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GAUSSIAN BOUNDS FOR REDUCED HEAT
KERNELS OF SUBELLIPTIC OPERATORS ON
NILPOTENT LIE GROUPS

A.F. M. TER ELST and HUMBERTO PRADO

Abstract

We obtain Gaussian estimates for the kernels of the semigroups generated by a class of subel-
liptic operators H acting on L p(R"). The class includes anharmonic oscillators and Schrodinger
operators with external magnetic fields. The estimates imply an Hy,-functional calculus for the
operator H on L, with p € (1, c0) and in many cases the spectral p-independence. Moreover,
we show for a subclass of operators satisfying a homogeneity property that the Riesz transforms
of all orders are bounded.

1. Introduction

In this paper we consider a class of subelliptic operators given by a composition
of differential and multiplication operators acting on L p(Rk ). These operators
generate holomorphic semigroups which are consistent on L,(R¥) for p €
[1, oo]. Moreover, the semigroup operators turn out to be integral operators
with a smooth kernel on R¥ x R*. Examples of such operators include the
(an)harmonic oscillator and the Hamiltonian for curved magnetic fields. All
these operators are naturally associated to subelliptic operators on a nilpotent
Lie group.

If H is a subelliptic operator affiliated to a continuous representation U of
a Lie group G then the closure generates a holomorphic semigroup S which
has a representation independent kernel K such that

Sy = f dg K.(g) U(g)-
G
For the kernel K one has Gaussian bounds (see [9]). Henceforth we consider

a class of representations of a nilpotent Lie group on L p(Rk ). Under suitable
conditions we show that the semigroup S has a reduced heat kernel « such that

(Sip)(x) = /Rk dyki(x;y) o(y)
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forallr > 0,9 € C®(RF)and x € R¥. The aim of this work is to prove Gaussian
bounds for k. Previously, Gaussian bounds for reduced heat kernels have been
deduced in [8] and [11] for semigroups generated by strongly elliptic operators
affiliated to irreducible unitary representations of nilpotent Lie groups and in
[11] for strongly elliptic operators on homogeneous spaces G/ M with G unim-
odular and M compact. In [18] Sikora proved off- and on-diagonal bounds for
the kernels of semigroups generated by (second-order) Schrodinger operators
with magnetic field and a potential of polynomial growth, satisfying a Nash
inequality. The novelty of this paper is that the operators are weighted subco-
ercive instead of strongly elliptic. As a consequence of the Gaussian bounds
for the kernel we obtain that H has a bounded H,.-functional calculus on all
the L,-spaces with p € (1, 0o) and also in many cases the p-independence
of the spectrum of H. We also show that the Riesz transforms are bounded on
L, for p € (1, 00).

Typical examples for the second order operators are the spinless particles
of mass m in an external magnetlc field B where B is a polynomial. Then the
Hamiltonian is given by H = (p — A)2 where p = —ihV and A is a
polynomial vector potential satlsfymg B =V x A, see [13] and [19]. Other
examples are the anharmonic oscillators (—3%/9x2)/ 4 x>*, with j, n € N.

Throughout the following let G be a connected nilpotent Lie group with
Lie algebra g. Then the exponential mapping on g is surjective. Letay, ..., az
be an algebraic basis of g, i.e., ay, . .., ay are independent and together with
their multi-commutators span g. Let U be a continuous representation of G in
a Banach space 2. Fori € {1,...,d'} let A; = dU(a;) be the infinitesimal
generator of the one parameter group ¢ — U (exp(—ta;)). We also need multi-
index notation. Set J(d') = U, of{l,....dV. o = (i1,...,iy) € J(d)
define A* = A;, ... A, . Generally we adopt the notation of [9].

