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HARDY-SOBOLEV SPACES OF COMPLEX
TANGENTIAL DERIVATIVES OF HOLOMORPHIC
FUNCTIONS IN DOMAINS OF FINITE TYPE

SANDRINE GRELLIER*

Abstract

In this paper, we prove Fefferman-Stein like characterizations of Hardy-Sobolev spaces of complex
tangential derivatives of holomorphic functions in domains of finite type in C". We also study the
relationship between these complex tangential Hardy-Sobolev spaces and the usual ones. We also
obtain partial results on domains not necessarily of finite type.

0. Introduction

In this paper, we consider Hardy-Sobolev spaces of complex tangential deriv-
atives of holomorphic functions in some domain €2 in C". Let us precise the
definition when n = 2. For L a complex tangential derivative in ©, k € N
and u a holomorphic function in Q, we denote by VXu the (k + 1)-tuple of
functions given by (u, Lu, ..., L*u). Then, we consider, for 0 < p < oo, the
space %’jcp 7(£2) of holomorphic functions u in 2 for which the normal max-
imal function of |VAu| belongs to L?(9€2). We call the complex tangential
Hardy-Sobolev space of order k %’jf 7(£2). One has to put in parallel the usual
Hardy-Sobolev space 57" (2) which is defined in terms of the total gradient.
For this last one, Fefferman-Stein like characterizations hold in terms of the
Littlewood-Paley function, the area integral or the maximal admissible func-
tion. These characterizations are proved when €2 is strictly pseudoconvex or
of finite type in C?> where one can define geometrically adapted admissible ap-
proach regions. Since derivation preserves holomorphy, this follows from the
corresponding characterizations of the Hardy space of holomorphic functions.
We prove here analogous characterizations of .7” (€2) when € is of finite
type in C" with the main difficulty that complex tangential derivation does not
preserve holomorphy. Here, we say that Q2 is of finite type m when the Lie
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brackets up to order m of the complex tangential vector fields generate all the
tangential space. Let us point out that part of the characterizations of 7", (€2)
(as well as all the characterizations of %’jf (£2)) hold without any assumptions
of finite type on 2. In this case, we use a family of admissible approach re-
gions 7™ (), ¢ € K, which are arbitrarily large, as m increases, around
Levi flat points ¢ but which coincide with the hyperbolic approach regions
around stricly pseudoconvex points and which fit the domain around points of
finite type m in C2.

Moreover, we study the relationship between L%’j(p 7(£2) and %’j(p (2). Note
thatin [11] and in [6], results were given in strictly pseudoconvex domains (or
more generally in domains of finite type 2, the case of the unit ball in C” have
been done previously in [1]). In this case, %‘j(p (€2) identifies with ,%Z’;’T(Q).
The situation cannot be as simple in the general case, since the inclusion
jfjc” () C ‘%ﬂZIZ,T (£2) cannot be improved because of the strictly pseudoconvex
points. To obtain converse inclusions, some finite type hypothesis is necessary.
One needs to recover all complex derivatives from complex tangential ones.
When 2 is of finite type m, we prove that a holomorphic function in %’jf 7(2)
is in the usual Hardy-Sobolev space of order k/m. '

Let us now describe precisely the setting.

Let @2 C C" be a bounded, smooth domain, given by

Q={zeC"r( <0}

with » a € function such that [Vr| = 1 on 9Q2 = {r = 0}. For§ > 0
and z € 2, denote by t(z, §) the function (eventually infinite) constructed
by Catlin which gives, when 2 is of finite type m, the size in the complex
tangential directions of the polydiscs that fits the domain around z (we will
recall the precise definition of 7(z, ) in §1.1). For m > 2 an integer, denote by
T,(z, 8) := min{r(z, §), §'/"} and by Q,,(z, 8) the corresponding polydiscs.
It gives anon-isotropic pseudo-distance d,,, on d€2. This is equivalent to Catlin’s
pseudo-distance when €2 is of finite type u, forany m > u and gives arbitrarily
large balls in complex tangential directions around flat points as m grows.

We identify a small neighborhood of 3K in Q, denoted by N U, with
02 x [0, so[ via a diffeomorphism &:

O :dQ x [0, 50[— QNU ®(,0)=¢, ¢ €.

