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DEFORMATION QUANTIZATION VIA FELL BUNDLES

BEATRIZ ABADIE* and RUY EXEL**

Abstract

A method for deforming C*-algebras is introduced, which applies to C*-algebras that can be
described as the cross-sectional C*-algebra of a Fell bundle. Several well known examples of
non-commutative algebras, usually obtained by deforming commutative ones by various meth-
ods, are shown to fit our unified perspective of deformation via Fell bundles. Examples are the
non-commutative spheres of Matsumoto, the non-commutative lens spaces of Matsumoto and
Tomiyama, and the quantum Heisenberg manifolds of Rieffel. In a special case, in which the
deformation arises as a result of an action of R2, assumed to be periodic in the first d variables,
we show that we get a strict deformation quantization.

1. Introduction

One of the most popular methods for constructing deformations of C*-algebras
is to describe the given C*-algebra by means of generators and relations, and,
after introducing a deformation parameter into these relations, to consider
the universal C*-algebra for the new relations. This procedure can be used,
for example, for constructing the non-commutative torus [14], the soft torus
[5], the quantum SU, groups [19], the non-commutative spheres [10], the non-
commutative lens spaces [12], and the algebra of the g-canonical commutation
relations [9].

However, C*-algebras arising from generators and relations are often in-
tractable objects, motivating one to search for alternative constructions. The
goal of the present work is to show how the techniques of Fell bundles (also
known as C*-algebraic bundles [8]) apply to the study of deformations of
C*-algebras.

Since our techniques apply to C*-algebras that can be expressed as the
cross-sectional C*-algebra of a Fell bundle over a group G, the first step in
our construction consists of finding such a description of the algebra to be
deformed.

The second step, described in Section 2, makes use of an action 6 of the
group G on & to deform the Fell bundle structure, by introducing a new
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multiplication and a new involution without changing the norm and the linear
structure of Z. The deformed algebra is then obtained by taking the cross-
sectional C*-algebra of the deformed Fell bundle. The invariance of the linear
structure and the norm of the Fell bundle under the deformation allows us to
embed part of the original algebra into its deformed version.

In section 3 we show that, when a family {6"};<; of actions of G on # as
above is given, that satisfies some continuity conditions on the interval I of
real numbers, then the family of deformed C*-algebras is a continuous field of
C*-algebras. We restrict our discussion to the case of discrete groups, which
is considerably easier to handle from a technical point of view, and covers
all of our applications. These continuity results are, essentially, reworkings of
Rieffel’s ideas in [15] for our more general situation of Fell bundles.

We discuss in section 4 a situation that enables us to carry out simultaneously
the two steps described above. That is the case when G is an abelian discrete
group, and 0 and y are commuting actions of G and its dual G, respectively,
on a C*-algebra B. Then, by means of the action y, B can be described as the
cross-sectional C*-algebra of a Fell bundle over G, while the action 6 provides
the setting for the deformation.

This approach essentially consists of introducing a deformation parameter
after taking a certain Fourier transform, a method that has already been used by
other authors, as Rieffel (see, for example, the formula for the definition of x;
on page 541 of [16]). The advantage of emphasizing the Fell bundle structure
is, perhaps, in making some formulas more transparent.

This rather elementary construction provides some interesting examples,
which we present in sections 6, 7, and 8. We show that the non-commutative
spheres, the non-commutative lens spaces, and the quantum Heisenberg man-
ifolds [16], can all be seen under this unified perspective.

Following Rieffel’s approach ([17], [18]), we discuss in section 5 the case
of a C*-algebra B carrying an action of T¢ x R?, T being the unit circle. This
situation yields the setting to construct, by our methods, a deformation {B}
of B, and we compute the derivative at zero of the deformed multiplication as
a function of the deformation parameter 7.

As Rieffel mentions in page 84 of [18], in this particular case, where one be-
nefits from the compactness of T¢, the C*-algebras involved are cross-sectional
C*-algebras of a Fell bundle. Rieftel’s deformation may then be seen as a de-
formation of the Fell bundle structure by means of a 2-cocycle. However, our
approach differs from Rieffel’s because our deformation is caused by a group
action, instead of a 2-cocycle, and because we deform both the multiplication
and the involution, while Rieffel’s deformation affects only the former.

The computation of the derivative is initially done for a very restrictive
class of elements f and g in B, namely the smooth elements belonging, each,
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to a spectral subspace for y. The proof of this result is extremely simple
and the formulas involved show, in a very transparent way, the roles of the
various ingredients present in the context. In particular, the heavy machinery
of oscillatory integrals of [17] does not intervene, thanks, of course, to the
simplification introduced by the periodicity assumption. The formula for the
derivative of the deformed multiplication, above, is then extended to smooth
elements f and g.

Combining this with the fact that the B™ form a continuous field of C*-alge-
bras, we get a strict deformation quantization in the sense of Rieffel [17], [18].

The authors would like to acknowledge the support of CONICYT (Uruguay)
and FAPESP (Brazil) for funding numerous academic visits while this research
was conducted.

2. The Deformation

Let G be a locally compact topological group and let Z = {B,};cc be a C*-
algebraic bundle over G. The reader is referred to [8] for a comprehensive
treatment of the basic theory of C*-algebraic bundles. These objects have
recently been referred to as “Fell bundles”, a terminology we have chosen
to adopt. In what follows, we shall identify % with the total bundle space

Let 2 = {D;};c¢ be another Fell bundle over G. In the spirit of [8, VIII.3.3],
amap ¥ from A to ¥ is called a homomorphism if

i) ¥ is continuous,
i) ¥ (B;) € Dy, forall ¢t in G,
iii) ¥ is linear on each B;,
iv) Y (ab) = Yy (a)y (b), for all a, b in A, and
V) ¥ (a*) = ¥ (a)*, forall a in A.
Let v be a homomorphism from 4 to Z. Since  restricts to a *-homomor-

phism between the C*-algebras B, and D, (e being the unit group element), it
is contractive there. Also, for each b, in B, we have

1 B)I? = 1y b7 bo) || < 167bl = 116211,

so that ¥ is in fact norm-contractive on 4.

If ¢ is bijective, then ¥~! is continuous as well [8, I1.13.17], so it is
also a homomorphism, and v is isometric. In this case we say that ¥ is an
isomorphism (an automorphism of &, when 2 = ).