The representations that we consider in this paper are of the following type.
First we assume that there existay 4, ..., as € gsuchthatay, ..., ayisabasis
for g and [g, a] C span{agy1, ..., aq}. Secondly, let k < d’. For p € [1, oo]
let U be a representation of G in L p(Rk) of the form

() (Utexpa)g) (x) = F Vg (x + &7
for all ¢ € C>°(R¥), where E: g x R¥ — Ris a real polynomial and
ED =G 8

foralla = Z?]:l & a; € g. It is straightforward to see that the representation
is a continuous representation acting on L p(Rk ) forall p € [1, oc].
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Fixny,...,ny € N and set
P
H =Y (-1)"A}"
i=1

with domain

D(H) = ﬂ D(A%)

acJ(d)

lecl|<m
where m = 2lem(ny, ..., ng), w; = 2n;)'m foralli € {1,...,d'} and
lell = wi, + ...+ w;, if e = (@@,...,i,) € J(d'). Define the modulus
I - II:R* — [0, o) by

k

2) [P =Y o 2/

i=1
where x = (x1,...,x;) and w = lem(wy, ..., wy). The main result of this

paper is the next theorem.

THEOREM 1.1. Let p € [1, 0o]. Then the following are satisfied.

I. The closure H of H generates a semigroup S in L ,,(Rk ), which is holo-
morphic in the right half-plane.

II. For all t > 0 the semigroup operator S; has a smooth kernel k; €
C>®(R* x RK) such that the maps x — k,(x; yo) and y — k;(xo;y)
belong to the Schwartz space . (R¥) for all x¢, yo € R* and

(Sip)(x) = /Rk dyki(x;y)e(y)

forall ¢ € L,(R¥) and (a.e.) x € RE.
1. There exist ¢, T > 0 such that

e ;)] < € 1= Q/m eyl et

forallt > 0and x,y € RF, where Q = w; + ...+ wy. Moreover, if
A; and B; denote the left derivative of k; with respect to the first and
second variable, respectively, and A* and BP the corresponding multi-
derivatives, then for all a, 8 € J(d') there exist ¢, T > 0 such that

I(A*BPic,) (x: y)| < ¢ 1~ (@HIIHIBI/m gt (la—y|e=) /n =D

forallt > 0andx,y € RK.
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IV. For all p € (1, 00) the operator H is closed and for all « € J(d') one
has D(H'®1/™)y ¢ D(A%). Moreover, there exists a ¢ > 0 such that

1A%|l, < c|[H/™gp]|,

forall ¢ € D(HI*I/m),

Statement I is a direct consequence of [9]. To be precise, it follows from
Example 4.4, Proposition 11.3 and Theorem 1.1 of [9]. The sketch of the proof
of the other three statements is as follows. The directions ay, ..., ay with the
weights wy, ..., wy make the operator H homogeneous. Unfortunately these
weights do not in general allow one to define a family of dilations on g. This
problem, however, can be circumvented by lifting the representation to a free
nilpotent group G. Then the semigroup has a kernel K on G and one can relate
the reduced heat kernel ¥ with K. The Gaussian bounds for « follow by a
projection and a scaling argument from the Gaussian bounds for K. Finally
the boundedness of the Riesz transforms follows from transference.

Although Theorem 1.1 is formulated for operators H which are sums of
even powers, the conclusions of the theorem are with small modifications also
valid for a larger class of operators affiliated to representations of the form (1)
of the group G. In Section 2 we prove Statements II and III of Theorem 1.1 in
the generalized theorem and in Section 3 we give applications and examples.
Finally, in Section 4 we discuss the boundedness of the Riesz transforms in
case the operator is homogeneous. In that section the representation can be any
induced representation from a character and the representation does not have
to be of the form (1). In particular the bounds are valid for any basis realization
of an irreducible unitary representation.

2. Gaussian bounds

Before we can define the operators for which the generalization of Theorem
1.1 is valid we have to introduce a suitable free Lie group.

