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ON THE NUMBER OF EULER TRAILS
IN DIRECTED GRAPHS

JAKOB JONSSON

Abstract

Let G be an Eulerian digraph with all in- and out-degrees equal to 2, and let 7 be an Euler trail in
G. We consider an intersection matrix L(7r) with the property that the determinant of L(r) 4+ I
is equal to the number of Euler trails in G; I denotes the identity matrix. We show that if the
inverse of L (i) exists, then L=!(7) = L(o) for a certain Euler trail o in G. Furthermore, we use
properties of the intersection matrix to prove some results about how to divide the set of Euler
trails in a digraph into smaller sets of the same size.

1. Introduction

The aim of this article is to study enumerative properties of Euler trails in
digraphs (or, more precisely, directed multigraphs with loops permitted). A
digraph G = (V, A, t, h) consists of a set V = V; of vertices, aset A = Ag
of arcs, and two functions ¢, h : Ag — Vg; t(a) = tg(a) is the tail of the arc
a and h(a) = hg(a) is the head of a. Intuitively speaking, an arc is an arrow
pointing from its tail to its head.

Let S4 be the symmetric group of permutations of A with multiplication
defined as wo (@) = w(o(a)). A permutation 7 € S4 is a G-permutation if
h(a) = t(n(a)) for all a € A; this means that a ends where 7 (a) begins.
The permutation 7 is an Euler trail in G if 7 is a cyclic G-permutation. A
digraph containing Euler trails is an Eulerian digraph. For m > 0, an m-
regular Eulerian digraph is an Eulerian digraph where, for each vertex v, there
are exactly m arcs with head v (and hence m arcs with tail v). Some 2-regular
Eulerian digraphs are illustrated in Figures 6 and 7 in Section 5.

In Section 3, we consider a 2-regular Eulerian digraph G with vertex set
[n]:={1,...,n}and witharcset{+1, ..., +n, —1, ..., —n}, where the head
of +k is k. Let w be an Euler trail in G. Say that the vertices j and k intersect
if 7 o (+j, —j)(+k, —k) is an Euler trail and j # k. Cohn and Lempel [4]
defined an n x n intersection matrix

L(m) = (i) ke
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of 7 by letting /;; be 1 if j and k intersect in 7w and 0 otherwise. They showed
for any J C [n] that the nullity of

L;(m) = (jo)jkes

over G F(2) is equal to the number of cycles minus one in the G-permutation
o=mo ]_[jE ;(+7, —J). Beck [2] generalized this result for not necessarily
disjoint transpositions.

Macris & Pulé [11] and [12] demonstrated how to give the elements in
L () signs so that detL; () € {0, 1} over Z; detL;(;r) = 1 if and only if
mollie, (+j, —J) is an Euler trail. Actually, they proved that det(L(7) + I)
is equal to the number of Euler trails in G, where I is the identity matrix
(Theorem 3.1). Lauri [10] carried out the details (Theorem 3.2) using methods
similar to those used by Cohn & Lempel in [4].

One of our own contributions in Section 3 is the following result (The-
orem34).Ifo =nwo ]_[jej(-i—j, —j) is an Euler trail, then L, (o) = L;l(n).
In [8], we generalize the intersection matrix to arbitrary Eulerian digraphs.

In Section 4, we consider a (not necessarily 2-regular) Eulerian digraph
G in which the vertices can be divided into sets Uy, ..., U, and into sets
Wi, ..., W, such that if a is an arc with its tail in Uy, then the head of a is in
Wy. Another way of expressing this is that t~!(Uy) = h~' (W) for every k.

Let 7w be a fixed Euler trail in G, and let o be another Euler trail in G.
Then o ~!'7 is a permutation of the arcs such that the set A; of arcs with heads
in W, is mapped onto itself for all k. In particular, o ~'7 can be restricted to
Ag. Let s be the sign of this restricted permutation. We obtain a sequence
(s1,...,8o—1) of signs associated to the Euler trail o; we omit the ¢th sign,
since it is uniquely determined by (and equal to) ]_[f:]l Sk

We prove that the number of Euler trails with a given sequence of signs
is independent of the sequence, that is, the number is the same for all 2¢~!
possible sequences (Theorem 4.2). Suppose in addition that G is 2-regular, and
let v and w be vertices such that there is an arc from v to w. Then the number
of Euler trails with a given sequence of signs and with v and w intersecting is
again constant (Theorem 4.3).

In Section 5, the article is concluded with a discussion about arc digraphs.
In an arc digraph, there are sets Uy, ..., U,, Wi, ..., W, with the property
that for each k € [¢], u € Ui, and w € W, there is exactly one arc with tail u
and head w. The most famous Eulerian arc digraphs are perhaps the 2-regular
de Bruijn digraphs, in which Euler trails can be identified with binary de Bruijn
sequences. For details, consider Subsection 5.2, where we apply Theorem 4.2
to de Bruijn sequences.
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2. Some group theory

To obtain decent formulations and proofs of our results, some group theory
will be useful. Namely, there is an obvious group-theoretic interpretation of
G-permutations as follows.

Let G be an Eulerian digraph. For each vertex v € V, note that 2~ (v) is
the set of arcs with head v. Let T be the subgroup of S4 consisting of all
permutations ¢ such that o (h~'(v)) = h~'(v) for all v € V. Clearly T; is
a group of the form [],_, Si-1(,). Let 7 be a fixed G-permutation; we claim
that 7 T¢ is the set of G-permutations. Namely, for any t € T, mt is also
a G-permutation, since t(wt(a)) = h(t(a)) = h(a). Moreover, if o is a
G-permutation, then w ~'o € Tg since h(7r ‘o (a)) =t (o (a)) = h(a).