Given another locally compact topological group H, an action of H on
A is a group homomorphism 6 : H — Aut(%). The action 6 is said to be
continuous if so is the map (x,b) € H x B +—— 0,(b) € A.
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Let us now suppose we are given a Fell bundle # = {B;},<¢ over the locally
compact group G, as well as a continuous action 6 of the same group G on A.
We wish to construct a new product on %, denoted x, and a new involution,
called °, providing a “deformed” bundle structure. In order to do so, define for
a, in B, and b, in By,

a; X by = a,6,(by), and a® = 6, (a}").

PrROPOSITION 2.1. If B keeps its linear, topological and norm structure, but
is given the deformed operations x and °, then it is a Fell bundle.

ProoF. To check that the new multiplication operation is continuous, we
shall use [8, VIIL.2.4]. Thatis, given continuous sections 8 and y of %, we must
show that the map (r, s) € G x G —— B(r) X y(s) € £ is continuous. Now,
we have B(r) x y(s) = B(r)0,(y(s)), which is continuous by the continuity
of 6 and of the original multiplication. A similar argument shows that the
deformed involution is continuous.

Let us now verify the associativity of x. Given a, in B,, b, in B;, and ¢; in
B; we have

(a, x bs) X ¢ = (argr(bs)) X ¢ = arer(bs)ers(ct)
= arer(bses(ct)) =a, X (bses(ct)) =a X (bv X Ct)-
As for the anti-multiplicativity of the involution, let @, € B, and b, € B;.
Then
(ar x bs)<> = (a,0, (bs))<> = e(rs)*‘ (a,0, (bs))* = 0,-10,-1 (0, (b;k)aj)
= 9571 (b;k)erlerfl (a:‘) = Qs—l(b;) X 6‘,71 (af) = b;? X af.

The verification of the remaining axioms is routine.

DEeFINITION 2.2. The bundle constructed above, denoted by A, will be
called the 6-deformation of 2.

Recall that a Fell bundle is said to be saturated [8, VII1.2.8] if B,; = B, By
(closed linear span) for all r, s. In the special case that G is equipped with
a “length” function | - | : G — Ry satisfying |e| = 0, and the triangular
inequality |rs| < |r| + |s|, then we say that & is semi-saturated (see [6, 4.1,
4.8],[7, 6.2]), if B,; = B, By, whenever r, s € G are such that |rs| = |r|+ |s|.

PROPOSITION 2.3. If A is saturated (resp. semi-saturated) then so is °.

ProoOF. It is enough to observe that B, x B; = B,.0,(B;) = B, B;.
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3. Continuous fields arising from deformations

The purpose of this section is to show that the collection of deformed algebras,
originated from a continuous family of group actions on a Fell bundle, gives
rise to a continuous field of C*-algebras.

We first establish some facts on Fell bundles over discrete groups that will
enable us to extend the techniques in [15] to discuss upper semicontinuity. Let
% and 2 be fell bundles over a discrete group G, and let ® : 2 — % be a Fell
bundle homomorphism. Since ® is contractive, one can define ®' : L'(2) —
L'(%) by [®(f)](x) = ®[f(x)], for f € L'(2), and x € G. It is easily
checked that @' is a x-algebra homomorphism, so it gives rise to a C*-algebra
homomorphism o : C*(2) - C*(A).

A sequence of Fell bundle homomorphisms

0598 250

is said to be exact if so are the sequences

g,

9. —

urs

00— & — B, — 0

forall x € G.

LemMa 3.1. Let0 — & > 2 5 2 — 0 be an exact sequence of

Fell bundle homomorphisms over a discrete group G. Then 0 — C*(&) N
C*(9) - C*(AB) — 0is also exact.

PrOOF. In view of [20, 2.29], and [8, VIII 5.11, 16.3], we only need to

show that 0 — L'(&) LN LY(2) n L'(%) — 0 is exact. It is apparent from
the definition that i! is injective, and that Im(i') = ker(IT"), so we need only
show that IT! is onto. Fix b, € %, and € > 0. Since b,8, € Im I1, there exists
d € C*(2) such that [1(d) = b8, and

Idlicv o) = lld +ker Ml gy ker it + € = [bx8xllc) + € = llbxllz, + €.

Let P7 (resp. P7) denote the projection onto the x"" spectral subspace of
9 (resp. %). Then PZT1 = [1P7, since the equality holds when restricted to
L'(2).Now setd = P7(d). Thend € %,, T1(d) = T1P7(d) = P?TI(d) =
by, and |dl5, < |dllc+o) < lIbellz, + €.

Now, if ) b,8y, € L'(%), choose as above, for each positiveintegern, d,, €
Dy, so that I1(d,) = by, and ||d, || o, < |bnllz,, + n~2. Then 1'[1(2 Cnly,) =
> b,8,,. So I is onto.
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Back to the setting of the previous section, we consider a C*-algebra B
that can be viewed as the cross-sectional C*-algebra of a Fell bundle % over a
discrete group G whose x" fiber we denote by B,. At this point we are ready
to get a deformed version of B by means of an action 6 of G.

Notice that the algebra BY contains as a dense *-subalgebra the set @ ; B»
of compactly supported cross-sections. Although the x-algebra structure of
€D, Bx depends on 6, its vector space structure does not.

Our purpose is to produce a continuous field of C*-algebras, given a family
{6™} of actions of G on . The crucial point is to show that the map # — |||l
is continuous for any ¢ € P, .; By, where ||¢||;, denotes the norm of ¢ as an

element of C*(#°").

NotATION 3.2. In the context above, let I C R be an open interval con-
taining 0 and, for each % € I, let 6" be an action of G on the Fell bundle %
such that 0 is the identity, and that the map # > 67 (b) is continuous for any
fixed x € G, b € %A. We denote the bundle B by A", and by Xz, ° its
product and involution, respectively. The norm in C*(#4") is denoted by || ||5.

ProrosITION 3.3. The map h +— ||plly is upper semicontinuous on I for
allp € P, Bx

ProOF. The proof follows the lines of [15]. Let Z be the Fell bundle over
G whose x'" fiber is the Banach space D, = Co(I, B;), with multiplication
and involution given by

(fix M) = fi() < f(0), 1 (R) = (fe()*,

for fy € Dy, f, € Dy.Foreach#h € I consider the Fell bundle homomorphism
" : 2 — A, given by IT"(f) = f(#). Since I1" is onto for any 7 € I we
get, as in Lemma 3.1, the exact sequence
ih "
0— C*&™" > C*(2) — CH(A") — 0,
where &" is the Fell bundle whose x'" fiber is E" = ker 1", with the structure
inherited from 2, and i" denotes inclusion.