Letay, ..., ay be an algebraic basis of the Lie algebra g of a connected nil-
potent Lie group G and let w, ..., wy € Nbe weights. Fora = (i3, ...,i,) €
J(d')set |la|| = w;, + ...+ w;,. Let

r=max{|la|| : ¢ = (i1,...,iy) € J(d) and [a;,[...[a;_,,a;,]...]] # 0}

Let g be the nilpotent Lie algebra with d’ generators a, ..., d, which is
free of weighted step r. So § is the quotient of the free Lie algebra with d’
generators by the ideal spanned by the commutators [a;,, [. .. [a;,_,, a;,]. - -1]
with ||(i1, ..., )| > r + 1. We give a; the weight w; foralli € {1,...,d'}.
Then there exists a family (y;),-¢ of dilations of g such that y,(a;) = ™ a;
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forallt > Oandi € {1,...,d'} (see [17] or [9], Example 2.7). Moreover,
there exist ag.41,...,d; € g and wg41, ..., w; € Nsuch thata,, ..., a;is
a basis for § and y,(G;) = t*' d; forallt > Oandi € {d' + 1, ...,d}. Then
[a, §] = span{dg41, ..., a;} (cf. [9] Example 2.6).

Let m € N be such that m € 2w;N for all i € {1,...,d'} and for all
a € J(d) with || < m let ¢, € C. Moreover, let AV, = dLg(a;) for all
i ef{l,...,d}, where G is the connected simply connected Lie group with
Lie algebra and L is the left regular representation of G on L2(G) Set

A=Y e

leell<m

with domain D(ﬁ) = ﬂ”a”Sm D(Z"‘) and assume that H is a weighted sub-
coercive operator, i.e., there exist i, v > 0 such that

Re(p, Hp) = 1 Y [|A%|3 = vllel}
lell=m/2

forallp € C Oo(G) that is, H satisfies a Gérding inequality on G (see [9]).
Here || - |5 is the norm on L2(G)
Let U be a representation of G in L p(Rk) of the form (1). We consider the
analogue operator
H = Z cq A®

leell<m

with domain D(H) = ﬂH all<m D(A%) and the same coefficients as the oper-
ator H.

THEOREM 2.1. Let U be a representation of the form (1) and

H = Z cy A*

el <m

as above. Let p € [1, 00]. Then the following are satisfied.

I The closure H of H generates a semigroup S in L p(Rk), which is holo-
morphic in a p-independent sector.

Il For all t > O the semigroup operator S; has a smooth kernel k; €
C>®(R* x RK) such that the maps x +— k,(x; yo) and y — k;(xo;y)
belong to the Schwartz space . (R¥) for all xq, yo € R* and

(Sip)(x) = /Rk dy k(x5 y)e(y)
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forall p € LP(Rk) and (a.e.) x € Rk,
Il Forall o, B € J(d') there exist ¢, T > 0 and w € R such that

I(A“BP i) (x; y)| < ¢ 1~ (@HIIHIBI/m gt g=t (=it~ /=D

forallt > 0andx,y € RK where O = wy ...+ wy and the modulus
|- |l on R* is as in (2).

Moreover, if H is a pure m-th order operator, i.e., H = Znau:m cy A%,
then w can be taken equal to 0.

IV The Schwartz space . (R¥) is a core for H.

Proor. Statement I follows from Proposition 11.3 and Theorem 1.1 of [9].

Next, since g is free of weighted step r there exists a unique Lie algebra
homomorphism 77: § — gsuchthat w(a;) = a; foralli € {1,...,d'}. The Lie
algebra homomorphism 7 lifts to a Lie group homomorphism <I> from G onto
G. For g€ G define U (g) U(®(g)). Then U is a continuous representation
of GinL »(RF). Define E: § x Rk — R by

E@,x) = E(n(d), x).

Leta=Y{ &a& €q. Since 7 (a;) € 7(1g, &) =g, a] C span{ag 11, ..., aq}
foralli € {d'+1,...,d}and

(@) = Zaa,+ Z & (@)

i=d'+1

it follows that 5 [50) = 57%), where

ED = (&,....&).

