny — 0,

(11) 0 — ®p,r, — Op, —> Nryp, — 0

together with the reality imply that H*(®y, ; ;) = H*(®p, r,) = H2(®5f2f2)
= 0. Consequently the cohomology exact sequence of

(13) 0— 6% = v.(Og .7, ®Op,r, ® Op 1) — O ®60; — 0

and the Leray spectral sequence show that H 2(®%) = 0, where we denote
[:=1 ~Tyand !/ :=1[; ~ I';,. Next it is easily verified that

O,® 07, i=1,

QL = &xtl. (g, Og) ~
K xﬁs/(S 5) {O, i>2.
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Hence the local to global spectral sequence associated to the hypercohomology
groups T, := Ext', (g, Os) induces the long exact sequence

0— H'(®Y}) — Ty — H°(©y) — H*(0}) — Tg — H'(O}).
From this, the claims of the lemma follow.

Next we prove

Lemma 4.3. H'(©9)"" = 0 and (T{)"" ~ HO(®}) ~ C%.

PROOF. Since D), > D, is anon-singular toric surface and I'; is one of its one-
dimensional orbit of the (C*)?-action, we see readily that dim H°(©® D;,FZ)TZ
= 2 and dim H°(Or,)”" = 1 and that the restriction map HO((EDQ,FZ)T2 —
H%(®r,) s surjective. Hence the cohomology exact sequence of (12) implies

2 2 2 2
H1(®(.S)")T = H1(®Si,l|+71)T ©® H1(®D£vFZ)T D H1(®E;,fz)T .

We now show that all the terms of the right-hand-side vanish. The cohomology
exact sequence of (10) induces a 7%-equivariant isomorphism H'(® s, 1) =
H'(®g). Butsince S| is anon-singular toric surface, we have H' (O I = 0.
Hence we have H!(© S0+, )™* = 0. Next, because Dj, is biholomorphic to the
non-minimal Hirzebruch surface, we can easily show that the map H°(® p,) —
HO(N, r,/p,) is surjective. Hence by (11) we have T?-equivariant isomorphisms
H'(O®p;r,) = H'(Op;) and by reality H' (O 1) = H! (©7;). Butasin S,
we have H'! (@y)r2 =H' (@5/2)T2 = 0. Therefore we have H!(®%)T" = 0.

For the latter claim, we note that since ©}, is naturally identified with
OL|s(~ 0; & 05) and the T?-action on H%(®L,) ~ C is trivial, we have
H 0(@‘,)T2 ~ H%(®L) ~ C2. Then the first claim and the exact sequence of
Lemma 4.2 give rise to the required isomorphism (7¢)7" ~ HO(®L,) ~ C2.

Let p : .¥/ — B with p71(0) ~ S’ be the Kuranishi family of 72-
equivariant deformations of S’. Lemmas 4.2 and 4.3 show that B can be re-
garded as a sufficiently small open disk in (TSI,)T2 ~ (2. Corresponding to the
T?-equivariant decomposition (TSI,)T2 (~ H'®}) ~ (H(0,® 07) ~ CaC,
there exist two non-singular holomorphic curves B; and B; in B which inter-
sect transversally at 0.

ProposITION 4.4. Let p : ¥ — B 2D By, By be as above. Ift ¢ By U B,
then p~'(t) is a non-singular toric surface which is biholomorphic to Si.

PROOF. Assumet ¢ By U B,. Then S, := p~!(¢) is non-singular by a result
of [4]. By upper semi-continuity of cohomology groups and the classification
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of compact complex surfaces, we can easily show that S; is a rational surface.
Then an argument used in Remark 2.9 shows that S; is a toric surface. On the
other hand, as in the argument in the proof of [7, Proposition 1.3], S" admits a
deformation p : .#p — C such that p, L) ~ S; for every ¢ # 0. Since every
T2-equivariant deformation of toric surface is the trivial deformation (which
follows from the rationality of the cones of the fan A € Ny (cf. §1.2)), S; must
be biholomorphic to Sj.

Next we recall deformation theory of Z'.

LeEmMA 4.5 ([3], [4]).

LeEmMA 4.6 ([3], [4]). H*(®Y,) = TZZ, = 0 and we have a T?-equivariant
exact sequence

0— H'(®Y) — T, — H(®}) — 0.
LeEMMA 4.7 ([16]). The natural T?-action on H*(®L,) ~ C is the trivial

action.