In order to apply [15, 1.2], we next consider Cy(/) as a C*-subalgebra of
the algebra of multipliers of D,, in the obvious way, so we can view it ([8,
VIII, 3.8]) as a central C*-subalgebra of the multiplier algebra of C*(2).

Let J;, = {f € Co(I) : f(h) = 0}. It only remains to show that C*(&") =
C*(2)Jy. For then, by [15, 1.2], we will have that i — || [T" (¢)]l is upper
semicontinuous for all ¢ € C*(Z). This implies that 2 +— ||V |5 is upper
semicontinuous for any ¥ € €, Bx. Now, it is apparent that ¢j € L'(&)
for j € Jy, and ¢ € L'(2), which shows that C*(2)J, C C*(&™). On the
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other hand, if {e; } is a bounded approximate identity for J;, then lim, ¢e;, = ¢
forallg € C*(&™): It suffices to show it for compactly supported maps ¢, since
{e;} is assumed to be bounded. Notice that the statement holds for ¢ = f§.,
with f € E", because E" = B, ® J;,. Now, if ¢ = f,8, for some f, € E",
we have

Iper — d1* = ll(per — ) (per — P < (lleall + Dl per — ¢,

which goes to zero because ¢*¢ € Ez’ This shows that C*(2)J;, D C*(&").

ProposITION 3.4. If G is also amenable, then the map h — || @ ||, is lower

semicontinuous on I for all ¢ € @, .; By

PROOF. Since G is amenable, the left regular representation A" of C*(#")
is faithful ([7, 2.3 and 4.7]), so it suffices to show that % +— ||AZ|| is lower
semicontinuous for ¢ € @ ; B

Asin [7],forh € I we denote by L?(#A") the completion of C.(#") with
its obvious right pre-Hilbert module structure over B!, which yields the norm

HE1> = 1Y &)™ xn @Iz =l Zeh HEIRFEN S

xeG

forany & € @, B, the undecorated involution and multiplication denoting
those in %°.

The left regular representation A" of ¢ € P
operator given by:

(ALY =) ¢@) xn Gy =) ¢OLECT" ],

xeG

< Bx is the adjointable

for& € @, Bx C L*(#"). So we have

IAZENR = 11> 0% ()07 EC™ 1N (@ (0O} EG »INll,.

X,y

Notice that the sum above is finite, since both ¢ and & are compactly sup-
ported. Besides, each term of the sum is continuous on %, so #i — ||A &l is
continuous. Now fix ¢ € @, .; By, € > 0, and fiy € I. Then & € C. (")
can be found so that [|xo|| = 1 and |A}’&l > |[A°|| — €. For one can find
£ € L*>(#™) satisfying that inequality for 5, with [[]] = 1. Then, given
{&,} C D, Bx suchthatlim &, = &, the sequence {mén} also converges to

€. Soonecantake & € @, . By, suchthat ||&] = 1 and ||E — & < %HAZ"H.
Then

xeG

€ €
ARl == < A&+ =
1A =5 < IARgl+ 5
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as required. It now follows that, for % close enough to %y,

A% &0l

h h n
——— > 1Al —€, so [Agll > Al — €.
I50lln ¢ ¢ ?

We summarize the previous results in the following theorem.

THEOREM 3.5. Let & be a Fell bundle over a discrete amenable group G,
and let B = C*(A). If (6" : h € I} and %" are as in 3.2, then {C*(%"), A}
is a continuous field of C*-algebras, such that C*(#°) = B, where A is the
family of cross-sections obtained, as in [4, 10.2.3], out of C.(%#").

4. Discrete abelian groups

We would now like to describe a method for producing examples of the above
situation. To reduce the technical difficulties to a minimum we will consider
here exclusively the case of discrete abelian groups. Several interesting ex-
amples, however, will fit this context.

Fix, throu/ghout this section, a discrete abelian group G, and let G be its
dual, so that G is a compact abelian group. We shall denote the duality between
Gand G by (x,1) € G x G —> (x,1) € S'.

Let B be a C*-algebra carrying a continuous action y of G. For each ¢
in G, the t-spectral subspace of B is defined by B, = {b € B : y,(b) =
(x, )b, forall x € G}.

Itis easy to check that each B is a closed linear subspace of B, that B, B; C
B,;, and that B} = B,-1. By imitating [6, 2.5] one can show that B coincides
with the closure of €, ; B: (we use the symbol @ to denote the algebraic
direct sum, that is, the set of finite sums) and that the formula

P,(b) =/(x,t)1yx(b)dx for beB,teG,

G

defines a contractive projection P;, from B onto B, where the integral is taken
with respect to normalized Haar measure on G. If e denotes the unit of G, then
P, is in fact a positive conditional expectation onto B,.

The collection 4 = {B,},;cc therefore constitutes a Fell bundle over G.
Since abelian groups are amenable we conclude, from [7, 4.7] in combination
with [7, 4.2], that B is isomorphic to both the full and the reduced cross-
sectional C*-algebra of # ([8, VIII.17.2], [7, 2.3]).

Now suppose that, in addition to the action y above, we are given an action
6 of G on B which commutes with y, in the sense that each y, commutes
with each 6;. It then follows that 6,(B;) C B; for each ¢, s in G, so that 6
defines an action of G on the Fell bundle 4. This can in turn be fed to the
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construction described in section 2, providing the #-deformed bundle %, and
its cross-sectional C*-algebra.

DEFINITION 4.1. Given commuting actions y and 6, respectively of G and
G, on the C*-algebra B, the cross-sectional C*-algebra of %° will be denoted
BY.

¥

Notice that, if 0 is the trivial action, then & = 4, so Bﬁ = B. Likewise,
if y is trivial then B, = {0}, for all ¢, except for B, which is all of B and, again
Bﬁ = B. However, if neither group acts trivially, then the algebraic structure
of B may suffer a significant transformation as it will become apparent after
we discuss a few examples.

DEFINITION 4.2. A deformation data for a C*-algebra B consists of a triple
(G, y,0), where G is a discrete abelian group, and y and 6 are commuting
actions, respectively of G and G, on B. The action y will be called the gauge
action while 6 will be referred to as the deforming action.

Unless otherwise noted, the Fell bundle & = {B,},;c¢, in the context of a
deformation data (G, y, ) for a C*-algebra B, refers to the spectral decom-
position for the gauge action, as above.