Forz € QNU,let m(z) € 3Q and §(z) > 0 be such that ®((z), §(z)) = z;
8(z) is equivalent to the distance to 9€2. In the following, we will write t,,(z)
for 7,,(z, §(z)) and we will forget the subscript m when there is no ambiguity.

We define the following quantities for any smooth function u and any aper-
ture o > 0:
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e The normal maximal function:
forany ¢ € 02, A u(t) =sup{|lu(®(,1))|; 0 <t < so}.
e The maximal admissible function:
forany ¢ € 9Q, " u(¢) =sup{lu()|; z € 4™ ()}
where 7™ (¢) denotes the admissible approach region:
A () ={D(z,1); 7€3R, 0 <t <5y, dulz,¢) <at}.

e The Littlewood-Paley function:

S0 dr\ /2
forany ¢ € 02, gw)() = (/ lu o ®d(¢, t)lzT) .
0

e The admissible area function:

dV(z) )”2

f Q, (m) = /
orany { €0 So (&) < o 8(2)21(z, 8(2)) 22

2
lu(z)]
U(9)

Define the complex Hardy space .77 as the space of holomorphic functions
u whose normal maximal functions are in L?(0€2). It follows from standard
method (see [7] and [4] for harmonic functions and [3] and [11] in this context)
that 577, 0 < p < oo, is characterized in terms of any of the preceding
functionals. Namely, it is equivalent for a holomorphic function u to be in
HP(Q), to have A4 ™u € LP(0Q), or g(8Vu) € LP(3Q) or S (8Vu) €
L?(9%2), independently on the aperture o and on the choice of m.

One can then consider Hardy-Sobolev spaces ;" (€2) of holomorphic func-
tions, that is the spaces of holomorphic functions which have derivatives up
to order k in 277 (2). Since derivatives of holomorphic functions are still
holomorphic, it is a corollary of the previous characterizations of .77 (€2) that
similar characterizations hold for %‘j{p ().

Fork e N,r e N, m e N\ {0, 1}, 0 < p < o0, for a holomorphic function
u in Q, the following are equivalent

u € A (Q)
N (|V¥u]) € LP(3S2)
A (IV¥ul) € LP(3R2) for some a €]0, 1]
g |V u)) € L (09)
S\ (87 |\V R ul) € LP(9R) for some a €]0, 1].
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(the symbol V* denotes the collection of all the derivatives of order less than k).

We want here to prove the analogs for spaces involving only complex tan-
gential derivatives. We want also to link these spaces to the usual Hardy-
Sobolev spaces. Namely, denote by V?u the collection of all possible com-
position of order less than k of the L;;’s, i < j, given by

0=z 0n 00y
As before, denote by %‘jf 7(£2) the set of holomorphic functions u in € such

that A (|VEu|) € LP(39Q).
Our first result holds without any assumption on the type of 2.

THEOREM 0.1. For k € N, m > 2 an integer and 0 < p < oo, the following
are equivalent for a holomorphic function u in Q.
Q) u € A (),
(ii) ///05’”)(|V§u|) € L?(9%2) for some a €]0, 1].
Furthermore, ifSé’”)(r,;kS’IVrul) € LP(0R2) for somer € Nsothat2r—k > 1
then u € "1 (Q).

REMARK 0.2. The last statement implies in particular that %’jf/’z(Q) -
AL (Q) (since ¢8(2)'? < 1,(2)).

REMARK 0.3. When €2 is Levi flat around some point, part (ii) states that the
supremum can be taken over arbitrarily large admissible regions around this
point.

THEOREM 0.4. Let 2 be a bounded smooth domain of finite type m in C". For

keN, and1— ﬁ < p < 09, the following are equivalent for a holomorphic

function u in Q.
(i) u € A(Q),
(i) 4™ (|VEu|) € LP(3Q) for some o €]0, 1],
(iii) g(8|VVEu|) € LP(3Q),
@iv) S(i’”)(6|VV§u|) € LP(9R2) for somea €]0, 1],
W) Sém)(rnij’W’uD € LP(0R2) for some r € N so that 2r — k > 1.
REMARK 0.5. The last statement implies that, when €2 is of finite type m,

a function in %‘jf 7(£2) is also in the ordinary Hardy-Sobolev space %’jf/’m(Q)

(since T,,(z) < C8(2)'/™). We recover in this context the well known phe-
nomenon of finite type domains: complex tangential derivatives of holomorphic
functions behave at least as well as global derivatives of order 1/m in domains
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of finite type m. It actually says something more subtle. A complex tangential
gradient of order k behaves like 7,,%8"|V"u| and conversely in domains of fi-
nite type m. In particular, this means that VAu behaves as an ordinary gradient
whose order changes from point to point.