Next we study (T>-equivariant) deformations of the pair (Z’, S').
The following result was used in [7] and [8].

LeEMMA 4.8. Foranyi > 1we have a canonical T*-equivariant isomorphism

0, ~ 0% .

ProoF. Since 0z and 0z (—S’) are locally free &z -modules, we have
T?-equivariant isomorphisms

(13) Extl (Oy. Op) ~ Oz 1=0,
e N
and
l. , 0,8 i=0,
(14) (fxtﬁzwz«—S),ﬁZ/):{ v

On the other hand we have

(15) @@xtgjz,(ﬁs/, Oz) = Homg,(Ogs, 0z) =0.
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Indeed, since S’ is a Cartier divisor, we may choose a local defining equation
feOzpofS'. Letg: Os — Oz beany homomorphism over 0z and g € O
be any element. Then we have f - ¢(g) = ¢(fg) = ¢(0) = 0. This implies
¢(g) = 0. Next we consider the obvious T-equivariant exact sequence

0 —> ﬁz/(—S,) e ﬁz/ — ﬁs/ — 0

Applying the functor JZomg,, (-, Oz ) to this and using (13), (14) and (15),
we get a T2-equivariant exact sequence

(16) 0— Oz — 07(S) —> &xt, (05, O7) —> 0
and forany i > 2

(7) Extly, (Os, O7) = 0.

Moreover, (16) shows that

(18) &xty, (Os, 07) =~ Os(S)).

Next we consider the “Poincaré residue sequence”

res

(20) 0 —> QZ/ —> QZ’,S’ —_—> ﬁS’ —> 0,

which is also T2-equivariant. Applying the functor Homg, (-, Oz) to this
and using (15), (18) and (17), we obtain a T>-equivariant exact sequence

20) 0— 0%y — 0) - O5(S) — O 3 —> 0, — 0

and T?-equivariant isomorphisms @’Z ¢ =~ O, for any i > 2. Hence to
complete a proof, it suffices to show that « is surjective. To see this, we choose
a complex coordinate (21, 22, 23, 24) on C* such that

Z' ={z120 =0} and S'={z12=24 =0}

as before. Then 6%, is generated by {z;91, 2202, 93, and 94}, and ®%',s' is
generated by {7,091, 2205, 03, and 7404}, where we set d; := d/0z;. These imply
that the cokernel of the natural injection @%,’ ¢ — ©Y is O53/dz4, which is
naturally isomorphic to &g (S”). Therefore « is surjective and we get from (20)
the required isomorphism @}, ¢ ~ ©7,.

LeEmMA 4.9. H*(©Y, ) = T2, ¢ = 0.and we have a T?-equivariant exact
sequence

0— H' (Y% ) — Ty g — H' (O 3) — 0.
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Proor. Lemmas 4.8 and 4.5 imply @’Z ¢ = 0 for any i > 2. Therefore
local to global spectral sequence yields a T2-equivariant exact sequence

0—> H'(©% ¢) > Ty g — H O )
— H*(©Y, o) —> T; o — H' (O} o).

Now we have H2(0Y,(—S")) = 0 (see (9)) and by Lemma 4.2 H*(®%) = 0.
Then the exact sequence

(21) 0— 0% (-5) — 0%, — 0% —0

shows that H 2(®0,’ ¢) = 0 and the above long exact sequence implies the
required sequence.

Having proved the unobstructedness of deformations of Z’ and the pair
(Z', §"), we study T>-equivariant deformations of Z’.

LEMMA 4.10. There exists a T2—equivariant, commutative and exact dia-
gram:

0 0 0 0

I

H(Og(S) —> H1(®%,’S/) — H'(®%) — HY(0s(5) — 0

!

Exty (05, O07) — Thy L Th — Ext2(Os, 0p) — 0

e

0 — HY%0p) = H°0p) — 0
0 0

PRrROOF. In the course of the proof of Lemma 4.8 we have proved that there
exists a T2-equivariant exact sequence (see (20))

0— @%,’S, — @%, — Og(S)) — 0.

The first row is the cohomology exact sequence of this with the aid of Lemma
4.9. The second row is obtained by applying the functor Hom( -, &) to (19)
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and using Lemma 4.9. The first and fourth columns are consequences of (18),
(17), (15) and the spectral sequence

EYY = H(Z', &xtf, (05, 07)) = Bxt) (0, O7).