REMARK 4.3. Observe that Bg, being the cross-sectional C*-algebra of %,
contains the algebraic direct sum €, _; B, as a dense *-sub-algebra. Now, the
set P, B; itself, as well as its linear structure, and the norm on each fiber,
depends exclusively on the gauge action. However, its involution and mul-
tiplication operations are strongly dependent on the deforming action. Also,
since the fibers of ° embed isometrically into its cross-sectional C*-algebra,
we see that the norm of an element belonging to a fiber remains unaffected
by the deformation. However, there is not much we can say about the norm
of other elements in P, _; B;. Summarizing, in case we are given several de-
formation data sharing the same gauge action, it will be convenient to think of
the deformed algebras as completions of €D, B under different norms and
with different algebraic operations.

ProrosiTioN 4.4, Let (G, vy, 0) be a deformation data for a C*-algebra B.
Suppose B carries a third continuous action «, this time of a locally compact
group H, which commutes both with y and 6. Then there exists a continuous
action a of H on Bff which coincides with o on @, B;.

PRrROOF. Since o commutes with the gauge action, each spectral subspace B;
isinvariant by oy, foreach i € H. So «;, can be thought of as an automorphism
of the Fell bundle #. We claim it is also automorphic for the deformed structure.
In fact, if b; € B; and b, € B; then

op (b X by) = oy (b0 (b)) = ap(bi)0; (n(by)) = an(by) X ay (by),
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and 1 ]
o (D7) = ap(6, (b)) =60, (an(b)™) = ap(by)®.

Thus o, extends to an automorphism of Bﬁ. The remaining verifications
are left to the reader.

Notice that, in particular, one can take the action « above to be the gauge
action itself, so one can speak of the “deformed gauge action’ y.

ProrosITION 4.5. For t in G, the t-spectral subspace for the deformed
gauge action on Bg is B;.

PrOOF. Let us denote the 7-spectral subspace for 7 by B;. Since 7 coincides
with y on @zec B, it is clear that y,(b;) = (x,t)b, for each b, in B;. So
B, C B, Conversely, if a € B,, and ¢ > 0, take a finite sum ), _; b,
with b, € B,, and such that |la — ) _; b,|| < ¢. Considering the spectral
projections

f’,(b):/;(x,t)_l)?x(b)dx for be B teg,
G

we have a = P,(a) while P,(3_,.;b,) = b So |la — b|| = |Pi(a —
ZreG b,)|| < e. Therefore a is in the closure of B, in Bg. But, since the
norm on B, is not affected by the deformation, B; is closed in B)‘f, anda € B;.

THEOREM 4.6. Let (G, y, 0) be a deformation data for a C*-algebra B,
and let o be an action of a group H on B which commutes both with y and
6. Let B® be the fixed point sub-algebra of B for «, and let y° and 0° be the

0
restrictions of y and 6 to B, respectively. Then the deformed algebra (Bo)f,o
is isomorphic, to the fixed point sub-algebra of Bg for a.

PrOOF. Observe that, since & and y coincide with « and y, respectively, on
D, B:, then they commute. This implies that the fixed point sub-algebra A
for & is invariant under y. It follows from 4.5, that the spectral decomposition
of the restriction of y to A is P, < BiNA.Now, since « and & agree on each B;,

B NA={beB :ayb)=> forall h € H}
={beB:ayb)=>b forall he H and y,(b) = (x,1)b forall x € 6}
={beB’:y,(b) = (x,1)b, forall x e G} =
where we have denoted by B? the ¢-spectral subspace of B under y°. It is now
easy to see that the Fell bundle structure arising from the grading {B; N A},c¢
0

of A, and that of the grading of the deformed algebra (BO)?/O are isomorphic.
The result then follows from [7, 4.2].
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5. The derivative of the deformed product

Let B be a C*-algebra carrying a strongly continuous action ¢ of R*. For each
j=1,...,2d, define the differential operator d,; on B by

d
9u,(f) = ﬁ(d’(o ..... wo0(N)| . for feB,

A=0

where the A in (0, ..., A, ..., 0) appears in the j* position. Of course 0u,(f)
is only defined when f is sufficiently smooth. In particular this is the case for
the ¢-smooth elements, that is, those elements f € B such that u € R
¢, (f) € B is an infinitely differentiable Banach space valued function. It is
well known that these elements form a dense subset of B (see, e.g, [3, 2.2.1]).

In what follows we shall adopt the coordinate system (x1, . .. ,Xz, V1, - - - »Yd)
on R* and hence we shall speak of the differential operators d,, and 9y, for
j=1,...,d.

In [17] (see also [18]) Rieffel showed how to construct a strict deformation
quantization of B “in the direction” of the Poisson bracket {-, -} defined by

d
8} =D 0:(F)dy(8) — 3,(£)x(2),

j=1

when B is the algebra of continuous functions on a smooth manifold. Rieffel
deals, in fact, with a more general situation, where the Poisson bracket involves
the choice of a skew-symmetric matrix J.

In order to describe a connection between Rieffel’s theory and ours, we next
compute the derivative of the deformed product on B, arising from a certain
deformation data associated to ¢.

Let y be the action of R? given by the restriction of ¢ to its first d variables,
that is

Vittoors) = Pyt 000y fO8 (X1, xg) € RY

The technical complications will be kept to a minimum by assuming that ¢ is
periodic in the first d variables, so that y defines an action of the torus T¢ on
B, which we still denote by y.

On the other hand, consider the action # of R on B defined by

d
Oy = 0....0.y1.v0)»  Tor (yi, ..., ya) € R%.

If 71 is a real number, we will let the action 6" of Z¢ on B be defined by

h d
9("1 ,,,,, na) = Otn,....hmp» for (ny,...,ng) € Z°.
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Since y and 6" commute, the triple (Z¢, y, ") is a deformation data for B.

Let # = {B;}:cc be the Fell bundle arising from the spectral decomposition
of y. We denote the operations on the deformed bundle 2" by x; and °, and
the deformed algebra Bﬁh by B®.

ProPOSITION 5.1. If f is ¢p-smooth then P,;(f) is also ¢p-smooth for all t
in Z¢. In addition, for j = 1, ...,2d, we have 0 (P (f)) = P (3,(f)), and
therefore each B, is invariant under 9,,. .