REMARK 0.6. In this paper, we only give the proof of Theorem 0.4 when
0 < p < 2. When p > 2, the result follows from singular integrals machinery
and some commutation properties (see [12]).

The key point in the proofs of Theorem 0.1 and 0.4 is the use of mean-value
properties for complex tangential derivatives. For z € €2, denote by Q,,(z) the
set

Om(2) :=={w € 2 8§(2)/2 = 8(w) =28(2); du(m(2), m(w)) < 8(z)/2}.

Denote by Mean?"® (| F|) the mean-value of | F| over Q,,(z). We prove the
following.

THEOREM 0.7 (Mean-value inequality). For k,l € N, 0 < p < oo and
m > 2 an integer, there exists a constant C > 0 such that, for u holomorphic
function in Q and z in Q N U,

S(Z)lﬁ|VlV§u(Z)|P < CMeanQ’"(Z)(|V§u|/’)_

To get these mean-value properties, we improve the usual freezing coeffi-
cient method which consists in taking the coefficients of L to be constant up to
aremaining term so that it preserves holomorphy. As this is not sufficient here,
we “freeze” the coefficients to a higher order by using a Taylor expansion of
the coefficients of L up to a sufficiently large order.

To prove the link between complex tangential derivatives and ordinary de-
rivatives, we use the pointwise estimates between complex tangential gradients
and ordinary gradients proved in [10]. Namely, one has the following:

PoOINTWISE ESTIMATES ([10]). For k € N, u a holomorphic function in <2,
and 7 € L,

ey 1(2)*|Viu@) > < C Mean®@ (jul?).
Moreover if Q2 is of finite type m in C" then for € > 0 there exists C(€) so that

2) 8(2)*|VFu(z)> < Mean2@(C(€)t* |VEul* + €|ul?).

The paper is organized as follows. In section 1, we recall some basic defin-
itions and properties of the geometry and prove Theorem 0.7. Theorem 0.1
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follows at once. In section 2, we establish the relations between usual area
integrals and area integrals of complex tangential derivatives. In section 3, we
conclude by showing the links between area integrals and maximal functions
of complex tangential derivatives.

As said before, we proved these results in the context of domains of finite
type 2 in [11]. The main innovation in this paper is to develop a new technic
which allows to overcome the technical difficulties which appear for m > 2.

In the following, we will use the symbol A < B if there exists a universal
constant C so that A < CB. Similarly, we will write A ~ Bif A < B and
B < A

1. Geometry and mean-value properties

In this paragraph, we will assume for simplicity that n = 2.

1.1. Geometry

Assume € is a domain in C2. Let us recall the following facts from [5] (see
also [8]). Let zo € 902, as |Vr|(zo) = 1, we may assume that ;7’] #0ina
neighborhood V (zp) of zo. Then

LEMMA 1.1. Let M € N, M > 2. For any 7 € V(z¢) N R, there exists a
biholomorphic mapping ®. : C*> — C? such that o :=r o ®. satisfies:

o) =r@+Re@)+ Y. au@&IG + 0 (oM +1all).

J.keN
Jk=1; j+k=M

Moreover

M
®.(¢) = (Zl +do(2)¢1 + de(z)Czk, 2+ Cz)

k=1

where dy(.), di(.); k = 1,..., M depend smoothly on z and dy(.) # 0 in
V(zo).

Itis easy to extend this result to arbitrary dimension (this is done for instance
in [10]). It is important to note that this change of variables is independent
on any assumption on the type of 2. Now fix m > 2 an integer and take
M > m in the preceding lemma. Define A;(z) := max {Iaj,k @ j+k= l}.