Hence ~ F - 0)
(UE@pa)g)(x) = eF 9 (x + &)

forall ¢ € C.(R¥), a € § and x € R¥, where éxp is the exponential map on g.
Thus the representation U is of the same type as the representation U'.

Note that dU (@) =dU(a;) foralli € {1, ...,d'}. Therefore we can just
as well use the group G with the representation U 1nstead of the group G with
the representation U. According to Theorem 1.1 of [9] for all # > 0 there exists
a K, € 5”(G) such that

S = /G A K@ 0@ e



GAUSSIAN BOUNDS FOR REDUCED HEAT KERNELS OF SUBELLIPTIC ... 257

forallp € L p(R"). Moreover, there exist ¢, T > 0 and w € R such that

3) | K, (&P (@))| < c17Dimeorerialme !

forallt > Oand a € & where D = w; + ... + w; and the modulus | - | on g
is defined by

d 2i d
~ 2~ i
Zfz‘ai =Z|§i|w/w
i=1 i=1
and w = lem(wy, ..., wy;). By scaling one can take w = 0 in case the op-
erator H is homogeneous. Next, set ) = span{aiyi,...,a;} and for y =

(V15 - .., y) € R define § € § by
)A):ylgll—l-...—l-ykglk.

Since E is real valued one can define forall > 0 the function K, € C®(RKxRK)
by
i (x5 y) = fdl?l?, (XD (b — % + §))e/ EC—5+79),
h

Then it is easy to verify that Statement II of Theorem 2.1 is valid.
Now we prove Statement III. It follows from the Gaussian bounds (3) that

7 —D (1Bt sm =1y 1/m—1)
lic: (x5 )| < /dbct D/m yot ,=t(Ib=5+3"t™")
h

D ~ _n-l s gme—1\1/m—1) _~—1 pim—1y1/(m—1)
< ct D/mewt/dbe 27t (jx=y|"t) e 27 (b))
h

“4)

— o= Q/m ot p=27 T (2= /D

. (,—(5—Q)/m fd,;e—z-‘ruémt")‘/('"-'))
h

for all + > 0 and x, y € R*. But the quantity between the brackets is inde-
pendent of ¢ (and also of x and y), by scaling. Moreover, there existsa " > 0
such that ||z|| < t’|Z| for all z € R* with ||z|| < 1. Hence, again by scaling, it
follows that ||z|| < t’|Z] for all z € R¥. Therefore the proof of the Gaussian
bounds of Statement III is complete if ||| = || 8] = O.

Next we consider derivatives of the reduced heat kernel «,. If o, B € J(d")
then

(A*BPic) (x; y) = / db(A“BPR,)(&Xp (b — & + §))e/ FO-F+7)
h
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forall t > 0 and x, y € R¥, where Ei :iiRg(di) foralli € {1,...,d'} and
Rz is the right regular representation on G. Since one has Gaussian bounds

|(A*BPR,) (&P (@))| < et DHll+18I/m gor g=r(al" o=y
by [9], Theorem 1.1, one can estimate A*BPk, asin (4). Again w can be taken
equal to O if H is homogeneous.

Finally, since A; = d/dx;+ M, foralli € {1, ...k} with M; amultiplication
operator with a polynomial it follows from the Gaussian bounds that S; maps
Z(RK) into .Z(R¥) for all # > 0. Therefore .% (R¥) is a core for H (see [2]
Corollary 3.1.7). This completes the proof of Theorem 2.1.

3. Applications and examples

The Gaussian bounds have several implications. The firstis the p-independence
of the spectrum if all weights equal one. Note that it will follow from The-
orem 4.2 that the operator H is already closed on L, for all p € (1, co).

COROLLARY 3.1. Assume the notation and conditions of Theorem 2.1.
Moreover, suppose that w; = 1 foralli € {1, ..., d"}. Then forall p € [1, 00]
the spectrum o, (H) of the operator H on L, (R¥) is independent of p.