R2d

Proor. Foru € we have

Gu(Pi(f)) = ¢u (fT[<x, f>1)/x(f)dx> — /T1<x, 1)y (Pu(f)) dx,

which is therefore smooth as a function of u. This shows that P;(f) is ¢-
smooth. We have

d
0 (Pi(f) = (B0 PO g
d
B /Td ﬁ(‘b(ow,\,m,O)((L 7)) g dx

_ / ) @) dx = PO,

T

LEMMA 5.2. Lett = (t;,...,t;) and s = (s1, ..., sq) be in Z¢ and take
f € B,and g € Bs. Suppose that g is smooth for 0. Then, for all real numbers h

| e ts < 111

d
D 110, (0y,(2)) ” :

k=1

1 d
ﬁ j; ax;(f)a)’i(g)

PRrOOF. Notice that the term whose norm appears in the left hand side above
lies in B,,, which is isometrically embedded into each B™ so its norm is
unambiguously defined. We have

fxng—fg=r0(2 — fs
Now, consider the C*° map F : R — B given by
F() 1= 6](8) = §0....01..u) (8)-
Its first two derivatives are given by

d
F'(h) = ¢.,...0n0....7ht0) (Z t 3yj(g)>,

j=1
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and

d
F"(h) = ¢.... o,ml,.‘.,md)<z tjtkaw(ayk(g))),

Jk=1

for all 72 in R. The first order Taylor expansion for F reads

h
F(h) = F(0) + hF'(0) +f (h = 2" () d,
0

from where we conclude that

HF(h)—F(O)

. — F(0)

< [k sup [ F" (M),
rel

where [ is either [0, %] or [, 0], depending on the sign of 7. In terms of g, we
get

Using the first equation obtained in this proof gives

h
K (g) Zzay(g) =< |n

Z 1140y, (3y,(2)) H

k=1

fxng—f8
HhT eravxg) < II£]

Z 110y, (3y,(2)) H

j.k=1

On the other hand, recall that f is in the ¢-spectral subspace of the gauge action.
This means that, for x = (x1, ..., x4) € R?, we have that y,(f) = (x, ) f, or

yx(f) — eZnixltl L eZJTixdtd f

If follows that 9, (f) = 2xit; f, and hence that #; f = Qmi)~! dx,(f), which,
when plugged into the last inequality above, leads to the conclusion.

The purpose of this Lemma is to allow us to compute the derivative of
f x# g, with respect to 7. However, the expression f xy g, applies only for f
and g belonging, each, to a spectral subspace of the gauge action. The question
we want to address is:

QUESTION 5.3. What is the biggest subset of B that can be mapped, in a
natural way, into each deformed algebra B™?

The remark made in 4.3 provides €, ,« B; as a partial answer. Now, since
B™ contains a copy of the L; cross-sectional algebra L;(%) which, again
by 4.3, does not depend on #, as far as its normed linear space structure is
concerned, L (%) is a better answer to our question.
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We do not claim, however, that this is the best possible answer. In fact, the
word natural in 5.3 lacks a precise meaning, as it stands. The correct way to
rephrase 5.3 could possibly be:

QUESTION 5.4. Foreach, let(" : L;(#) — B™ be the natural inclusion,
viewed as a densely defined linear map on B. Is (" closable? That is, is the
closure of its graph, the graph of a well defined linear map? If so, how to
characterize the domain D" of this map? Is there any relationship between the
D" for different #? What is the intersection of the D" as # ranges in R?

An advantage of L(%) is that it includes the smooth elements for the
gauge action: it is a well known fact that, for such an element f, one has that
f =_,cz Pi(f), where the series is absolutely convergent.

THEOREM 5.5. Let f, g € B be ¢-smooth elements. Then

thg—fg_L.Xd:

li 0,.(f)0,, =0,
j=1
where || - ||5 refers to the norm of the deformed algebra B™.

ProoF. First notice that the terms appearing between the double bars above
can be viewed as elements of B™, This is because the smooth elements f, g,
fg,and 9,,(f)dy,(g), may be seen as elements of L (%), which, in turn, may
be interpreted as a subset of B™, according to the comment above.

Write f =), .0 Pi(f)and g =), 70 Pi(g). Foreach j =1,...,2d we
have that 9, f) is also smooth, hence it “Fourier series” converges:

0u(f) =D Pi@u(f) =D (P,

tezd tezd

and similarly for g. So,

d d
D 0Ny = Y D a(P(f))dy(Pu())

j=1 t,sezd j=1
Also e —fo 5 B %0 P = RO
) h h '
t,sezd
Using 5.2, it follows that
d
fxng—fg 1
L2 IO NTHL(f)dy,
H - o ; (a2 h
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Pi(f) xn Ps(8) — Pi(f)Ps(g)

=3

1 d
— 5 ; 3 (P ())dy,(Ps(g))

t,seZd h h
d
SUIDSIAGIDS t,,-tkayj(ayk(mg)))H
t,seZd J.k=1
d
<) (Z 1114 IIPz(f)II) (Z ||Ps<ay,<ayk<g>>>||).
J.k=1 “tezd sezd

By our hypothesis, these infinite series converge, and hence the whole thing
tends to zero as i — O.

REMARK 5.6. If one is interested in determining the exact class of differen-
tiability needed for the above result to hold, a quick look at the last displayed
expression, in the proof above, gives the answer. Thatis, f should be supposed
to be of class C%?*2 for y, and the second order differential of g with respect
to 6 should be of class C? for y. These conditions imply the convergence of
these infinite series, and hence the conclusion.

Our next result shows that the derivative of the commutator, for the deformed
product, is given by the Poisson bracket described at the beginning of this
section. Its proof is an immediate consequence of 5.5.

COROLLARY 5.7. Let f, g € B be smooth elements for ¢. Then

N fxng—gxn f—1Lf gl 1
Jim h BT

=0,
h

where [-, -] is the commutator for the original multiplication on B, and {-, -}
is the Poisson bracket defined near the beginning of this section.

Since the family {#”};cr is obviously continuous in the sense of section 3,
we get, by 3.5, a continuous field of C*-algebras {B™};cr, and hence a strict
deformation quantization in the sense of Rieffel [16, Definition 1.1], with the
modification, required in the noncommutative situation, corresponding to the
introduction of the term [ f, g] in the statement of 5.7. We have thus shown:

COROLLARY 5.8. The family {B™},cr gives a strict deformation quantiz-
ation for B, in the direction of the Poisson bracket defined above.
6. Example: Non commutative 3-spheres

In [10] Matsumoto defined a family of C*-algebras, denoted S, depending
on a real parameter . This family is a deformation of the commutative C*-
algebra C(S?) of all continuous complex valued functions on the 3-sphere S°,
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because, when ¥ = 0, S; is isomorphic to C(S%). The purpose of the present
section is to show that S can be constructed from a certain deformation data
for the algebra C (S?). Recall from [10] that S3 may be defined as the universal
C*-algebra given by generators and relations as follows: for generators take
symbols § and T and for relations consider

M-1) S*S=S8S*T*T =TT,

M-2) S =L ITI =1,

M-3) 1 —-T*T)(1 — S*S) =0, and

M-4) TS = >V ST.