Conversely, every left coset 7T of a permutation group of the form 7' =
]_[U cv Sa)» Where the sets A(v) are disjoint, can be interpreted as the set of G-
permutations in a certain digraph G. Namely, put Vg = V, Ag = [,y A(V),
h(a) = v for all a € A(v), and t(a) = h(o~'(a)) for arbitrarily chosen
o € nT. This is well defined since, with o = 77, we obtain that

h(o~' (@) = h(z™'7 (@) = h(x "' (a)).

We say that G is the digraph induced by n T.

For a permutation w € Sy, let c(;r) denote the number of cycles minus one
in 77; hence 7 is a cyclic permutation if and only if ¢(r) = 0. Frequently, we
will consider restrictions of a permutation to smaller sets. In those cases we
will find it necessary to write c4 () instead of c(;r). Namely, if B is a subset
of A such that 7(B) = B, then both ¢4 (5) and cg(;r) are defined since 7 can
be restricted to a permutation in Sp.

Let B C A, where A is a finite set. We may consider S as a subgroup
of S4 by defining m(a) = a forall m € Sgp and a € A\ B. The following
construction will be used frequently throughout this article. For 7 € Sy, let
78 € Sp be the permutation obtained from 7 by “removing” all elements not
in B from the cycle decomposition of 7r. More precisely, for each b € B, set

(1) 78 (b) = 7 (b),

where k is the smallest positive number j such that 7/ (b) € B.If m(B) = B,
then 72 is the restriction of 7 to the set B.
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ExampLE 2.1. Let A = {1, ..., 18},
Tr=(1,3,9,8,515,7,2,6,18, 16,10, 11, 14,4, 12, 17, 13),
o=(1,8,7,18,11,12)(2, 16, 14, 17, 3, 5)(4, 13, 15, 6) (9, 10),

and B =1{1,7,8,9,10, 11, 12, 18}. Then
78 =(,9,8,7,18,10, 11, 12)

and
of =(1,8,7,18, 11, 12)(9, 10).

Note that o2 is the restriction of o to B.

Ifr,0 € Sy and w(a) = o (a) forall a ¢ B, then
) 0?7 =o7'n,

where the right-hand expression is restricted to B. To prove this, first assume
that B = A\ {a}. Then w(b) = mZ(b) unless 7(b) = a, in which case
78(b) = m(a) = o (a). The same is true for o'; hence

@78 b)) = (6®) (o) =07 (a) = o 'w(b).

To prove (2) for general B, use induction over |A \ B| (|J]| is the number of
elements in the set J).
For more information about permutation groups, see [5].

3. The intersection matrix

The aim of this section is to describe the intersection matrix of an Euler trail
in a 2-regular digraph. Some small modifications compared to [10]-[12] are
made to make it possible to compare the intersection matrices for different
Euler trails.

3.1. Definition and known results

Let n > 0 be an integer; let G be a 2-regular Eulerian digraph with vertex set
Ve = [n] and arc set Ag = {+1,...,+n,—1, ..., —n}, where the head of
the arcs +k and —k is k. Let = be an Euler trail in G. Define the intersection
matrix L(w) = {ljx : j, k € [n]} of m as follows. For j, k € [n], put B =
{+j,—J,+k, —k} and

1 ifnf = (—j, +k, +j, —k);
lix =43 -1 ifn8 =(—j,—k, +j, +k);
0 otherwise.
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In particular, /;; = 0. Note that /;; is nonzero if and only if j and k intersect
in the sense described in the introduction.

If instead Vg = {j1, ..., ji} C [n], then we may define the k x k matrix
L(7) in exactly the same manner with rows and columns corresponding to
Jis..., jrinstead of 1, ..., n.

One easily checks that our definition of L(rr) is the same as the corres-
ponding definitions in [12] and [10]. See Subsection 3.3 for another equivalent
definition.

First, we state a few known results about the intersection matrix.

THEOREM 3.1 (Macris & Pulé [12]). Let w be an Euler trail in the 2-regular
digraph G. Then the number of Euler trails in G is equal to

det(L(7) + D),

where 1 is the identity matrix.

For any set J C [n], put 7; = ]_[jej(+j, —j); this notation will be used
throughout Section 3. Since T is the abelian group generated by the trans-
positions (+1, —1), ..., (+n, —n), it is clear that 77; is a G-permutation
whenever 7 is a G-permutation. Moreover, c(7 t;) is even if and only if |J] is
even. In particular, if 7w t; is an Euler trail, then |J| is even. Put

Ly(m) = ij)ijes-

THEOREM 3.2 (Lauri [10]). Let w be an Euler trail in a 2-regular digraph
with vertex set [n]. Then for any set J C [n],

| o E .
detL, (r) — { if mt; is an Euler trail,

0 otherwise.

We conclude this summary of known results by mentioning a result about
the rank of the matrix L; (7). To prove it, follow Cohn & Lempel [4] with
appropriate replacements of GF(2)-matrices with Z-matrices.

THEOREM 3.3 (Cohn & Lempel [4]). Let & be an Euler trail in a 2-regular
digraph with vertex set [n). Then for any J C [n],

ca(mty) =|J| —rank L;(7r) = the nullity of L; (7).
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3.2. On the inverse of the intersection matrix

The results of this subsection will not be used in later sections. We will prove
a result that requires our definition of the intersection matrix. Namely, to con-
struct the intersection matrix, one must give the arcs signs. In this paper these
signs are fixed from the beginning, while in [10] the signs are not necessarily
the same in different Euler trails.

THEOREM 3.4. Let w be an Euler trail in a 2-regular digraph with vertex
set [n], and let J C [n] be such that wt; is an Euler trail. Then

L;(rt)) =L, (7).