For § > 0, denote by t(z,5) = min{(Af(z))l/l, 1=2,..., m} This defines

a function on V (z9) N © with values in R;.. When € is of finite type m, there
exists [ € {2,...,m} such that A;(z) # 0 for z € 2 and by continuity for
z € V(zo) sufficiently small so that 7(z, §) takes finite values. Now define
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T,.(z, 8) := min{t(z, §), §'/™}. Remark that if  is of finite type m, then, for
any . > m, t,, 2 7, 2 7. Define the polydisc around z by

On(z.8) =, (Ru(z.8)) = ©({¢ €C |01l <8, |&2] < Tw(z.8)}).
The following properties hold:

(1) thereexists aconstant C > Osuchthat, forany z € V(z9)and0 < § < 1,
Ly 1/m
ES < Tn(z,8) <C§'™".

(2) if &' < & then (%)lﬂrm(z, §) < tn(z,8) < (%)Ur"rm(z, 3).
(3) forany 0 <8 < landz € Q,(Z, 8), Tu(z, 8) = T, (2, 8).

(4) thereexistsaconstant C > Osuchthat,ifz € Q,,(z’, §),then Q,,(z, §) C
Qm (2/7 8) and Qm (Z/7 5) C Qm (Z9 C(S)
By definition, there exists a constant ¢ such that, for any z € V (z9),

Om(z,cé(z)) C Q.

We will note Q,,(z) = 0,,(z, ¢8(z)) = ©,(R,,,(2)) and 7,,,(2) = T, (2, c5(2)).
(5) In addition, for any ¢ € Q,,(2), T (¢) =~ T (2).

It follows from these properties that
dn(z,¢) =inf{8 > 0,z € Qu(L,8) N2}
defines a pseudo-distance on 9€2.

1.2. Mean-value property for complex tangential derivatives and
applications

Let E be a measurable subset of 2. Denote by Mean? (F) the mean-value of
| F| over E with respect to the Lebesgue measure.
We prove the following proposition.

ProposiTION 1.2. Fork,l,r,m € N,m > 2,0 < p < oo, there exists a

constant C > 0 such that, for any holomorphic function u in Q and any 7 in

Qnu,
8P|V VEu(z)|P < C Mean2 @ (V" VEu|P).

Once this proposition is proved it follows by standard methods (see [7] or
[14] for instance) that



HARDY-SOBOLEV SPACES OF COMPLEX TANGENTIAL DERIVATIVES ... 239
CorOLLARY 1.3. Fork,m e N, m > 2, « > 0,0 < p < oo and a
holomorphic function u,
m) k k
||///o§ (|VTM|)HLP(BQ) S ’|</V(|VT”|)| LrdQ)
and for any ¢ € 3Q, g(8|VVEul) () < S (8|VVEu|)(©).

This gives the equivalence between (i) and (ii) of Theorem 0.1 and that (iv)
implies (iii) in Theorem 0.4. Note that, in fact, the implication (iv) = (iii)
does not need any finite type hypothesis.

Let us now prove Proposition 1.2. First, remark that |V’V§u| ~ |V’} Vul:
for k = r = 1, the commutator of any first order derivative and V7 is a
differential operator of order 1 with smooth coefficients. As V7 contains the
identity by definition, we can write |VVyu| >~ |VyVu|. For larger r and k, the
result follows from induction.

So, as ordinary derivatives preserve holomorphy, it is enough to consider the
case r = 0. We are going to write L*u as a sum of a function satisfying mean-
value properties and of a remaining term. For this we introduce the following
class of functions.

DErFINITION 1.4. Let K = (ky, k») be a multi-index of positive integers. A

function F € €°°(R2) is called (AB)g if ‘;;’5 =0forj =1,2in Q.

To simplify notation, we will assume that K is fixed in the following and
we will write (AB) instead of (AB).

Forany ¢ € Candr > 0, wedenoteby D(¢, r) thedisc{z € C; |z — ¢| < r}.
The terminology (AB) comes from Ahern and Bruna who proved the following
lemma (cf [1]):

LEMMA 1.5. For (I, 1») and (m,,my) € N>, 0 < p < oo, there exists a
constant C such that, for any (AB)-function F in Q, any { = ({1, §) € Q and
anyr = (r1,r2) € (10, +00[)? such that D(¢1, 1) x D(¢2,72) C £,

glithatmit+my g r
©)| < CMeanD(Clsrl)XD(Q»rz)ﬂF|I7).