An alternative description of S} is given by [10, 8.1]. It says that S} is also

the universal C*-algebra on the generators B and C satisfying

M-1’) B*B = BB*,C*C = CC*,

M-2’) B*B+ C*C =1, and

M-3") CB =" BC.

The relationship between these presentations is given by the formulas
B=S(S*S+T*T)"2, C=T(S*S+T*T)x.

Define an action y of §' on S3 by y,.(z, w) = (Az, Aw), where z, w, A € C
satisfy |z|* + |[w|*> = 1 and |A| = 1.

Also, fixing a real number ¥, define an action 6 of Z on S by 6, (z, w) =
>0z w), for (z, w) € S, n € Z. These give actions of S! and Z on C(S?)
by letting

Vk(f)|(z,w) = f(Az,Aw), and 9,,(f)|(z’w) = £z, w)

for f € C(S?), (z,w) € §3, A € S' and n € Z. Noting that y and # commute
with each other, we see that we are facing a deformation data (Z, y, 6) for the
algebra C(S%).

THEOREM 6.1. The deformed algebra C (S S)i is isomorphic to Matsumoto’s
algebra S3.

PROOF. Let Z, W € C(S?) be the functions defined by Z(z, w) = z, and
W (z, w) = w, for (z, w) € §3. Since y,(Z) = AZ and y, (W) = AW, we have
that both Z and W belong to the first spectral subspace for y. Then, regarding
the deformed product, we have

ZxW=2726((W)=2ZW and WXZ:W@[(Z):ezm'}WZ,
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sothat W x Z = e*"? Z x W. This says that Z and W satisfy (M-3"). Itis easy
to check that they also satisfy (M-1") and (M-2") with respect to the deformed
product an involution. So, by the universal property, there exists a C*-algebra

homomorphism )
¥ Sy > C(SY),,

such that ¢ (B) = Z and ¢ (C) = W, which we claim to be an isomorphism.

To show that v is surjective observe that, since Z and W belong to the image
of 1, we just have to show that Z and W generate C (S3)f,. We first show that
the n-spectral subspace for the action y on C(S?) is linearly spanned by the

set . .
(ZIZYWEWH i j okl eNyi — j+k—1=n).

Infact, any f € C(S*) may be arbitrarily approximated by a linear combin-
ation of terms of the form Z! Z*/ W*W*!. Now, if f belongs to the n-spectral
subspace, then f = P,(f), where P, is the corresponding spectral projection.
On the other hand, if P, is applied to the linear combination just mentioned,
all terms will vanish except for those for whichi — j +k — [ = n.

The fact that Z and W are also eigenvalues for 6 implies that

Zix 7% x Wk x wH = uzi 22 wkwH,

for some complex number i of modulus one. Therefore one concludes that
each spectral subspace for the deformed gauge action is contained in the sub-

algebra of C (S3)f, generated by Z and W. This shows that Z and W generate

C (S3)f, and hence that ¥ is surjective.

We next show that v is injective. Consider the circle action on S; specified,
on the generators, by

a,(B)=AB and o, (C)=AC,

for A € S!. The homomorphism v is clearly equivariant for the action just
defined on S3 and the deformed gauge action 7 on C(S 3)?,. By using [6, 2.9],
it is now enough to verify that v is injective on the fixed point sub-algebra of
S3 for a. Let us denote that sub-algebra by F.

Recall that Matsumoto [11, Theorem 6] has shown that F is isomorphic to
the commutative C*-algebra of functions on the two-sphere S2. More precisely,
F turns out to be generated by the elements M and H of S givenby H = C*C
and M = CB*. Itis easy to see that these operators satisfy the relations

i) H* = H,
iy M*M = MM*, (6.2)
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1) MH = HM, and
iv) M*M + H> = H.

Matsumoto has, in fact, shown that F is the universal C*-algebra on gen-
erators H and M satisfying the above relations.
Now, the images of H and M under i are

YH) =W xW=WWandy(M) =W x Z° = WZ*,

both of which lie in the fixed point sub-algebra, say By, for the deformed gauge
action on C(S3)(f,. The crucial point is that this algebra is not affected by the
deformation, so By is just the algebra of continuous functions on the quotient
space S3/S', which is homeomorphic to S2.

An explicit homeomorphism between S3/S! and §? may be given by map-
ping the quotient class of (z, w) € S* to the pair (k, m) € R x C, defined by
(h, m) = (ww, wz). Itis elementary to check that (4, m) satisfies the equation

Im|* + h* = h,

which is precisely the equation defining the sphere of radius % centered at
(% 0+ iO) in R x C. The map

(z, w) — (ww, wz)

can now be shown to provide a homeomorphism from $%/S! onto the above
mentioned model for the 2-sphere.

When a compact subset K of R x C is defined via a system of equations, such
as the sphere above, it is well-known that C(K) is the universal C*-algebra
generated by symbols / and m, subject to the conditions

i) h* =h,
i) m*m = mm*,
i) mh = hm,

to which one should add the equations used to define K . This implies that By is
the universal C*-algebra generated by a pair of elements (namely & = W*W
and m = WZ¥) subject to the same relations as the ones defining F, that is
6.2.

Therefore one sees that i is an isomorphism between F and By, hence
injective. By [6, 2.9], it follows that v/ is injective everywhere and thus it is an
isomorphism.
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In order to discuss the derivative of the deformation of S° just described,
let D; and D, denote the differential operators defined by

d .
Dif(z,w) = a(f(eznmz’ w)) |, —o»

and d
2mwiA

D, f(z,w) = d_A(f(Z’ e w)) [; s

for (z, w) € $? and f € C®(S?).

THEOREM 6.3. If f and g are in C*°(S>) then

. X —g X 1

tim | LX0 88200 L (£)Die) - DiHIDaen]| =0,
90 v 2mi 9

where xy and || - ||y refer to the deformed multiplication and norm of Sg.

Therefore, the family {S3 } s <r gives a strict deformation quantization for C (S°),
in the direction of the Poisson bracket Dy A Dj.