Proor. This follows from [15], or [16].

Note that the spectrum o(H) is independent of p € [1, oo] if the repres-
entation U is irreducible, by the arguments given in the proof of Theorem 2.5
of [8].

The second implication of the Gaussian bounds is that the bounded H,-
functional calculus on L, extends to all L, spaces.

COROLLARY 3.2. Assume the notation and conditions of Theorem 2.1. Then
forall p € (1, 00) and large enough A > 0 the operator H + I has a bounded
Ho-functional calculus on L, (RY). If the operator H is homogeneous then one
can take » = 0.

PrOOF. By [9] Theorem 9.2.11I the semigroup generator H satisfies a Gard-
ing inequality on L. Therefore H + AI is maximal accretive if A > 0 is large
enough. Hence it follows from Theorem G of [1] that the operator H + A I has
abounded H,-functional calculus on L,. Then the corollary is a consequence
of the Gaussian bounds of Theorem 2.1.1II and [6] Theorem 3.4.

Quadrature of the Gaussian bounds gives semigroup bounds.

COROLLARY 3.3. Assume the notation and conditions of Theorem 2.1. Then
there exist ¢ > 0 and w € R such that for all p,q € [1, oo] with p < q one

has
1Sl psq < ct= U/ PHDIm et ypiformly for all t > 0.
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PrROOF. Obviously [|S/|li5e = llkillee < ct=2/™e® by the bounds of
Theorem 2.1.I11. Next, let ¢, T be as in Theorem 2.1.1II with ||«|| = ||B|| = O.
Fort > 0 define G,: Rk — Rby G,(x) = ct=2/me=tUx=yI""H"""Y ‘Thep

(o) )] < e /R dy G, (x — ) lp()] = ¢ (G, * g ()

for all ¢ € Cfo(Rk) and x € R¥, where % denotes the convolution on the
commutative group R*. Therefore, ||S;|,—, < [G;|l1 e”" = ||G||; e for all

t > 0and p € [1, o], by scaling. Now the corollary follows by interpolation.

If the spectrum o (H) of H is a subset of (0, 0o) then one also has expo-
nential decay for + — oo in the Gaussian bounds. Furthermore, the decay at
infinity of the kernel is almost equal to the growth bound of the semigroup on
L,.

PROPOSITION 3.4. Assume the notation and conditions of Theorem 2.1. Let
1 = inf(Re(p, Hp) : ¢ € CX(RY))
Then for all ¢ > O there exist ¢, T > 0 such that

e V)| < ¢ 1= Q/m g=(i=e)t p=T(llx—=y|"e~H /=D
i (x3 y)| <

forallt > 0andx,y € R~

ProoF. It follows from semigroup theory that ||S;|,—o» < e * for all
t > 0. Let ¢ > 0. Then by Corollary 3.3 there exist ¢, @ > 0 such that

lkilloo = I1Selliso0 < 1Ser/2llis2llS1=e)r ll2—2 11 Set 2112 00
< Ct—Q/me—Al(l—s)teaa)t

for all + > 0. Hence interpolation with the Gaussian estimates of Theorem
2.1.111 gives

. . . 1—
lic: (x5 )| = liee s I e (3 y)I°
< (C,—Q/mewze—rwx—ynmf')‘/""*“)8(C,—Q/me—m(1—a>zeewz)lf€

_ _ )2 _ _ _y|me—=1y1/(m=1)
= ct Q/me M(1—e) te£(2 s)wte Te(lx—=yl"t™)

forall# > 0 and x, y € R, from which the proposition follows.