1 [/
riD( 1+m1)rp( 2 4-my)

N,
CITRC TR IS ok

Givenz € QNU,letw = ®,(¢) and ¢ = r o ®,(¢). Denote by L' =

g—ia% — g—ﬁa% a holomorphic complex tangential vector field. Recall that
On(z) = ©.(R,(z)) where R, (z) = Ry(z,cé(z)) and R, (z,8) = {¢ €

C%; 14| < 8, 12| < Tw(z, 8)}. We have the following lemma:

LEMMA 1.6. For ¢ € R, (z), k,l € N and a holomorphic function f in

d.(Q2), /k
L"f()=Fuf(&)+ Ruf()
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where Fy, f is an (AB)-function and for0 < p <00, € R,(2),0<j <,

3(2)" IV Ri f ()7 < € Mean™@ (| f17) .

ProoF. It follows easily by induction on k£ € N that there exist some con-
stants ¢, 5, 1 <r 4 s <k, such that

k
o amj+an ar—ﬁ—s
iy ZC”S(H a;{”fagz’”)adacf’

1<r+s<k Errs Jj=1

where Ej ,; denotes the set of couples (m;,n;), j = 1,dots, k, in lexico-
graphical order, which satisfy Z;f:] m; =k —r and Zﬁ:l nj = k — s with
m; + nj = 1.

For any N € N, we can write 0 = Tj" 0 + R} 0 where T." o stands for the
Taylor expansion of ¢ up to order N.

Assume for simplicity that/ = 0. Choose N = 2k — 1. Since g is €, one
has

am.,v+an _ gmitnj TONQ

1j 8;2"1 - 3{1’"13{2"1

. |N+lfm_,'7nj)‘
ag,

+ INmym;  Where ry o m; = ﬁ(|§

Now, for ¢ € R, (2), |[¢| < T (2) so one obtains, since m; +n; < 2k —(r +s),

k mj+n; TN I+s
> (H(M) + Ot (z)“‘z"“f“))) R

I<r4s<k \j=1 adnjagz 0¢{9¢;

= Frof(¢) + Reo f(£).

L* ()

By definition, Fyg is an (A B) g -function for K = K (N) large enough.
But, by the mean-value properties satisfied by f, for any ¢ € R, (z)

p
(é') < CMeaan(Z) (.[P(N+1—2k)|flp)

m

8r+Sf
9¢{ 0L,

Z ﬁ(Tm (Z)N+1—2k+(r+s))17

1<r+s<k

< C'Mean®"@ (| £|7).

This gives the lemma.

PROOF OF THE PROPOSITION. Denote by f the holomorphic function in
®.(Q) given by f = u o ®,. Write 87 (2)|VIL* f|P < 8% (2)|V' Fiu f1P +
8(2)'P|V!V!Ry; f17. The second term is bounded by the mean- value of | f|?
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on R, (z). For the first term, we use Lemma . to get a bound as Mean®»

(| Fx; f17). This in turn is bounded by
Mean® @ (|L™ f|P + |Ri f17) < C Mean® @ (|IL"* £|7 + | £17).

Going back to €2, it gives the result for L since L’ corresponds to a smooth
non-vanishing function times L.

REMARK 1.7. It is by an analogous method that the pointwise estimates
quoted in the introduction are proved in [10].

In the following, we will forget the subscript m to simplify the notations.

2. Area Integrals

2.1. Area integrals and area integrals of complex tangential derivatives

First, recall that usual methods, involving Hardy inequality and mean-value
properties, allow to prove that, for 0 < p < 2 and u holomorphic in €2,

) 1S T IV Ul o) < 1S« (87T IV ul) | Lraq) + sup |ul
K

aslongasr+mn—k/2and!+n—k/2 are positive, where K denotes a compact
subset of 2 (see [4] and [3]). The same kind of method using part (1) of the
pointwise estimates of the introduction gives that

1S B IV VFuDlre < 11Se ("t IV ul)llLroa) + sup lul
K

forr +n—%k/2 > 0and n > —1 (see [11] in the context of domains of type
2 and [9)).

We prove now a converse inequality. For 0 < p < 2, ||S, (8" "t ~*|V"u]) || »
can be estimated by the L”-norm of S, (8/17|V/ V§u|) whenr+n—k/2 >0
and j 4+ n > 0. This estimate is proved in [9]. We give here a simplified proof.