PROOF. Let ¢ be the action of R? on S* defined by

by (z, w) = @z ey, for (x,y) € R%, (z,w) € S°.

As in section 5 we may use ¢ to obtain the deformation data (Z, y, 6").
However, one can easily see that this is precisely the deformation data used
earlier in this section for # = ©¥. So 5.7 applies to the deformation S3. Notice
that, since ¢ is a smooth action of R? on the compact manifold S3, then any
smooth function on S* will be ¢-smooth. Also, for f in C*®(S?) we have,
using the notation of section 5,

d . .
WDy = 75 (FE 2, )|, = D1 f (2, w) + Daf (2, w),
and

d .
WDl = 77 (fE 2 w)],y = D1 f(z w),

that is, 9y = Dy + D, while 9, = D;. The Poisson bracket appearing in 5.7
then becomes
0(f)0y(8) — ay(f)0x(g) = (D1 (f) + D2(f))D1(g)
— Di(f)(Di1(g) + D2(g))
= Da2(f)Di1(g) — D1(f)Da(g),

concluding the proof.
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7. Example: Non commutative Lens spaces

Matsumoto and Tomiyama [12], building on [10], have introduced non-commu-
tative versions of the classical lens spaces. This section is dedicated to proving
that these can be described by using our method of deformation.

Recall that for nonzero co-prime integers p and g, with p # 0, the lens
space L(p, q) is the quotient of the three-sphere S* by the action of the finite
cyclic group Z, generated by the diffeomorphism

t(z,w) = (pz, pfw), for (z,w) € §°,

where p = e*™/P,
Observe that, if one induces T to an automorphism of C(S3) by the formula

T(N ey = F0z, p%w), for feC(SY), (z,w)es,

thenwehave t(Z) = pZ and t (W) = p?W, where Z and W are the coordinate
functions on S3 (defined in the proof of 6.1). Since Z and W generate C(S?),
these equations actually define 7. In addition one sees that the fixed point sub-
algebra of C(S?) for t coincides with the algebra of continuous functions on
the quotient S%Z, = L(p, q).

Let ¢ be a real number, fixed throughout. Consider the automorphism o
of S; given by o(B) = pB and 0 (C) = p9C, where B and C are as in the
previous section. Among many other characterizations, the non-commutative
lens space L (p, q) is defined in [12] to be the fixed point sub-algebra of S3
under the automorphism o.

Regarding the deformation data (Z, y, @) for the algebra C(S?), defined
shortly before 6.1, in terms of a given value for the parameter ¢+, observe that
y and 6 commute with T and hence both y and 6 leave invariant the fixed
point sub-algebra for r, which we have seen to be a model for C(L(p, g)). We
still denote by y and 8 the corresponding restrictions of these to C(L(p, g)).
So, this gives a deformation data for C(L(p, ¢g)) and we may then form the
deformed algebra C (L(p, q))f, .

THEOREM 7.1. For each real number ¥ and co-prime integers p and q, with
p # 0, the C*-algebras C(L(p, q))?, and Ly(p, q) are isomorphic.

ProOF. We shall derive this from 4.6. In fact, let the algebra B, mentioned
in the statement of 4.6 be C (S3) with the deformation data (Z, y, 6) referred to
above. Then, as we have seenin 6.1, C(S3)f, is isomorphic to Sg. Still referring
to the statement of 4.6, let H = Z,,, which acts on B via 7. The extension of

TtoC (S3)?/, provided by 4.4, coincides with T on the algebraic direct sum
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of the spectral subspaces for the deformed gauge action and hence satisfies
T(Z)y=pZ and T(W)=piW.

But, since the isomorphism between C (S3)?, and S3 maps Z and W to B
and C, respectively, we see that T and o correspond to each other under this
isomorphism. In particular, the fixed point sub-algebra for o, thatis, Ly (p, q),

is isomorphic to the fixed point sub-algebra of C (S 3)?, under 7, which, by 4.6,
is isomorphic to the deformed algebra C (L (p, q));‘l.

Observe that T commutes with the action ¢ referred to in the proof of 6.3.
Therefore the operators D; and D, leave C(L(p, g)) invariant, when this is
viewed as a subset of C(S>).

THEOREM 7.2. If f and g are in C*°(L(p, q)) then

fx9g—8gxo f
s

lim
9—0

1
_ T(Dz(f)Dl(g) — Di(f)D2(g))
i

=0,
s

where Xy and || - || s refer to the deformed multiplication and norm of Ly (p, q).
Therefore, the family {Ly (p, q)}s<r gives a strict deformation quantization for
C(L(p, q)), in the direction of the Poisson bracket D, A D;.

Proor. This is, in view of the comment above, a direct application of 6.3
for f and g in C(L(p, q)).
8. Example: Non commutative Heisenberg manifolds

For each positive integer ¢, the Heisenberg manifold M€ consists of the quotient
H/G¢, where H is the Heisenberg group

1 y z
H={(0 1 x):x,y,zeR},
0 0 1

viewed as a subgroup of SL3(R), and G¢ is the discrete subgroup obtained
when x, y and cz are required to be integers. In what follows we identify H

with R? via 1
y z
(x,y,z)<—><0 1 x)
0 0 1

Thus, the multiplication in H becomes
8.1 (x,y,2)(m,n, p) = (x+m,y+n,z+p+ym).

So M¢ can be described as the quotient of the Euclidean space R® by the right
action of G° given by 8.
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In [16] Rieffel introduced a continuous field of C*-algebras, denoted wa,
where (1 and v are real parameters, such that Dy , is isomorphic to C(M*)
when u =v =0.

Recall, from [1] and [2], that Dy , is isomorphic to the crossed product
of C(T?), the algebra of continuous functions on the two-torus, by a Hilbert
bimodule. In fact, let X denote the set of continuous complex-valued functions
on two real variables x and y satisfying

) fx,y+1)= f(x,y),and
i) fx+1,y) =ef(x,y).

Viewing the elements of C (T?) as periodic functions on two real variables, it
is easy to check that X¢ is a C (T?)-bimodule, under pointwise multiplication. If
wenowset (f, g). = fg, (f, g)r = fg,then X becomes a Hilbert bimodule.

In general, if X is a Hilbert bimodule over a C*-algebra A and « is an
automorphism of A, we denote, as in [2], by X, the Hilbert bimodule over
A that agrees with X as a left Hilbert module but is equipped with the right
Hilbert module structure given by

x-a=uxa(a), forxeX, aecA,

(o, YR =a ' ((x, y)r), for x,y € X.