We will in fact prove more than Theorem 3.4:

LeEmMA 3.5. With notations and assumptions as in Theorem 3.4, suppose
that J = [2m] (2m < n). Write

Loy — (& —AT
(n)—(A B>,

where Ly = L (), and put

L; 0
M(JT,J)=(A I).

Then
3) L(z)+I=M(@m,J) - L@ty +1)

or, equivalently,
L, ~L;'AT )

4) umnz( L i
—AL;" B+AL;'A

Proor. Firstconsider J = {1, 2}. We have to show that (4) holds. However,
note that /;; (w7;) only depends on 1, 2,7, and j. Thus it suffices to consider
n = 4; in particular, there is only a finite number of cases, and these are easily
checked. As in [10], we let the reader do this. Using the row vectors R; intro-
duced later in Subsection 3.3, one may carry out a rigorous (but cumbersome)
proof.

Induction over m is used to prove (3); suppose that m > 1. There exist
distinct numbers i, j < 2m such that 7 = w1\ ;) is a cyclic permutation.
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Namely, otherwise L (7r t;) would be the zero matrix. Assuming (without loss
of generality) thati = 1 and j = 2, we may write

D -PT QT
Lx)=|P E -RT]|,
Q R S

where D = L{l,z}(ﬂl), E = L{3
the obvious manner.
By induction,

om}(71); the other matrices are defined in

,,,,,

L(m) +1=M(m, {1,2}) - (L(mzy) + D

and
L(m) +1=M(m, J\ {1,2}) - (L(w) + D),
where I —PT o
M(m, J\{1,2H) =10 E 0
0 R I

This implies that
L) +I=M"(7y, J\ {1,2})) - M(my, {1,2}) - (L(zz;) + D).

Some easy computations yield that M~ (7, J\ {1, 2}) -M(my, {1, 2}) is equal
to

D+PTE-'P PTE-! 0
(5) E-'P E-' 0
Q-RE'P —-RE! I

Computing L(7) = M~ '(y, J \ {1,2}) - (L(m;) +I) — I, we immediately
realize that (5) is equal to M(zr, J), which is exactly what we need to prove
(3) and (4).

REMARK 3.6. One may note that the lower right block in (4) does not have
the same shape in [10]. This depends on the fact that Lauri defines the matrix
corresponding to 77 7; in a slightly different way. However, the fact that Lauri
considers 7,7 instead of 7 T; only affects the signs in the lower left and upper
right blocks. By the way, (4) is the resulting matrix after the first step in a
two-step method of computing the inverse of L(rr) (if the inverse exists); see
for example [6], pp. 161-163.
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REMARK 3.7. In [8], we investigate the matrices L(;r) and M (7, J) further.
We will show that the rows in L(;r) can be interpreted as the vectors in a basis
for a certain “cycle space”. The matrix M(zr, J) is the transformation matrix
between two sets of bases corresponding to the Euler trails 7 and ;.

3.3. An application of the intersection matrix

We proceed by giving an alternative way of defining the intersection matrix
of an Euler trail. Using this new definition, we prove a result that will be used
and generalized in Section 4.

As usual we consider a 2-regular digraph G with vertex set [n] and with
h='(i) = {+i, —i} for i € [n]. Let = be an Euler trail in G. Put

e =(0,...,0,1,0,...,0) e Z";

the unit element in e; is on position i (1 < i < n). Choose an arbitrary arc
a € A. Define the row vectors R, (a, m) and L; (r) (b € A, j € [n]) as follows.

R,(a,7)=(0,...,0),
Ry i+1(0)(@, m) = Ry (@, m) + sgn(mw’ (@) - €pni(a)s
0 <i<2n)and
Lj(JT) = R+j(a, JT) — R_j(d, 7'[) +e]~.

The validity of the following statement is easily checked.

PropPoOSITION 3.8.
Li(7)
Lo(7)
L(r) = | L3(m)

L, ()
is the intersection matrix of 7.

ExaMmPLE 3.9. Consider the Euler trail

T = (_17 _2v _4, +2a _53 +49 _33 +13 +3s +5)
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We obtain the following table.

i ri(=1) Ry
0 —1 (o, o, 0, 0, 0)
1 -2 (-1, o, 0, 0, 0)
2 —4 (-1,-1, o, 0, 0)
3 +2 (-1,-1, 0,-1, 0)
4 -5 (-1, o, 0,-1, 0)
5 44 (-1, 0, 0,-1,-1)
6 -3 (-1, o, 0, 0,-1)
7 +1 (-1, o0,-1, 0,-1)
8 +3 (o, 0,-1, 0,-1)
9 +5 (o, 0, 0, 0,-1)
Thus 0 0 -1 0 -1
0 0 0 —1 0
Loy=|1 0 0o o o
0 1 0 0 -1
1 0 0 1

THEOREM 3.10. Let G be a 2-regular digraph and suppose that there are
two vertex sets U = {uy, ..., ux} and W = {wy, ..., wi} (k > 0) such that
there is an arc with tail u; and head w; as well as an arc with tail u; and
head w;_, for every i € [k]; wyg = wy. Let w be an Euler trail in G. Put
LT =L(z)+1, L™ = L(w) — L Then there exist numbers u;, v; € {—1, +1},
i=1,...,k such that

k k
Z /L,LI = Z UiL;‘_ .
i=1 i=1

Moreover, if U and W are disjoint, then the number of Euler trails o in G

such that (U‘ln)h_l(w) is odd is equal to the number of Euler trails o such
—1 .

that (') W) js even.

w1l w1
u2 w2
u3 w3

FIGURE 1. Thecasek =3
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PrOOF. With customary choices of numbers u;, v; € {—1, 1},
T (pin;) = viw;, T(—1illj) = =V W;_]
for all i € [k]; vo = v; and wg = wy. This implies that

—Ryw;, = Ryu,) = —piey,;
L R*Ih’ui = —Hi€y.