By (%), it is sufficient to prove the required estimate for some r big enough.
Apply the converse pointwise estimates (2) to the component of V', [ will be
chosen large enough, and integrate over <7, (¢) to get

Soz (8k+l+77rfk|vk+lu|)(é-)
< C@Sp@ENVEVUD (@) + €S8 T VUl ©)
for some > «. Now, by the mean-value properties, the first term is majorized

by S, (87T V/Vhu|)(¢) for any j € N so that j + n > 0. And for / large
enough, the L”-norms of Sg(8"7"t*|V'u|) and of S, (8"t =%|V**y|) are
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equivalent to ||Sa(5’+”r_k|V’u|)||p forany r +n — k/2 > 0. So, as the L?-
norms of the area integrals S,, are independent on the aperture «, it gives an a
priori estimate for € small enough. We get rid of the a priori assumption as in
[11] by applying this inequality in Q2. = {z € 2; 5(z) > €} and letting € goes
to 0. Eventually we get the following result.

PROPOSITION 2.1. Assume Q2 is of finite type in C". Fork,r, j € N,0 < p <
2,a,n€Rsothatr +n—k/2 >0, j +n > 0, for u holomorphic in Q2

1Se ("7 K1V ul)llp < 11Sa (8" IV Vi)l p + sup Jul.
K

2.2. An embedding result

In this section, we prove a key estimate to deal with the remaining terms.

PROPOSITION 2.2. Assume S is of finite type m in C".
Let n €10, 1/m|. For 1 — % < p <2, there existsq > p, q > 1
so that
1S (8" 1V V3 ullly < |41V 5uD -

Proor. By the preceding paragraph, ||.%% (51_“|VV§7IM|)||4 1S success-
ively bounded by

L& eV DIy, S0 VD g 1@ V)
up to supg |u|. This in turn is bounded by
Clltte (8" | VEuD s o
for any € > 0 since

Lo (VR U)) ()

8(2)€dV () )1/2

1/m—p—e 7k VR Y YT
S %0((5 | T”')({) X (/;{ @ 8(Z)ZT2(Z’ S(Z))

o

Now, using the atomic decomposition of spaces of homogeneous type (see
[2]), one can show (see [11]) that

| Mo (8" =\ VEUD | ooy < |- (IVEUD | Lr 00

ifl/m—u—e>n/p—n/q.
It is possible to find such a g by assumption on the range of p.
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3. Characterizations of complex tangential Hardy-Sobolev spaces

3.1. Estimate on the normal maximal function by the Littlewood-Paley
function

In this paragraph, we prove that (iii) implies (i) of Theorem 0.4. More precisely,
we prove, without finite type hypothesis the following result.

ProposiTION 3.1. Fork € N, 0 < p < 0o and u holomorphic in 2,
A (IVEulllLrony < 18GIVVEuDre) + 55188 IVVE ul) | Looa)

forany g > 1, q = p, any 6 €]0, 1[.

REMARK 3.2. When € is of finite type, it gives an a-priori estimate when
mnl T <P= 2, since by Proposition 2.2, for 6 sufficiently close to 0, one
can choose g > 1, g > p, so that

1Se 8" IVVE Dl ey S -t (Viw)llLroey < 1A (VEuD L og)-
So, if u € €°(Q) N (), for sy small enough, we have
1A (\VEuD  Lragy < Clle(BVVEW) | Lr@a).-

To obtain the general result, one has to apply this estimate in 2 = {®(z, 1), >
€} (since a holomorphic function in 2 is in particular ¥*°(€2.)) and to let €
goes to zero. On one hand

O dt
/ 17| f] (CD(EJ))T = 8@ fD©),
€
on the other hand, the monotone convergence theorem proves that

: k k
ll_f)n | sup |Viulllrr@ae) = 1A UVruDlzroo)-

e<t<e

ProofF. The method is analogous to the one used in [11]. The trick is to
write V:';u as the sum of a harmonic function and of a remaining term.
Write V?u = (Viu)o + (V?u)h where (V’;u)o is the (vector)-solution to
the Dirichlet problem
Av = A(VEu) in Q
v=0o0n0dR.
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Then,
S0
|(Viu)g o @(¢, 1) s/ |V(V5u)o o (¢, s)|ds + sup |u|
0 K
S0 d 1/2
<55 </ |V(V§'4)0 o d(g, S)|2S229—S) + sup |u]
0 N K
where K is a compact subset of 2,0 < 6 < 1.
So, it gives
A (VEuDlLrog) < 1A (VDD ree) + 14 ((Viw)o) e oe)
< gV (Vi) llLrea)