Now, given real parameters x and v, consider the automorphism «,, ,, of C(T?)
given by
oy, v(f)|(x)) S+ 2um,y +2v).

It was shown in [1] and [2, Section 2] that D; , is isomorphic to the crossed
product of C(T?) by X¢

As in our earlier examples we will show that Dj , can be described as a
deformation of C(M¢) relative to a certain deformatlon data.

Given (x, y, z) in the Heisenberg group H, we denote its class in H/G* by
[x, v, z]. Let  and v be fixed real numbers and consider the map ¢, from R?
into H, given by

0 0 1/ 0 2v 0
¢(a,b) :=exp(a(0 0 0 )+b(0 0 2,u>>
00 O 0 0 O

(1 2bv 207y + a/c)

0 1 2bp
0 0 1

Since the two summands being exponentiated commute, one sees that ¢ is a
group homomorphism, yielding an action of R> on H, by left multiplication.
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This action, which obviously commutes with the right action of G on H,
drops to the quotient, producing the following action of R?> on M¢:

(8.2)  bunlx, v, z] =[x +2bu, y 4+ 2bv, z + 2bvx + 2b*uv +a/cl,

for (a, b) € R* and [x, v, z] € M°.

If we now let (Z, y, ™) be the deformation data given by ¢, as in section
5, the gauge action y, seen, as before, as an action of the circle group, will be
Yerie (X, v, 2]) = [x, v, z + t/c], while the deforming actions 6" of Z on M*¢
are given by iterating the diffeomorphism

(Qh([x, v,z]) = [x+2hu, y+2hv, z—|—2hvx—|—2h2,uv], for [x, y,z] € M°.

Let us assume that 7 = 1 or, what amounts to the same, that  and v are
replaced, respectively, by 71u and iv. So we denote the 6" above simply by 6.
For each integer k let By be the k-spectral subspace for the gauge action y on
C(M°). In particular, the fixed-point algebra By, coincides with the algebra of
continuous functions on the quotient M¢/S'. It is a simple task to verify that
the map [x, y, z] € M¢ —> (*™*,e?™¥) € T? drops to a homeomorphism
from M¢/S! to the 2-torus T. In other words, By is isomorphic to C (T?).

In general, for each k in Z, the k-spectral subspace By is given by the set of
functions f : M¢ — C satisfying y, (f) = A¥f, for A in S! or, equivalently,
flx,y,z+t/cl =¥ flx, y, z].

This reflects the fact that y is the dual action of C(M¢), when the latter
is viewed as a Hilbert-bimodule crossed product [1]. Now, this implies that
flx,y, z] = e¥ < f[x, v, 0]. So f is determined by its values on the elements
[x, v, 0]. This suggests defining, for each such f, the function g(x,y) :=
fIx,y,0]. Since (x, y,0)(0,1,0) = (x,y + 1,0), we see that g is periodic
in its second variable. Moreover, since (x, y, 0)(1,0,0) = (x + 1, y, y), we
have that

g(x,y) = flx,y,0l = flx + 1, y, y] = ¥  f[x + 1, y, 0]
— eZT[ikcyg(x + 1, y)

Summarizing, we have
) glx,y+1)=g(x,y),and
i) g(x+1,y) =e 7 Vg(x, y),

which the reader should compare with the equations defining the Hilbert
bimodule X¢, earlier in this section. Conversely, given any continuous func-
tion g : R — C satisfying (i) and (ii) above, one may define f[x,y,z] =
e?"ikezg(x, y), and, after verifying that f is indeed well defined, show that
f € By.
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We next observe that the gauge action on M€ is semi-saturated, that is,
C(M°) is generated, as a C*-algebra, by By and B;. This follows from the fact
that C(M°€) is a Hilbert-bimodule crossed product [1, Theorem 3.1] (see also
[6,4.1,4.8] and [7, 6.2]).

THEOREM 8.3. For every positive integer ¢, and real numbers | and v, we
have that C(Mc)i is isomorphic to Dli b

PrOOF. By 2.3 we have that %7 is also semi-saturated and hence, by [1], in
conjunction with [7, 4.2 and 4.7], we conclude that C(M C)‘?/, that is C*(#?),
is given by the Hilbert bimodule crossed product By xp, Z. It is important to
stress that the Byp—Hilbert bimodule structure of B; we are referring to, is that
coming from the operations of C*(%?), that is, the deformed bundle operations
x and © of Y. To make this more explicit, let a € By and b, ¢ € B;, which
we may assume are given by a[x, y, z] = f(x, y), b[x, y, z] = > g(x, y),
and c[x, y, z] = e*™““h(x, y), where f is periodic and both g and h satisfy
the conditions (i) and (ii) above for k£ = 1. The reader may then verify that

a x blx,y,z] =™ f(x, y)g(x, y),
b xalx,y,z]=e"™“g(x, y) f(x + 21, y +2v),

b° x C[x’ Y, Z] = g(-x - 2:“’5 y = ZV)h(-x - 2:“’5 y = 2‘))5
bxcx,y,z] = gx, yh(x,y).

These formulas tell us that the pair (B, B;) is isomorphic to (C(T?), X gﬂ Jasa
Hilbert bimodule. Hence, since C(M”)?/ = By xp,Zand wa =C(T Xxe Z,
we conclude that C(M")?, -~ wa.

Let us now compute the differential operators 9, and d,, as in section 5,
arising from the action ¢ of R* on M¢, which we denote by 9, and 9, respect-
ively. For a smooth function f on M¢, we have

d
d()lx,y. 2] = %(f[x, v,z +a/cl)|,_y = Nlx, v, 2],

while
d
W lx,y, z]l = d_b(f[x +2bju, y + 2bv, z 4 2b7 v + 2bvx]) |,

= (2udi(f) + 203 f) + 2vxd5( /) [x, ¥, 2]

where 91, d, and 93 correspond to the partial differentiation operators for the
standard coordinates on R>.
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The Poisson bracket on M€ becomes
(.Y =08, A0 =c 105 A 2Qudy + 203, + 2vxd3) = 2¢ 193 A () + 1),

which, up to a multiplicative factor, is the Poisson bracket considered in section
2 of [16]. We may therefore deduce from 5.7 and 8.3, one of the main results
of [16]:

THEOREM 8.4. The family {D;, MU};,ER forms a strict deformation quantiz-
ation of M€ in the direction of the Poisson bracket 2¢~'93 A (ud; + vd,).
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