Summing the left-hand sides, we obtain

k
Z (_(Rv,w,- - Ru,-u,-) - R—Miu, + R_Ul—lwi—l)
i=1
k
= Z (_(Rviwi - Ruiui) + R—Viwi - R—Miui)
i=1

k k
= Z (R/Liui - R—u,-ui) - Z (Rviwi - R_Viwi)
i=1

k k i=I )
= Z wily —2 Z Mi€y — Z vile,, .
i=1 i=1 i=1

Summing the right-hand sides, we obtain —2 Zf.‘zl wie,,, which implies the
first part of Lemma 3.10.
To prove the second part, let K be the matrix with the property that

1

{L-_ ifi e W,
K; = )
L’ otherwise.

The first part of Lemma 3.10 implies that det K = 0 (here we need the fact
that U and W are disjoint). Expand det K:

0=detK= > (-D)"™'detL,
JC[n]

= (=DM 3" ()™l detL,.

JCl[n]

(6)

By Theorem 3.2, det L., = 1 if w7, is an Euler trail and O otherwise. Note that

sen(((xzy)~'m)" ") = sgn( [T i —f>) = (W,

jewnJs
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Hence (6) implies the last part of Lemma 3.10.

Lemma 3.10 is in fact a special case of Theorem 4.1, a result that will be
stated and proved in the next section. It will appear that the last statement in
Lemma 3.10 remains true with the weaker assumption that U # W.

4. Partitioning Euler trails into sets of the same size

We prove some results about how to divide the set of Euler trails in a digraph
into smaller sets of the same size.

4.1. Main results

Let G be an Eulerian digraph G with vertex set V. Suppose that there exist
nonempty vertex sets Uy, ..., Uy, Wi, ..., W, ; V such that

@
V:]_[Uk:]_[Wk
k=1

k=1
(] denotes disjoint union) and
(7 ' (U) = h™ (W)

for k € [¢], that is, all arcs starting in U have their heads in W; (we do not
require that Uy and W} are disjoint). Another way of describing the situation is
as follows. Let 77 be any G-permutation, and put Ay = ¢t~ (Uy) = h="(W}).
Then for every T € T and k € [¢],

(8) rrr (A = T(Ay) = A

THEOREM 4.1. Let G be an Eulerian digraph with vertex set V and arc
set A such that |h="(v)| # 1 for each vertex v € V. Let Eg denote the set of
Euler trails in G. Suppose that A = | [{_, Ay is a partition of A satisfying (8)
with A nonempty and with ¢ > 1. Let K be a nonempty proper subset of [¢],
and put A~ = |, g Ax. Then, for any G-permutation 7,

Y sgn(e'm)* ) =0
ocEg

That is, there are just as many Euler trails o in G such that the restriction
(07 'm)A" to A™ is odd as there are Euler trails o such that (o ') is even.

Theorem 4.1 will be proved in Subsection 4.2. However, before we proceed,
we will state another version of Theorem 4.1.
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THEOREM 4.2. Let the conditions in Theorem 4.1 be satisfied for the Eulerian
digraph G. For any set M C Sy, let E(M) = E (M) denote the set of cyclic
permutations in M. Let Ty be the subgroup of Tg consisting of all permutations
T € Sy such that the restriction of T to Ay is an even permutation for every
k € [¢ — 1]. Then for any two G-permutations w and o,

|E(To)| = |E(o Tp)l.

In particular,
|E(xTo)| =279 |Eg|

for every G-permutation .

For any signs sy, ..., s,—1 € {—1, 1}, there is a permutation T € T such
that for all i the restriction of T to A; has sign s;. Namely, |2~ (v)| # 1 for
every vertex v € V. In particular, T divides T into 2! cosets. Hence the
second statement in Theorem 4.2 is a consequence of the first statement. In
Subsection 4.3, we prove Theorem 4.2 using Theorem 4.1.

In the case of G being a 2-regular digraph, Theorem 4.2 can be refined
as follows. Recall that the vertices u and w intersect in an Euler trail m if
7 o (+u, —u)(+w, —w) is an Euler trail; A~ ' (u) = {+u, —u} and h~'(w) =
{+w, —w}.

THEOREM 4.3. Let the conditions in Theorem 4.1 be satisfied for the 2-
regular Eulerian digraph G, and let Ty be as in Theorem 4.2. Let u and w be
vertices such that there is an arc with tail u and head w. Then for any two
G-permutations w and o, the number of Euler trails in 7w Ty such that u and
w intersect is equal to the number of Euler trails in o Ty such that u and w
intersect.

With the convention that u always intersects itself, the result remains valid if
u = w. By Theorem 4.2, Theorem 4.3 is equivalent to the following statement:
For any two G-permutations 7 and o, the number of Euler trails in 7 7Ty such
that # and w do not intersect is equal to the number of Euler trails in o T such
that # and w do not intersect. We will prove Theorem 4.3 by verifying this
statement in Subsection 4.4.