The second and third columns are nothing but Lemmas 4.9 and 4.6 respectively.
Finally, T2-equivariance of the diagram follows from 72-invariance of the
divisor §’, and the commutativity follow from naturality.

In view of the above diagram our next aim is to calculate H'! (&g (S’ ))Tz.
LeEMMA 4.11. H(Z', 07) = 0 for any i > 1.

PrOOF. Simply connectedness implies H'(Z, &;) = 0 for any twistor
space Z over nCP? [12]. On the other hand by Serre duality we have for j = 1, 2

(22) dim H'(Z;, 067) =dim H 7' (Z;,Kz)  for 0<i <3.

Now by Remark 2.2 we may use vanishing theorem of Hitchin to get H'(Z;, K z;)
= 0 for j = 1, 2. Further since Kz, has degree (—4) on each twistor line, we
have H(Z;, Kz,) = 0. So by (22) we obtain for j = 1,2

H'(Z;,02)=0  for ix>1,

which imply (by using Leray spectral sequence)

(23) H (Z, Oz) =0 for i>1.
Let
24) 0— 0z — v(Oz,® 0z)) — Og — 0

be the normalization sequence of Z’. By Leray spectral sequence, we have
H'(Z' v.(O7 & O7)) ~ H(Z}, 07) ® H(Z}, 0z)

for any i > 0. The claim of the lemma follows from this and (23) and the
cohomology exact sequence of (24).

LEMMA 4.12. There exists a T?*-equivariant isomorphism

H'(S', 0g(S)) ~ H'(Z', 07(S")).

PrOOF. We have a standard exact sequence

0— Oy —> Oz(S") — Os(S") — 0,
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which is T2?-equivariant. The associated cohomology sequence and Lemma
4.11 imply the claim.

LEMMA 4.13. Let Z be a twistor space over nCP? with a T*-action satisfying
Condition (A) and F be the holomorphic line bundle satisfying F®> ~ —K 5.
Then we have H' (Z, F)T2 =0.

ProoF. Let § € |F |T2 be any real irreducible member. Then S is non-
singular toric surface (Remark 2.9) and we have a T2-equivariant exact se-

quence
00— 0; — F — —Kg — 0.

As mentioned in the proof of Lemma 4.11, we have H'(0;) = H*(0;) =
0. So we get a T2-equivariant isomorphism H'(Z, F) ~ H'(S, —Kj). By
Lemma 1.6 we have H'(S, —Ks)”" = 0. Hence we get H'(Z, F)T" = 0, as
desired.

PROOF OF PROPOSITION 4.1. It suffices to prove that the T>-fixed part of
the forgetting map f : Tj,  — T, is surjective. By Lemmas 4.10 and 4.12

this is equivalent to H' (0 (S/))T2 = 0, which we now prove.
Recalling that §” = S{U(D} Hﬁ;), we have a T?-equivariant exact sequence

(25 0= Op(S) = v.(O7(S}) ® O7(D) + Ds)) — Op( +1) — 0,

where we set [ := S| N D and [ := S N D). By Leray spectral sequence, we
obtain

H' (v.(07(S)) @ Oz/(D) + D)) = H'(67(S})) ® H' (07, (D) + D5))

for any i > 0. On the other hand since T2 acts each factor of Q ~ CP' x CP!
non-trivially, we have H O(0’Q (I +1))T" ~ C. Hence the restriction map

H'(07, (D5 + Do) — H (0o +1)T

is surjective (because a section of ﬁzé(Dé + 5/2) which defines the divisor
D), + 5/2 does not contain Q). Then because the map

(26) H°(04(S})) ® H*(62,(D} + Dy) — H(Gp( +1))

is of the form (a, b) — a|g — b|, it follows that the 7>-fixed part of the map

(26) is surjective. Therefore by (25) to prove H' (07 (S’ ))T2 = 0 it suffices to
show that

H'(Z}, 0,(S)T = H'(Z}, 6,,(Dy + D)™ =0.
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. . 2
Since S| is a member of |0} Fi|T", we have by Leray spectral sequence a
T2-equivariant isomorphism

HY(Z}, 67(S)) ~ H'(Z;, Fy).

