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PITT’S THEOREM FOR OPERATORS BETWEEN
GENERAL LORENTZ SEQUENCE SPACES

J. A. LOPEZ MOLINA*

Abstract

We characterize the pairs of general Lorentz sequence spaces -V (v), £79(u), 0 < u,v, p,q <
oo such that all continuous linear maps from the first space into the second one are compact.

1. Introduction

It is well known that a good characterization of compact operators between
Banach spaces E and F can be used as a powerful tool for the study of the
structure of these spaces. Pitt’s theorem is the oldest and perhaps the most
spectacular result along these lines and raises the question of finding more
pairs (E, F) of Banach spaces such that every continuous linear map from E
into F is compact. Recently new pairs with this property have been found ([4],
[13]) and the problem has been extended to the class of quasi Banach spaces
(see [5]), because of its importance in the theory of interpolation spaces. In
this paper we study Pitt’s theorem between general Lorentz sequence spaces
£P9 () where 0 < p,q < oo and u is a general measure on N. This study
is a natural continuation (and the culmination in the case of Lorentz spaces
£P-4 (1)) of the work developed in [5].

Given quasi Banach spaces E and F, a continuous linearmap T : E — F,
(an operator in the sequel for short) is said to be compact if it sends bounded
subsets of E into relatively compact subsets of F. If all operators from E into
F are compact, we shall simply write (E, F) € 2. The main purpose of this
paper is to characterize the relation (£*°(v), £P9(n)) € A~ .

Section 2 contains basic facts about Lorentz sequence spaces and some
preparatory results which we shall need in the following sections. In section 3
we prove some structural propositions concerning the behaviour of sequences
and operators on Lorentz sequence spaces and we prove the main theorem of
the paper. The symbol ||.||g will be the quasinorm on a given quasi Banach
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space E. We shall say that {z,,}°2, C E is a seminormalized sequence in E if
it is bounded and there is a number ¢ > O such that ||z, ||g > ¢ foreveryn € N.

2. Basic facts on Lorentz sequence spaces

Let (2, ¥, u) be a o -finite measure space. Let .# (€2, u) denote the collection
of all extended scalar-valued (real or complex) ¥-measurable functions on €2
and which are finite p-a.e. The distribution function @y of a function f in
M (L2, ) is given by

w)=plx e QI If@I>1), G20

The decreasing rearrangement of f € . (€2, ) is the function f;; defined on

[0, oof by
fi@) :=inf {A >0 pur() <t}, t =0).

Suppose 1 < p < 00,1 < g < oo. The Lorentz space L?4(€2, ) consists of
all f in .# (€2, n) for which the quantity

o0 dr\ 74
(M) 1l = (/0 (tl/”f*(t))th>

is finite. It can be proved that |.||, 4 is anorm if 1 < g < p (see for
instance Chapter 4, Theorem 4.3 in [2]). However we shall not need this fact
but only that ||.||,,, 4 is a quasinorm for every 0 < p, g < oo. Indeed, since
the decreasing rearrangement of the sum of two functions has the property

t

vi=0, (f+9r0=f(3)+e(3)

(see Chapter 2, Proposition 1.7 in [2]), with an easy change of variable and
Holder’s inequality with exponents é and ﬁ ifg < 1, we get

1 1,1
2 1f + &llpg < max(27, 2755 YA f llpg + 18 1ep.a)-

An important consequence of (2) is the r —normability of L”9(u) where
2 = max(21+%, ﬁﬁ) (Aoki-Rolewicz’s theorem, see for instance The-
orem 1.3 in [7]), i.e. there is in L?9(u) an equivalent quasinorm |||, (p.¢)
such that

3)  YAEELP), I+l < 1 Vi + 1810 0

We refer the reader to [2] and [10] for more details on Lorentz spaces.
From now on, we shall work only with the particular case 2 = N and a
purely atomic measure p on N defined by n({i}) = u; €]0, ool for every
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i € N. Then L”9(N, ) is a Lorentz sequence space which will be denoted
by £7-9(u) or simply by €79 it u; = 1 for every i € N. If there is no risk of
confusion, we shall write |.||,, , instead of |||, ».4> OF [|.]l¢r.a () if we want to
call attention to the space.

Let p = {p;}72, be a sequence of strictly positive numbers. In some in-
stances we shall need weighted spaces

e (p, ) = {(x) | (ipi) € £ ()}

In such cases, the canonical quasinorm of (x;) € £79(p, ) is ||(x; pi) llera () -
Given o > 0, the symbol 1% will denote the sequence (). Analogously, we

define p/p = (pi /i), 1/p := (1/p;) and pu 1= (pi ;).

Foreveryi € N, the sequence (0,0, ...,1,0,0,...) with 1 in the i-th place
will always be denoted by the symbol ¢; and P; : £79(u) —> K will be the
canonical projection from £7-4 (1) onto the scalar field K where each sequence
is projected onto its i-th component.

In order to make concrete computations we shall need an explicit formula
for the quasinorm ||x||, , of a sequence x = (x;) € co N £79(u) with respect
to the measure . = (u;) on N. Let o : N — N be such that

|Xo(1)| = max {|x,| | n € N},
and ifi > 1,
1Xo(i)| = max {|x,| [ n ¢ {o(1),0(2),....0( = D}}.