ExaMpLE 3.5. Let j, n € N. Then the anharmonic oscillator is the operator

d2 J )
(- Y o
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on L, (R) and domain the Schwartz space. This operator is a special example
for which Theorem 1.1 applies in the following way. Let G be the connected
simply connected Heisenberg group with Lie algebra g and let a;, a», as be a
basis of g such that [a;, a;] = a3. Then the standard irreducible representation
U of G is given by

(U(exp(& a1 + & a2 + E3a3))p) (x) = € ™2 p(x + &)

for all ¢ € C2°(R). So U is of the form (1) and if one takes k = 1 and d’ = 2.
Then A} = —i P and A, =i Q, where P and Q are the self-adjoint operators
in Ly(R) givenby (Pf)(x) = if'(x)and (Qf)(x) = xf(x) forall f € C>°(R)

and x € R. If g
H = (—1)/AY + (=1)" A"

then the operator Hy is the restriction of the self-adjoint operator H to the
Schwartz space, which is a core for H (see [7], Example 7.1). Let dy =
gcd(j, n). Then wy = n/dy, wy = j/dy, Q = n/dy and the weighted order of
H equals m = 2j n/dy. Moreover, ||x| = |x| for all x € R.

Let « be the reduced heat kernel of the semigroup generated by H. Then it
is a consequence of Theorem 1.1 that there are ¢, T > 0 such that

| (x5 Y| < ¢ 171/ @D) gy Pl

forallr > Oand x, y € R. Moreover, if j = n = 1 then the smallest eigenvalue
of H equals A; = 1 and it follows from Proposition 3.4 that for all & > O there
are ¢, T > 0 such that

lic (3 )| < Ct7]/2ef(178)tefr\x7y\2r’]
for all #+ > 0 and x, y € R. Note that these bounds are consistent with the
explicit expression for k by Mehler’s formula;

K (x;y) = (r(1 — e—4t))—1/2€—(x+y)2(tanht)/4e—(x—y)2(cotht)/4e—t
forall > 0 and x, y € R (see [3] Theorem 7.13).

Lower order terms are also allowed. If, for example, H is an operator of
the form

d2 J 5 . d¥
5 H=(-——=) +ux"+ cux' —
%) ( dx2> 2 Z WX o
1,k=0
lj+kn=<2jn

with ©# > 0, ¢y € C and domain D(H) = D(P%*) N D(Q*") then the
semigroup generated by H has a smooth reduced heat kernel x. Moreover,
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there are ¢, 7, w > 0 such that

) Z1/Q2)) ot —1(lx—y[2in/dog=1y1/@infdg=1)
lici (o )| < 17/ @D

forall > 0 and x, y € R. A typical example of an operator H in (5) is the

operator
2

_ = 4 ’.2
H = dxz—l—ux + u'x

with u > O and ' € R.
ExAMPLE 3.6. Let m be an ideal in the Lie algebra g of a connected

simply connected Lie group G, let M be the connected (and simply connected)
subgroup of G with Lie algebra nt and let x be a one dimensional representation

of M.Setk = d—dimm. Letay, ..., a; beabasis for g such thatay, ..., as
is a basis for n. Finally, assume that d’ > k is such that ay, ..., as is an
algebraic basis for g and [g, g] C {ag+1, ..., aq}. Then the basis realization

of the induced representation Ind(M 1 G, y) is of the form (1). This follows
immediately from the description in [5] p. 125 and the fact that nt is an ideal.

As an example reconsider the Hamiltonian with polynomial vector field
A and magnetic field B =V x A In order to avoid confusion between the
components of the vector field A and the infinitesimal generators A; which
we introduce below, we denote the components of the components of the vec-
tor field A by A" Set X; = hi; — iec™' A with domain .7 (R?) for all
J € {1,2,3}. Then [X;, X;] = —ihec™! 22:1 sijk By forall i, j € {1, 2, 3}.
Since multiplication operators commute and the B; are polynomials it fol-
lows that X, X», X3 generate a finite dimensional Lie subalgebra g of oper-
ators in Hom (. (R?)), the space of all linear operators acting on the Schwartz
space Z(R%). Extend X, X», X3 toabasis X, X», X3, ..., Xy for q such that