Hence by Lemma 4.13, we get Hl(ﬁ’z/1 (S;))T2 = 0. Next since D) + 5; is
the proper transform of D, + D,, we have

O2,(Ds + D)) =03 F> ® 07,(=20).
Then Leray spectral sequence shows
27) H'(Zy, 07,(Dy + D)) = H'(Zy, Fr ® 5L)

where .#;, denotes the ideal sheaf of L, in Z,. We note that this is also a
T2-equivariant isomorphism. Next we consider the following exact sequences

(28) 0— FReJ, — Hhet, — F ®Ni,/z, — O,
and
(29) 00— F2®fL2—>F2—> F2|L2—) 0,

both of which are 7*-equivariant. Now we show that H'(F, ® N}, ZZ)T2 =0.

Since D, + D, is a member of of |F2|T2 and D, ND, = L, (transversally),

we have T2-equivariant isomorphisms
30) Py, = (Oz,(Dy + D)1, ~ (02,(D2)|1, ® (O7,(D2)|1,
~ (0p,(D2)|L, ® (Op, (D)1, 2 Ni,/p, ® Ny, D,

Therefore we get T2-equivariant isomorphisms
F2 ® Ni,/7, = (NLyyp, ® N, 5,) (N, p, ® N[ 15)
= NLZ/DZ @ NLz/Ez'

The T?-action on H°(Ny,/p, ® Ny, 35,) can be explicitly calculated to be

(s,1) -1 —1,-1 -1
(21,22, wi, Wp) —> ($tz1,8 tzo, 8 't wi, St wy)

for a coordinate (z1, z2, wi, wy) on H*(Ny,/p,) ® HO(NLZ/E) ~ C>®C?and
(s,t) € T?> = U(1) x U(1). In particular, we have HO(NLZ/D2 @NLg/Ez)TZ =
0. Therefore we get H(F> ® N7, /ZZ)T2 = 0. On the other hand, since
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Fy ® N}, ;) = Or,(1H)®%, we have H'(F, ® N;,/z,) = 0. Therefore, by
the cohomology exact sequence of (28), we obtain

(31) H' (F,® 92)" ~H' (F,® 7.,)" .

Next we show that the restriction map HO(F,)"" — HO(Fy|.,)" is surject-
ive. Using (30), we can explicitly calculate the T2-action on H°(F3|;,) ~ C?

to be “n )
(1, up, uz) —> (s7uy, up, s~ "u3)

for a coordinate (i, u», u3) on C and (s, 1) € T?> = U(1) x U(1). Thus we
have H(F,| LZ)T2 =~ ( and is generated by a section whose zero locus is the
fixed point set of the T%-action on L. On the other hand since any member of
the pencil |F2|Tz other than D) + 5/2 does not contain L, by Proposition 2.8
(v), the image of the map H°(F,)"" — HO(F|,,)"" is not zero. This implies
the surjectivity. Therefore the cohomology exact sequence of (29) together
with Lemma 4.13 shows that H'(F, ® JLZ)TZ ~ H'(F,)T" = 0. Hence by

(27) and (32), we get H 1(®Zé(D§ + 5/2))T2 = 0. Consequently we have
H'(Z', 07(S')T" = 0 and the claim of the proposition follows.

Our next task is to study relation of deformations of the pair (Z’, S") and
those of §’. The following T2-equivariant exact sequence is the key:

(32) 0— Qzg—> Qz(S) — Qu(S) — 0.

Here we set Q7/(S') := Qz ®g, Oz(S') and Qg (§) = Qy g, Os(S).
Applying the functor J#omg,, (-, O7) to (31) and using Lemmas 4.5 and 4.8,
we get the long exact sequence

33) 0— 0%(=8) — 0% ¢ — &xt} (U (S, O7)
— 0L (=8) — O — &xi; (Qs(S), Oz) — 05,(=S5) =0
and
(34) &xty, (s (S, 02) =0
for any i > 3. Here we have used the invertibility of & (S’) to obtain
£xtgz,(QZ/(S’), Oz) ~ 0% (=S).
On the other hand, we have ®}, ;, ~ ©}, by Lemma 4.8. Therefore the map

@12,(—S/) — @12,’5, in (33) is injective and (33) reduces to the following two
short exact sequences:

35  0— 0%(=5) — 60) o — &xt, (Qs(S), Oz) — 0,
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(36) 0— OL(=5) — O} 3 — Ext} (Qs(S), O7) — 0.
By naturality, these imply there exist T2-equivariant isomorphisms

37) Exty, (s (S'), O7) ~ 64,

(38) Exty, (Qs(S), O7) = Oy ls (= 6, ® ).