Then, the decreasing rearrangement of x is the function x*(¢) given by
“4) x* (1) = |xomy| if t € [0, uoqyl
and

i1 i
5) Vi> 1, x*(0) = x| if 1 € [Z Mo, Zuom[

j=1 j=1

and its quasinorm is

00 i 4 el .
©)  xllpqg = (5 Z Ixo(i)|q((z ,bbo(j)) - (Z Ma(j)) )) )
i=1 j=1 j=1

where Z;'):l Moy is defined to be equal to 0, and hence

1

00 i 4 4 1

p P M . P q

Ixllp.q = (— > |xa<,-)|"<2uam) (1 - (1 — 4) )) :
775 j=1 Zj:l Hao(j)



104 J. A. LOPEZ MOLINA

Since the function F(x) := (1 — (1 — oz)%)oz‘l is strictly positive, monotone
and continuous in ]0, 1] and limg,_,o F (o) = %, we have min(1, %) < F(a) <
max(1, %) for every o €]0, 1]. If we define for every x € £79(u) N ¢y

g_1 1

00 i x 2
(7) xllp.q = (Z o) far i (Z Mau)) )
i=1 j=1

we have that

)4 q
) pP=q—= (5> Wxlllp.g < lxllp.g < llxlllp.q
and
1
p q
) P>q = lxlllpg < Ixllpq < (3) lxll p.q-

Then [||.|ll,,4 is a quasinorm equivalent to |.||, , on £7-9(u) N co, which will
be more easy to use in some problems. Since ||.||, 4 is monotone in £7+9 (),
(10)
1
Nxllpg < (2)Nyllpg ifg <p
Vx,y et (u)Neo, x| <l|yl=

P

q
L .

xllp.g < (£)7MlYlpq ifg = p.

p

The strict inclusions

(11) ettt Yo<g,v<oo VO<p<u<oo
and
(12) Pl ceP Vo<g<v<oo V0<p<oo

are well known (see [2] and [14]) and will be used in the sequel. Unfortunately
these inclusions are not true for arbitrary measures u in N. For instance, if u =
(w;) verifies lim; o i; = 0 and u < p, if the inclusion £V () C €79 ()
were true, it would be continuous by the closed graph theorem. However

(4] . € .
- =1 but Ilim ||— = lim ——
u i—00 u i—00 LTy

Ml K“'U(M) Ml @pq(u) l’(’[

VieN =00

which is a contradiction. This situation will be a source of complications in
our future developments.
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The next technical lemma on pairwise disjoint elements of a Lorentz se-
quence space will be basic:

LEMMA 2.1. Let {z"}2, be a sequence of elements of €9 () of finite
pairwise disjoint supports and let {a,};>, C KN. Let r := min{p, q} and

s := max{p, q}.
1) If there is M > O such that ||Z" || ., < M for every n € N, then

n n %
Y ad| < M(Z |ai|r) :
i=1 i=1

2) If there is € > O such that ||Z" || .4 > € for every n € N, then
Sad| ze(Yuar).
i=1 Pq i=1

ProOF. Both statements are inmediate consequences of the known fact that
£P-4 () satisfies an upper r-estimate and a lower s-estimate (see for instance
[8] for a more explicit proof).

(13) Vn,eN ‘

P.q

(14) Vn,eN

The next definition will be useful in order to simplify both the exposition and
the proofs of our results. Let {z"}72 | := {(z}')}72, be a sequence in £79 ().

n=1—
DEFINITION 2.2. a) A sequence of type

Ny
k
w" = g z;"e Vm € N,
i:n,,,71+1

where {k,,};_, and {n,,}; _, are strictly increasing sequences in N with k; =

1, ng = 0, will be called a diagonal subsequence of consecutive linear sections
of {z"}>2,.
b) A sequence of type

w" = sz’”ei Vm € N,

€S,

where S, C [n,—1 + 1, n,] C N for every m € N, will be called a diagonal
subsequence of general sections of {z"}7° .
c) We say that {z"}°°, is a coordinatewise null sequence if

n=1

VieN, limz/ =0.

n—oQ
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COROLLARY 2.3. Let {z"}2, be a coordinatewise null seminormalized
sequence in £79(u).

1) Lets : = max{p, q}. There are M, > 0 and a subsequence {z"*}72 | such
that

(15) VneN, Vay,as,...,a, €K,

n %
> ()
p.q

k=1

n
E aank
k=1

2) Letr := min{p, q}. There are M, > 0 and a subsequence {z"*}72 | such
that

(16) VneN, Vay,ar,...,a, €K,

n n %
E arz"™ < Mz(E |ak|q> .
—1 p.a k=1

ProOF. Let? > 0 be such that there is an equivalent f —norm ||.|| on £7:9 (w)
and @ > 0 satisfying

A7) Vx € P1(w),  alxll = llxllpq < éllxll'
Suppose that
(18) VneN, 0<e<|z"lpq <M.
Since
(19) VielN, lim z! =0,

n—>00

by (18), starting with k; = 1, ny = 0 and using the method of gliding hump,
we obtain two strictly increasing sequences of natural numbers (k,,);,_, and
(nm);y—g» such that, putting

N1

fl = 0, Vm > 2, fm = sz’"ei c prq(/l/)

i=1

N
Vm>1, u":= Z zf’"ei € £P(u)
i=ny,_1+1

and
Vm =1, g" =z — f" —u" e’ (),
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we have
h &
(20) Vm > 1, Yh > n,, > >
i=ny-1+1 rq
Nm—1 .2t
, ga
@y Vm=z2 f"l, < Z|z ety = Smra arga
< t t,,2t
m K o
22)  Vm=z=1 |g"l, )Zz “f =g

1) For every n € N and every finite sequence (a;)!_, C K", by (17), (20),
Lemma 2.1.2, (21) and (22) we have

n t n n n t
E a;7" ! E ai f' + E a;u' + E a;g'
i=1 i=1 i=1 i=1

p-q

v

i=1

(e (Fur) s o
()

oo (o) ()

i=1 i=l

t 2t21_1 . s :
Z&a 22 Z'a"l‘

i=1

%

which proves our assertion.
2) The proof is analogous using Lemma 2.1.1.