4.2. Proof of Theorem 4.1

We recall that Theorem 4.1 considers a partition A = ]_[;f):1 A; satisfying (8)
andaset A~ = |, x Ak, where K ;Cé [¢] is nonempty. Put AT = A\ A~, and
let = be a fixed G-permutation; we may without loss of generality assume that
7 is an Euler trail. Our first goal is to show how the problem can be reduced
tothe case 7(A™) = A™T.
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Put Bt =7 '(A")NAY, B~ =n""(A")NA~,and B= BT UB~.By
(8), this definition of BT and B~ does not depend on the choice of ; B is
the set of arcs b with the property that the arcs with tail 4(b) belong to A™.
This implies for every v € V thatif h~'(v) N B # ¢, then h~'(v) C B. Hence
|lh~'(v) N B| # 1. Note that 7~'(A~) # A~. Namely, since 7 is a cyclic
permutation, equality would imply that A~ = A. In particular, B* and B~ are
nonempty.

Consider a G-permutation o, and recall the construction of ¢® from (1).
Put Ty = T N Sp. Since pTg = o T if p € 0 Tp,

m
Eg = Ex(nTg) = ]_[ E4(0;Tp)
i=1

for some oy, ...,0, € Eg; E4(M) is the set of cyclic permutations in M C
S4. Thus it suffices to show that
) Y sen((p7'm* ) =0

PEEA(0;Tp)

foreveryi € [m]. Let G; be the digraph induced by O’iB Ty C Sp(seeSection?2).
This means that 7, = T (restricted to Sp) and that criB is an Euler trail in
G;. An important observation is that p € o;Tp is an Euler trail in G if and
only if p? is an Euler trail in G,. Namely, if o2 happens to be an Euler trail in
G, without p being an Euler trail in G, then p contains some cycle with arcs
exclusively from A \ B. However, since p~'o; leaves all elements in A \ B
fixed, the very same cycle will occur in o;, which is a contradiction to the fact
that o; is an Euler trail. Thus

Yo s m* )= Y sen((e o ) sen((o; M)

pPEEA(0;Tp) PEEA(0;Tp)

= > sen((p'on)® ) sgn((o; 'm)M).
pBeEq,
Here, the first identity is justified by the fact that all permutations are restric-
tions to A~, while the second identity follows from the fact that the restriction

of p~'o; to A=\ B~ is the identity permutation. The conclusion is that (9) is
equivalent to

(10) > sen((p'o))®) =0.

pBeEg,

Note that the conditions in Theorem 4.1 are satisfied if G, A, A~, and 7 are
replaced by G;, B, B~, and 0%, respectively. Namely, one easily convinces
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oneself that for every p € 0;Tg, (0p®)~!(B*) = B~. Moreover, as we have
already mentioned, B* and B~ are nonempty and |h~'(v) N B| # 1 for all
v € V. Thus we may assume that A = B; thatis, 7 (A7) = A™.

Our aim is to reduce the problem to the situation in Lemma 3.10. Let
a +— (u, w) mean that the tail of a is u and the head of a is w. Choose an
arbitrary arc dy € A™; we have dy — (11, wp) for some u; € h™'(A") and
wo € h™'(A™). The set #~!(u;) contains at least one arc d_; different from d;
assume thatd_; — (u;, w;). The set A~ ! (w,) contains at least one member d;
different from d_;; assume that d; — (u, w;). Find an arc d_, € t~'(u,) in
the same manner as we found d_; (thatis, d_, # d; and d_, — (up, wy) for
some wy). Continue in this zig-zag manner until for the first time w41 = u;j4
or wy = w; for some j, k, k > j. There is no loss of generality assuming that
Jj = 0. In Figure 2, the case w3 = wy is illustrated. The reader may note the
similarities between this figure and Figure 1 in Subsection 3.3.
W = w3

do =d3

U1
Uz

us3

FIGURE 2. The case w3 = wy
Put U ={uy,...,ur}, W ={wy, ..., w}, and
D™ ={dy,...,d,d_1,...,d_ s} S A".
For the Euler trail o, put
D} =p~' (D7) C AT

and D, = D;r U D~. Suppose that p € 0 Tp,, where Tp, = T N Sp, . Then
p(a) = o(a) ifa € AT\ DI, which implies that p(D)) = o(D}) = D~
since p(A") = 0 (A™). Hence D, = D, and pTp, = o Tp,. In particular,

there are Euler trails o7, ..., o, such that Eg = ]_[?:] E4(o; TD(,]_ ). Therefore
it suffices to prove '

(11) Yo sen((p'o)? ) =0

pPo €Ep, (627 Tp,)



ON THE NUMBER OF EULER TRAILS IN DIRECTED GRAPHS 205

for any 0 € E¢ by computations similar to those implying (10). However,
since 0”7 Tp, induces a 2-regular Eulerian digraph satisfying the conditions
in Lemma 3.10, (11) follows immediately.

4.3. Proof of Theorem 4.2

To prove Theorem 4.2, we need some names on the 2¢~1 different cosets in T
given by Tj. First we fix a G-permutation 7. For a vectory = (y1, ..., Yyo—1)
of elements from {0, 1}, let £ (y) be the set of Euler trails o such that the sign of
the permutation (o ~'7)4 is equal to (—1)** for each k € [¢ — 1]. We want to
prove that | E(y)| is the same for all vectors y. Therefore, lety = (y1, ..., Yo—1)
andy = (y{,...,y,_,) be different vectors in {0, 1}~1. Consider the sum

(12) > ( Y E@I- ) |E<z>|),

x-(y—y)=1 “(z—y)-x=0 (z—y)-x=1

where the outer and inner summations range over all {0, 1}*~!-vectors x and z,
respectively, satisfying the indicated relations; the dot products are computed
modulo 2. Let x # 0 be a fixed vector; put A~ = J, _; A;and AT = A\ A",
Note that A™ is nonempty since A, C A*. Theorem 4.1 implies that

Y IE@l- ). [E@|=0.