X4, ..., X4 are all polynomial multiplication operators, say with polynomials
Y4, ..., ¥s. Thenm = span{Xy, ..., X;}is an (Abelian) ideal in g. Moreover,
there exists a unique linear map /: ¢ — C such that /(X;) = —ec*'A;M) 0)

for all j € {1,2,3} and I(X;) = —iy;(0) for all j € {4,...,d}. Define
x:M — Cby x(expa) = exp(il(a)) for all @ € m. Then it follows from
[12] Proposition II.1.6.1 and its proof that x is a one dimensional repres-
entation of M and that the basis realization U of the induced representation
Ind(M 1 G, x) with respect to the basis ay, . . ., aq givenby a; = h*IXj is of
the form (1). For j € {1, 2, 3} let A; = dU (a;) be the associated infinitesimal
generator. Note that X;¢o =hA;¢ forall ¢ € (R%). One can take d’ = 3 and

set H = — (A} + A3 + A32). By Theorem 2.1.IV it follows that H is the
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closure of the operator
Lo ez 2 2 2
Ho = —( _ ZA) = —5 -+ X3+ X))

with domain .’ (R%). Moreover, Theorem 2.1 states that the semigroup gener-
ated by H has a reduced heat kernel « and there are ¢, T > 0 such that

24—1
i (x; y)| < et/ T N

forall # > 0 and x, y € R}, where |x — y| is the Euclidean modulus of x — y.

REMARK 3.7. It can be proved as above that any operator associated with a
representation of the form (1) equals an operator associated with an induced
representation as described in the first part of Example 3.6 on a possibly dif-
ferent Lie group.

4. Riesz transforms

If H = ZHaH:m cq A% is acting on L ,,(Rk) and is such that the comparable

~

operator H = Zuan:m co A% 1s a homogeneous weighted subcoercive oper-
ator then in this section we show that the Riesz transforms of all orders are
bounded on L ,,(Rk) for all p € (1, 0co). The result relies on an application of
the transference theorem in [4], which holds naturally for kernels in L (6),
and a technique that has been used in the the study of the Riesz transforms of
all orders for homogeneous subcoercive operator with complex coefficients in
[10] Section 4. We stress that in the present context the representation of the
nilpotent group G can be any representation induced from a character, includ-
ing the basis realization of a unitary irreducible representation (see [14], [5]
and [8], Lemma 2.1).

THEOREM 4.1. Let (A, 1) be a o-finite measure space, p € (1, 00)
and U a continuous bounded representation of G in L,(.#). Suppose H =
ZH ojl=m Ca A% is a homogeneous weighted subcoercive operator of order m

H = Z Coy AY

llali=m

on G and set

with domain D(H) = mnan:m D(A%). Then H is closed, generates a bounded
semigroup and for all o € J(d') one has D(H*I/™) < D(A%). Moreover,
there exists a ¢ > 0 such that

1A%ll, < c|H'“V™g|
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forall ¢ € D(H'I*I/m),

PROOF. Let ®: G — G beasinthe proof of Theorem 2.1. Let U=Uod.
Then U is a continuous representation of GinlL p(A). IE K is the kernel of
the semigroup S generated by H and S the semigroup generated by H then
Sip = fG dgK(g)U(g)(p. forallr > Oand ¢ € L,(.#). Then the transference
method of [4], Theorem 2.4, together with a density argument, gives the bounds

ISl = K = K s

IS~ = 18- =

uniformly for all 7 > 0, where || - || is the norm on L), (6) and we have set
¢ =8up,c; IU(Q)lp—p- So H generates a bounded semigroup.