To end this introductory section we need to mention the fundamental relation
between Lorentz spaces and interpolation spaces. Given quasi Banach spaces
E;, i = 0,1, such that each E; is continuously embedded in some Hausdorff
topological vector space E, we consider on Ey + E| the quasinorm defined by

x4, = inf {lIx0ll £, + X1 1l£, | X = X0 + x1, %0 € Eo, x1 € E1}.
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The classical theory of the real interpolation method of Banach spaces (see [1]
and [3]) has been extended by Sagher (see [16]) to the case of quasi Banach
spaces. Since we shall never use the explicit definition of the quasinorm in
such interpolated quasi Banach spaces (Ey, E1)s4,0 <60 < 1,0 < g < 00,
we simply refer the interested reader to the original paper [16]. However, we
shall use next a theorem which is part of a more general important result of
Freitag (see [6]).

THEOREM 2.4 (Freitag, [6]). Let0 <0 < 1,0 < p < 00,0 < g < 00
and 0 < py < p; < oo satisfying the equation % = 1;—09 + %. The following
isomorphisms hold by means of the identity map:

@) €71 () & (€790 (), €2 (), & (€0 (), €7 (),

b) Given strictly positive weights p := (p;), n := (n;) we have
0 p(1-6)
(" ), €20, ), , ~ W(n, (;) u)

c) Forevery0 <n <1,

(PG, €2(),, oo & (0 (), £ ()

This theorem gives us some information about Lorentz sequence spaces.
For instance, an easy consequence is that every sectional subspace of £79 (1)
is again another Lorentz space £7-9(v). Also, by elementary considerations,
we obtain from Theorem 2.4:

PROPOSITION 2.5. {e;}2, is a Schauder basis in every space £7 ().

Another application of Theorem 2.4 concerns duality. Given €79 (1), choose
a number 0 < 6 < 1 such that p(1 — 8) < 1. By Theorem 2.4, £79(u) is
isomorphic to (€71~ (), £ ())g 4. Since the normed dual of €5,0 < s < 1
is £°°, denoting by ¢ the ordinary measure on N, we have the isometries

(00 ) = (IO (D ) = 02 (", )

with duality bilinear form given by
(23)

V() € P10 (), V() € (! TI L i) (). () leylu,.
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With exactly the same method of proof used in [1], pages 59-65, and using
Theorem 2.4, if ¢ < 1 we can prove the isomorphisms
(24)

(e79())" ~ (€700 (. €2 (), ~ (€2 ("7, ). € ),
= (€' (WL ),
with the same duality pairing given by (23), and analogously
(€71 ~ e (! ),
Arguing in the same way with obvious changes if ¢ > 1, we obtain

(25)
(eran)” ~ (0 o, €2y, ~ (€ (), € (77, 1)), o

and in all cases
(26) (7)) & £ T (i, )

whereg = qifg > l,andg =1ifg < 1.

We shall often need to find subspaces isomorphic to £9 in certain concrete
special situations. Our main tool here will be an extension to the quasi Banach
spaces setting of a classical theorem by Levy in [9] which has been obtained
in[11]:

THEOREM 2.6. Let 0 < g < oo and let E;,i = 0,1 be quasi Banach
spaces. Let {x,}72 | be a seminormalized sequence in the interpolation space
(Eo, E1)a,q, sSuchthatlim,_,.x, = 0in Eq+ E\. Then there is a subsequence
{xn, Y2 such that its closed linear span in (Ey, E1)g 4 is isomorphic to £9.

Levy’s result has been improved by Brudnyi and Krugljak in Theorem
4.6.22) of [3], where it is shown that a Banach space of type £7°4(u) has
complemented subspaces isomorphic to £9. The extension of this result to the
general quasinormed case is given in [12]:

PROPOSITION 2.7. Every Lorentz sequence space €71 (i) has a comple-
mented subspace isomorphic to £4.
3. On necessary conditions

LEmMA 3.1. Ifv < g then (€Y (v), £79(w)) ¢ & holds.

Proor. By Proposition 2.7, £ and €9 are complemented subspaces of
(€Y (v) and £7-1(w)) respectively. The proof follows from the classical Pitt’s
theorem.
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LEMMA 3.2. Let the measures v = (v;) and v = (u;) on N be such that the
sequences {v;}2, and {;}:2, have some adherent point in 10, ool. If u < p,
then (€42 (v), €79 (1)) ¢ A .

ProOF. There are ¢ > 0, 8 > 0 in R and infinite subsets J,, J,, of N such

that
VYneJy,VmelJ, a<vy,<pf and o =<, <p.

Projecting onto suitable complemented sectional subspaces, we can assume
that J, = J, = N. Given (¢;) € £*"(v) andn € N,ifo : {1,2,...,n} — N
is an injective map giving the decreasing rearrangement of the finite sequence
(@;)?_,, we have foru < v
1 u i 571 Tl; n I
RIS I T
T (Z Iao(i)|v(z Vo(j)) ) =< (Z loto iy |V )
B \ig j=1 i=1
n i =1\
(Z |0la<i)|”(z Va(j)) ) ~
i=1 j=1

We can make a similar computation in the case # > v. These inequalities with
Proposition 2.5 show that £V (v) is isomorphic to £*'V. Analogously, £ ()
is isomorphic to £7-4. Now, as u < p the inclusion map £** C £79 is not
compact.

=

1
11
ou v

LEMMA 3.3. Letv = (v;) and |t = (u;) be measures in N such that {v;}{2,
has a finite strictly positive adherent point, lim;_, o, u; = 0 and Zf’i | Mi = 00.
If u < p we have that

a) (L' (v), £79(n)) ¢ A and
b) (£4¥(u), £P9(v)) ¢ A

PrOOF. AsinLemma 3.2, projecting onto suitable complemented sectional
subspaces of £“Y(v) and €79 (u) we can assume that

VieN, O0<pipg <pi<l

and that £*-(v) and £7-(v) are identically isomorphic to £*'¥ and £7-4 respect-
ively.
By the hypothesis on p, the sequence {n;}72, such that ny := 0 and

i mzl}

i=ng_1+1

Vk > 1, nk:min{h eN
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is well defined. From this definition we obtain

nk—l

n
@7 VkeN, 1< > = Y pitie <l4pm, <2

i=np_1+1 i=ng_1+1

Let Jy :={i e N| m_1+1 <i < n}forevery k € Nand let u <
s < p. By Theorem 2.4, given a number 0 < 6 < 1, the spaces ¢, £54
and €79 (1) are isomorphic to the spaces (£1=9% ¢, (61795 %), . and
192 (1), £°(1n))g,4 Tespectively.

a) We consider the map T : €195 4 ¢ — ¢0=9P () 4 £°°(u) defined
by the rule T ((«;)) := (B8;) where

V(o) € 81795 41 ¢® Vi keN, Bi=a if i € Jy.
By (27) we have

1
(1=0)p
E ,U~i>

iely

o0
V(o) € E(l—@)s’ ||T((a[))||f(1’9)/’(p,) — <Z |ak|(l—9)l7
k=1

< 2[[(@i) llea-0r < 2| (i) [l -0

and
V() € €7, NT (@) llexqy =< I1(0t) [le.