(z—y)-x=0 (z—y)x=1

Namely, let o be such that sgn((o ~'m)4) = (=1)¥ for 1 <i < ¢ — 1. The
first sum counts the number of Euler trails p such that (p~'0)4" is an even
permutation, while the second sum counts the other kind of permutations. In
particular, (12) vanishes. We want to prove that (12) is equal to

272 (EW)| = IEG)D;

2972 is the number of vectors X such that x - (y —y) = 1. Namely, this will
imply that |E(y)| = | E(Y')|, which is exactly what we want to prove.

Obviously, the coefficient in front of | E(y)| in (12) is equal to 22, while
the coefficient of |E(y’)| is equal to —2¢~2. Now, let z be a vector such that
z # Y,y . Thecoefficient of | E(z)| is computed as follows. Since z—y and y’'—y
are linearly independent over G F (2), there is a vector X’ such that (z—y)-x' = 1
(mod 2) and (y/ —y) - X' = 0 (mod 2). Note that x — (x + x’) mod 2 is a
permutation of the set consisting of vectors x such that x - (y —y) = 1 (mod
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2). Thus since
D DG e G N DG il

x-(y —y)=l x-(y—y)=l

— Z (— 1)(Z*Y)~(X+X')
x(y—y)=l
— Z (— 1)(Z—Y)~(X+X’)

(x+x)-(y'=y)=1

= ). (e

x(y-y)=I

the coefficient in front of | E(z)| is 0. The theorem is proved.

4.4. Proof of Theorem 4.3

By assumption there is an arc, say +w, with tail # and head w. Say that the
tail of the second arc —w with head w is u’, and let a be the second arc with
tail u; say that the head of a is w’. If u = w, then there is nothing to prove,
since in this case 7 o (+u, —u)(+w, —w) = 7 for all Euler trails w. If u = u’
then there are two arcs from u to w, and it is obvious that # and w intersect in
all Euler trails. If instead u = w’ or u’ = w, then there will be a loop at u or
w, which means that # and w never intersect in any Euler trail. Thus assume
that u, w, u’, w’ are all different.

Let H be the 2-regular Eulerian digraph obtained from G as follows: We
remove the vertex w and the arcs +w, —w from G. Moreover, the arcs with
tail w in G will have u as their tail in H. Finally, the arc a, whose tail is u in
G, will have &’ as its tail in H. The situation is illustrated in Figure 3.

FIGURE 3. The construction of H from G

Consider an Euler trail 7 in G where u and w do not intersect. This means that

7 is of the form
((l, sla ou, +w7 SZ$ —w, S37 _au)a
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where s; are some sequences of arcs and « is +1 or —1. 7 can be divided
into three blocks: [a, s|, cu], [+w, sy, —w], and [s3, —ou]. Removing +w
and —w and swapping block 2 and block 3, we obtain the permutation

(13) 7 = (a, s, qu,s3, —au, s3),

which is an Euler trail in H. Since the blocks can be recovered from 7 and
since any Euler trail in H is of the form (13), we have obtained a one-to-one
correspondence between the set of Euler trails in G where u and w do not
intersect and the set of Euler trails in H.

We want t0 find sets Ul, .. U and Wl, R Ww in H satisfying (7); recall
that Uy = t; Y(Ap) and W, = hG (Ap). Put Wk = Wi \ {w}. Construct the
sets Uy by first removing # and w and then adding u to U i, where Uj is the set
containing w. One readily verifies from this construction that (7) is satisfied
for these sets in H. Put A% = hil(Wk) and A = A \ {+w, —w}.

Let 7; be the subgroup Ty consisting of all permutations T € §; such that
the restriction of T to A* is an even permutation for every k € [¢ — 1]. By
Theorem 4.2 we have for any H-permutations 77 and & that

(14) |E (R To)| = |E; (R To)l.

Fix an Euler trail 7 in G where u and w do not intersect; 7 corresponds to the
permutation 77 in the manner described above. For a vectory = (y1, ..., Yo—1)
of elements from {0, 1}, let E (y) be the set of Euler trails 6 in H such that the
sign of the permutation (ailn)A is (—1) for each k € [¢ — 1]. Let E*(y)
be the set of Euler trails ¢ in G where u and w do not intersect such that the
sign of the permutation (o ~'7)A" is (—1)** for each k € [¢ — 1]. Finally, let
E(y) be as in the proof of Theorem 4.2.

Suppose that u € W; and w € W;; i and j might be equal. Let z =
(215 ...,2p—1) be defined by zx = 0ifk #i,j,z; =z; = 1ifi # j, and
zi = z; = 0ifi = j. To prove Theorem 4.3, it suffices to prove that

(15) IE*W| + |E*(y + 2)| = |[E*(Y)| + |E* (¥ +2)|

for every y,y’ € {0, 1}¥~!, where the vector sums are computed modulo 2.
Namely, there is an obvious bijection between E(y) \ E*(y) and E(y + z) \
E*(y+z) givenby w +— mo(+u, —u)(+w, —w). Hence (15) and Theorem 4.2
imply Theorem 4.3.

Consider an Euler trail o in G where u and w do not intersect. The sign of
(o~'7) is equal to the sign of (6~ '7)A" if k # i, j. Namely, the procedure
o + & only modifies the successors of u, u’, and w, and they are all in A; U A e
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This means exactly that
|E*()| + |E*(y +2)| = |E(Y)| + |E(y +2)|
= |EG)|+EY +2)| = |E*Y)| + |[EX(Y + 2)],

where the second equality follows from (14). Theorem 4.3 is proved.

5. 2-regular arc digraphs

We consider arc digraphs and give interpretations of Theorems 4.2 and 4.3;
we will concentrate on 2-regular digraphs. The section is concluded with an
application of the results to de Bruijn sequences.