LEMMA 4.14. There exists a Tz-equivariant, commutative and exact dia-
gram:

0 0 0

I

H'(©Y% ) —— H'(®}) —— H*©%(-S) ——0

l

Thy —— T, —— Ext’(Qz/(S), Oz) —— 0

|7

H(6y) —> HYO,® 6;) —— HY (Oy(—1—1)) — 0
0

ProoF. The firstrow is induced by (21) (or (35)), with the aid of Lemma 4.9.
The third row is the cohomology sequence of (36). The third column is obtained
by local to global spectral sequence for Ext!, (Q/(S’), €. The first and the
second columns were already proved in Lemmas 4.9 and 4.2 respectively.

By (34), (37) and (38) local to global spectral sequence associated to the
hypercohomology groups Ext,, (25 (S"), &) induces a T?-equivariant exact
sequence

0 0

0 — H'(0Y) — Ext3,(Q(S), 02)
— H%6, ® 6;) — H*(®Y%) =0.

Here, we have used Lemma 4.2. The T2-action determines a splitting of this
sequence. On the other hand, the exact sequence in Lemma 4.2 also has a
splitting arising from the 7T2-action. That is, TSI, ~ Hl((H)g,) ® H°(®L).
These induce T2-equivariant isomorphism Extzz,(Q s (8N, Oz) ~ TSI,. Then
the second row is obtained by applying the functor Homy (-, /) to (32) and
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using Lemma 4.9. Finally, 72-equivariance of the diagram follows from 72-
invariance of the divisor §’, and the commutativity follow from the naturality.

REMARK 4.15. As proved in Proposition 3.3 we have H? (@%,(—S’)) = 0.
Hence the third column of the above diagram implies

Ext3,(Q/(S"), Oz) ~ H' (0y(~1 — 1)) ~C.
In particular, g : Tl,, g = TSI, is not surjective. (See also [7, Remark 2.D].)

PROPOSITION 4.16 (= Proposition 3.2 (ii), (iii)). Let Z’, S" be as in Pro-
position 4.1. Then Z' can be T*-equivariantly deformed into a non-singular
threefold. In such a case, S’ is also deformed into a non-singular toric surface
which is biholomorphic to S;.

PrOOF. Letn € H°(®),) ~ C be any non-zero element. Then by Lemmas

4.6 and 4.7 there exists £ € (TZI,)Tz such that 8(£) = n. Moreover because we
have shown in the proof of Proposition 4.1 the surjectivity of f : Tl,’ ¢ = T},

(in the diagram of Lemma 4.10), there exists é € (Tl,’ S,)T2 such that f (é ) =¢&.
Let A € C be a small disk around zero and {p : & — A,q : ¥/ —
A, .7 < Z} be a T*-equivariant deformation of the pair (Z’, ') whose
Kodaira-Spencer class is é . Then the assumption on 1 and a commutativity of
the diagram in Lemma 4.10 imply Z, := p~'(¢) is non-singular for ¢ # 0.
Furthermore, a commutativity of the diagram in Lemma 4.14 implies that both
of the two factors of y (g (é ) € H'(0; @ 05) are non-zero. This implies that
g(é ) € (TSI,)T2 is not tangent to B nor B; in Proposition 4.4 and hence the
fiber S, := ¢ ~!(¢) is non-singular toric surface biholomorphic to S;. Hence all
of the claims of the proposition are verified.

5. Relation between the orbit data

In this section we determine relation between the weighted dual graphs of
T2-actions on nCP? (cf. §1.1) and those of toric surfaces (cf. §1.2) in |F |T2 of
Pedersen-Poon twistor spaces. This in particular implies (iv) of Main Theorem
in Introduction.

Leta : T2 x nCP?> — nCP? be any effective T2-action and (a;, as, . . ., ai)
with k := n + 2 be the dual graph of «. Let A; (1 <i < k) be the set of T2-
invariant spheres which satisfy Ai2 = a; (hence {A;} is arranged in the cyclic
order), and p; = A,_; N A;, 1 <i < k, the T?-fixed points, where subscripts
are counted modulo k. Let Z be a Pedersen-Poon twistor space associated to
a.Let{D;+ D; | 1 <i < k} be the set of reducible members of | F |T2, where
D; (and D;)isa non-singular toric surface (see (i)—(iii) of Main Theorem). We
assume that { D;} is arranged as in Proposition 2.8 (iv); that s, D; ND; = L, for
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any 1 <1i <k, where L; is the twistor line over p;. Let § € |F|T2 be a generic
member, which is also a non-singular toric surface. Let C = Zle (Ci +C))
be the base locus of the pencil |F |T2, where we assume C; are arranged so as
tosatisfy C;_;NC; € L; forany 1 <i <k.