Then, by the interpolation theorem (see [16]), T is continuous from (¢~

£),4 into (€107 (1), €°(10))a g
Now, let J be the inclusion £“V C £%9. We have |||e;|||l,, = 1 for each

i € Nbut
Y4 P n; P
p P\
£ () q q

Jj=ni-1+1

ni

2. ¢

j=ni_1+1

<

VieN, ITJE)}riq =

and lim;_, o P;T J(e;) = O for every j € N. Hence T'J is not compact.

b) By Lemma 3.1, we can suppose moreover that v > ¢. By Proposition 2.7,
£? is a complemented topological subspace of £*-V (). Moreover, if v < p, we
have the continuous inclusion ¢ C £7°9 and hence (£**(v), £71(w)) ¢ .
Hence we only need to consider the case u < p < v,q < v.

b.1) Suppose u < 1. Choose a number 0 < 6 < 1 such that p(1 —
0) < 1. By Theorem 2.4, ¢*-”(u) is isomorphic to the interpolation space
"= (), £°(11))g.,. Define for later use w = w if w > 1 and w = 1 if
w < 1.
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Now we consider the map S from K" into KN defined by

V(@) €K' S((a) = (Zaim"“le)>

ey k=1

Choose a number r such thatu < r < p. Since r(1 — 6) > u(1 — 9), the
restriction of S to £“4=% () is continuous from this space into £"1 =% To see
Z ai//vi““fw

this compute
o0 r(1—6) ﬁ 00 u(1—6) ﬁ
(= ) =(2 )
k=1'ieJ;
- 1-0 =
< (ZZ o |“1~ )Mi)

k=1
k=1 iely

1

u(1-0)
E o

iely

1

= [[(ai) leua-0) (),
where we need the fact that u(1 — ) < 1. On the other hand, by (27) we have
1
IR WIRE
i€y i€y
and hence S is clearly continuous from £°°(u) into £°°. By the interpol-

ation property, (see [16]) S is continuous from (£44~=% (1),£%°())g., into
(Zr(l_"),é"o)g,v and hence from £*¥(u) into £"-".

Let J be the inclusion £V C ¢4, Let R : Eﬁj(,uﬁ) — £ (u)" be
the canonical isomorphism given by (recall (26))

L7 -1 _
V(a;) € Zmﬁv(,uﬁ)’ R((@) = (@jp; 7).

Then J”S” R is not compact. In fact, by (1), for each k € N, we have

1 1 (1-6) 1 1
_ u(1—0) u
_(1_9)(2'“1' ) 1_QZMi

e . =
7,1

ieq, e (ﬂ““’f’)) ey =

1
=T E Mi
1—-6“

iedy

2

IA
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However, applying (26) to the space ¢”°7 we obtain

‘J”S”R< ) H(;“)ek o ((1—9>q) T

i€y

1 T
> —— )
B ((1—9)5>

As a consequence, since the transposed map of a compact operator is also
compact, J S : £“Y(u) —> €74 is not compact.

b.2) If 1 < u, choosing u < r < p, and defining the number 0 < 6 < 1
such that 1 = (1 — )u < (1 — O)r, by Theorem 2.4 and the interpolation
property of operators (see [16]) we can show in the same way as above that
the map S given by

iedy

o
V() € £ (w),  S((ar) = (Z aiui>
iely k=1
is continuous from £**(w) into £"¥ and that J S is not compact.

4. Main results

ProposITION 4.1.  Let r := min{u, v}. Assume q < p < r. Let T
be an operator from £V (v) into €79 (p). Assume {Z"}52, C £V (v) and
{T(z")};2, C €P9(wu) are coordinatewise null seminormalized sequences.
Then there is a subsequence of {T (z")},2., which is equivalent to the standard
unit basis of £4.

ProOOF. If p = ¢ the conclusion is easy by consecutive application of
corollaries 2.3.1 and 2.3.2.

Hence we assume ¢ < p. There is a number 6 €]0, 1[ such that g =
(1 —-06)p.By Theorem 2.4, 79 () is isomorphic to (£9(u), £°(1))g,q- Then,
by Theorem 2.6, it is enough to show that {v"}°2, = {T'(z")};2, has a sub-
sequence convergent to 0 in £¢ (u) + £%°(w).

By the hypothesis on {v"}°2 ,, starting with sy = 1, 7y = 0 and using the
standard gliding hump argument, we can determine ¢ > 0 and a diagonal
subsequence of consecutive linear sections

Tn o0
=] 3 viel

i=rp—1+1 h=1
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generated by two strictly increasing subsequences {r;};°, and {s;};>, in N
such that

Th—1
(28) vhz2, [Yre| <o
== i — 2h+2
i=1 p.q
and
p 00
Sh € Sh €
(29) Vh >1, E v e; > — and E v;'e; < =0
i 2 14 2h+2
i=rp_1+1 P-q i=rp+1 p-q

Hence, by the continuity of the inclusion map £7-9 () C £€9(n) + £°°(u), the
proof will be finished if we show that lim,_, o, " = 0in £9 () + £ ().