If n e N is large enough then for all v, & > 0 the convolution kernel kg, ¢
of the operator

Ea;v,s = ANO[(VI + ﬁ)_‘la”/m(l +8ﬁ)_n

isin L{(G). Since A; = dU(a;) = dU (&) foralli € {1,...,d'} it follows
that

Rypye = AT + H) V™ (1 + eH)™" = /~dg kv (D) U ().
G
The transference method then gives the estimates

5
(6) ||Ra;v,s||p—>p =c ||Ra;v,s||ﬁ—>ﬁ

uniformly for all v, ¢ > 0. But the right hand side of (6) is bounded uniformly
for all v, ¢ > 0 by scaling on G (cf. [10] Lemma 4.1). Hence there exists an
M > O such that || Ry, ¢l p— p < M uniformly for all v, & > 0. Then

[A%], < M| (v1 +H)"“V" (1 +H)"o],
forall ¢ € Doo(H) = N pel(d) D(AP). Taking the limit & |, 0 it follows that
™ |A%e], < M| (v1 + 7)),

for all ¢ € Do (H).
Now letv > 0, N € Nand ¢ € DH"'™) = D(WI + H)N/™). Since
~(H) is a core for the operator (v/ + H)N/™ there are Q1 02, ... € Dy (H)
such thatlim ¢, = ¢ andlim(vI+H)"' "¢, = I+ H)"/"¢. Thenlim(vI +
H)//"p, = (vI + H)//"¢p forall j € {0,1,..., N}. Hence by induction on
the number of indices of the multi-index « and the closedness of the A; it
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follows from the estimates (7) that lim A%, = A% for all @ with |Ja| < N.
_”a”/m) C D(A*) for all @ € J(d’) and the estimates (7) are valid

So D(H
uniformly for all ¢ € D(ﬁ”a”/m) and v > 0. Taking the limit v | 0 yields
).

lA%gll, < M [H"""g|l, forall g € DH"""

Finally, one has as a special case that D(H) C D(A%) for all o with
|le|| = m. Therefore the operator H is closed.

In the unweighted case, i.e., if w; = ... = wy = 1, then one can prove as
in Corollary 4.3 of [10] that

®) DH™") = (] DA%

leell=nw

for all n € N and that the seminorms on the two spaces are equivalent. It is
unclear whether the equality (8) is also valid in the weighted case.

Finally, for non-homogeneous operators we prove optimal regularity for
any weighted subcoercive operator.

THEOREM 4.2. Let (M, 1) be a o-finite measure space, p € (l,Aoo)
and U a continuous bounded representation of G in L,(.#). Suppose H =
Zuangm cq A% is a weighted subcoercive operator of order m on G, where

L is the left regular representation on L,(G) and Z, = dLg(a;) for all

ie{l,...,d}. Let
H = Z CcuA”

lleef| <m

be the corresponding operator on L,(.#). Then H is closed and for all a €
J(d") one has D((H+AD)1*V/™y « D(A*)if A > Ois large enough. Moreover,
there exists a ¢ > 0 such that

[a%g], < (1 + 20",

forall o € D((H + A1)l«l/my,

PrOOF. We may assume that H generates an exponentially decreasing
semigroup SonlL »(G). The proof of the theorem is similar to the proof of
Theorem 4.1. If n € Nis large enough then for all ¢ > 0 the convolution kernel
of the operator

~

Rue = ACH V(1 4 eH)™"

isin L;(G). Moreover, D(ﬁ“""”’”) - D(Z"‘) and the embedding is continuous
in L,(G)-sense by [9], Section 9. Next,

” ﬁa:ﬁ”L,,(G)—w,,(G) = H A« F e ”L,,(G)—»L,,(G)”(I + 8ﬁ)_’1||L,,(G)—>Lp(G)
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and if M = sup,. H:S'\, then

” L, (G)—>L,(G)

[0.¢]
[(t4eH) "N 6o ny6) = (n_l)!_lfo die™ " Sl 61, < M

~

uniformly for ¢ > 0. Therefore the operators R,.. are bounded on L,(G)
uniformly for ¢ > 0. The rest of the proof is by the same arguments as in the
proof of Theorem 4.1. It relies on the transference method.

Note that in fact the above argument can be applied to any continuous
bounded representation of an amenable Lie group G in L,(.#) where (.Z, (1)
is a o -finite measure space.
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