5o ds\'?
+ 55 (/ |V(VEu)g o ®(., s)|2s2—29—) + sup |u|
0 N Lr(HQ) K

< gV Vi)l Lraa) + 18V Viu)ollLroe)

%o ds\'?
+ 55 (/ |V (V5u)g o (., s)|2s2—29—) + sup |u|
0 s LP () K

< g8V Vi)l Lr e

50 d 1/2
(/ IV(VEu)g 0 @, s)|2s2_26—s)

0 S

Now, by estimates on the Dirichlet problem (see [11] appendix for study in
this context or [13]) we obtain that, forsome g > 1,q > p

So 1/2
(x) = H (/ |V(V§u)0 o d(., s)\zszzed—s)
0

N

® ds\'"?
(/ |V (Vi) 0 (., s)|2s2—29—>
0 N

= |a(Vru)

+ sup |u|.
LreQ) K

+ 2sg

LP(3Q)

=

L1(3S2)

H w, P (@)

where W, 1@ genotes the usual Sobolev space. Now, since u is holomorphic,
|AVEU| = |[A, VE]u|. Note that |[A, VE]u| >~ |[V2VE'u|: First, recall that
|V§ Viu| ~ |V’V§u|. The commutator [A, V?] is obtained by derivating at
least one and at most two complex tangential vector fields of the V&. If only
one is derivated, one gets a term =~ |V2V§_ Y |, if two are derivated, one obtains
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aterm = |V2V52u|. So,

k - %0 k=1 2 2-209dS 2
| A(V7u) |10 gy = IV uls*72 —
0 0 S

L‘I(aQ)'
Now, by the mean-value properties, this is bounded by

EACE A e

This ends the proof of the proposition.

3.2. Estimate of the area integral by the admissible maximal function

In this paragraph, we adapt the method of [7] to our setting. We are going to
prove the following result.

ProroSITION 3.3. Lete > 0. ForO < u < 1,0 < p <2, a > 0andu
holomorphic in 2,

Is.@955u)l, < (5 +1) (T,

+ (e +5) [ S BIVVEul)|, + [ Sa(8'#1VV7 ul) |, + sup ||

REMARK 3.4. Implication (ii) = (iv) of Theorem 0.7 follows: By §2.1,
this gives an a-priori estimate when 2 is of finite type m and 0 < p <
2. Indeed, ||Sa(81_“|VV§_1u|)||p is estimated by ||Sa(81‘”r|VV§u|)||p <
s/ IS BIVVEuD |, if 1/m — > 0. B

We conclude that, when €2 is of finite type m, for u € €°°(2) N (L), we

||Sa(8VV§u) ”Lp(ag) = C(”//la (V?u) ” LP(3Q) + Slll(p |u|)

It remains to show that this inequality is still valid for general u. We apply
this inequality in Q. = {z € C"; §(z) > €}. One can verify that the constant
involved is independent of € > (. We want to let € — 0 in the inequality. Let
us observe that, for . = (¢, ce) € 02, %o (L) C Hp(L), for some B > a.
This allows to show that

|- (V7u)]

|25 (Vru)|

Lo = Lr(3SQ) *

Then, we conclude by Fatou’s Lemma that

| Sa (5VV§”)||LP(BQ> < C(||-#5 (v§”)||u(a£2) + sgp lul).
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In the following, it will be convenient to have a defining function for 2
which is harmonic near 9€2. We choose a point xo € K and denote by § the
Green’s function for 2 with singularity x¢. Thus, § is harmonic in €2\ {x¢} and
8(z) is comparable with the distance to the boundary, for z € Q N U. Let A
and € be any real positive numbers and E be the set

Ee,k =FE: = :Z € 0Q; ,///a(Viu)Q) <A,

5,695 ) <, IV e < )
€+ 5

for some y > «.

Let Ej be those points of E of relative density %, Dy, D their complements.
By the maximal Theorem, o (Dy) < Co (D). Proposition 3.3. follows from
the following lemma.