Forevery h e Nand § > O we define J, :={i e N | rp1 + 1 <i <},
Pys:={i € Jy | Wj"| <8}, Gns = Ji\Pr,s and

VheN, y".= Z v"e;.

We now check that
(30) hli)rgo ” yh’s ”eq(u) =0.

If this were not the case, there would be p > 0 such that for some subsequence,
again denoted by {y"}%,,

1
31 Vh e, (Z Ivfhl‘%)q > p.

l’EGth

Since the set {y" | h € N} is bounded, denoting by |G}, 5| the cardinal number
of the set Gy, 5, and using (10), (7) and (31), we would have for some fixed
K > 0 and some injective map o : [1, |G s|]] CN — N
(32)

L |Gl Sh

1
p\7 ‘ gl e \*
K> (5) My Mg = || D vies|| = (Z 0

i€Gs i=1 (Zj‘:l Ma(j)) )

p-q

[Ghsl

qa.

o o (i) a p
(2 5> -)“‘é) - =
i=1 jEGh.(; M/ (ZjEGh,(S /"l’j)q !

| v Sh
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Hence

qp

(33) Y= (£)

J€Ghs

On the other hand we have

[Gh.sl [Ghsl 1

00| hew o ‘ C
e (St ) (L s m) = (T )
i:l(E:jzllLoo») ' izl(E:jeGhauj) ! j€Gs
and hence
K 14
(34) Y= (3) :

jEGh,(S

The strict inclusion £ C £"" = £", holds. Since ¢7:9 C ¢4, there exists
a strictly decreasing sequence («;) € £"\£74. Hence

(35) Z

By Lemma 2.1.1, the set {)_,_; a,z™ | n € N} is bounded in £*-*(v). Hence,
by (28) and (29), the set {Zzzl apy®™ | h € N}isboundedin £7:9(w). A fortiori
{Zzzl a,y"® | h e N} will be bounded in £7:9 (1). However, using (7), (10),
(33) and (34) we have

(36)

()

t\»&

S > e

h=1 i EG/M

1
n q
Mi
>3 E lot |7 E —‘1)
(11—1 i€Gs (Zflnzl ZjeG,M Mj)l !

1
(Z |Oéh|q ’EGM'U” )q
(5)"

P L2_1 n 1

AEARE IR

5(K> (K) ( h“3>
h=1

which is unbounded with n by (35), which contradicts the continuity of 7.

p.q

| \/

v
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As a consequence, given n > 0 there is iy € N such that for every h > hg
vile;

> e + i

<7y
i€G) €9 () ieP, y £ (u) 2

N3

h
1y ™ lea e < =

and the proposition is proved.

LEmmA 4.2. Every seminormalized coordinatewise null sequence in £7-9 (1)
has a subsequence equivalent to the canonical basis of £1 in each of the fol-
lowing situations:

a) If the measure ;. = (w,) in N satisfies lim,_, 5L, = 0.
b) If n(N) < oo.

Proor. Let {w™}7_, = {(w")};—; C £79(u) be a seminormalized co-
ordinatewise null sequence such that |w™||, , < K forevery m € N and some
K > 0. Choose a number 0 < § < 1. By Theorem 2.4, £7:9 () is isomorphic
to (L1797 (u), £°(11))g 4. Then, by Theorem 2.6 it is enough to find a sub-
sequence {w™}> | such that limy_, 0o w™ = 0in €977 (1) 4£>° (). With the
method and notations of Corollary 2.3, we choose a diagonal subsequence of
consecutive linear sections {u™}°°_, of {w™}>>_, determined by certain strictly
increasing subsequences {k,,} i, {nm},_, in N and satisfying (20), (21) and
(22). Then we only have to show that {u™}7° | has a subsequence convergent
to 0 in £1=9P (1) + £ ().

a) Given ¢ > 0 there is iy € N such that

1
. m m P\ omy s (W
Vi>ip, YmeN K > |w ”p,q = ”w, ei”p,q =\—- lw;" |u; > T

> P =

Since {w™}>°_, is coordinatewise null, this means that lim,,_, o w™ = 0 in

£ (w) and hence in £9-97 (1) + £°(u) too.
b) Choose a number 0 < 6 < 1 such that (1 —68)p < ¢q. Since u(N) < oo,
we have

G (), W), C V() + () = 1 ().

Now it is enough to show that lim,,_o, u™ = 0 in £~ (). If this were
not the case, there would be an ¢ > 0 such that for some subsequence, again
denoted by {u™};"_,, the inequality |[u™||zpa-0)(,) > € holds for every m € N.

If r := min{p, ¢}, selecting a sequence (a,,) € £"\£"1~% by Lemma 2.1, the
set {Zl'.”: 1 a;w’ | m e N} will be bounded in £7+7 (1) but it will be unbounded
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in €197 (1) since

m
E akuk
k=1

S (1=0)p 1, ky (1—=0)p =
|ovg | Pllu ”Z“*‘”f’(u)
k=1

m 1
a=ep
k=1

=0 ()

but this contradicts (37).

ProposITION4.3. Suppose p < q <u <v,andT € L {L*""(v), £79(w)).
Let {z"}2 | be a coordinatewise null bounded sequence in £V (v) such that
{T(z")};2, is a coordinatewise null seminormalized sequence in €79 (). Then
there is a diagonal subsequence {y" )72 | of general sections of {z"},2_| which
is equivalent to the standard unit basis of £° and such that {T (")}, is a
seminormalized coordinatewise null sequence in €79 ().

Proor. By the continuity of T', {z"}72 is also seminormalized in £** (v).
Using the gliding hump method as in Corollary 2.3, we find a subsequence
{u™}>_, of consecutive linear sections of {z"}7°, satisfying inequalities (20),
(21) and (22). As a consequence, by the triangle inequality of -norms and the
continuity of projections P;, i € N, it is easy to see that {7 (u™)}>>_, is also a
seminormalized and coordinatewise null sequence in £7°¢(u). Hence we can
assume that the given sequence {z"}72 , is already a sequence of consecutive
linear sections of a bounded sequence.