5.1. Interpretations of Theorem 4.2
The arc digraph K (G) of a digraph G is defined by Vg ) = Ag,

Ak =1{(a,b):a,b e Ag, hg(a) = tg(b)},

tx)((a, b)) = a,and hg ) ((a, b)) = b. Thatis, the arcs in G are the vertices
in K (G) and there is an arc from a to b in K(G) if and only if the head of a
is equal to the tail of b in G.

We obtain in a natural way sets Ay, ..., A, in K(G) satisfying (8), where
@ is the number of vertices in G. Namely, for each k € Vg, we put
(16) Ap =ty gy (hg (k) = higig) (1" (k).

that is, Ay consists of all arcs (a, b) in K (G) such that the head of a and the
tail of b in G is k. Putting Uy = hg' (k) and Wy = 1" (k), we may notice the
similarity between (16) and (7). The local shape of a 2-regular arc digraph is
illustrated in Figure 4.

FiGure4. A vertex k in G and the corresponding
arc set Ay in K(G)

From our point of view, the most interesting result about 2-regular arc digraphs
and Euler trails is the following striking correspondence between the numbers
of Euler trails in a digraph and its arc digraph.

THEOREM 5.1 (de Bruijn [3]; see [7]). If G is a 2-regular Eulerian digraph,

then 4
|Eg )| =2 |Egl,
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where @ is the number of vertices in G.

Theorem 5.1 can be proved by using the BEST Theorem ([1]), which relates
the number of Euler trails and oriented subtrees in a digraph; see also [9].
Theorems 4.2 and 5.1 imply

THEOREM 5.2. Let G be a 2-regular Eulerian digraph with vertex set [¢],
and let Ay be defined asin (16) fork € [¢]. Let Ty be the group of permutations
T € Tk (G) such that sgn(z*) = 1 for k € [¢p — 1]. Then

|Eaxq, (T To)| = | Eg|
Jor any K(G)-permutation 7.

Proor. By Theorem 4.2,
|Eave,(TT0)| = 27| Ex(6)l:
hence Theorem 5.2 is a consequence of Theorem 5.1.

The interpretation of Theorem 4.3 is somewhat more delicate.

THEOREM 5.3. Use the same notations as in Theorem 5.2, and let a and
b be arcs in G such that the head of a equals the tail of b. Then for any G-
permutation v, the number of Euler trails in E 5, (7t To) such that the vertices
a and b in K (G) intersect is equal to the number of Euler trails o in Eg such
that o (a) # b.

ProoF. By Theorem 5.2, Theorem 5.3 is equivalent to the following state-
ment: The number of Euler trails in E4, (7t Tp) such that @ and b do not
intersect in K (G) is equal to the number of Euler trails o in Eg such that
o(a)=b.

Let a’ be the arc with the same head as a in G; hence a’ is a vertex in K (G)
such that there is an arc from a’ to b. Let &’ be the arc with the same tail as
b in G, that is, there is an arc from a to b’ and from a’ to b" in K(G). K(G)
is illustrated in the left part of Figure 5. Construct a digraph Q from K (G) in
the same manner as we constructed H in the proof of Theorem 4.3: Remove
the vertex b and the arcs with head b. Moreover, the arcs with tail b in K (G)
will have a as their tail in Q. Finally, the arc with tail ¢ and head 4’ in K (G)
will have a’ as its tail in Q (and still 5’ as its head).

Following the proof of Theorem 4.3, we realize that the number of Euler
trails in K (G) such that a and b do not intersectis equal to | E¢|. In Q, there are
two arcs from a’ to ». Construct the digraph O from Q by removing b’ together
with the two arcs from a’ to " and by letting a’ be the new tail of the arcs with
old tail »" in Q. We have that |Ey| = 2|E Q|- Namely, given an Euler trail
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(+da’, s1, —a’, sy) in Q, we obtain two Euler trails (+a’, +b/, 81, —a’, —b', s»)
and (4a’, —b', s, —d’, +b', s;) in Q; sy and s; are sequences of arcs.

The graph Q can be obtained directly from K (G) as follows. First remove
b and b’ together with the arcs with head b or ’. Then let a and @’ be the new
tails of the arcs with old tails b and &', respectively (see Figure 5).

>
>

FIGURE 5. The construction of Q from K (G)

Now, construct a digraph H from G by removing b, ¥’, and the head of a and
a’; let the head of a in H be the head of b in G; let the head of a’ in H be
the head of b in G. By inspection, one realizes that K (H) = 0. Theorem 5.1
implies that | E Q| = 2¢72|Ey|. Thus the number of Euler trails in E K(G) such
that a and b do not intersect is equal to

|Egl =2|Ey| =27 |Eyl,

which is equal to the number of Euler trails o in G such that ¢ (@) = b. Hence
Theorem 5.3 follows from Theorem 4.3.

ExAMPLE 5.4. Let G and K be the digraphs in Figure 6; K is isomorphic
to the arc digraph K(G) of G. The vertex set of K is V = [8] and the arc
setis A = £[8]. Note that Tk is the subgroup of S4 generated by (+k, —k),
1 <k < 8and that hg(+k) = k.