LEMMA 3.5. There exists a constant C and y > o such that, for every e > 0
/ 5. (3|VVEu|)*2) do (2)
Eo
1 2 2
<C —2+1 A“o (Dg) + sup |u|
€ K
A
+/ to ({Mo(Viu) > t}) dt
0
+ (e +55)° / S, (8| Viul) @)do ()
E
+ / Sy(61_“{VV§_lu|)2(z) da(z)) .
E

Assume this lemma proved and let us prove Proposition 3.1. Write
ORE RACIACAT)] s
[e.¢]
= p/ Ao ({8a (8| VVEu]) = A))dA
0

o
< p/ AP~ o (D) da
0

+p/ AH/ S (8|VVEu|)* (2) do (2)di + MPo (39).
M Ey
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Use Lemma 3.5 to get

@)5<%+4>/wﬂﬁ%undx
€ 0
o] A
+/ AP3/ to (ot (Vi) = 1)) di
M 0
+/OO,\P—3/ S, (8" #|VVEu])’ (2) do (2) dA
M E

oo
+(e+s{;)2/ )J’_3/ S, (8|VViu|)*(2) do(z) dr
M E
+ M5 (3S2) + sup |u[*MP 2
K
1 _ -
(& 1) (T30, + 1561955 4D,

+ (e +59)"[1 S, (8[VVrul) |

Lr(3S2)

It gives proposition 3.3.
PrOOF OF LEMMA 3.5. We note %, = U,cg, % (z) and

Ir, =/ Sa(8VVEu)(2) do (2).
Ey

Then

dv
// 8*|VVEu’o (¢ € Eo; z € Za(0)) e ZEZZ)Q

< cf/ S|VVkul*dv.
Ha

We write that
2|VVEul® < 2|A(VEu).Vhu| + A|VEu|®

and, following the method of Fefferman and Stein, we will estimate

// SA|VEu|’av
R

247

+ MPo(3Q) + sup |u|*MP2.
K
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by applying Green’s Theorem. Let us denote by do the surface measure on
04%,. So, we obtain

Ig, < C (// 8| Viu.A(Vyu)|av
Ko

9| VEu|? 98
+ (f Al d&—/ —|v§u|2d&))
0R, v 0%, ov

=MD +@2)+ O,

where aa_u denotes the outer normal derivative on 0.%,.
Estimate of the first term (1): As u is holomorphic in Q, we have AVAy =
[A, V’;]u and so, as in the preceding paragraph |AV';u| o~ |V2V§_1u|. So

(1)5// 8| Viu|.|V*Viu|dV
Ko

1/2 1/2
=< (// 5—1+u|v§u|2dv) x (// 53—u}v2v§‘u|2dv)
Ko R
5// 51+ﬂ|v§u|2dv+// 51| V2VE | av
%g %a

ss{;// 5|vv’;u|2dv+// 81|V VE | dV + sup Jul
R R K

for every 0 < u < 1, some B > «, by Hardy inequality and mean-value

property.
Estimate of the second term (2): (2) < fa%’ 8|VV§M|.|V’}M| do.

We split 3%, into three pieces 0%, = F U F£o U FP0 where

O (F) C 92 x {so}, ® ' (F™) C Ey and &' (F™) C Dy x (0, 50).

<2>s(ﬁ+ﬁEo+ﬁDo).

/ 8|VViu|.|Viu|dé < Csup|ul®
F K

So, we write
First, we have

and
/ 8|VViul.|Viu|dé =0 since FF c Q.
FEo
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For every € > 0, the last part is majorized by

<c(12/ Vial a6+ ¢ [ azwv;ufda).
€ FDo FDo

As %a(V§u) < A on E, we deduce that

1

1 c
= | |Viul?ds < —zsz dé < =320 (Dy).
€% Jpno € €

FPo

Now, by the mean-value property,

62/ 8*|VVkul’ dé < C<62// 5|vv§u|2dv+sup|u|2>
FDo Rp K

(this follows from the fact that
/ 8t Mean? (| fI*)dé6 < C // sl fI12dV,
0K Ry

for B sufficiently large).
So

c
(2) < 5220 (Do) + c<e2 // 5|VVhul*av + sup|u|2).
€ Ry K

Estimate of the third term: The third term is majorized by

(3)56/ [Vl d“<c</ J.. /F>

< C(sup|u| +/ o ({4 (Viu) > t})dt +A20(D0)),
K 0

since ., (V%u) <XlonkE.
To conclude for Lemma 3.5, it suffices to remark that

dVv
ff IflzTS/Sy(f)zda,
Ry E

for some y > 8.
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10.

11.

13.
14.
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