Let {n;};2, and {k,};2 , be strictly increasing sequences in N with ny =
0,k; =1andlete > 0, M > 0in R be such that
(38)

Np

k
DB

i=nj_1+1

VheN, &<ITE g < ITMZ" o= IT

<M.

u,v

This implies that ||T'|| > 0. Put J, :={i e N | nj—; + 1 < i < ny} for every
h € N. Fix a number k > 0 such that ku > 1. For every h € N and § > 0 we
define Pys :={i € Jy | 12" <8}, Grs =1{i € Jy | 8 < |z"] < &} and

Vh € N, yh"S = Z zf."’ei and w"? = Z zif”ei.
i€Gps i€Jy\(GpsUPys)

Then, by (38), (1), (4) and (5) we have

b,z s(t) (2 vl),:
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and hence

M \“/v\"®
39 Vh N, lEC = —_— — .
% N D wsG (||T||5> (u)

iEGh_5

‘We now check that (,Bl.h) = {T(y’“s)};’lo:1 is coordinatewise null in £7°9 ().

The set \
R:= {Zahy“ | 1l Cn) e < 1}

h=1

is bounded in £*-¥ (v) since by (7), (10) and (39), if o : {1,2,...,n} —> Nis

an injective mapping giving the decreasing rearrangement of (c;);_,, we have
(40)
n v 1 v n h L1
Z h.s Z Z Z Z
Vn e N, apy =< SW; |ao(h)|vvi< Vm)
h=1 u,v h=1i€Gom)s J=1 meGjs
1 v v n ’
u vy t—1
< SW ;Ca E lote )|V B E Vi
h=1 I'GG,;(],)VS
1 v i - vy -1
=50 ;C(; E 2
h=1
< 00.

Fix i € N. Then, by boundedness of R

n

h
Zahﬂi
h=1

Vn el sup
(41) ) <1

= sup
Il (n)llgnv <1

n
()
h=1

<sup|PT(w)| :=p < oo.

w€eR

This means that the sequence (,B,,”)Z‘; | defines a continuous linear form on £**.
By (24) and (25), (£*-*)’ is isomorphic to (¢!, £°);_g 5, where v = v/(v — 1)
if v > 1and v = oo if v < 1. By Theorem 2.4, this space is isomorphic to
(P, eP), 5 C €7 where 0 < pp < p; < 00,0 < x <landf = (1 —
x)/Po+ x/p1. Hence, by (23), we obtain (8)5° | € €71, and limj,_.oc B =0
and {T(yh’a)},‘;oz1 is coordinatewise null in £7-9 ().

Let us see now that

(42) Jim ITG"D],., = 0.
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In the other case, the coordinatewise null sequence {T(yh"s)}ff:1 would have a
seminormalized subsequence and there would be a further subsequence (again
denoted by {T (y"®)}*,) such that Corollary 2.3.1 holds. Since the strict inclu-
sion 9 C £"¥ holds, we take a strictly decreasing sequence (o) € £*-'\€9. By
the computations of (40) we obtain that the set Ry := {ZZ: 1 9 v | n e N}
is bounded in £“V(v). However, by Corollary 2.3.1, T (Ry) is unbounded in
£P-4 since (o) ¢ £4. This proves our assertion
As a consequence, if sp € N satisfies T < £, for every s > 59 we can
determine inductively some &, € N such that hy > hs 1 and
(43) vizsw, TR, <
= P~

Let us see now that the sequence

X 0]
. E hs
{y }s =50 * { Zl el}
iEPh) 1 §=S0

has a seminormalized subsequence. If not then

lim [|y*[lwry = 0.
§—>00

Hence, by (42) and the continuity of T it follows that {T (w"s E)}s 5 18 @
seminormalized coordinatewise null sequence in £79 (). Put Fy :={i € Jj, |

i¢ thl U Ghml} forevery s > sp and F := U?‘;SOFS. By (38)

u

u
/AN
Vs > 59, M" > E zh‘ Z <—) sku E Vi
v
ieF ieF;
and hence &
v
V(F) < M" (—) Y <.
u s
S=50
Now {w/s's sois can be viewed as a sequence in the Lorentz sequence space

£“V(F,v) defined over the finite measure space (F, v). By Lemma 4.2.b, it
has a subsequence (again denoted by the same symbol), which is equivalent
to the standard unit vector basis of £V. By Corollary 2.3, we would get the
existence of another subsequence (for which we retain the same notation)
such that {T (w"> )}S s satisfies (15). Choosing a sequence (o;) € €Y\ €9,
the set Ry := {ZSZ] oW sy | n € N} is bounded in £ (v) while T (R;) is
unbounded in £7-9(p) by Corollary 2.3.1. We have arrived at a contradiction
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which proves the existence of a seminormalized subsequence of {y*}7 | (again
denoted by the same symbol).

By Theorem 2.4, for every number 0 < 6 < 1, £*-Y(v) is isomorphic with
the interpolation space (£!=9(v), £%°(v))g.»- Since by construction

1
”ZhA - yhb% —whs Hem(u) = 3

by Theorem 2.6, switching to a suitable subsequence, we can assume {y*}72,
is equivalent to the canonical basis of £”. As a consequence, since £“¥ C £7,

the set "
W= {Zw" | ) fleer < 1}
h=1

is bounded in £V (v). Then, arguing as in the previous case for the sequence
{T (y"9)}5 |, we can show that {T (y,)}°%,, is a coordinatewise null sequence
also. The proof is finished.

ProposITION4.4. Let T € L (£“V(v), £P9()). Suppose thatlim; _, o, (4; =
oo or u(N) < ocandqg <u < v. If {Z"};2, C €°V(v) and {T(z")};2, C
P4 (u) are coordinatewise null seminormalized sequences, there is a sub-
sequence {y"}°2 | of general sections {z"}° | which is equivalent to the stand-
ard unit basis of £¥ and such that {T (y")},2 , is equivalent to the standard unit
basis of £4.