1 i, 2
6
2% 2 37 N Z
7 6 7
G= 1|6 8||3 KG)= |-1 |-5 -7 |-3
5 5 ., 8
= +5 +3
154 48 Z D
4 3

FIGURE 6. A graph G and its arc digraph K (G)
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Put U, = 4,6}, U, = {1,7}, U; = {2,8}, Uy = {3,5} and W; = {1, 5},

W, = {2, 6}, W3 = {3,7}, Wy = {4, 8}. The names of the vertices in G are

chosen in correspondence to the sets Wy, ..., Wy; t(;l (15) = {1, 5} and so on.
Consider the K -permutation

T =
(_17 +67 _57 +4)(_4’ +57 _8’ +3)(_37 +8’ _7’ +2)(_25 +7a _67 +1)

For a vector y = (y1, y2, v3) € {0, 1}3, let E(y) be the set of Euler trails
Ty = To ]_[jel(—l-j, —J) such that |J| N W; = y; (mod 2). We obtain
the following table, showing for each y = (yi, y2, y3) all sets J such that
Ty € E(y).

0,0,00 : {6,2,8} {6,2,4} {(1,8,5} {7.3,4}
1,1,0) = {1,2,8} {1,2,4} {6,8,5} {2,8,5}
1,0,y - {1,7,8} {1,7,4} {1,3,4} {7,8,5}
0,1,1) : {6,7,8} {6,7,4} {6,3,4} {2,3,4}
(1,0,0) : {1,7,3} {6,2,5} {1,8,4} {7.3,5}
0,1,0) : {6,7,3} {1,2,5} {6,8,4} {2,8,4}
0,0,1) : {6,2,3} {1,7,5} {1,3,5} {7.8,4}
1,1,y {1,2,3} {6,7,5} {6,3,5} {2,3,5}

As Theorem 5.2 states, the number of sets in each row is equal to |Eg| = 4.
The last column of sets corresponds to the set of Euler trails where 1 and 6
do not intersect, while the bold sets correspond to Euler trails where 1 and 2
intersect. Note that the underlying digraph G contains four Euler trails, namely

(1,6,5,8,7,2,3,4),(1,2,3,4,5,8,7,0),
(1,2,7,6,5,8,3,4),(1,2,3,8,7,6,5,4).

1 is followed by 6 in one trail and by 2 in the other trails. Thus we have verified
Theorem 5.3 for K whenu = 1 and w = 2, 6.

5.2. de Bruijn digraphs

As an application of Theorem 5.2, we conclude this article with a short dis-
cussion about de Bruijn digraphs, named after the Dutch mathematician N.G.
de Bruijn.

Letm > 1, b > 1. Define the digraph G, ,, as follows. Let

V=A{(i,....cm—1):cty...,cm_1 €1{0,...,b—1}}

and
A={(c1,...,cn):cty...,cmn €{0,...,b—1}}.
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Moreover, let the tail of (¢, ...,cy) be (c1,...,cn_1) and let the head be
(c2,...,cp). The digraph Gy, is called a de Bruijn digraph. The vertices
and arcs in a de Bruijn digraph can be interpreted as the b-ary representations
of integers. For example, the vertex 011 in G, 4 (see Figure 7) is the binary
representationof 0 -4 +1-2+1-1=3.

001 011

000 010 101 111

100 110

FIGURE 7. This is G, 4; arc labels are omitted

The equivalence class
S = (S(), - ,Sk_l)

of rotations of a sequence (sy, ..., Sx—1) is called a cyclic sequence. A word
(ct,...,cp)is contained in s if thereisani (0 < i < k) such that s;,; = ¢;
for 1 < j < m (the indices are taken modulo k). The Euler trails in Gy,
correspond to cyclic sequences s = (s, . . ., 1) With the property that each
b-ary word of length m is contained exactly once in s. Such cyclic sequences
are called de Bruijn sequences. For example, there are two binary de Bruijn
sequences of length 23, namely (00010111) and (00011101). The Euler trail
corresponding to the cyclic sequence (sg, ..., spm_1) is the Euler trail 7 €
Eg,, with the property that

T0(Sks Sk1s « - o s Skpm—1) = (Sk15 Sk25 « - + 5 Skm)

for all k; the indices are computed modulo »™.

In the following, we will only deal with the 2-regular case; therefore put
G, = G, . For any binary sequence p = (pi, ..., px) (k > 1) and binary
numbers Xy, ..., Xq, Y1, ---, Yp (@, b > 0), put

(X1, ey X, Py YV1s e s ) = (X1y ooy Xay Ply v oy Pl V1o oo Yb)-
One realizes that the sets

Up =1{(0,p), (1,p)}

and
Wy = {(p,0), (p, D}
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satisfy (7). Moreover, it is not difficult to check that G,, is isomorphic to
K(G,—1), the arc digraph of G, ;.

Let m > 2. An m-de Bruijn sequence is a binary de Bruijn sequence of
length 2. Theorem 5.1 and induction imply that the number |E¢, | of m-de
Bruijn sequences is equal to 22"~ (see [7]).

THEOREM 5.5. Let

p :P=(P1, ... Pu—2) € {0, 1}" %}

be a set of binary numbers. Then the number of m-de Bruijn sequences con-
taining exactly one of the sequences (0,p,0,0) and (0,p, 1, yp) for each
p e {0, 1" 2\ {(1,1,..., 1)} is equal to the number 22" =(m=1) of (mm —1)-
de Bruijn sequences.

ProoOF. Let 7w be the G,,-permutation given by 7 (0, p, 0) = (p, 0, 1) and
7(0,p, 1) = (p, 1, yp) forall p € {0, 1}"=2. Let T, be the group of permuta-
tions T € T, such that the first digit in 7(0, p, 0) is equal to the first digit
in 7(0, p, 1) for all p € {0, 1ym—2 \ {(1,1, ..., 1}, that is, Ty is defined as in
Theorem 5.2. Then 7 Tj contains all Euler trails corresponding to m-de Bruijn
sequences with the property in Theorem 5.5. Theorem 5.2 implies that

|Eag, (tTo)| = |Eg,_, |,

which is equal to the number of (m — 1)-de Bruijn sequences.
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