Main result of this section is the following

PROPOSITION 5.1 (See also [5]) Let (bl, bz, . bzk) and (Cl, Coy vy Ck+1)
be the dual graphs of S and D; (1 <i < k) respectively. Then we have

1<ij<k L J=i

—(l]', =] =K . .

b; = d =4 —a; +1, =i+,

] { _aj_k’ k + 1 S ] S 2k - Cj (1] (J)therWise
—aj, .

ProoF. First we show the statement for S. In this proof we use the following
conventions: subscripts attached to r, s, m” and n” are counted modulo 2k and
subscripts attached to m, n and a are counted modulo k. Let A be a fan to
which § corresponds and {t; = R>o(r;, s;) | 1 < i < 2k} be the set of one-
dimensional cones of A. {(r;, s;)} satisfy r;s;11 —rjy15, = 1for1 < j < 2k.
Then what we have to prove is, by (2) (in §1.2), that there exists an integer /
such that

(39) —Fj—18j41 T Tj18j-1 = —d—jq

holds for every 1 < j < 2k. (Recall that the direction of points on the graphs
of @ and S are reverse to each other.)
It is obvious that 7 |¢ induces an unramified double covering map

C= Z(c +C) — A:=U_ 4
j=1

with 7(C;) = n(E) = A;. Of course this is a T?-equivariant map and
therefore the stabilizer of C; and C are the same as that of A;. Let {(m; jo i)
1 < j < k} be the stablhzer data Wthh is obtained from (a]) by using the
procedure explained in §2.1 ((a;) — {(m;, n;)}). They satisfy

a = — | M-t My M - T
;=
j—1 Ry || Rjp1 || Nj—1
—mj_nj +mjgnj_, 2=<j<k-—1,
= | Mo — mong, =1

My_yny —mng_i, j=k
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In order for these stabilizer data to fit in the setting of toric surface geometry
explained in §2.2, first we set

(w)=Cn) wa ()=(20)

for 1 < j < k. Further (to reverse the direction of the rotation of numbering)

we set
" U " /
mp N My jy and My N Mok—j+1
n/‘/ . n/ . n// ) . n/ .
J k—j+1 k+j 2k—j+1

for 1 < j < k. Then it is readily checked that these new data satisfy

~o~TN

14 1
A
I’lj I’lj+1

=1

for 1 < j < 2k, where we have m, , = m{ and n’, , = n/ by the conven-
tions. Then by Lemma 1.5 we have

i\ —n}/
si ) m
forany 1 < j < 2k. Hence we have

—Fj—18j+1 +rjp18j—1

" " i "
1My — Ry

=n
/ li / / .
My jpoMyj = My My 4 2<j=k-1,

/ / / ! .
Ma3p_jyaMy_j = My jMy_jip, k+2<j<2k—1,
R—jp2Mp—j — N jMi_j 12, 2<j<k-—1,
Nok—jy2Mok—j — Noj—jMak—jr2, k+2=<j <2k —1,
—ar—jt1, 2=j=<k-—1,

—ay—j+1, k+2<j<2k—1.

On the other hand, if we take j =1,

" 4 " " / / / li
—FokSy + Fa8ok = Nty — NpMyy = My (g — Ry 1y

= —nimi—1 + ng—1my = —dy.
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If we take j = k we have

VA Vi i VA i /
T 18k41 T+ Fep1Sk—1 = Mg My — Ny My = NyMyy — Ny,

= —nymy +nymy = —a;.
In a similar way, we have
—TkSk42 + Fkt2Sk = —ax, (=k+1),
and
—rog—181 + risy—1 = —ar, (J = 2k).

Therefore if we setl := k + 1 (= 1), then (39) holds. Thus the claim for S is
proved.
The claim for D; is easier if we notice that D; is obtained as a T2-equivariant

=2 =2

connected sum of (nCP?, @) and (CP", ;) at pi (here CP™ denotes the complex
projective plane with the complex orientation reversed): We can use the same
argument used in the proof of Proposition 1.3. So we omit it.
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