Proor. By Lemma 4.2.a or Lemma 4.2.b respectively, it is enough to find a
subsequence {y"}2 | of general sections equivalent to the canonical unit basis
of £V and such that {7'(y")};2, is seminormalized and coordinatewise null in
£P9 (). The proof of this fact is exactly the same as the one given in Proposition
4.3 except for showing that (using the same notations of Proposition 4.3)
lim,_, oo ”T(ys"s)”p’q = 0. Now we argue as follows: If {T(y*°)}>, has a
seminormalized subsequence, by the gliding hump method used in Proposition
4.1, we can choose a diagonal subsequence of consecutive linear sections
{w™}%°_, == {T(y™°®)}>°_, satisfying the analogous inequalities of (28) and
(29) for every m € N. By Lemma 4.2.a or Lemma 4.2.b, {0™};"_| has a
subsequence (denoted by the same symbol) which is equivalent to the canonical
unit basis of £7. Now, taking an strictly decreasing sequence (o;) € £\,
the set Ry := {d_ _, @uy™°® | m € N} is bounded in £“¥(v) by (40) but
T (Ry) is unbounded in ¢4, since (;) ¢ £9. From here on, we can argue as in
Proposition 4.3 and get the desired subsequence.

PrOPOSITION 4.5. Letlim;_, o, v; = 00 or v(N) < oc. Let T be an operator
from £7 (v) into £7-9 (). If {2"}52, C €4V (v) and {T (z")};2, C £79(w) are

n=1
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coordinatewise null seminormalized sequences, there is a subsequence {u"}7°
of {z"};2, which is equivalent to the canonical unit basis of £° and such that
(T (u")};2, is equivalent to the canonical unit basis of €4 in following cases:

a) Ifg<p<v
b) Ifg <p=v

ProOF. By Lemma 4.2.a or Lemma 4.2.b respectively, passing to a suitable
subsequence, we assume that {z"}7° , is equivalent to the standard unit basis
of £¥. Now, retaining the notation of Proposition 4.1 concerning the sets J;,
components of every z" and the selection of the sequence {s;}7°, C N, as the
strict inclusion €74 C £V holds in the two cases a) and b), the proof of our
proposition is exactly the same as that of Proposition 4.1 since now the set
{3 h—1anz™ | n € N} is bounded in £*"(v) whatever the strictly decreasing
sequence (o;) € £ may be (by the equivalence of {z"}7° , with the canonical
basis of £Y).

The crucial part of our main result will follow from a suitable application
of previous propositions:

THEOREM 4.6. Let £""(v) and €79 () be Lorentz sequence spaces.

1) Ifvand ju are measures p = {p;}7° | such that p(N) < oo or lim;_, o, p; =

oo, (LY (v), £P1(n)) € X if and only if v > q.

2) If v(N) < oo orlim;_, o v; = 00, and | is a measure such that u(N) =
00 and lim;_,c i = 0, or {u;}32, has an adherent point in 10, ool,
(), £P9(n)) € X ifand only if v > q and v > p.

3) If v is a measure such that v(N) = oo and lim;_, v; = 0, or {v;}
has an adherent point in 10, oo, and w(N) < oo or lim;_, o u; = 00,
v (), £21(w)) € X ifand only if v > q and u > q.

4) Ifvand v are measures p = {p;}:2, suchthat p(N) = oo andlim;_, o p; =

0, or {p;}72, has an adherent point in 10, oo, (£¥(v), €4 (w)) € KX if
andonly ifv>q,v>p,u>pandu > q.

0
i=1

PROOF OF THE NECESSARY CONDITION. a) The necessity of condition v > ¢
in all cases follows from Lemma 3.1. The necessity of # > p in the quoted
cases follows from Lemma 3.2 and Lemma 3.3.

b) Suppose v < p and that {x;}{2, has an adherent point in ]0, co[. Arguing
as in Lemma 3.2 and projecting onto a suitable complemented subspace, we
may assume that ¢4 () is isomorphic to £74. By Proposition 2.7, £¥ is a
complemented subspace of £-¥ (v). Since the non compact inclusion £” C £74
holds, we have non compact maps from £*"(v) into £7-9.
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¢) Suppose lim; oo ; = 0 but u(N) = oo and v < p. By Lemma 3.3.a
there is a non compact operator 7 from £V into £79 (u). We finish by composing
T with a continuous projection of £*'¥ (v) onto its subspace £V (Proposition 2.7).

d) Suppose that {v;}$2, has an adherent point in ]0, co[. Suppose moreover
u < g < v holds. Projecting onto a sectional subspace of £-¥(v), we can
assume that £*”(v) is isomorphic to £“Y. Then we have the continuous non
compact inclusion I : £*? C €94 = {4, Since £9 is a subspace of £79(u)
(Proposition 2.7) there are non compact maps from £V (v) into £7:9 ().

e) Assume now that v = (v;) is a measure on N such that lim;_, o, v; = 0 but
V(N) = oo. Also assume u < g < v. By Lemma 3.3.b there is a non compact
map from £V (v) into €99 = ¢4. Since ¢4 is a topological subspace of £7°4 ()
(Proposition 2.7), we have finished.

PROOF OF THE SUFFICIENT CONDITION. Let T be an operator from £*"(v)
into £79 (). We need to show that {T'(z")};2 , has a convergent subsequence
for every bounded sequence {z"};2; = {(z])},2; C €“"(v). As the projections
onto each axis are continuous, by a diagonalization procedure we can select a
subsequence, again denoted by {z"}°°,, such that

n=1>

(44) Vi e N, nlirglo z!' exists.

Since every map P, T, n € N, is compact, another application of the diagonaliz-
ation procedure, we can choose a subsequence, still denoted by {z"}, such that
(w2, :={T((z}))};2, is coordinatewise convergent. The theorem will be
shown if we prove that {(w}')}7° , is a Cauchy sequence in £7 (). By a useful
and well known observation due to Pelcynski (see [15]) and (44), it is enough
to see that lim, o, 7(z") = 0 in £79(u) for every bounded coordinatewise
null sequence {z"};°, C £"'(v) such that {(w})}>2, is also coordinatewise
null in £79(11).

Suppose that {7 (z")};2, does not converge to 0. Then we can choose a
seminormalized subsequence (again denoted by {7 (z")}2 ). A fortiori, by
the continuity of 7', {(z")}°2, will be seminormalized also in £**(v). From
now on we consider seven cases which covers all possibilities:

Case 1. Suppose s := max{p, q} < r := min{u, v}. Choose a sequence
(at;) € £" such that («;) ¢ ¢°. By a successive application of Corollary 2.3.2
and Corollary 2.3.1 we get a subsequence {z*}°°_, such that the set R :=

{231:1 amz® | h € N} is bounded in ¥ (v) but T(R) := {Zf’nzl oamT (%) |
h € N} is unbounded in £7°9(u), contradicting the continuity of 7.

Casell. Suppose g < p <r = min{u, v}. By Proposition 4.1, by replacing
{z"}°°, with a subsequence if necessary, we can suppose that {7 (z")}32, is
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equivalent to the standard unit basis of £9. Choosing a sequence (¢;) € £" such
that (cr;) ¢ €4, we obtain a contradiction as above by Corollary 2.3.2.

Case 11I. Suppose p < g < u < v. Arguing as in Corollary 2.3 (gliding
hump method), we can find a diagonal subsequence {u™}}°_, of consecutive
linear sections of {z"}72 | satisfying the inequalities (20), (21) and (22). These
inequalities, the continuity of every projection P;, i € N, the actual hypothesis
on {T(z")};2, and (17) imply that {7 (u™)}>>_, is again a seminormalized

coordinatewise null sequence in £7¢(u). By Proposition 4.3, {u#™}>"_, has
a diagonal subsequence {y"}°2, of general sections which is equivalent to
the standard unit basis of £’ and such that {7 (y")}$2, is a coordinatewise
null semi-normalized sequence in £7°9(u). Selecting a suitable subsequence,
we may assume that {7 (")}, satisfies Corollary 2.3.1. Taking a sequence

(o) € £°\¢9 we finish the proof as in case II, using this Corollary.

Case 1V. Suppose that lim; ., v; = oo, and ¢ < v. By Lemma 4.2.a,
looking at a suitable subsequence, we may assume that {z}>°_, is equivalent
to the canonical unit basis of £¥. Clearly {T (z™)};,_, is again a coordinatewise
null seminormalized sequence in £7°9 ().

a) Suppose moreover that lim; ..o u; = oo or u(N) < oco. If p < ¢,
{T(z™)}5>_, has a subsequence such that Corollary 2.3.1 holds. Then we finish
the proof as above choosing a sequence (¢;) € £”\¢7. In the case g < p, by
Lemma 4.2.a and Lemma 4.2.b respectively, {T (z")}5_, has a subsequence
equivalent to the canonical unit basis of £9. We get a contradiction by choosing
a sequence (o;) € £'\£9.

b) Now suppose p < v. If p < g, since ¢ < v, we argue as in case [V.a.
If ¢ < p < v, by Proposition 4.5, {z"}>_; can be chosen indeed such that
{T(2™)}5>_, is equivalent to the canonical basis of £¢. We finish by choosing
(o) € £P\£19.

Case V. Suppose v(N) = oo but lim; .o v; =0and v > g, u > q.

a) Let lim; o, p; = 0o. If v < u, by Corollary 2.3.2. and by Lemma 4.2.a,
by switching to a suitable subsequence, we may assume that {z"}°°_, satisfies
Corollary 3.2 and {T'(z™)};,_, is equivalent to the standard unit basis of £9.
Then we use a sequence (¢;) € £9\¢" and Corollary 2.3.2.

If g < u < v by Proposition 4.4, {z"}°°_, has a subsequence {y™}>>_, of
diagonal general sections which is equivalent to the canonical unit basis of £°
and {7 (y™)}5-_, is equivalent to the canonical unit basis of £¢. Then we finish
as above using the same sequence (¢;).

b) If w(N) < oo, the proof is analogous to case V.a using Lemma 4.2.b and
Corollary 2.3.2 when ¢ < v < u, and Proposition 4.4 and Lemma 4.2.b if
g <u<w.

Case V1. Suppose v(N) < coand v > q.
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a) Let w(N) < oo. By consecutive applications of Lemma 4.2.b in £*-*(v)
and £7-4 (1), choosing a suitable subsequence, we can assume that {z"}7°_| is

equivalent to the canonical unit vector basis of £" and {7'(z")}~_, is equivalent
to the canonical unit vector basis of £. Then we finish in the known way using
a sequence (o;) € £\ 4.

b) If lim; _, oc p; = 00, the proof is the same using Lemma 4.2.a.

c¢) Suppose now v > g,v > p.If moreoverg < p <vorg < p <wv
holds, by Proposition 4.5, selecting suitable subsequences, we may assume
that {z"}7°_, and {T (z™)};_, are equivalent to the standard unit bases of £*
and ¢4 respectively. We finish using a sequence («;) € €'\ €9. Analogously, if
p < g < v holds, by Lemma 4.2.b and Corollary 2.3.1, we can assume that

{z™}o7_, is equivalent to the canonical unit basis of £” and {7 (z™)};_, satisfies

Corollary 2.3.1. Then we finish with the same («;) in the customary way.

Case VII. To finish, suppose that v > ¢, u > ¢, the measure v is such that
the sequence {v;}{°, has an adherent point in the open interval |0, oo[, and
lim; o i; = 00 or (N) < 0o. Now the proof is the same as in case V.b using
Lemma 4.2.a and Lemma 4.2.b respectively.
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